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CHAPTER 2

Differentiation in Several Variables

2.1 FUNCTIONS OF SEVERAL VARIABLES; GRAPHING SURFACES

1. f:R—>R:x— 2x> + 1

(a) Domain f = {x € R}, Range f = {y € Ry = 1}.

(b) No. For instance f(1) =3 = f(—1).

(¢) No. For instance if y = 0, there is no x such that f(x) = 0.
2. f:RZSR: (x,y) — 222 + 3y? — 7
(a) Domain g = {(x,y) € R*}, Range g = {z € R|z = —7}.
(b) Let Domain ¢ = {(x,x) € R*|x = 0}.
(¢) Let Codomain g = Range g.
Domain f = {(x,y) € R?|y # 0}, Range f = R.
Domain f = {(x,y) € R*|x + y > 0}, Range f = R.
Domain ¢ = R?, Range ¢ = {w € R|lw = 0}.
Domain g = {x € R’| |x|| < 2}, Range g = {y € R|y = 1/2}.
Domain f = {(x,y) € R?|y # 1}, Range f = {(x,y,2) ER*[y #0,y’z2=(xy — y — 1)> + (y + 1)°}.
. Ifx = (x1,x2,x3), then f1(x) = x1, fo(Xx) = x2 + 3, and f3(x) = x3.
. (@) f(x) = —2x/|x].

(b) The component functions are

RN L e W

_2 -2 —2
= hay)= ——2  and fi(x,y.2) = < .
Jx2 + 2 + 22 Jx2 + y2 4+ 22 Jx2 + y2 4+ 22

10. Here there is nothing to show. Everything is at level 3. This surface is a plane parallel to the xy-plane 3 units
above it so the level set is the entire xy-plane if ¢ = 3 and is the empty set if ¢ # 3.

11. For ¢ > 0 the level sets are circles centered at the origin of radius ./c. For ¢ = 0 the level set is just the
origin. There are no values corresponding to ¢ < 0. Note that the curves get closer together, indicating that
we are climbing faster as we head out radially from the origin. The second figure below shows the plot of the
level curves shaded to indicate the height of the level set (lighter is higher). The surface is therefore a paraboloid
symmetric about the z-axis. We show it with and without the surface filled in.
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Section 2.1 Functions of Several Variables; Graphing Surfaces 71

12. This is exactly the same as Exercise 11 except that the paraboloid has been shifted down 9 units so the level
curves begin in the center at ¢ = —9, not ¢ = 0.

13. Again this time for ¢ > 0 the level curves are circles. This time, however, the circles corresponding to the level
sets at height ¢ are of radius c. In other words, they are evenly spaced. We are climbing at a constant rate as we
head out radially, so the surface is a cone.

14. This time the level curves are ellipses. The sections as we cut in the direction x is constant or y is constant are
still parabolas.

Y

15. The graphs xy = ¢ are hyperbolas (unless ¢ = 0 in which case it is the union of the two axes). When x and y
are both positive the height of the level curves are positive and so the hyperboloid is increasing as we head away
from the origin radially in either the first or third quadrant. When x and y are of different signs, the heights of
the level curves are negative and so the hyperboloid is decreasing as we head out radially in either the second or
fourth quadrant.
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72 Chapter 2 Differentiation in Several Variables

NN
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16. This is exactly the same as Exercise 17 except that the image has been reflected about the plane y = x.
17. We have a problem when y = 0. When k& < 0, the section by x = k looks like the hyperbola in the figure on the
left, when & > 0, the section looks like the hyperbola in the figure on the right:

You can see that as y — 0 from either side, along a line where x is constant and not 0, the z values won’t
match up. We are going to get a tear down the line y = 0. The level sets look like:

-10 -5 0 5 10

Notice that you can see that tear on the right center part of the above graph. The solid black and solid white
areas which are on either side of the x-axis point to the behavior around the tear.
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Functions of Several Variables; Graphing Surfaces

Section 2.1

axis and you will see the following piece of the surface:

Graph each side of the x

Our final surface is what you get when you try to glue two of those together:
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2x + (3 — ¢).

18. The surface is a plane. Level sets for which f(x,y) = carelinesc =3 — 2x — yory

Level sets are pictured below on the left. The surface is pictured below on the right.

7.5

2.5

-5 -2.5 0

-7.5

19. Here we are looking at the graph of z = |x|. For ¢ > 0, level sets for z = ¢ will be the lines x = % ¢. For ¢ = 0

the level set is the y-axis. The graph is like a folded plane.

-2.5

-5

-7.5
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74 Chapter 2 Differentiation in Several Variables

Note: In Problems 20-23 the level curves are shown along with the contour shading so you get an idea at what height
to hang the curves. You should be able to figure out the orientation of the surface from the contour plot.

20. Figures below:

7.5

21. Figures below:

7.5

22. Figures below: (note only a portion of the surface has been sketched so that you get a better idea of what’s
going on)
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Section 2.1 Functions of Several Variables; Graphing Surfaces 75

23. Figures below:

3

-3 -2 -1 0 1 2 3

24. (a) We solve the equation PV = kT for T, obtaining T = f(P,V) = (1/k)PV. This is the same as we
considered in Exercise 15. See the figures for Exercise 15 for the general shape of the level curves.

(b) Here V =g(P,T)= k—PT. This is the same as the cases we considered in Exercises 16 and 17. We will get a

“torn” surface similar to the one shown in Exercise 17. The level curve V = c is the line through the origin:

P = (k/c)T.
25. (a) The surface z = x? is graphed below left and z = y* below right.

LA
LIS AL
LT

(b) Consider first the surface z = f(x) by considering the curve in the uv-plane given by v = f(u). The
intersection of the surface with planes of the form y = ¢ will look the same as the curve in the uv-plane
for any value of y. This helps us see that if we “drag” this curve in each direction along the y-axis, the trail
will trace out the surface. Similarly, but along the x-axis for surfaces of the form z = f(y). The lack of

dependence on x is our clue.
(¢) The graph of the surface y = x2 is shown below. It’s what we would expect from parts (b) and (a).
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26.
27.

28.
29.
30.
31.
32.

33.

34.

35.

Chapter 2 Differentiation in Several Variables

See the solution to Exercise 17 and the note in Exercise 16.

They can’t intersect—even though they may sometimes appear to. Say that two different level curves f(x, y) = ¢;
and f(x,y) = ¢y where ¢; # ¢ intersect at some point (a, b). Then f(a,b) would have assigned to it two
non-equal values. This can’t happen for a function (it’s our vertical line test). On the other hand, if the limit as
you approach (a, b) along different paths is different, those level curves may appear to intersect at (a, b) no matter
how good the resolution on your contour plot.

The level surfaces are planes x — 2y + 3z = c.

The level surfaces at level w = ¢ are elliptic paraboloids.

The level surfaces at level w = ¢ are nested spheres of radius ./c centered at the origin.
The level surfaces at level w = ¢ are nested ellipsoids.

The level surfaces are of the form y(x — z) = ¢. If ¢ = 0 we get the union of the xz-plane and the plane x = z.
If ¢ # 0 we get the hyperbola in the xy-plane y = ¢/x; this generates the solution surfaces when translated by
m(1,0, —1).

(a) These are cylinders with the z-axis being the axis of the cylinder. For the surface at level w = ¢, the radius
of the cylinder is /c.

(b) This is related to Exercise 25. A level surface at w = ¢ will be the surface generated by building a cylinder
on the curve h(x,y) = c in the z = 0 plane. You are dragging the curve both directions along the z-axis so
that all cross sections for z = ¢; look identical.

(¢) Same thing in the y direction.

(d) If you said “same thing in the x direction,” read the problem again. You are solving equations that look like
h(x) = c. For each x; that solves this equation, you have no dependency on y or z so the level set looks

like a plane in R} parallel to the yz-plane of the form x = x;.

(a) F is, of course, not uniquely determined. But if we let F(x,y,z) = x2

is the level set F(x,y,z) = 0.

+ xy — xz — 2, then the surface

x2+xy—

2 - f(x,y).

The ellipsoid is pictured below left. To see why you couldn’t express the surface as one function z = f(x,y),
look for example at the intersection of the ellipsoid and the plane y = 0 pictured below on the right.

(b) x* + xy — xz = 2 is equivalent to z =

0.5

You can see that for —2 < x < 2 there correspond two values of z. We could express the top portion of the
ellipsoid as f(x,y) = \/l — (x2/4 + ¥2/9) and the bottom portion as g(x, y) = —\/1 — (x2/4 + ¥2/9).
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Section 2.1 Functions of Several Variables; Graphing Surfaces 77

36. The figure is a hyperbolic paraboloid shown below left.

37. The only difference here is that z is squared. Here we get a cone with axis of symmetry the x-axis. The figure is
shown above right.

38. This is Exercise 36 with the roles of x, y and z permuted and a change in the constants. The figure is shown
below left.

39. This is “cone” where the cross sections are ellipses, not circles. The figure is shown above right.
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78 Chapter 2 Differentiation in Several Variables

40. We see the figure is a hyperboloid. It is shown below left.

S

41. This is a hyperboloid of two sheets. It is shown above right.
42. Here we have the parabola z = y> + 2 translated arbitrarily in the x direction. This is what we call a cylinder
over the parabola z = y* + 2.

Note: Except that your students have to complete the square first, these are similar to Exercises 36—42 above. You may
want them to be more explicit in reporting the translation as that’s sometimes hard to pick up from a diagram.

43. This is the equation of an elliptic cone with vertex at (1, —1, —3). The graph is shown below left.
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Section 2.2 Limits 79

Here we have an elliptic paraboloid. The graph is shown above right.
This is the equation of an ellipsoid 4(x + 1)2 + y2 + z% = 4. The graph is shown below left.

This is the equation of a hyperboloid of one sheet 4(x + 1)> + (y — 2)?> — 4z = 4. The graph is shown
above right.

This is similar to Exercise 44. The equation is equivalent to z — 1 = (x — 3)> + 2y%

Here we get 9x*> + 4(y — 1) — 36(z + 4)? = 684 which is similar to Exercise 46.

2.2 LIMITS

Note: In Exercises 1-6, the rule of thumb is that a set is closed if it contains all of its boundary points.

1.
2.
3.

This is an annulus which doesn’t include its inner or outer boundary and so is open.

This is an annulus which includes all of its boundary points and so is closed.

This is an annulus which includes its inner boundary but not its outer boundary and so it is neither open nor
closed.

. This is a hollowed out sphere which includes its boundary points and so is closed.
. This may be a bit harder to see. This is the union of an infinite open strip in the plane (—1 < x < 1) and a

closed line in the plane (x = 2) and so is neither open nor closed.

. This is the open infinite cylinder in R® and so is open. You could follow up on this by asking about {(x,y,z) €

R}l =x2 + y> =4}

Note: As pointed out in the text, the most common and convincing way to prove that a limit of a function with domain in
R? doesn’t exist is to show that you get two different answers when you follow two different paths. After doing Exercises
7—18 students may get in the habit of thinking that it is sufficient to check a few straight paths. Exercise 23 should make
them think twice.

7.
8.

9.

There’s no trick to taking this limit. Just let (x, y,z) — (0,0,0) and X2+ 2y +oyz + P+ 252
We can see that lim DL doesn’t exist by looking at the limit along the paths x = 0 and y = 0. On

(x.9)—=(0.0) V2247

the one hand

im 2 = L ke im 2 =0
05)=(0.0) 32 + 32 |fy? (x0)=(00) [2 + y2 Va2
Again, the limit does not exist.
L op)2 2 2
fim STV X E 2y 2o
(x,9)—(0,0) x2 + y2 (x,y)—(0,0) x2 + y2 (x.9)—(0,0) x2 + yz
When x =y,
2
L+ lim =22 ot im =2 — 1+ 1=2
(x.9)—(0.0) x2 + y? w0 42 + 12
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80 Chapter2 Differentiation in Several Variables

10.

11.

12.

13.

14.
15.

16.
17.

18.

19.
20.

21.

22.

When x = 0,
1+ dim =22 ot m L=
(0.)—(0,0) x> + y? y—0 y2
Here nothing goes wrong so we can evaluate the limit by substituting in the expression.
. e'e? el 1
lim = = -,
(x,y)—(0,0) x + y + 2 0+0+2 2
No limit exists. 5 ) )
im 27 4y 1+ lim —%
(x.3)—(0,0) x2 + y2 (x,9)—(0,0) x2 + y2

We reason, as above, that if x = y then the limit is 3/2, but if y = 0O the limit is 2.
Here we can evaluate the function at the limit point and find that
2 2
. +
lim 2ty _6
(xy)=>(-12) x2 + y2 5

Just as with limits in first semester Calculus, this is begging to be simplified.
2 2 + )2
m 2wy [ ) lim  (x + y) =0.
(x.y)—(0.0) x +y (x.)=>(0,0) x + y (x,5)—(0,0)
This is the same as the limit in Exercise 9 (once we simplified it). The limit does not exist.
This, too, is begging to be simplified.
4 4 2 2y(2 4 42
im N Y o g P IEEY) a2 - 2=
(xy)=(0.0) x2 + y2  (x.5)=(0.0) x2 4 y? (x.3)—(0.0)

This is the same as the limit in Exercise 11 (once we simplified it). The limit does not exist.
This is another standard trick from first year Calculus.
2 _ _ + _
T .l I T € SV AD | CA VA
(%.y)=(0,0),xy — /Y wn)=(00) 0y X — Sy (x3)=(0,0)5%y V= Sy

= lim  x(vVx + ) =0.

(x%,5)—(0,0), 5y

You can see that you would get different values depending on the path you took to (x,y) = (2,0). If you
followed the path (2,y) — (2,0) the limit would be —1. If you followed the path (x,0) — (2,0) the limit
would be 1. So the limit doesn’t exist.

The function is continuous so the limit is f(0, /7, 1) = e’cosm — 0 = —1.

As in Exercise 18, you get different values depending on the path you choose. Look, for example, at paths along
the three axes. Along (x,0,0) — (0,0,0) the limit is 2, along (0, y,0) — (0,0,0) the limit is 3 and along
(0,0,z) — (0,0,0) the limit is 1. We can see that no limit can exist.

Again the limit doesn’t exist because the value would differ on different paths. If you followed a path (z,7,7) —
(0,0,0) the limit would be 1/3. If you followed the path (x,0,0) — (0,0, 0) the limit would be 0.

0

(a) We know from single-variable calculus (either using I"'Hopital’s rule or the direct geometric argument) that
fim S00 = .
()  lim SO gy, sinf g
(x,y)—(0,0) xty 60 0
(x.y)—(0,0) Xy 6—0 0
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Section 2.2 Limits 81

Note: Exercise 23 is a classic and cool problem. You may wish to set it up in class before assigning it. Write the function
on the board and ask the students to evaluate the limit or explain why the limit fails to exist. For those who get it right,
this is wonderful. For those who get it wrong, they are now in a position to appreciate the subtlety of the problem.

4 4
X

23. Our goal is to evaluate lim(y y)(0,0) or explain why the limit fails to exist. We divide the answer

(x* + y*)

into parts to make it easier to follow—there are no corresponding parts (a)—(d) in the text.

(a) If you evaluate the limit along the lines x = 0 and y = 0 the limit is 0. We might be tempted to guess that
lim(y y)(0,0) f(x,y) = 0 but as we saw in Exercise 14, we could get a limit of O along the paths x = 0
and y = 0 but perhaps not along x = y.

(b) So now let’s follow the line y = mx into the origin and see where f heads off to.

xtyt . x*(mx)*

(x,y)e(%)l?(}),y:mx (x2 4+ y*)3 0 (x2 + (mx)*)3

. m*x®
lim
=0 (x2(1 + m*x2))3

4 . X8
= m” lim
=0 (x0)(1 + m*x?)3
2
=m*lim——>— =0.

=0 (1 4+ mix2)3

This means then if we head into the origin along any straight line the limit of f is 0. Here is the point of this
problem: If we head into the origin in any constant direction, the limit of f is 0 and yet lim(,. ;) (0,0) (x,y)
does not exist!

(¢) For the limit to exist f must approach the same number no matter what path we choose to take to the origin.
So let’s approach along the parabola x = yZ.

. Ky i ()4
(6,9)=(0,0),x=2 (x2 + y*)3 320 ((¥2)2 + y*)3
12
= lim -2
=0 (2y4)3
12
—lim 2 =1
y—0 8yl2 8
XAy

(d) So we get different answers for lim, ) (0,0) 3 depending on what path we follow into the origin.

(x +y%)
So the limit does not exist.
Note—In Exercises 24—27 your students may find better visual information by using a contour plot than a three-
dimensional plot.

24. Below see two graphs of the function. The three dimensional plot makes it seem as if there are mountains and
valleys quite close to the origin. The contour plot helps you see from the diagonal lines that meet at the origin
that the limit doesn’t exist.
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TV S e e
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Analytically, f is equivalent to 1 + (x> + 2xy)/(3x> + 5y?). Head in toward the origin on a path where
x = y and the limit is 13/8. Head in toward the origin on a path where x = 0 and the limit is 1. Head in toward
the origin on a path where y = 0 and the limit is 11/3. So the limit doesn’t exist.
25. Below see two graphs of the function. You actually get most of the picture from the three dimensional graph—
except that it looks as if things are joined smoothly. The contour plot shows the dramatic problems near the origin.
Particularly if you look along the vertical line x = 0 you’ll see that the limit does not exist at the origin.

Analytically, look at the path x = 0. Here we’re looking at the graph of z = —1/y. The limits as we approach
from positive and negative y values is 00 so no limit exists.
26. In the three-dimensional graph below you can see that the extreme behavior calms down near the origin. This is
confirmed in the contour plot. From the graphs it appears that the limit exists at the origin.

-0.4 -0.2 0 0.2 0.4
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Before exploring this one analytically, consider the graph g(x,7) = xt/(x*> + #*) Its contour plot is shown
below.

-0.4 -0.2 0 0.2 0.4

So really the problem we are considering is the same with = y>. We’re not looking along a path that shows
us enough. Let’s look at the limit for our original function f as we approach the origin. Along a path where
x = 0ory = 0 the limit is 0. Along a path where x = y° the limit is 1/2. This is a good place to encourage your
students to be careful drawing conclusions from even very good graphs.

You’d think we would have learned our lesson from Exercise 26. On the other hand, it sure looks as if things are
calming down near the origin. Sure sin 1/y oscillates madly between —1 and 1 but x seems to dampen it. We’ll
boldly assert that the limit exists at the origin.

Ve \&\‘\\\\\\\\\\\\E\\&\\\\\\\\\\\g\\\i\\
;ﬁ%Nw

|

-0.4 -0.2 0 0.2 0.4

Actually, the discussion above leads us to the truth. The product of a bounded function and one going to 0
goes to 0. The limit exists and is 0.

2 2 2 :
. Xy . _r°cos” 0 - rsinf . . 2
lim ——— =lim————— = limrsinfcos“ 0 = 0
(x.3)—(0,0) x2 + y2  r—=0 r2 r—0
2 2 o2

. X . rccos 0 . > 2

lim ———— = lim ———— = limcos“ 6 = cos” 0
(x3)—>(0,0) x2 + y2 =0  f2 r—0

Limit does not exist as the result depends on 6.

x2+xy+y2

2 .
J’_
lim = lim © (reosf)rsing _ lm(l + cosfsinf) = 1 + cos@sinb.
(xy)—=(0,0)  x2 + 2 r—0 r2 r—0

Thus the limit does not exist.

lim xyz — lim (psingcosf)(psingsinh)(pcose)
(x,9.2)—(0,0,0) x2 + y2 + 72 p—0 p2

= 11n(1)psin2<pcos<pcosesin0 =0
p—
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84 Chapter2 Differentiation in Several Variables

32.

33.

X2+ y? — lim p?sin® pcos2 O + p?sin®@sin® 0

lim _—
(x3.2)>(0,0.0) Jx2 + y2 + 72 p—0 p

lim Xz - Im p2 sin ¢ cos ¢ cos 6
(x.5.2)—(0,0,0) x2 + y2 + 72 p—>0 p?

= lim psin’¢ = 0
p—0

= liinosingocoscpcose = sin¢cos ¢ cos 6
P

The Limit does not exist.

In Exercises 34—41: as the rules on continuity show, if the components are continuous and we put the functions together
by adding, subtracting, multiplying, or composing, then the result is continuous. It should be clear to the students what
points need checking.

34.
35.

This is a polynomial and is continuous everywhere.
This too is a polynomial and is continuous everywhere.

To make the point about composition, you may want to assign Exercises 36 and 37 together.

36.
37.

38.

39.

40.

41.

42,

43.

44.

The only place we could get into trouble is where the denominator is 0, but x> + 1 # 0 so g is always continuous.
Here we are composing a continuous function (cos) with the continuous function g from Exercise 22, so the
composition is continuous.

You can even rewrite the function as (cosx)? — 2(sin xy)? so that it is clear that this is just the composition of
continuous functions.

The only place we need to check is the origin. We need to show that the limit of f as we approach (0, 0) is 0. If
we add and subtract y? to the numerator we find that:

2 2

_ 2
I — lim —X
(r.y)=(0.0) x2 + y? (xy)=(0.0) x2 + y2
In Exercise 16 we showed that this limit doesn’t exist (in this case you get two different answers if you follow
the paths y = 0 and y = x) and so f is not continuous at (0, 0).
As in Exercise 39, the only point we need to check is the origin.

3 2 2 2 2 2
. X+ x* + oty ) (x* + y)(x + 1) )
lim = lim = lim x +1)=1.
(x.5)—>(0.0) x2 4 y? (x.9)—(0,0) x2 4+ )2 (x,.v)e(om( )

The good news is that the limit exists, the bad news is that

lim x,y)=1%#2=g(0,0),
(x.y)—>(0,0)g( y) £(0,0)

S0 g is not continuous at the origin.

A vector-valued function is continuous if each of its component functions is continuous. Each clearly is, so F is
continuous.

Notice that when (x, y) # 0,

¥+ 2 4 20+ 2y? _ (x> + y*)(x + 2)

=x + 2.
x2+y2 x2+y2

So ¢ = 2 and the function g(x, y) is seen to be equivalent to x + 2.

Here you can view f as being a function R® — R; then f(xy,x2,x3) = 2x; — 3x + x3 which is linear in
X1, x2, and x3 and therefore continuous.

This is equivalent to f(x, y,z) = (=5y,5x — 6z, 6y). Since each of the component functions from R* — R is
continuous, so is f.

We make students do at least a few of the following because “it’s good for them.” Exercise 45 is a review of how they
looked at limits in first semester Calculus—it prepares them for Exercise 46. Exercise 47 is a generalization of Exercise 46.

45.

Here f(x) = 2x — 3.
(@ Ifx — 5| < & then |f(x) — 7] = |(2x — 3) — 7| = |2x — 10| = 2]x — 5] < 28.
(b) Foranye > 0,if 0 < |x — 5| < ¢/2, then |f(x) — 7| < e. This means that lim,_,s f(x) = 7.
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Section 2.2 Limits 85

46. Now the function is f(x,y) = 2x — 10y + 3.
(a) Really we’re just arguing that the hypotenuse of a right triangle is at least as long as either leg.

8> l(xy) — (5 DI=y(x =52+ (y — 1)2=J(x — 5)2=1|x — 5.

And

6> ll(xy) = DI =Yx =52+ (y - 12=(y - 1)2 =1y - 1L

(b) First:

If(x.y) = 31 =[2x = 10y + 3 — 3] = [2x — 10y] = [2(x — 5) — 10(y — 1)].

(¢) By the triangle inequality
2(x — 5) — 10(y — 1) =12(x = 5)] + [10(y — 1)] =2|x — 5] + 10|y — 1].

But we are assuming that ||(x, y) — (5, 1)|| < & and from part (a) we know that this implies that [x — 5| < &

and [y — 1] < 6, so
2lx — 5] + 10|y — 1] < 28 + 108 = 1286.

(d) We put these together to obtain: For any € > 0,if 0 < [[(x,y) — (5, 1)|| < &/12,then |f(x,y) — 3| < &.
In other words,

lim X, = 3.
o5y (50

47. This is just a generalization of Exercise 46. We can use the same steps outlined there:

(a)

8> [1(x,y) = (x0.y0)l = (x = %)% + (¥ — ¥0)> =4(x — x0)? = |x — xl.

And

8> lI(x.y) = (x0.30) =(x = x0)> + (v = )2 = (3 = )> =1y = »l.
(b) Assume that ||(x,y) — (x0,y0)| < 8, then follow the steps in part (b) of Exercise 46:
[f(x,y) = (Axo + Byo + C)| =|Ax + By + C — (Axo + Byo + C)|
=|A(x — x0) + B(y — yo)l = |A(x — x0)| + [B(y — yo)l

= |Allx — xol + |Blly — yol < |AI8 + |B|6 = (|A] + |B|)s.

(¢) Now we’re ready to put this together: For any ¢ > 0,if 0 < |[(x,y) — (x0,y0)ll < &/(|A| + |B|), then
[f(x,y) — (Axo + Byp + C)| < &. In other words,

lim f(x,y) = Axg + Byy + C.
(x.y)—(x0.50)

48. (a) This is really what we just showed in Exercise 47 with xo = 0 and yg = 0.

I(x )l = x2 + 32 = Va2 = |xl.
1(x, y)l =02 + 32 = y2 = |yl.

(b) We follow the hint given in the text: [x* + y3| = |x3| + [y3| = |x|> + |y|>. But by part (a), [x| = ||(x, y)|| =
Jx¥2 + y2, and |y| = ||(x, y)|l = yx2 + y2. Therefore,

3+ P =P+ P =22 + y2) =202 + )Y

And
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86 Chapter2 Differentiation in Several Variables

(¢) If0 < |(x,y)ll < & then by part (b),

3 3 2 213/2
x4y 2(x + yT) 5
= = 2yx* + =2|(x, < 20.
e e y2 = 20(x y)l
y3

3
(d) First we know by part (c) that % can be made to be arbitrarily close to 0 by choosing (x, y) close
x

2
y
enough to the origin. This means that the limit is O.

Assemble the pieces: For any ¢ > 0,if 0 < ||(x, y)|| < &/2, then |f(x,y)| < e. This shows that

363-|-y3

1 — = 0.
(x3)—(0.0) x2 + y2

49. a) 0 =< (a + b)?> =a*> + 2ab + b*, 50 —2ab < a*> + b*>. Also 0 = (a — b)> = a®> — 2ab + b%, so
2ab = a*> + b>. We combine these two results to get: 2|ab| = a> + b°.
(b) If |(x,y)|l < &, then we’ll use part (a) to rewrite |xy| in the following calculation:

2 2
=y
X

We can apply part (a) again witha = x + yand b = x — y so that

_ ol =) _ (1/2)(2 4+ e = Y (1) JERIE
x2 + y? x2 + y? 2

I(X+y)(x—y)|5(x+y)2+(x_y)2=x2+y2.

2
Noting that x> + y> = ||(x, y)||*> = 6%, we have:

2 2 2
X =y l) 2 2 3
x|l ———= || =(-||x — y|=—.
‘ y<x2 + y2> <2 J 2
(¢) As in Exercise 48, the limit has to be 0 because we can make f as small as we want by choosing (x, y) close

enough to the origin.
We summarize the above as: For any ¢ > 0, if 0 < ||(x, y)|| < +/2¢, then |f(x,y)| < e. This shows

that
2 2
T =)
ol =

The general strategy for Exercises 1—11 is to treat all variables except for the one with respect to which we are differen-
tiating as constants.

lim =0.

(%,y)—(0,0)

2.3 THE DERIVATIVE

L f(x,y) =x?% + x%y,s0 0f/dx = y*> + 2xy, and 0 f/dy = 2xy + x°.
2. f(x,y) = e so af/ox = 2xe” T and af/dy = 2yex2+y2.
3. flx,y) = sinxz + C(;S Xy, 0 df/dx = ycos xy — ysin xy, and df/Jdy = xcos xy — xsin xy.
- A=Y
4. f(x,y) = ——————, 50
f(x) 1+ x2 + 3y
af _ (1 + %% + 3yH(3x?) — (&2 — y*)(2x)
dx (1 + x2 + 3y*)2
and 2 4 2 2 3
af _ L+ + 3" (=2y) = (» = y)(U2y°)
ay (1 + x2 4+ 3y%)2
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2 _ 2 2 442 (2 2 2

5. f(ny) = S22 G 0 )@Y = (0 2 )3 ot

x2 +y dx (x> + y?) (x2 + »?)

and F = (2 ) (=2y) = (2 - »)(2y) | 4y
dy (x% + y2)? (x2 + y2)?
of 1 2x of 2y

6. f(x,y)=1In(x* + y?),s0 =+ = 2x) = and — = ————.

f(x,y) = In( y7) PRl yz( ) R rel e
7. f(x,y) = cosx’y, so Z—f = (—sinx’y)(3yx?) = —3x%ysinx’y and o = —x’sinx’y.

x y

8. F(x,y,z) = xyz, 80 0F/dx = yz, dF/dy = xz, and dF/dz = xy.
9. F(x,y,2) =x2 + y2 + 22 = (&2 + y* + z%)Y/2. The partials derivatives are:

o o«
x 22+ 2+ 2 2+ 2+ 2
aF_ Yy and,

dy  x2 + ¥+ 2

i :

9z 2+ 92+ 2

10. F(x,y,z) = ¢™cosby + e™sinbx so

(;—F = ae™ cosby + be® cosbx,
X
(Z—F = —be™sinby, and
y
(Z—F = ae® sin bx.
b4
— x +y+z
11. F(x,y,Z) - (1 + x2 4+ y2 + Z2)3/2
Fe(x,y,2) = (I + x4+ Y2+ 12)3/2 — (x + y + 2)(3/2)(1 + PR 22)1/2(2)()
X £ ) -

(1 + x2 + y2 + 72)3

1 — 262 + y2 + 22 — 3xy — 3xz
(1 + x2 + y2 + Z2)5/2

1+ xr =2y 4+ 22— 3xy — 3yz
Fy(x,y,2) = I+ 27,21 22 , and

1+ 22 + y2 — 272 — 3xz — 3yz

F(x,y,2) =
2(xy.2) (1 + x2 + y2 + 22)%2
12. F(x,y,z) = sinx?y?z* so this is similar to Exercise 7 above. Fe(x,y,2) = 2xy3z% cos x2y3 4, Fy(x,y,2) =
3x%y?z* cos x2y3z% and F,(x, y,z) = 4x2y3z3 cos x%y3 7%
3
13. F(x,y,2) = Xty We’ve seen this form a couple of times by now.

(x2 + 22 +1)

(x> + 22 + 1)(3x?) — (& + yz)(2x) _ X+ 30222 + 3% — 2xyz

Fy(x,y,z) =

) (2 + 22 + 1)? (2 + 22 + 1)2
Fy(x,y.2) = ( + 22 + 1)(z) = (& +y2)(0) _ z

e (x2 + 22 +1)2 2+ 22 41

F(x y Z) = (X2 + Zz + 1)(y) — (X3 + yZ)(ZZ) — xzy - yZz + y — 2x3z
z s Vs

(x2 + 22 + 1)2 (x2 + 22 + 1)2
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88 Chapter2 Differentiation in Several Variables

The gradient of f is the function (fy(x,y,z), fy(x,y.2), fz(x,y,2)). In Exercises 14—19 we are evaluating the

gradient at a given point.

14. f(x,y) =2y + /%, 50 Vfi(x,y) = (2xy + (—y/x2)e¥/* x2 + (1/x)e¥/*). This means that Vf(1,0) =
(0,2).

15. f(x.y) = ﬁ 50
(P D) = (x = y)(2x) (2 4y + (1) = (x = y)(2y)
VI(xy) _< (x2 4+ y2 + 1) ' (x2 + y2 + 1) )

_ x>+ Y+ 1+ 2y —x2+ 2 -1 — 2y
(x2 + y2 + 1)2 ' (x2 + y2 + 1)2 '

o= (-54)- (49)

16. f(x,y,z) = sin xyz, so Vf(x,y,z) = (cos xyz)(yz, xz, xy). This means that

So

Vf(m, 0,7/2) = cos0(0,72/2,0) = (0,7%/2,0).

17. f(x,y,z) = xy + ycosz — xsinyz, so Vf(x,y,z) = (y — sinyz,x + cosz — xzcosyz, —ysinz —
xycos yz). So,
V2, —-1,m) = (=1 — sin(—m),2 + cos(m) — 2(m)cos(—),sin(w) + 2cos(—m))
= (=1,1 + 2m, —2).
18. f(x,y) = Y + In(x — y),s0o Vf(x,y) = (ye¥ + 1/(x — y),x¢® — 1/(x — y)). This means that

VF(2,1) = (& + 1,28 — 1).
19. f(x,y,z) = (x + y)e %, s0Vf(x,y,z) = (e %, e % —(x + y)e ?). So, VF(3,—-1,0) = (1,1, =2).

The nth row of the derivative matrix is the gradient of the nth component function.

20. f(x.y) = 2. Df(x.y) = E ;—;} So Df(3,2) = [1/2, —3/4].

21. f(x,y,z) = (xyz,\/m)’ so

Yz Xz Xy

x/yx2 + y2 + 72 y/yx2 + y* + 72 7/ xr + ¥ 4+ 72

Df(x,y,z) =

This means,
0 -2 0
Df(l,O,—Z)—{ 1/«/5 0 —2/«/5 .

22. (1) = (t,cos2t,sin5t), so

1 1
Df(r) = | —2sin2t and so Df(0)= | O
5cos 5t 5

23. f(x,y,z,w) = (3x — 7y + z,5x + 2z — 8w,y — 17z + 3w) so

3 -7 1 0
Df(x,y,z,w) = | 5 0 2 -8
0 1 —-17 3

Since all of the entries are constant, the matrix doesn’t depend on a.
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Section 2.3 The Derivative

24. f(x,y) = (xzy,x + yz,cosmcy), SO

2xy x?
Df(x,y) = 1 2y
—qrysinarxy — —rx sin wxy
This means, )
—4 4
Df(2, —1) = 1 =2
0 0
25. (s, 1) = (5%, s1,1%), s0 i
2s 0
Df(s,t) = | t s
0 2t
This means, )
-2
Df(—1,1) = 1 -1
0

We will appeal to Theorem 3.5 for Exercises 26—28.

89

26. f(x,y) =xy — 7x%y? + cosx is differentiable because the two partials fi(x,y) =y — 56x’y> — sinx and

fy(x,¥) = x — 142y are continuous.

+ ¥y +
27. f(x,y.2) = XxrTyrTz

is differentiable because the three partials
X2+ 2+ 2

—x2 + y2 + 22— 2xy — 2z

X, y,2) =

fu(x,y,2) (x2 + 2 +Z2)2
f(xyz):xz—y2+z2—2xy—2yz
YA (x2 + y2 + 2)2
f(xyz):x2+y2—z2—2xz—2yz
z s Vs

()C2 + y2 + Z2)2
are all continuous.

2
28. f(x,y) = (xy X4 y> is differentiable because the partials in the matrix
X

x4ty
y() _ x2y2 2x3y _ 2)6)75 w
Df(x,y) = | (X2 )7 (& + yf
1 y —x
ST 3 - t - J
y x y

are continuous in the domain of f.
29. (a) The graph of z = x> — 7xy + ¢ has continuous partial derivatives at (—=1,0,0).
(b) By Theorem 3.3, the equation for the tangent plane is: z = f(—1,0) + fi(=1,0)(x — (=1))

+

fy(=1,0)(y — 0). In this case fi(x,y) = 3x> — Tyso fi(—1,0) = 3. Also fy(x,y) = —=7x + ¢’ and

so fy(—1,0) = 8. The equation of the plane is z = 3(x + 1) + 8y.
30. Again using Theorem 3.3, the equation for the tangent plane is: z = f(7/3,1) + fo(7/3,1)(x — 7/3)

+

fy(m/3,1)(y — 1). Here z = 4cos xy, so f,(x,y) = —4ysin xy and f,(x,y) = —4xsin xy. Plugging in we

getz =2 — 2/3(x — w/3) — (27//3)(y — 1).

31. Again using Theorem 3.3, the equation for the tangent plane is: z = f(0,1) + £(0,1)(x) + f,(0,1)(y — 1).
Here z = " cos xy, so fi(x,y) = €77 (cos xy — ysin xy) and fy(x,y) = ¢ "¥(cos xy — xsin xy). Plugging

inwegetz=e¢ —ex + e(y — l)orz= —ex + ey.
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90 Chapter2 Differentiation in Several Variables

32. First find the two partials fi(x,y) = 2x — 6 and fy(x, y) = 3y*. Then putting the tangent plane equation into the
same form as the plane 4x — 12y + z = 7 givesus z — (2a — 6)(x — a) — (3b*)(y — b) = da*> — 6a + b°
orz — (2a — 6)x — 3b%y = —a> — 2b°.S02a — 6 = —4s0a = 1 and 3b> = 12 so b = +2. This

gives two tangent planes. The equation for one is 4x — 12y + z = —17 and the equation for the other is
4x — 12y + z = 15.
33. For f(x1,....,x4) = 10 — (x7 + 3x3 + 2x] + x7), we have

Vf=(-2x1, —6x2, —4x3, —2x4) so Vf(2,—-1,1,3) = (—4,12, -4, —6).
Formula (8) gives that the hyperplane has equation

x5 = =8 + (=4,12, =4, —=6)(x1 — 2,x2 + 1l,x3 — L,xg — 3)
= -8 —4(x; —2) + 12(xp + 1) — 4(x3 — 1) — 6(xq4 — 3)

or
x5 = —4x; + 12xp — 4x3 — 6x4 + 34.
34. (a)
1.98,3) — f(2,3 12.1 — 12 1
(23~ F0983) = 7(2.3) o
1.98 — 2 —-.02 —-.02
f(2.3) & L2300 = f(23) 122 - 12 _ 2 _y,
’ 301 — 3 0.01 .01
Thus, formula (4) of §2.3 would give an approximate equation for the tangent plane as
2= f(2,3) + fi(2,3)(x = 2) + f,(2,3)(y = 3) =12 — 5(x — 2) + 20(y — 3)
or
z = —=5x + 20y — 8.
(b)

Q

£(1.98,2.98) ~ 12 — 5(1.98 — 2) + 20(2.98 — 3) = 12 — 5(—0.02) + 20(—0.02)

=117

Exercises 35—37 have the student investigate the linear approximation h of f near a given point a. We use the formula
in Definition 3.8:
h(x) = f(a) + Df(a)(x — a).

35. Here f(x,y) = e so the partials are fi(x,y)

Y = = fi(x,y).
0(0,0) + (2%¢%) - (.1, -1) =

@ h(.1,—.1)=f 1.
() f(.1,—.1) = €” = 1. So the approximation is exact.
36. Here f(x,y) =3 + cosarxy so the partials are fy(x,y) = —aysinmxy and fy(x

(@ h(98.51) =3 + cosm(1)(.5) — (w(.s)sin[w(l)(.sn,w(1)sin[w(1)(.’5§])):- ooty = 3 -
7(5,1) - (—.02,.01) = 3.
() £(.98,51) =3 + cosm(.98)(.51) ~ 3.00062832.

37. f(x,v,2) = x* + xyz + y’z, so the partials are fi(x,y,z) = 2x + vz, fy(x,y,2) = xz + 3y?z, and

fo(xyoz) = xy +
@ K(1.01,1.9522) = £(1,2.2) + (£:(1.2,2), fy(1,2.2), £:(1,2,2)) - (.01, —.05, 2) = 21 +
(6.26,10) - (.01, —.05,.2) = 21.76.
(b) f(1.01,1.95,2.2) = 21.665725.
38. R
fx1,x2, 0y xy) = H T2 T so
o+ 3+ e+ a2

© 2006 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist.
No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.



Section 2.3 The Derivative 91

ST+ 3+ 2 —xi(n +xt Fx)F oG x2)T?
o (X1, x2, 000, 2p) = > > >
xX{ txy + oo+ oxp
2 2 2 .
_xp toxy + + x;, xi(xp + xp + + x,)
(x} + x3 + - 4+ x2)3¥2

39. (a) For (x,y) # (0,0) we can find a neighborhood that misses the origin. In this neighborhood

2 2 3 3 3
_oxyt = x7y + 3x° =y’ 2x
flxy) = S =x -yt .
X< + y x- + y

We can then easily compute the partials as

2x% + 6x2y? 4x3y
——— and fy(x,y)=-1 - —————.
(x2 + y2)2 (x2 + y2)2

(b) Using Definition 3.2 of the partial derivative, if

folx,y) =1+

x—y-i-i if (x,y) # (0,0)
f(-xay) = Xz + y2 ) 5
0 if (x,y) = (0,0)
then F(hao 0.0
8f(oo) F(1.0) = J(0.0) _ 31 _ 5.
h h—0 h
and

= —1.

Note: Exercises 40—43 are review exercises for single-variable calculus. The idea is to see that near a point, the tangent
line approximates the curve. This idea will then be extended to a tangent plane and a surface in Exercises 45—-49. For
Exercises 40—43 use either the point-slope equation y — f(a) = f'(a)(x — a) or solve fory to get y = f'(a)x +
fla) = f(a)a.

40. For the tangent line to F(x) = x> — 2x + 3ata =1 F'(x) = 3x> — 2 so F’(1) = 1. The tangent line is

y = x + 1. The graph of F and the tangent line near x = 1 (in this case for .8 = x = 1.2) is shown below left.

//

41. For the tangent line to F(x) = x + sinx ata = 7/4 F'(x) = 1 + cosx so F'(w/4) = 1 + +/2/2. The
tangent line is y = (1 + \/_/Z)x + (m/4 + V2/2 — (1 + \/_/2)77/4). The graph of F and the tangent
line near x = 7r/4 is shown above right.

42. For the tangent line rewrite F(x) = x — 3 + 3/(x> + 1). F'(x) =1 — 6x/(x*> + 1)>so F’(0) = 1 and
F(0) = 0. The tangent line is y = x. We can see that by looking at our rewritten version of F. The graph of F
and the tangent line near x = 0 is shown below left.

7
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43.

44.

45.

46.

Chapter 2 Differentiation in Several Variables

For the tangent line to F(x) = In(x?> + 1) ata = —1F'(x) = 2x/(x> + 1) so F'(—1) = —1. The tangent
lineis y = —x + In 2 — 1. The graph of F and the tangent line near x = —1 is shown above right.

Looking at the graph below, we can see that there is a cusp at x = 2 (trust me, that’s where the cusp is). You
can also see that the limit of the derivative using points to the left of 2 would not be the same as the derivative
using points to the right of 2 as one set is negative and the other is positive. Finally, the tangent line looks to be
a vertical line. This has no slope and so the derivative wouldn’t exist.

(a) For the function f(x,y) = x> — xy + y%, fu(x,y) = 3x*> — yand fy(x,y) = —x + 2y. So at the point
(2, 1) these become f(2,1) = 7, fx(2,1) = 11, and fy(2,1) = 0. The equation of the tangent plane is
2=7+ 1(x — 2).

(b)

(¢) The partials are continuous so by Theorem 3.5, f is differentiable.
(a) To find the partial derivatives fy(1,0) and fy(1,0), we must look at appropriate partial functions of

flxy) = ((x = Dy)¥3:
f(x,0)=0= f,(1,0) =0
F(1y) = 0= £,(1,0) =0

Since f(1,0) = 0, the candidate tangent plane has equation z =0 + O(x — 1) + 0(y — 0) orz = 0.
(b) A computer graph looks as follows.

Zooming in closer to the point (1, 0, 0) doesn’t make things appear very different, so it’s tempting to conclude
that f must not be differentiable at (1, 0).

(¢) From our calculations in part (a), the linear function 2(x, y) = f(1,0) + f(1,0)(x = 1) + £,(1,0)(y —
0) = 0. Thus, for (x,y) # (1,0) we have

o< fy) = hley)l _ Ife)
I(x,y) = (1,0)I (x — 1)2 + 2
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(0

48. (a)

(b)

()

49. (a)
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Now
Fey)l=1x = 1P = ((x = 17 + ) P((x = 17 + )1
= ((x = 1) + ¥
Thus
FOel (= 1) + )3 ((x — 17 + y2)S.

(x — 12+ 32 ((x = 1)2 + y2)l/2

Since this last expression approaches zero as (x, y) — (1,0), we see that f must be differentiable at (1, 0)
by Definition 3.4.
2 3
. - xy _ Xyt yty —
For the function f(x,y) = ————, x,y) = ———— = and fy(x,y) =
F(x,y) R fx(x.y) IR fy(x.y)
3

)

X Z WY 6 at the point (0, 0) these become £(0,0) = 0, £(0,0) = 0, and £,(0,0) = 0. The
(x2 + y2 + 1)2

equation of the tangent plane is z = 0.

The surface is shown below left. It is shown with the tangent plane below right.

This is the plane that best approximates the surface at that point. But we can see that it’s not a very good
approximation as you move way in any direction other than the two axes lines. Analytically, the reason is
that the partials are continuous in a neighborhood of (0, 0).

For the function f(x,y) = sinxcosy, fi(x,y) = cosxcosy and f,(x,y) = —sinxsiny. So at the point
(m/6,3m/4) these become f(7/6,3m/4) = —/2/4, f(7/6,3m/4) = —/6/4, and f,(7/6,3mw/4) =
— /2/4. The equation of the tangent plane is z = —~/2/4 — 6/4(x — w/6) — /2/4(y — 37/4).

Again the partials are continuous in a neighborhood of (7/6, 37/4) so by Theorem 3.5, f is differentiable
at the point.

For the function f(x,y) = x?siny + y>cosx, fi(x,y) = 2xsiny — y?sinx and fy(x,y) = x?cosy +
2ycosx. So at the point (7/3, 7/4) these become f(m/3,7/4) = w*/2/18 + w2/32, fo(w/3, w/4) =
mN2/3 — 72/3/32, and fy(m/3,m/4) = m*+/2/18 + w/4. The equation of the tangent plane is z =
(72V2/18 + @2/32) + (w~/2/3 — w2/3/32)(x — 7/3) + (w*2/18 + @/4)(y — m/4).
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(b)

(¢) The partials are continuous near (7/3, 7/4) so by Theorem 3.5, f is differentiable there.
50. (a) Yes g(x,y) = (xy)'/3 is continuous at (0, 0).
(b) dg/ox = (1/3)x~2/3y1/3 and ag/ay = (1/3)x'/3y=23.
(¢) Unfortunately we can’t just substitute the point (0, 0) in our answers to (b), but using Definition 3.2 of partial
derivatives, we see that the two partials must be 0. In other words we define g,(0,0) = 0, and g,(0,0) = 0.
(d) No (choose a path that crosses the x- and y-axes).
(e) You can see this answer if you look along the line y = x. There g(x,x) = x
0). So there can’t be a tangent plane.
(f) No g isn’t differentiable at (0, 0).
51. If f(x) = Ax = (3}_, aikxk, 3=y @2kXr .., =1 amicxx). Let’s look at the entry in row i column j of Df(x).

This will be
dfi I [ <
i 2 AikXk | = dij-
ax./‘ axj' k=1

2.4 PROPERTIES; HIGHER-ORDER PARTIAL DERIVATIVES; NEWTON’S METHOD

In Exercises 1—4 there isn’t much to show ... the students just need to verify that the sum of the derivative is the derivative
of the sum (Proposition 4.1).

2/3 which has a corner at 0,

So Df(x) = A.

1. f(x,y) =xy + cosx, and g(x,y) = sin(xy) + y>, so Df = [y — sinx, x], Dg = [ycos xy, xcos xy + 3y?],
and D(f + g) = [y — sinx + ycosxy,x + xcosxy + 3y2].
2. f(x,y) = (77, xe¥), and g(x, y) = (In(xy), ye¥), so

Xty exty

and
ety 4+ L pxty ¢ L

D(f +g) = xy xy
( g) { e’ + ye* xe¥ + et

Note the use of the product rule in Exercise 3 when calculating (g1 )x-

3. f(x,y,z) = (xsiny + z,ye* — 3x?) and g(x,y,z) = (x}cosx, xyz), so

. 2 _ 3 .
Df = [ siny  xcosy 1Z ],Dg= 3x’cosx — x*sinx 0 0 } and
—6x et ye ¥z Xz Xy
siny + 3x%cosx — x>sinx  xcos 1
D(f+g) = y - S z :
6x + yz et + xz yet + xy
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4. f(x,y,z) = (xyz%, xe™¥, ysin xz) and g(x,v,z) = (x — y,x> + y> + 22, In(xz + 2)), so

vz xz2 2xyz 1 -1 0
Df = eV —xe 7 0 ,Dg = 2x 2y 2z and
Zycos xz  sin xz  xycos xz Z/(xz +2) 0 x/(xz+2)
1 + yz2 —1 + xz2 2xyz
D(f+g) = e Y + 2x —xe Y + 2y 2z
zycos xz + z/(xz + 2) sin xz xycos xz + x/(xz + 2)

Exercises 5—8 are again mainly calculations to convince the students of the formulas given in Proposition 4.2; we hope
that they remember to apply them when confronted with a product or quotient. In Exercises 6 and 7 we notice that we just
get the quotient rule in each component which factors into the quotient rule given in the proposition (and we drop the
argument when convenient and clear).

5. f(x,y) =xy + ¥ g(x,y) = x/y, f(x,y)8(x.y) = x> + xy*, and % =x? + y'/x.
g(x,y

So Df=[2xy,x*> + 3y?], and Dg = [1/y, —x/y*],
D(fg) = [3x* + y%, 2y
= (&%y + ¥y, —x/y*] + (x/y)[2xp. 2% + 3]
=/D(g) + ¢D(f). and

D(g) = [y* — y*/x% 2y + 4y/x]

= (y/x)[2xy, x> + 3y°1 — (y¥/x))(x%y + Y1)y, —x/»7]
gDf — fDg
2

y
6. f(x,y) =€ g(x,y) = xsin2y, f(x,y)g(x,y) = xe¥sin2y, and foy) ex .
g(x,y)  xsin2y

So Df = [ye?,xe”], and Dg = [sin2y,2xcos2y],
D(fg)

[sin2y(e™ + xye?), x(xe¥sin2y + 2¢Y cos2y)]
= ¢"[sin2y, 2xcos2y] + xsin2y[ye™, xe¥]
=/D(g) + gD(f).and

D S\ _ | xe¥sin2y — esin2y x2esin2y — 2xe® cos2y
x2sin® 2y ' x2sin®2y

xsin2y[ye?”, xe¥] — e?[sin2y, 2x cos2y]

x2sin® 2y
_ 8Df — fDg
&2
7. f(x,y) =3xy + ¥, g(x,y) = x> — 207, f(x,v)g(x,y) = 3x*y + ¥y’ — 6x%y° — 2xy’, and f((x,y)) =
gLx,y

5
3oty o
x3 — 2xy?

Df = [3y,3x + 5y*], and Dg = [3x> — 2y%, —4xy],
D(fg) = [12x3y + 3x2y° — 1207 — 2y7,3x* + 5% — 18x%)% — 1409
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96 Chapter2 Differentiation in Several Variables
= (3xy + y)[Bx% — 2y% —dxy] + (&3 — 20%)[3y,3x + 5y4
=fD(g) + gD(f),and

D(i) _ {g(x,y)fx(x,y) — f(x,y)gx(x,y) 8(x y) fy(xy) — f(x y)gy(x. y)
g [g(x, y)I? ’ Lg(x, y)I

_ 8bf — fDg
)
8. f(x,y,2) = xcos(yz), g(x,y,2) = &% + 2y + y20 + 2, f(x,y)g(x,y) = 27 cos(yz) + x'0y%cos(yz) +
flx,y) _ x cos(yz)
g(x,y) X2 4+ x9y2 + 273 + 2

xy?z3 cos(yz) + 2xcos(yz), and

So Df = [cos(yz), —xzsin(yz), —xysin(yz)], and Dg = [2x + 9x8y2,2x9y + 2yz3,3y2z2],

2 9.2 2.3 T
{ 3x“cos yz + 10x”y“cos yz + y“z°cos yz + 2cos yz l
D(fg) = —x3zsin yz + 2x¥%cos yz — x19y2zsin yz + 2xyz3 cos yz — xy?z*sin yz — 2xzsin yz
—x3ysin yz — x'%3sin yz + 3xy*z%cos xy — xy3z3sin yz — 2xysin yz
T
2x + 9x8y? cos yz
= (xcos yz) | 2x%y + 2y73 + (2 + X0y 4+ y?2 + 2) | —azsinyz
3y272 —Xxysin yz

= fDg + gDf, and
_|afs — fo. 8Fy — f&y sf: — fa.
g2 2 g
_ 8Df — fDg
g

In Exercises 9—17, students should verify that fv, = fyx. The fact that in these problems the derivative with respect
to y of fy is equal to the derivative with respect to x of fy is not trivial. Problem 18 explicitly asks them to examine the
mixed partials.

9. f(x,y) =2 + 3x? — Txyso fu(x,y) = 3x%y’ + 3y — 7y and flx,y) = 7x3y° + 6xy — 7x. The
second order partials are:

far(x,y) = 6xy7,
.fxy(x» y) = fyx(xa )’) = 21x2y6 + 6y — 7, and
fo(x,y) = 42x3y° + 6.

10. f(x,y) = cos(xy) so fc(x,y) = —ysin(xy) and f,(x,y) = —xsin(xy). The second order partials are:

fxx(xv y) = _yZCOS XY,
Fo(5¥) = fulx.v) = —xveos xy — sin xy, and
fy(x,y) = —x? cos xy.

11 f(x,y) = /% — ye ¥ 50 fi(x,y) = _—zyey/x + ye Tand fy(x,y) = 1ey/x — ¢~ *. The second order partials
x X
are:

2 2 -
faley) = Sl 4 Zelt — e,
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Fo(x,y) = fin(x,y) = __Zley/x _ %e}’/x + e~ * and
X X

1
fyy(x’y) = _zey/X.
X
12. f(x,y) = sinyx? + y2 s0

xcosyx2 + 2 ycosyx2 + y2
fe(x,y) = —=——=— and fy(x,y) = ——=—.
[x2 + y2 [x2 + y2

The second order partials are:

2+ y2|cosx2 + y2 + (x);xsmx;f;;yz — (xcosyx? + y2)—=
fulx,y) =

x2 + y2
2 2 2 2 2 2 o 2 2
COSy/x> + — X°Jxc + sinx“ +

x2+y2

_ xPcosyx2 + 32 — yAa2 + y2singx? + y? q
fy}'()@ y) - (xz + y2)3/2 , an

B B —xy\/)c2 + 32 sin\/x2 + y> — xycosyx? + y?
fo(xy) = fulx,y) = (2 + y2)32 '

1
13. f(x,y) = ——— so
Flx) sinfx + 2¢¥
—2sinxcosx — sin2x —2e”
X, y) = = and X, y)= ———,
fulx. ) (sin®x + 2¢¥)2  (sin’x + 2¢7)? filx) (sin®x + 2¢v)2

The second order partials are:

ol y) = (sin®x + 2¢¥)?(—2cos2x) + sin2x - 2(sin®x + 2¢”)sin2x
e (sin®x + 2ev)*
_ (sin?x + 2¢¥)(—2cos2x) + 2sin?2x
(sin®x + 2¢)3 ’

4eY sin 2x
X, = fix(x, = ————  and
Fo(x,y) = fu(x,y) Ginlx + 20)

2¢¥(2¢¥ — sin’x)
y(x,y) = .
Snlx.y) (sin®x + 2¢)3

14. f(x.y) = e 50 fo(x,y) = 2xe” T and fr(x,y) = 2yex2+>'2. The second order partials are:
fa(x,y) =265 4 2x - 2xe" Y
:€x2+y2(2 + 4x2),
fo(x.y) = filx,y) = 4xye"2+y27 and
F(x.y) = e~ (2 + 4y%).

15. f(x,y,2) = x%yz + 0’z + xyz? so f(x,y,2) = 209z + y*z + y22, fy(x, p.2) = &2

z + 2xyz + xz2, and
fo(x,y,2) = x*y + xy> + 2xyz. The second order partials are:

fo(x,y,2) = 2yz
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98 Chapter2 Differentiation in Several Variables

(X, y,2) = 2xz

fe(x,y,2) = 2xy
fo(x,3,2) = fu(x,y,2) = 22 + 2z + 2
fe(x,y,2) = fulx,y,2) =2xy + y* + 2z
Fre(x3,2) = folx,y.2) =2 + 200 + 2xz

16. f(x,y,z) = € s0 fi(x,y,2) = yze®%, fy(x,y,2) = x2¢®%, and f;(x,y,z) = xye®?. The second order
partials are:

falx, y,2) = y*z%e*
fiv(x,y,2) = x*7%e™7
— x2y2exyz

.fxy(x» y.2) = fyx(x Y,z ze* (1 + xyz)
fe(x,y,2) = fulx,y. 2 e (1 + xyz)

Sye(x, 9, 2) = fo(x,y,2) = xe”(1 + xyz)

)
z) =
fa(x, 3. 2)
z) =
)
)

17. f(x,y,z) = e®siny + eP* cos z so fe(x,y,2) = ae™siny + beP* cos z, fy(x,y,2) = ¢*cosy, and

fo(x,v,z) = —eP*sinz. The second order partials are:
ful(x,y.2) = a*e®siny + b*e" cosz
Jy(x,y,2) = —e“siny
fu(x,y,2) = —e™cosz
fo(x,y.2) = fix(x,y,2) = ae™ cosy
fe(x,y,2) = fulx,y,2) = —be sinz
fre(x.3.2) = foy(x.y,2) =0

18. F(x,y,z) =2x% + x22 + y32° — Tayzso Fo(x,y,2) = 6x%y + 22 — Tyz, Fy(x, y,2) = 2x° + 3y*2° — Taz,
and F,(x,y,z) = 2xz + 5y°z% — Txy.

(@) Fu(x,y,2) = 12xy, Fyy(x, y,2) = 6y2°, and F..(x,y,2z) = 20y°23 + 2x.

(b) Fy(x,y,2) = 6x* — 7z = Fu(x,5,2), Fe(x,3,2) = 22 — Ty = Fu(x,,2), and Fy(x,y,2) =
159224 — Tx = Fy(x, y,2).

(©) Fuy(x,y,2) = 12x = Fey(x, y, z). We knew that these would be equal because they are the mixed partials
of Fy (i.e., (Fx)yw = (Fx)x)-

d) Fy(x,y,2) = =7 = Fuu(x,y 2).

19. We will denote the degree of f by deg(f) in this solution.

(@) deg(px) = 16, deg(py) = 16, deg(pxr) = 15, deg(pyy) = 15, and deg(pyx) = 15

(b) deg(px) = 3, deg(py) = 3, deg(pxx) = 2, deg( pyy) is undefined, and deg( pyx) = 2.

(¢) This is difficult because the term of highest degree can switch during the process of taking a derivative. For

example consider f(x,y) = xy*> + x°y. Take the derivative with respect to y and the degree has decreased
by one as we would expect: fy(x,y) = 2xy + x3 so deg( fy) = 3. Now take another derivative with respect
to y: fyy(x, y) = 2x and so the degree is now one.
For a polynomial f(xj,xp,...,x,) which has degree d = d; + dy + -+ + d, because of a term
cx‘ll1 b xdn ok f/ox;, .. dx;, has degree d—k if x; occurs at most d; times in the partial derivative—
0therw1se we must look for the highest degree of any other surviving terms. If no terms survive, (i.e.,
akf/ 0x;, ... dx;, = 0) then the degree is undefined.

Exercises 20 and 21 have the students verify that certain functions are solutions to the given differential equations
When the students studied exponential equations in first semester calculus they may have seen that f(x) = ce®* solves
the differential equation y' = ky. Here is a nice way to introduce the idea of a partial differential equation.
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20. (a) For the first function, f(x,y,z) = x> + y*> — 222, fu(x,y,2) = 2x, fy(x, y,2) = 2y, and fi(x,y,2) =

—4z.

This means that fo.(x, y,2) = 2, fyy(x, y,2) = 2,and f.(x,y,z) = —4. Wesee that fi, + fy, + for =
0 and conclude that f is harmonic.

For the second function, f(x,y,z) = X2 — vy o+ 2 frlx,y.2) = 2x, fy(x,y,2) = —2y, and
fo(x,y.2) = 2z.

This means that fe(x, y,2) = 2, fyy(x, y,2) = —2,and f;(x, y,z) = 2. We see that fi, + fiy + foz 70
and conclude that f is not harmonic.

(b) One possible example is f(x1, X2, ..., X, ) = x% - x% + 3x3 + 4x4 + Sx5 + -+ + nx,.
2 ifi=1,
Here fy,, = —2 ifi =2, and we see that 37_, fy,; = 0 so f is harmonic.
0 ifi > 2.
21. (a) To show that T(x,t) = e~ cos x satisfies the differential equation kT, = T; we calculate the derivatives:

To(x,1) = —e Msinx
To(x,t) = —e M cosx
Ty(x,1) = —ke M cosx

80 kT, = T;.
For tp = 0 and #p = 1 the graphs are:

(b) To show that T(x,y,t) = e ¥ (cosx + cosy) satisfies the differential equation k(T + Tyy) = T; we
calculate the derivatives:

Ty(x,y,t) = —e Mginx
To(x, v, 1) = —e M cosx
Ty(x, y, 1) = —e Msiny
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100 Chapter 2 Differentiation in Several Variables

Tyy(x,y,t) = —e M cosy

Ti(x,y,t) = —ke ¥ (cosx + cosy)

$0 k(T + Tyy) = T;.
The graphs of the surfaces given by z = T(x, y, fo) for to = 0, 1, and 10 are:

(¢) Finally, to show that T'(x, y,z,7) = e ¥ (cosx + cosy + cosz) satisfies the differential equation k( Ty, +
T,y + Tyx) = T; we calculate the derivatives:

To(x,y,2.t) = —e Msinx
To(x,y.2.1) = —e M cosx
Ty(x, y,2,1) = —e Msiny
Tyy(x, y,2,1) = —e M cosy
T.(x,y,z.1) = —e Msinzg
To(x,y,2,1) = —e cosz
Ti(x,y,z,t) = —ke_kt(cosx + cosy + cosz)

0 k(Tex + Ty + Tp) =T,
22. (a) For (x,y) # (0,0), compute the partial derivatives:

fx(X,y) = y(ﬂ) + Xy<[x2 + y2](2x) — [X2 _ y2](2x)>

x2 + y2 (x2 + y2)2
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_ (= )+ )+ (4n?)

(x2 + y2)2
4 22 _ 4
= y(x (+24i )72)2 ) and similarly
x y
By = A2
A (x2 + y2)2
(b) We use part (a):
A
700, y) = y(—y*)

(»?)?
—yfory # 0, and

fy(x,0) = x for x # 0.

(¢) From part (b), fy(0,y) = —1 while fx(x,0) = 1 and f,(0,y) and f,(x,0) are continuous at the origin
so you can conclude that f,(0,0) = —1 while f,,(0,0) = 1. Why aren’t the mixed partials equal? The
answer is that the second partials are not continuous at the origin. We can see this by calculating

6 4.2 2.4 6

x° + 9x — 9x —

fo(xy) = 2 oy -
(x* + y?)

Therefore  fiy(x,0) = 1 and
fxy(oay) = —1L

Hence lim (x, does not exist.
(o0 P27

In other words, fy, is not continuous at the origin.
23. An equation of a plane in the form z = f(x,y)isz = Ax + By + C. Here z, = A,z, = B and the second
derivatives are all 0. The partial differential equation for minimal surfaces is therefore trivially satisfied and a
plane is seen to be a minimal surface.

24. (a) Here’s an image of Scherk’s surface.

(b) In this case z = In(cosx/cosy). Sozy = —tanx,zy =tany, zy = 0,2 = — sec? x, and Zyy = sec? y. So

(1 + zf,)zm + (1 + 22)zyy = (1 + tan® y)(—sec’x) + (1 + tan®x)(sec’y)

2

= —sec xseczy + sec?

xseczy =0.

This agrees with the right side of the equation as z,, = 0.
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25. (a) Here’s an image of the helicoid:

1
N W
R
RN

(b) There’s no reason not to think of this surface as z = xtany. Then zy = tany, z, = xsec?y, zy = 0, Zxy =
sec? y, and z,, = 2tanysec? y. So

(1 + zi)zm + (1 4+ 22)zy = (1 + x*sec*y)(0) + (1 + tan® y)(2tanysec® y)
= (sec’ y)(2tanysec? y) = 2(tan y)(xsec? y)(sec® y)

= 22xZyZxy
26. Let L denote limg_o X¢. Then limg_oo X1 = L and taking limits in (6), we have
L =L — [Df(L)]"'f(L).

Hence [Df(L)]~'f(L) = 0. Now multiply by Df(L) on the left to obtain Df(L)([Df(L)]~'f(L)) =
DE(L)0 =0 < L,f(L) =0 < f(L) = 0.

27. (a) k Xk Yk
0 —1 1
1| -13 1.7
2 | —1.2653846 1.55588235
3 —1.2649112  1.54920772
4 | —1.2649111 1.54919334
5| —1.2649111 154919334
This table suggests that x; — (—1.2649111, 1.54919334) ~ (—8/5,/12/5).
(b) k Xk Vi
01 ~1
113 —-1.7
2 | 1.26538462 —1.558824
312649115  —1.5492077
4 | 126491106 —1.5491933
5| 1.26491106 —1.5491933
Here x; — (\/V, —\/iZ/S) it seems.
k Xk Vi
0| —1 —1
1| -13 -1.7
2 | —1.2653846 —1.555824
3 —1.2649112  —1.5492077
4 | —1.2649111 —1.5491933
5| —1.2649111  —1.5491933

Here x; — ( —\/V, —12/5).
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(¢) The results don’t seem too strange; each initial vector is in a different quadrant and the limit is an intersection
point in the same quadrant.

28. (a)

29.

k Xk Vi
0 1.4 10
1| 547 —317.452
2 | 28.0832917 —75583.381
3 | 14.8412307 —9364.2812
4 8.35050251 —1128.3294
5 5.34861164 —119.96986
6 4.2264792 —4.8602841
7 4.00886454 4.73583325
8 4.0001468 4.99959722
9 4 5

10| 4 5

(b) k Xk Yk

0|13 10
1| —105.35 641.7815
2 | —52.041661 606283.635
3| —25.420779 75622.9747
4 | —12.17662 9372.7823
5 | —5.6848239 1132.95037
6 | —2.6823677 124.108919
7 | —1.5599306 8.94078154
8 | —1.3422068 —0.6614827
9 | —1.333348 —0.9255223

10 | —1.3333333  —0.9259259

11 | —1.3333333  —0.9259259

(¢) (1.3, 10) is a good deal closer to (4, 5) than it is to (—1.3333333, —0.9259259).
(d) It seems surprising that, beginning with xo = (1.3, 10), we found the limit we did, especially when xo =
(1.4,10) causes things to converge to (4, 5). This suggests that, when there are multiple solutions, it can be
difficult to know to which solution the initial vector will converge.
Formula (6) says Xx+1 = Xx — [Df(xk)]_lf(xk). But if x; solves (2) exactly, then f(x;) = 0. Thus x¢+1 =
Xy — [Df(x;)]17'0 = x;. By the same argument X; = Xj42 = Xj43 = -

30. Df(x,y) = { gj é]:y } By Exercise 36 of §1.6, [Df(x, y)]~! = m [ _‘2 _;i } If we evaluate at
(xk—1, yk—1) and calculate, we find that formula (6) tells us that
Xk | | Xk—1 . 1 8y _fy f
Yk Yk—1 fxgy — fygx —8x fx g |’

all evaluated at (xg—1,yk—1)

Expanding and taking entries we obtain the desired formulas.
4ycos xy + 3x?

=0 .
dxcosxy + 3> =0" Using the

31. DF(x,y) = [4ycos(xy) + 3x%,4xcos(xy) + 3y*], so we want to solve{
result of Exercise 30, we have

6y7_; cos(xk—1yk—1) + xk—1(6(xi_; + 3yi_;)sin(xe—1yx—1)—
Xk—1Yk—1(9 + 8sin2x;—1yk-1))

xk 2(2 = 9xp—1yk—1 + 2c08(2x5—1yk—1) + 6(xp_, + yi_;)sin(xk—1ye—1)—
Axp 1 yr—18in(2x_1yk—1))
6)6]%_1008()6/(_1))/(_1) + yk_1(6(3x2_1 + yi_l)sin(xk_lyk_l)—
= xk—1k—1(9 + 8sin(2x¢—1yk-1)))

2(2 — 9xp—1yk—1 + 2cos(2xp_1yk—1) + 6(x2_1 + y,f_l)sin(xkflyk,l)
—dxg_1yk—18in(2xk—1yx—1))
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(This was obtained using Mathematica to simplify.)
Using initial vector (xo, yo) = (—1, —1) and iterating the formulas above we find

k Xie Vk
0 -1 —1
1 —0.9206484 —0.9206484
2 —0.9073724 —0.9073724
3 —0.9070156  —0.9070156
4 —0.9070154 —0.9070154
5 —0.9070154 —0.9070154 <« Here’s the approximate root.
2+t 2=
32. (a) Here we're trying to solve the system { x> + y? = 1 Hence we define f(x,y,z) = (x> + y*> +
4y? + 2 = 4.
22— 4,2+ — 1,4+ P - 4.
2x 2y 2z
Thus Df(x,y,z) = | 2x 2y 0 |. It follows (see Exercise 37 of §1.6) that
0 8y 2z
1 3 _1
8x 8x 8x
DRyt = | - L L
i,
2z 2z
Xk Xk—1 Ny Vit oz — 4
Thus | vk | = | yk—1 | — [DECk—1 yk—1ozk—1)170 | 2, + v2, — 1
2k Zk—1 4y]%7] + z%,l — 4
This simplifies to give
X = k=1 3
2 8xr_1
Yk—1 !
Yk = +
2 8yk—1
o= AL+ s
2 2zk—1

Newton’s method with xg = (1, 1, 1) gives the following set of results
k Xk Yk Zk

0 1 1 1

1 0.875 0.625 2

2 0.86607143  0.5125 1.75

3 0.86602541  0.50015244  1.73214286

4 0.8660254  0.50000002  1.73205081

5

6

1,

0.8660254 0.5 1.73205081
0.8660254 0.5 1.73205081
With xo = (1, —1, 1), we find
k Xk Yk Zk

0 1 —1 1

1 0.875 —0.625 2

2 0.86607143 —0.5125 1.75

3 0.86602541 —0.5001524 1.73214286

4 0.8660254 —-0.5 1.73205081

5 0.8660254 —-0.5 1.73205081
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x2 + y2 + 72=4
(b) We solve 24+ =1 by hand. First insert the second equation into the first: 1 + 72 = 4 & 7 =
4y2 + 72=14

++/3. Use this in the third equation 4y + 3 =4 & y = :t%.

1 V3

Now use this in the second equation: x> + i l o x= iT

So we have 8 solutions:

We found two of them above.

2.5 THE CHAIN RULE
In Exercises 1-3 students see that if you have a composite function you can take the derivative either by substituting or
by using the chain rule.

1L f(x,y,2)=x> — ¥ + xyz, x =6t + 7, y =sin2t, and 7 = 1>

Substitution:
Fx(2), y(2),z(1)) = (61 + 7)> — (sin2t)> + (6 + 7)(sin2¢)(1*)

= (6r + 7)* — (sin2r)®> + (62 + 71*)(sin2r) and so

af

s 2(6r + 7)6 — 3(sin2r)*(2cos2t) + (182 + 14¢)sin2r + (62 + 712)(2cos2t)
t

Chain Rule:
df _afde | afdy | dfd

dt dx dt dy dt dz dt
(2x + yz)(6) + (=3y* + xz)(2cos2r) + (xy)(2r)

= [2(6t + 7) + (sin2¢)(£2)1(6) + [—3sin®>2t + (61 + 7)1*](2cos2t) + [(61 + 7)sin2¢](2¢)

2. f(x,y) = sin(xy
@ f(x(1), y(1)

=5+ t,and y = 5% + 12
sin(x(t)y(t)) = sin[(s + t)(s> + £2)].

)-
)

Il =

‘z—f = cosl(s + )( + A2 + 2) + (s + 1)(29)]
S
af

ol cos[(s + £)(s> + (s> + 2) + (s + 1)(21)]

(b)

as dx ds dy ds

0f _fox  0fdy

= ycos(xy) + xcos(xy)2s
=cos[(s + 1)(s* + (s> + 2) + (s + 1)(2s)] and
of _afox , ooy

ot dx Ot dy ot
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106 Chapter 2 Differentiation in Several Variables

yeos(xy) + xcos(xy)2t

=cos[(s + 1)(s* + (s> + 2) + (s + 1)(21)]
3. (a) We want

dp _apdx | 9Pdy . 9Pdz
dt dx dt dy dt dz dt

2 2
= %(—ZSint) - m—zz(Zcost) + 6i(3)
y y y
12(2 4 cos? 4 cos?
_12( CO.St)(3t)(—2sint) _6( C?szt)3t(2cost) n 6( Cf)S t)(3)
2sint 4sin” t 2sint
3 2
= —72tcost — 36tcf)szt + 36?08 L
sin” sin ¢
Therefore,
dp _ (36 — 277)
dr t=m/4 ‘/E '

(b) P(x(1),y(1),z(1)) = 6(2cos1)*(31) _ 36tcoszt, o

2sint sinz

dP _ sint(36cos>t — 36t - 2costsint) — 36t cos”t(cost)

dt sin? ¢ ’
Therefore,
dpP _ (36 — 27m)
dt t=m/4 \/z .
(¢) Using differentials,
ap~ |42 (dt) = <M>(.01) ~ —.34523.
dt t=m/4 \/E

So (writing P as a function of 1),

P(w/4 + 01) = P(m/4) + AP ~ % — 34523 ~ 19.6477.

4. We are thinking of z = z(s,1) = [x(s,1)]> + [y(s.7)]>. So

0z dz
Z2,1)= &
8t( ) dx

Cax| o

(2.1) dy

.9y
ot

= 2x|(2,1y " slay + 0=8.
(2.1)

(21) Ot (2.1)

5. Here V = LWH, so

v _ovdL | ovdw . oVdH
dt JdL dt oW dt 0H dt

- WH (d—L) + LH (d—W) LW (d—H)
dt dt dt

5-4(.75) + 7 -4(5) +7-5(-1)

= —6 in®/min.
Since Lj{—v < 0, the volume of the dough is decreasing at this instant.
t
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6. Let the length of the butter be y and the length of an edge of the cross section be x. Then the volume V = x?y.
The rate at which the volume is changing is

A dx

e

dt dt
7. Note that in 6 months:

+ xﬂ.% =2(1.5)(6)(—.125) + (1.5)%(—.25) = —2.8125 in*/min.

x=1+ .6 — cos7m =26

y =200 + 12sin7 = 200
The chain rule gives
ap| _op| & 9P| dy
dr |;=¢ dx | x=26 dr |;—¢ Yy | =26 df ;=6
y=200 y=200

mt

1
10(0.1x + 10)"2(0.1)[x=26 <o.1 - %sin —>

t=6

_2 .t 21t Tt
— 4y 3]y=200 (2 sin — + —— cos 7>
y 2 6 6 6

t=6

1 2
(10.26)72(0.1) — 4(200 3 )( —27)
= 0.031219527 + 0.734885812 = 0.766105339 units/month (demand in rising slightly).

8. (a) The chain rule gives

i(BMI) _ 8(BMI)d_w n 8(BMI)@
dt Jw dt oh dt
_ 10,000 dw 20,000 w dh
h? dt h3 dt
On the child’s 10th birthday: w = 33 kg, & = 140 cm,
dw _ 0.4, dh _ 0.6
dt dt
So
d(BMI) _ 10,000(0.4) ~ 20,000 - 33(0.6)
dt 1402 1403

~ 0.0598 points/month.

(b) The rate we found in part (a) is greater than the typical rate by about 49%. I’d monitor the situation monthly
so that it doesn’t persist for too long, but I wouldn’t be very concerned, since the current BMI is roughly
16.84, which is quite low.
9. Since x = ¢" cosf and y = ¢" sinf we can write

% - (j_i) (%) * <§—§> (%) = (g—i)(ercose) + (%)(ersinﬂ).
() - ()5 () v ()
() (&) -2 e on(3)
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2
+(cos? 0 + sin 6)<az) + (2cosfsinf — ZCosﬂsmG)(gZ)(az)

dy dy
2 2
= e2r (%) + %
0x dy

Exercises 10—13 are fun exercises. You may want to stress that we are showing that the partial differential equations
are true without even knowing the “outside” function.

The result follows.

10. We’ll start by calculating the components on the left side:
z _ozou | dziv

ax du 0x 6v 0x

= 1) + —=(1
)+ Ea)
=%y % and
Ju Jv
oz _ dzou | oz
dy du dy Jdv dy
Jz
=20y + £
_ 0z 0z
== — = s0
du Jdv

%%:<3_Z n %)(% _ %)
dx dy du Jdv Jdu dv
(&)

du w/)

2 2
ou _y(y" = x7)
ax (x4 y2)?

11. First calculate:

u _ x(x* —y?)
ay (¥ + y?)?

Now
Gy dwou o

dx yay Ju dx du dy

()5 o2

o\ [0~ ) )
<J<ﬂ+y>+ﬁﬁ+wJ

= 0.

12. First calculate:

a_u:Land

ax  (x2 + y2)2
Ju —4x2y
dy (¥ + y?)?
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Now
aw 6w _ awau i awau
ax ay 814 dx 6u dy
- (Lw) o ou
Ju Jx Jdy
_ <8_w> N 4xy? —4x%y
u (x2 + y2)2 (x2 + y2)2
=0.
13. du = _—1, ou = L, and 8_14 = 0. Als gv = _—l, gv = 0, and gv = i Now it is just a matter of using
dx x2 9y y? dz dx x2 dy dz 7%
the chain rule and plugging in:
xzaﬂ + yzaﬂ + Zzaﬂ = 52 {aﬂal + aiw@} + y2 Jw du + Jw dv + 72 {671”87” aiw@}
0x dy 0z du dx Jv dx ou dy dv dy ou 9z dv 9z
i xz(’*)_u_i_ 28_u+zza_u +a_wx2@+y2@+£@
du dx Jdy 0z Jv dx Jdy 0z
= 9w x2<—1) + 2 (L) 40 + x2<_—1) +0+z2(i)
du x2 y? D) x2 72
=0.
14. du l, ou _ X and du _ 0. Also v _ 0, v _ =2 , and v _ 1 Again, it is just a matter of using
dx y dy y? dz dx ay 2’ dz y
the chain rule and plugging in:
Jw  dw  dw [awaqua_w@}Jr owou | owdv| [awaqua_w@}
6x 6y dz du dx Jv dx du dy dv dy Ju 9z Jdv 9z
_ow| o ou o] awl av v o
du | dx dy 0z Jv | dx dy 0z
= 1+y—x -i-()-i-a—wo—i-y_Z +zl
du y y? v y2 y
=0.
15. (@) fo g=(3(s — 7t)°,e¥ %) 50
15(s — 7t)*  —105(s — 7t)*
D(f o g) = { ge2s—14t) _liezx—m) }
(b)
|15t 15(s — 7t)*

Il

We can easily see that Df Dg = D(f o g).

262.97 14t

} and Dg=[1 -7 ]
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110 Chapter 2 Differentiation in Several Variables
16. (@) f o g= (s1)% — 3(s + 12)? = 521> — 35> — 651> — 3t*, s0

D(f o g)= [2st2 — 65 — 61> 2%t — 12st — 12t3].

() Df =2 —6y]={2st —65—6t2],andDg=[i ;t},so

N

= P Pr) t
Df Dg [m 65 — 61 Hl 5

} =252 — 65 — 67 25t — 125t — 127°].

2
17. (a) f o g= (s/t)szt - S—Z, ﬂ + %7 ) = (s3 — s, L + 56t3), SO
s/t st st2

2 t2

_ 3s —2st
D(f og)= { C1J(2P) + 6558 —2/(sP) + 3P }

(b)
= _ 2 St s _ ! 2 3 2=
Df = y+1x2 f x| = St+vz/,2 P P _ st1+t ]—
2 - —s/t 4.2
y 2 3y o 342/2 + 3542 = —55 T 3s%t
1 _s
and Dg = t 2 SO
& 25t §2 }
2 3 212 1 5 2 b
Df D s T PR S —2st
g = KY t = -1 53 ) 6.2
é —#+3s4t2 2st ?i m+6st §+3s;
18. @) fog=((t— 220Gt +7) + (3t + 725, (t — 2)(3t + T)%, ") s0
45 + 1683 + 15612 — 10t — 16
D(f o g) = 15¢* + 48 — 4242
312¢"
(b)
[ 2xy X2 + 2yz y2
D(f) = ye Xz Xy
0 0 et
20t = 2)(3t +7) (1 = 2)% + 203t + 7)A (3t + 7)?
= (3t + 7)1 (t — 2)¢ (t —2)(3t +7)
0 0 o
M1 {4&4 + 16843 + 1562 — 10t — 16
and D(g) = | 3 so D(f)D(g) = 15684 + 43 — 4272
L 3t2 { 3[2€t3

19. (a) fog= (st + mu + su, 383 — estuz) 50

t+u s +u s+t

D(f o = 2 2 2
( g) 3523 — e’ 3532 — suleS™ —2stuet™
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(b)
1 1 1 1 1 1
bt = 3x2 —ze¥t  —ye¥t - { 38202 —sue™ et }
4 D (t) § (t) DED t+u s + u s+t
an = u SO = i
g w0 s g 38263 — e 3532 — sule™ _2smue™

20. This is a matter of seeing what we have to determine and which formula to use. We calculate D(f o g)(1, —1,3)
as Df(g(1, —1,3))D(g(1l, —1,3)). The second piece is given in the exercise. For the first we calculate

DEg(1, —1.3)) = { 23y Exl } 23y Exl ] _ [ 130 _41 ]

g(1,—1,3) { (2,5)

Then we can multiply the matrices to get the result
| 10 4 1 -1 0| _| 26 —10 28
D(fog)(l,—1,3)—{ 3 _1][4 0 7}_[—1 -3 —7]'

21. (a) This is similar to Exercise 20.

D(f o g)(1,2) = Df(g(1,2))Dg(1,2) = DE(3,5)Dg(1,2)

=[5 313 3]=[40 &
Dg(£(4,1))Df(4,1) = Dg(1,2)Df(4,1)

2 3 -1 2| _ |1 13
5 7 1 3] |2 31
22. We’ll start with the right hand side of the equation because we can easily calculate the partials of x and y with
respect to r and 6.

5 ) 2 2
(%) +L<%>: 9zdx  9z9dy) . 1(9zdx . 9z9y
ar r2 \ 90 dx or dy or r2\ dx 90 dy 96

IR CINCI ORI

(b)
D(g o £)(4,1)

~

Faifna L]

dx dy L ar or r2 90 96

2 2

= (%) [00526 + i(rzsin26)} Ty |:Sin26 + i(r’2c052¢9)}
dx r? dy 2
2 2

+ 2%% {Sinﬂcose + L(—rsin@)(rcos@)} = (%) + 9z

dx dy r? dx dy

23. (a) From formula (10) in Section 2.5, we have

9 - cosHi _ sin6 9. and
dx ar r 060
9 = sint9i + cosf 9.
Jdy ar r a0
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112 Chapter 2 Differentiation in Several Variables
Hence if z = f(x, y), then
Pz _ 0 <E)z) _ ] <E)z) sinf 9 (a )
— = —(—=)=cosb— =] — — =
ox2  dx \0x ar \ ox r 90 \ ox

J 0z sinf 9z sinf o 0z sinf 9z
cosf— | coshp— — ——= | — ——|cosh— — ——=
Jar Jar r 00 r 00 Jar r 00

Now use the product rule:

0%z 0%z | sinfdz  sinh 9%z
— cosf| coshg— + —— —
dx?2 or? r2 90 r oroé

sin 6 . .0z 9%z cosf 9z sin 6 9%z
— ——| —sin60— + cos@ — —- - —
r ar 900r r 00 r 062

2 : : 2 2 s 29 A2
_ COSQGQ n 2sinfcosf dz  2sinfcosf 97z 4+ Sin 0 dz 4 Sin OQ'
ar? r? a0 r arof roor r2 062

Follow the same steps to calculate

2z 9 foaz\ _ . 9oz cos® a [ dz
— = —| — | =sin0—| — | + —| =
ayz  dy\dy ar\ dy ro 00\ dy
sint9i (sinB% + COSO%) + cos6 9 <sin0% + COSG%)

Jar ar r 00 r Jar r 90
2 : : 2 2 2 2
_ sinzt‘)ﬂ _ 2sinfcosf dz i 2sinfcosh 9-z 4 cos 09z 4 cos GB‘
or? r2 96 r 00r roor 2 962

(b) Adding the two equations above we easily see that

¢? o9 P 10 1

ax2 ay?:  or? ror 2 962"

. . . 92 92 92 1d 9 0% . .
24. Given Exercise 23, this is easy: We know — + — = — + —— + — ——. Since the z-coordinate means
ox? ayr  ar? ror r2 962
the same thing in both Cartesian and cylindrical coordinates, the result follows.

25. (a) The chain rule gives dw _ dwor + Jw 99 + 9w 9z for any appropriately differentiable function w.

ap ar dp a6 dp dz dp
Now (6) of §1.7 gives z = pcos¢,r = psing. Hence

w _ singoa—w + 0 + cosqoa—w = singoa—w + coscpa—w.
dap ar Jz or 0z
Also
Jw Jw . dw .. . .
— = pcose— — psing— from a similar chain rule computation.
dp ar Jdz

From this, we have

. Jdw Jw .o Jdw . Jw ) dw . odw
psing— + cosp— = ( psin  ¢— + psinpcose— | + [ pcos"o— — pcos@sing—
ap dp ar dz ar ad

Z
_ v
ar
Thus
Jw =sinqpa—w + cos ¢ dw or 9 =singoi + Mi.
or dap p Jdo ar Jap p Jdo

(Alternatively, consider formula (10) in this section with x = z, y = r, 6 replaced by ¢, and r replaced
by p.)
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(b) The cylindrical Laplacian is 6—2 + 3_2 + ia—z + 19 From z = pcos¢, r = psing, we may treat
) or? 972 r2 962 ror ' ’
z and r as if they are Cartesian coordinates, so that

2 2 2 2
R R I )
ar? azz  9p? p? d¢? pap

(Cartesian/ cylindrical )
Now we know ai from part (a). So, with r = psin ¢, we have
r
2 2 2 2 2
o L) Lo 1o (o7 18 149
ar? 972 r? 062 ror dp? p? dp? pap

1 92 N 1 (singoi i cos<pi>

p?sin® @ 962 psin ap p Jdp
2 2 2
0, 1o 29 %8_ 4 oo 9 desired.
ap?  pragr  pdp  p?sin’ @ 96> p? e

Exercises 26—28 puts the implicit differentiation techniques which the students learned in a previous course in the
context of the current discussion. This is one of those problems where it would be immediately clear if we were able to talk
to each other. The problem is explaining to you which derivative with respect to x is being considered. One solution is to
introduce another variable. You might want to use this as an example of why the author introduces the notation she does for
Exercises 31-35. One other note is that the results hold also for F(x,y) or F(x, y, z) being constant (not necessarily 0).

26. (a) View x and y as functions of 7, where x = x(¢) = r and y = y(r). Since F(x,y) = 0 we know that
Fi(x,y) = 0. This means that we know:

dF dx dy
0= — =F(x,y)— + Fy(x,y)—.
o~ Bey) v y)
But de _ 1 and b_d ) b —LC(X’)}).
dt dt dx  dx Fy(x,y)
i -3 2 — 3,2 _ dy _ 3x* _ 3x2
(b-i) If F(x,y) =x — y*then Fy(x,y) =3x"and Fy(x,y) = —2yso — = ——— = —,
dx -2y 2y
(b-ii) y2 = x>so0y=x¥250 ? = %xl/ 2. Multiply numerator and denominator by x/2 1o get the answer in
by
(b-i).
27. Here we’ll just use the formula from Exercise 26(a) where here F(x,y) = sin(xy) — x?y’ + .
dy _ ycos(xy) — 2xy’
dx xcos(xy) — 7x2y6 + e’

The results of Exercise 28 are used in Exercises 33 and 35 in a nice way. None of them is very time consuming—it is
worth assigning all three.
28. (a) We have the same problem here with ambiguity about what is meant by the derivative with respect to x and
yv. Let x = x(s,7) = s,y = y(s,t) = t, and 7 = z(s,7). Then

9
0=2F_ Fy(x, y,Z)a—x + Fy(x,y,2)2 + F(x, y,Z)% = Fe(x,y,2) + F(x, y,Z)a—Z-
s ds ds Js ox

Solving we get
dz _  Fe(x,y.2)
ox Fy(x,y,2)
An analogous calculation gives
% _ Fy(-xs Yy, Z)
dy F.(x,y,z2)
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114 Chapter 2 Differentiation in Several Variables

(b-i) F(x,y,z) = xyz — 2 so by part (a):

dz _  yz _ z 0z _  xz _ Z
—=-==-= and —=-==-=
dx xy X Jdy xy y
(b-ii) z = 2/xy so
dz _ =2 dz _ —2
—=— and — =—.
ax  x%y dy  xy?

3

29. Use the equations from Exercise 28(a) for F(x,y,z) = x°z + ycosz + (siny)/z = 0:

dz _ —3x%z _ —3x273 and
dx  x3 — ysinz — (siny)/z2  x3z2 — yzZsinz — siny
dz —cosz — (cosy)/z _  —z%cosz — zcosy

dy  x3 — ysing — (siny)/z2  x3z22 — yz2sinz — siny’

Exercise 30 is a good example of why you can not just blindly apply formulas such as the chain rule without first
checking that all of the hypotheses are met.

30. (a) By definition

f+(0,0) = lim f(h,0) = f(0.0) = lim 0 0, and
h—0 h h—0 )
£,(0,0) = lim fO.0) = F(0.0) _ ;0
h—0 h h—0 h
(b)

at .

— ifr#0
fox= 1 + a2 '

0 ifr=0

t _a
> and so D(f o x)(0) = T

1 a
(¢) By definition, D( f)(0,0) = [£:(0,0), f,(0,0)]. We calculated these in part (a) to be 0 so

therefore f o x =

Df(0.0)Dx(0) = [ 0 0 ][ ! ] -0

The function f is not differentiable at the origin and so not all of the assumptions of the chain rule are met.

31. (a) (a_w) -1, () =7 <8_w> = —10, (aw) =1 — 10(2x) = 1 — 20x, and [ 2] =
x /y - dy 9z /xy ax /y dy .

7 — 10(2y) = 7 — 20y.

o (5, = (), o) = () (2 (), (o vma oo (3] -
(), (), (%)
32. ( )yz ( > y? (%—’;’)x’y = 372, (Z—Z’)y = 3x% + 3z2(2) = 3x% + 6(2x — 3y)% and

(— =3y? + 372(-3) =3y — 9(2x — 3y)>

= (5),, o= () ()L (5) ()
92/ xyw 92/ xw 92/ x.y.w 0Y ) ¢z N9
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Section 2.6 Directional Derivatives and the Gradient 115

To calculate (?) we can use the results of Exercise 28 with F(x,y,z, w) = xyw — ¥’z + xz
Z X, W

<a_y) _ _FExy.zw) -y +x
dz X, w Fy(-xa v, 2, w) xw — 3y2Z.

So(§> =xw — 2z + (x?)
92/ xw xw - 3)’2

34. U= F(P,V,T) and PV = kT.

w (32 =(2) (%) (
o (57),=G7),. * G )”(
@ (5), = Gn),, + (G7),., (5
s () (2), (), - (- Blet) (- ptea) (e}
36. In this case P = kT/V so (3P/dT)y = k/V. Similarly, V = kT/P so (0V/dP)r = —kT/P? and T = PV/k
s0 (T/dV)p = P/k. So

dx (iy) (%) - (&)(;’d)(f): —kTP _ KT _
dy ) \oz/)x \ox/, v)\ P2 )\k VP2 VP ’
The last equality holds since PV = kT.
37. It is easiest to use implicit differentiation and solve. For example, for the equation ax? + by* + ¢z2 — d = 0,

hold z constant and take the derivative with respect to y. You get 2ax(dx/dy), + 2by = 0. Solve this and get
(0x/dy),; = —by/ax. Similarly we get that (dy/dz), = —cz/by and (9z/dx), = —ax/cz. So

(3)(2.6,- () )

2.6 DIRECTIONAL DERIVATIVES AND THE GRADIENT

Fr(P,V.T) + Fy(P,V, T)(

|'ﬂ ﬂl%%’\%

Fr(P,V,T) + Fp(P,V,T)

=3
)
)

) Fp(P,V.T) + Fp(P,V,T)

[SERReT]

S N N
< <|™~l=
\_/v\_/

1. (@) Vf(x,y,z) - (—k) is the directional derivative of f(x,y,z) in the direction —k (i.e., the negative
z direction).

) Trlxya) - (k) = (242 (0,0.-1) = -

ax  dy oz z’

In Exercises 2—8, the students should notice that the given vector  is not always a unit vector and that they may have
to normalize it first.

2. Vf(x,y) = (e’ cosx,e’sinx) so VF(m/3,0) = (1/2, /3/2).

Daf(m/3,0) = V£(m/3,0) - (3, —1)/ 10 = 3= 3.

2/10
3. Vf(x,y) = (2x — 6x%y, =2x> + 6y?),s0 V£(2, —1) = (28, —10) and
1y = (28, —10) - 2 8
Duf(2.=1) = (28, -10) - 222 = =,
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116 Chapter 2 Differentiation in Several Variables

4. As noted above, here we have to normalize u so Dy( f(a)) = Vf(a) - ﬁ
u

—2x —2y
(2 + 32 (a2 + y?)

_ (=6 4\ (L-1)_ -10
Duf(a) = <169’ 169) V2 1692

5. Vf(x,y) = (" — 2x,0) so Vf(1,2) = (e — 2,0) and

Vi(x,y) =< 2) so Vf(3,-2) = (1/169)(—6,4) and

(2.1) _2¢ — 4
= .

6. V£(x,y,z) = (yz,xz,xy) so Vf(—1,0,2) = (0, —2,0) and

Duf(a) = (¢ — 2,0) -

S

(-1.0.2) _
N&]

7. VF(x, y.2) = —e~ (P42 (2x,2y,22) s0 V£(1,2,3) = —e14(2,4,6) and

Duf(a) = (0,-2,0) - 0.

Duf(a) = —e '(2,4,6) - 7(1’\%1) = —4y/3e7 1,

8. Vf(x,v.2) = ( of | xel | —Grels > 50 VF(2,—1,0) = (e 1,2¢71,0) and

322417 322+17 (3z22+1)2

o 1,-2.3) -3
Da:el,2el,0-(’ s _ .
uf(a) = ( ) i ir
9. (a)
fx(0,0) = lim f(h,0) = f(0.0) _ ; , 0=0_4
h—0 h h—s0 h
£,(0,0) = 1im 201 = £0.0) _ 0 -0 _
h—0 h h—s0 h
(b)
D(u v)f(O,O) = lim M = lim M
’ =0 h =0 hJI2u® + h?
But (4, v) is a unit vector so this
hulhllv] _
= lim ——="= = u|v|
h=0 h|h|(1)

for all unit vectors (u, v).
(¢) The graph is shown below.
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Section 2.6 Directional Derivatives and the Gradient 117

10. (a)
£(0,0 = 1im £U10) = F(0.0) _ 0 -0 _,
h—=0 h —0
£(0,0) = 1im (01 = F(0.0) _y 0-0_
’ h—=0 h —0
(b)
f(hu,hv) =0 _ () (hv)

Dl (0002 13 " e
But (u, v) is a unit vector so this
= lim h2uv = uv(sgn(h))
h—0 h|h|

for all unit vectors (&, v) where sgn(h) is 1 for A = 0 and —1 for 2 < 0. Unless u or v are zero, this limit
doesn’t exist.
(¢) The graph is shown below.

11. The gradient direction for the function % is Vi = (—6xy?, —6x2y).
(a) Head in the direction Vi(1, —2) = (—24,12). If you prefer your directions given by a unit vector, we
normalize to obtain:
Vh(1, =2) _ (—24,12) (=2,1)
IVR(1, =2)|  ~242 + 122 N
(1.2)

(b) Head in a direction orthogonal to your answer for part (a): 17.

12. f(3,7) =3 and f,(3,7) = —2 so the gradient is Vf(3,7) = (3, =2).
(a) To warm up we head in the direction of the gradient; this is the unit vector (3, —2)/+/13.
(b) To cool off we head in the opposite direction; this is the unit vector (—3,2)/ J13.
(¢) To maintain temperature we head in a direction orthogonal to the gradient, namely +(2,3)/+/13.

13. We begin by heading east and keep heading towards lower levels while intersecting each level curve orthogonally.
See the solution given in the text.

14. We’re looking at the top half of this ellipsoid. The equation is f(x,y) = z = {4 — x2 — y2/4. For the path of
steepest descent, we look at the negative gradient

—Vi(xy) = (1/2)(4 = & = y/4)7 (2%, y/2).

This means that

This is the separable differential equation (4/y)dy = (1/x)dx or 4Iny = Inx + c¢. Work the usual magic and
get y* = kx. So the raindrops will follow curves of that form where z is constrained by the surface of the ellipsoid.
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118 Chapter 2 Differentiation in Several Variables

15. We want to head in the direction of the negative gradient. Since M(x,y) = 3x2 4+ y2 4+ 5000, the negative
gradient is —VM(x,y) = (—6x, —2y). This means that

This is the separable differential equation (3/y)dy = (1/x)dx or 3lny = Inx + c¢. Work the usual magic and
get y3 = kx. Substitute in the point (8, 6) to solve for k to end up with the path y> = 27x.

For Exercises 16—22 we can use equations (5) and (6) from Section 2.6 in the text.

16. f(x,y,z) = x> + ¥ + 22 = 750 Vf(x,v,2) = (3x%, 3y%,3z%) and V£(0, —1,2) = (0,3,12). So the
equation of the tangent plane is:

0=(0,3,12) - (x — 0,y + 1,z —2) or y + 4z=717.

17. f(x,y,z) = ze¥cosx = 1s0o Vf(x,y,z) = (—ze’sinx, ze¥ cosx, e’ cosx) and Vf(7, 0, —1) = (0,1, —1).
So the equation of the tangent plane is:

0=(0,1,-1)  (x —my,z + 1) or y —z=1.

18. f(x,y,z) =2xz + yz — x>y + 10 =050 Vf(x,y,2) = (2x — 2xy,z — x2,2x + y)and Vf(1, —5,5) =
(20,4, —3). So the equation of the tangent plane is:

0=1(20,4,-3) - (x — 1,y + 5,z —5) or 20x + 4y — 3z = —15.

19. f(x,v.2) = 20y — 222 + xyzso Vf(x,y,2) = (2y* + yz,4xy + xz,xy — 4z) and Vf(2, =3,3) =
(9, —18, —18). So the equation of the tangent plane is:

0=(9,—-18,—-18) - (x — 2,y + 3,z —3) or x — 2y — 2z =2.

20. (a) First we use the formula (4) from Section 2.3 in the text: z = f(a,b) + fc(a,b)(x — a) + fy(a,b)(y —

2_ .2
b). If x> — 2y> + S5xz =7 then z = Hzgixx = f(x, y). Calculate the two partial derivatives:
=7 =2y — X2 -8
Ao = TS o f(-10) = 28

and  fy(x,y) = 452 so  fy(—1,0) =0.
x

At (—1,0, —6/5) formula (4) gives the equation of the tangent plane as

z=_—6+_?8(x+1).

(b) Now we’ll use formula (6) from this section and calculate the gradient of f(x,y,z) = x2 — 2y + 5xz
as Vf(x,y,z) = (2x + 5z, —4y,5x) so Vf(—1,0, —6/5) = (—8,0, —5) and so the equation for the
plane is

0=(-8,0,-5) - (x + 1,y,z + 6/5) or — 8 — 5z =14

This agrees with the answer we found in part (a).
21. (a) First we use the formula (4) from Section 2.3 in the text: x = f(a,b) + fy(a,b)(y — a) + f:(a,b)(z —

b). If xsiny + xz2 = 2" then x = Sinzei > = f(,z). Calculate the two partial derivatives:
ytz
_ 5 yzZSiny + 22 — cosz .
fr(y.z) =2e so  fy(7/2,0) =0

(siny + z2)?2

. 2
and  f:(y,z) = Zeyzysm?] + ¥z 2 so  f:(m/2,0) = 7.
(siny + z2)2
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At (2,7/2,0) formula (4) gives the equation of the tangent plane as
x =2+ 7z

(b) Now we’ll use formula (6) from this section and calculate the gradient of f(x,y,z) = xsiny + xz? — 2e%
as Vf(x,y,z) = (siny + Z2, —xcosy — 2ze¥, 2x7 — 2ye¥*) so Vf(2,7/2,0) = (1,0, —7) and so the
equation for the plane is

0=(1,0,—m) - (x — 2,y — mw/2,z) or x —2 — wz=0.

This agrees with the answer we found in part (a).
Using formula (6) we get that the gradient of f(x,y,z) = x> — 2y*> + z2 at (x0, Y0, 20) is V.f(x0, Yo, 20) =
(3x(2), —4yp, 2z0). For this to be perpendicular to the given line, (3x6, —4yo,2z0) = k(3,2, — ﬁ) This means
that x(z) = —2yp and z0 = —(~2/ 2)x%. Substituting this back into the equation of the surface, we get that
X3 — 2x3/4 + x§/2 = 27 or xg = 3. Our point is, therefore (3, —9/2, —=9+/2/2).
The tangent plane to the surface at a point (xo, yo, 20) is

0 = 18xp(x — x0) — 90yo(y — yo) + 10z0(z — z0)-
For this to be parallel to x + 5y — 2z = 7, the vector
(18x0, —90yp, 10z9) = k(L,5, —=2).

This means that yo = —x¢ and zo = (—18/5)xp. Substitute these back into the equation of the hyperboloid:
9x> — 45y + 5z% =45 to get:

45 = 9x}3 — 45x3 + 5(18%/5%)x} therefore xo = £5/4.

This means that the points are (5/4, —5/4, —9/2) and (—5/4,5/4,9/2).

First note that (2, 1, —1) lies on both surfaces: 7 - 22 — 12 -2 — 5 - 1= —1,2 - 1(—1)? = 2. The normal
to the first surface at (2, 1, —1) is given by (fc(2, 1), £3(2, 1), —1) where f(x,y) = 7x> — 12x — 5y%. This
is ((14x — 12)l(2,1), —10y[(2,1), =1) = (16, =10, —1). The normal to the second surface at (2, 1, —1) is
VF(2,1, —1) where F(x,y,z) = xyz%. This is (yz%, xz%, 2xy2)|(2,1,—1) = (1,2, —4). We have

(16, =10, —=1) - (1,2, —-4) =16 — 20 + 4 = 0.

Since the normals are orthogonal, the tangent planes must be so as well.

The two surfaces are tangent at (xo, yo, 20) < the tangent planes at (xo, Yo, zo) are the same < normal vectors

at (xo, yo, 2o ) are parallel (since the surfaces intersect at (xo, v, z0)) < VF(x0, y0,20) X VG(x0, y0,20) = 0.

(a) S is the level set at height 0 of f(x,y,z) = x> + 4y> — 250 Vf = (2x,8y, —2z) =
Vf(3,-2,-5) = (6, —16, 10). Thus formula (6) gives the equation of the tangent plane as 6(x — 3) —
16(y + 2) + 10(z + 5) =0o0r3x — 8y + 5z =0.

(b) V£(0,0,0) = (0,0,0) so formula (6) cannot be used. Note that there’s no tangent plane at the origin,
which is the vertex of the cone (i.e., the surface is not “locally flat” there).

(@) For f(x,y,z) = x> — x%y% + 22, Vf(x,y,2) = (3x* — 2x%, —2x%y,2z) so Vf(2,-3/2,1) =
(3,12,2). Thus the equation of the tangent plane is

3(x —2) + 12(y +3/2) + 2(z — 1)=0 or 3x + 12y + 2z + 10 = 0.

(b) V£(0,0,0) = (0,0,0) so the gradient cannot be used as a normal vector. If we solve z = £/y2x? — x3 =

+x/y2 — x, we see that g(x,y) = x|y — x fails to be differentiable at (0, 0)—so there is no tangent
plane there.
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120 Chapter 2 Differentiation in Several Variables

28.

29.

30.

31.

32.

33.

34.

(a) 2x + Zyd—y =0 so
dx

Q —X

del(-vava) Y

The equation of the line is y — /2 = x + /2.
(b) The equation of the tangent line is 0 = V £(xp, yo) * (x — x0,y — o). Here f(x,y) = x> + y> =450
V£(x,y) = (2x,2y) or VF(—~/2, v/2) = (—2+/2,2+/2). The equation of the tangent line is

0=(-2v2,2v2) - (x + V2,y — ¥2) or x — y= —-242.

(a) 3y2? =2x + 3x% s0 ;ﬂ \ = (3)% The equation of the tangent line is
X X (1’ ﬁ)

3 5
y — \/5=W(x—l).

M) f(xy)=y —x2 = soVf(x,y) = (—2x — 3x%3y?) s0 Vf(1, 3/2) = (=5, (3)2%3). The equation
of the tangent line is

0=(-5(3)2"3) - (x = 1,y — ¥2) or —5x+ (3)2"3y=1.

_ =76 _ —19

(@) 5x* + 2y + ZxZ—y + 3y2d—y =0 so & o The equation of the tangent line is
x

dx dx (2,-2) 16
—19

+2="Z(x - 2).

y 7 = 2)

b) f(x,y) =y —x* = ¥ soVf(x,y) = (5x* + 2y,2x + 3y*) so Vf(2, —2) = (76, 16). The equation
of the tangent line is

0=(76,16) - (x — 2,y + 2) or 19x + 4y = 30.
If f(x,y) =2x%> — y? then V£(5, —4) = (10, 8) so the equations of the normal line are
x(t) =10t + 5 and y(t) =8 — 4 or 8x — 10y = 80.
If f(x,y) =x> — x> — y? then Vf(—1, ~/2) = (5,2+/2) so the equations of the normal line are
x(t) =5t — 1 and y(r) =2~2t — V2 or 24/2x — 5y = 742
If f(x,y)=2x> — 2xy + y° then Vf(2, —1) = (14, 1) so the equations of the normal line are
x(t) =14t + 2 and y(t)=t — 1 or x — 14y = 16.
If f(x,y.2) =x°z + x>y* + sin(yz) then
Vi(x,y,z) = (3)c2 + 2xy2,2x2y + zcos(yz),)c3 + ycos(yz)).
(a) The plane is given by 0 = Vf(—-1,0,3) - (x + 1,y,z — 3) = 9(x + 1) + 3y — (z — 3) or

9x + 3y — z=—12.
(b) The normal line to the surface at (—1,0, 3) is given by

x=9r — 1
y =3t
z=—t + 3.
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Section 2.6 Directional Derivatives and the Gradient 121

35. Using the method above for f(x,y,z) = €V + & — 2¢’%, we find that Vf = (ye™ + ze*%, xe™ — 2z¢>%, xe* —
2ye”*) so Vf(—1,—-1,-1) =e(-2,1,1). So

x=—2et — 1 x=-2 -1
y=et — 1 or, factoring out e, y=1t -1
z=et — 1 z=t -1

36. Remember in the equation of a plane 0 = v - (x — xp,y — Yo,z — zo) that v is a vector orthogonal to the plane.
We saw in this section that we can use V f(xo, yo,z0) for v. This means that the equation of the line normal to
a surface given by the equation F(x,y,z) = 0 at a given point (xo, Yo, z0) is

(x,y,2) = VF(x0, y0,z0)t + (X0, 0,20)-

37. The hyper surface is the level set at height —1 of the function f(xj,...,x5) = sinx; + cosxp + sinx3 +

cosxy + sinxs. We find Vf <7T, T, 3777 21T, 27T> = (—1,0,0,0, 1). Hence the tangent hyperplane has equation

—1(xy —7) + 1(xs — 27) =0 or x5 — x| = .
. . n(n + 1) . 2 2 2
38. The surface is the level set at height —————= of the function f(xi,...,x,) = x7 + 2x5 + -+ + nx;. We
have Vf = (2xj,4xp,6x3,...,2nx,) = Vf(—1,...,—1) = =2(1,2,3,...,n). An equation for the tangent

hyperplane is thus
I(x; + 1) +2(x2 + 1) +3(x3 + 1)+ - +n(x, +1)=0

or

+ 1
x1+2x2+3x3+~~~+nx,,+7n(n2 )=O
39. Here f(x1,x2,....%,) = x% + x% + o+ xﬁ so Vf(xi1,x2,....x,) = (2x1,2x2, ..., 2x, ). Using the tech-
niques of this section, the tangent hyperplane to the (n — 1)-dimensional sphere f(xi,x2,...,x,) = 1 at

(/1) n o 1) =1/ n) s

0= V(1 s I i, =1/ VR) - (51 = U oxz = 1 s xnt = 1 axn + 1))
") Al R ) R e )
v v NG NG v v NG NG
0= (x1 = 1/JA) + (x2 = 1/) + -+ + (xao1 — 1/JA) = (xa + 1/ V) s0
\/szl + xp + 0+ X1 — Xp.

40. F(x,y,z) =22y + x?y =2.
(a) We can write z = f(x,y) when F, # 0. F,(x,y,z) = 2zy° is not 0 when both z # 0 and y # 0.
(b) We can write x = f(y,z) when Fy # 0. Fy(x,y,z) = 2xy is not 0 when both x # 0 and y # 0.
(¢) We can write y = f(x,z) when F, # 0. F\(x,y,z) = 3z22y* + x? is not 0 everywhere but on the y- or
z-axis (i.e., except when x = 0 at the same time that either y = 0 or z = 0).

41. (a) (:;—F = xe™. This is non-zero whenever x # 0. There we can solve for z to get
Z

= In(1 — sinxy — x%y)
. .
(b) Looking only at points in S we only need to stay away from points in yz-plane (i.e., where x = 0).

(¢) You shouldn’t then make the leap from your answer to part (b) that you can graph z =
In(1 — sinxy — x3y)

for any values of x and y just so x # 0. Your other restriction is that 1 — sin xy —
X
x*y > 0 as it is the argument of the natural logarithm. A sketch that gives you an idea of the surface is:
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122 Chapter 2 Differentiation in Several Variables

Now the actual surface S includes the plane x = 0 since x = O satisfies the original equation: sin xy +
% + x3y = 1. § will actually look a bit like:

il if il “
;lm!
il

42. The point of this problem is that since F(x,y) = ¢ defines a curve C in R? such that either f(xo, yo) # O or
fy(x0, yo) # 0 then by the implicit function theorem we can represent the curve near (xo, yo) as either the graph
of a function x = g(y) or a function y = g(x).

Exercise 43 poses a bit of a puzzle. Here we can write the equation of C as 'y = f(x) even though Fy is zero at the
origin. Why doesn’t this contradict the implicit function theorem? What “goes bad” in Exercise 43 is that we have a corner
at the origin. You may also want to assign the students the same problem for the function F(x,y) = x — 3.

43. (a) F(0,0) = 0 so the origin lies on the curve C. Fy(x,y) = 3y* and so F,(0,0) = 0.

(b) We can write C as the graph of y = x%/3. The graph of C is

Yy
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(¢) So here we are with F,(0,0) = 0 but we can express the graph of C everywhere as y = x%/3. On second
look we see that C is not a C! function—it has a corner at the origin—and so the implicit function theorem
doesn’t apply.

44. (a) F(x,y) = xy + 1 so Fy(x,y) = x and so we cannot solve F(x,y) = ¢ for y when x = 0 or when
¢ =0(y) + 1= 1. In other words, level sets are unions of smooth curves in R? except for ¢ = 1.

(b) Here the function is F(x,y,z) = xyz + 1. Using a similar argument to that in part (a), F,(x,y,z) = xy
and this is only O when xy = 0. This means that we cannot solve F(x, y, z) = ¢ for z when xy = 0 or when
¢ =2z(0) + 1 = 1. So level sets of this family are unions of smooth surfaces in R} except for level ¢ = 1.

45. (a) G(-1,1,1)=F(-1 -2+ 1,—-1 — 1+ 3)=F(-2,1)=0.
(b) To invoke the implicit function theorem, we need to show that G,(—1,1,1) # 0.

6()(3 — 2y + Z5)
0z

)
. FU(—2,1)a(xy axz-l—3)
z

(-1,1,1) (-1,1,1)

G.(—1,1,1) = F,(=2.1)

(7)(5) + (5)(1) =40 # 0.

46. Let F| = xpy2 — xjcosy; = 5Sand F, = xpsiny; + x;y2 = 2. Solving for y in terms of x means that we have
to look at the determinant

{@ )

dy1 dy2 _ xpsiny;  xo

det aF, R det X008yl %1
{ dyr Iy J

} = x%sinyl + x%cosyl.

To see that you can solve for y; and y, in terms of x| and xp near (xi,x2, y1,y2) = (2,3, 7, 1), evaluate the
determinant at that point. We get —9. This is not 0 so you can, at least in theory, solve for the y’s in terms of
the x’s.

To see that you can solve for y; and y, as functions of x; and x, near (x1, x2, y1, y2) = (0,2, 7/2,5/2), evaluate
the determinant at that point. We get 0. We can not solve for the y’s in terms of the x’s.

47. (a) Let F| = x%y% — 20 =1,F = xly? + x2y2 — 4yy3 = —9,and F3 = xpy; + 3x1y§ = 12. Solving
for y’s in terms of x’s means that we have to look at the determinant

0P OR OR
dyr  dy2  dy3
0 OF 0F
dyr  dy2  dys
0F OF OFs
dyr  dy2  dy3

0 Zx% 2 —2x7
det

det 5x1y? X2 — 4y —4y»
X2 0 6x1y3

= —60x?y?y2y3 — 8xxpy; + 2x3 — 8x3y;3.

Evaluating this at the point (x1, x2, y1, y2, ¥y3) = (1,0, —1, 1, 2) results in —120 # 0. This means that we
can solve for yi, y2, and y3 in terms of x; and x».

(b) Take the partials of the three equations with respect to xj to get

d d
2 Y2 Y3 _
y5; + 2x1yp——= — 2xp—= =10

2 Bxl Bxl

J d d d

e leyé‘la)yci ! xza;y: - 4y3a;ycf - 4yza;y: -
xz—ayl + 3y% + 6X1y3—ay3 = 0.

dxq 0x1
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124 Chapter 2 Differentiation in Several Variables

48. (a)

(b)

49. (a)

(b)

At the point (1,0, —1, 1, 2) this system of equations becomes:

1+222
0x1
1o+ 5 gy 403 _
dxi dxi dxy
12+ 1293 —,
axl
Solving, we find that
3)’1_—_77@__17 and 973 -1.
0xq 5  dxg X1
We need to consider where the following determinant is non-zero.
dF/or dF;/00 OF;/dz cosf —rsinf 0
dF2/dr 9F2/00 dF/dz | =| sinf rcos® O | =rcos’f + rsin’6 = r.
dF3/or dF3/00 dF3/0z 0 0 1

In other words, for any points for which r # 0.

This makes complete sense. When the radius is O then r and z completely determine the point. You get no
extra information from the 6 component. Without the z coordinate, this is the standard problem when using
polar coordinates in the plane.

As with Exercise 48, we need to consider where the same determinant is non-zero. In this case the determi-
nant 18

singcosf pcospcosh —psingsinf
sinpsind pcosesing®  psingpcosd | = p’singcos’e + p’sin’ @ = psine.
cos ¢ —psing 0

In other words, for any points for which p # 0 and for which sing # 0.
Again, this makes complete sense. When the radius is 0, then p completely determines the point as being the
origin. When sin¢ = 0 you are on the z-axis so § no longer contributes any information.

2.7 TRUE/FALSE EXERCISES FOR CHAPTER 2

S N

. False.

True.

False. (The range also requires v # 0.)

False. (Note that f(i) = £(j).)

True.

False. (It’s a paraboloid.)

False. (The graph of x> + y> + z2 = 0 is a single point.)
True.

. False.

10. False. (The limit does not exist.)

11. False. (lim(, ) (0,0) f(x,y) =0 # 2.)
12. False.

13. False.

14. True.

15. False. (Vf(x,y,z) = (0,cosy,0).)

16. False. (It’s a 4 X 3 matrix.)

17. True.
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19.
20.
21.
22.
23.
24,
25.
26.
27.
28.
29.
30.
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False.

False. (The partial derivatives must be continuous.)
True.

False. (foy # fyx.)

False. (f must be of class c?)

True. (Write the chain rule for this situation.)
True.

False. (The correct equation is x + y + 2z = 2.)

False. (The plane is normal to the given vector.)
True.

False. (The directional derivative equals —d f/dz.)
False.

True.

2.8 MISCELLANEOUS EXERCISES FOR CHAPTER 2

1. (a) Calculate the determinant

(b)
(a)

(b)
(a)

(b)
(a)

(b)

i j Kk
1 0 1 = (—xz,xl — X3,xz).
X1 X2 X3
More explicitly, the component functions are fi(xj,x2,x3) = —x2, fa(x1,x2,x3) = x; — x3, and

f(x1,x2,x3) = x2.

The domain is all of R® while the range restricts the first component to be the opposite of the last component.
In other words the range is the set of all vectors (a, b, —a).

It might help to see f explicitly first as

( (3, =2.1) - (x,y.2) >(3’ oy =X T2 F I ),
(3,_2’]) . (3,_27_]) 14

The domain is all of R and the range are vectors of the form (3a, —2a, a).

The domain of fis {(x, y)[x =0and y =0} U {(x, y)|x = 0and y = 0}. The range is all real numbers
greater than or equal to O.

The domain is closed. The quarter planes are closed on two sides because they include the axes.

The domain of f is {(x, y)lx =0and y > 0} U {(x,y)|lx =0and y < 0}. The range is all real numbers
greater than or equal to O.

The domain is neither open nor closed. The quarter planes are closed on one side because they include the
y-axis but they don’t include the x-axis and so aren’t closed.

fxy) Graph | Level curves
/(x> + 3> + 1) D d
sin\/xZTy2 B e
(3y2 — 2x2)e= 2" | A b
v — 3x3y E c
XZyZe—x2—yz F a
ye = C f
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126 Chapter 2 Differentiation in Several Variables

6. (a) See below left.
4

(b) See above right.
7. First we’ll substitute x = rcos® and y = rsin6 while noting that (x, y) — (0, 0) is equivalent to r — 0.

=y lim (rsin®)(r?cos?0) — (rsin®0)

i
(xy)—(0,0) x2 + y2 =0 r2cos20 + r2sin’ 0
. r3(cos’@ — sin?0)sind
= lim
r—0 r2

= limrcos26sinf = 0

r—

) .
2y _ 2ricosfsinf _ 2cosfsinf = sin26. So

8. (a
()x2+y2 2

sin20 if r # 0
f(x’y):{o ifr=0

(b) We’re looking for (x, y) such that f(x,y) = c. For —1 < ¢ < 1 the level sets are pairs of radial lines
symmetric about § = /4.
For example, if ¢ = 1/2 then we are looking for 6 such that sin20 = 1/2. In this case, § = 7/12, 57/12,
137/12, and 177/12. So the level sets are the lines § = /12 and = 57r/12. These could also be written
as 6 = w/4 + w/6.
For ¢ = 1 the level set is the line 6 = /4, for ¢ = —1 the level set is the line § = 37r/4 and for |¢| > 1
the level set is the empty set.

(¢) f is constant along radial lines, so the figure below just shows a ribbon corresponding to .4 < r < 1.

TR ’
L i

.
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(d) lim(x,y)_,(o,o) f(x,y) = lim,_, sin 20 which doesn’t exist.
(e) Since the limit doesn’t exist at the origin, f couldn’t be continuous there. Also, f takes on every value
between 1 and —1 in every open neighborhood of the origin.

Before assigning Exercise 9 you may want to ask the students if it is true that if a function F(x, y) is continuous in each
variable separately it is continuous. The calculations in Exercise 9 are fairly routine but the conclusion is very important.

9. g(x) = F(x,0) = 0 and so is continuous at x = 0 and h(y) = F(0,y) = 0 and so is continuous at y = 0.
Consider p(x) = F(x,x) = 1 when x # 0 and F(0,0) = 0. Clearly, p(x) is not continuous at 0 so F(x, y) is
not continuous at (0,0).

10. (a) You can see as x gets closer and closer to O that 1/x* gets larger and larger. More formally, for any N > 0,
if 0 < [x| < 1/+/N then 1/x*> > N.
(b) Here |(x,y) — (1,3)] = \/(x —1)2 4+ (y —3)2soforany N > 0,if 0 < [[(x,y) — (1,3)]| <

(2/N), then
2 _ 2 .2
(x = 1)+ (y =32 l(xy) = (L3> 2/N
(¢) The definition is analogous to that for above: limy_,, f(X) = —oo means that given any N < 0 there is

some 8 > 0 such that if 0 < [x — a| < & then f(a) < N.
(d) We are considering lim(, ;) (0,0) s0 let’s restrict our attention to |x| < 1 and |y| < 1. For |x| < 1 we have

1 — x -1

xy4—y4+x3—x2 y4+x2'

For |y| < 1 we have y* < y? so

-1 -1 -l
e R e R [ES 91 &
So for any N < 0if 0 < [|(x, )|l < min{1,1/~/=N} then L= x <N
ot =y a3 - x?
11. We read right from the table in the text:
(a) 15°F.
(b) 5°F.

12. (a) If the temperature of the air is 10°F we read off the chart that when the windspeed is 10 mph the windchill is
—4; when the windspeed is 15 mph the windchill is —7. Since we are looking to estimate when the windchill
is —5 you might be tempted to stop here and just conclude that the answer is between 10 mph and 15 mph
(and you’d be correct) but we want to say more. Our first estimate will just use linear interpolation (similar
triangles) to get % = 3 or the distance from 15 is x = 10/3. We would then conclude that, to the nearest
degree, the windspeed is 15 — 10/3 ~ 12 mph.

(b) Before you feel too good about your answer to part (a) you should notice further that when the windspeed is 20
the windchill is —9 and when the windspeed is 25 the windchill is —11. In other words, the rate at which the
windchill is dropping is slowing slightly. In calculus terms, for the function f(s) = W(s mph, 30°), f"'(s)
seems to be positive so the curve is concave up. The line used to estimate in part (a) then probably lies above
the curve and our guess of 12 mph is, most likely, too high.

13. For the function W(s mph, #°), we want to estimate

Iw ~ lim W(30,35 + h) — W(30,35)

9t 1(30 mph,350)  h—0 h

We will use the slopes of the two secant lines:

W(30,40) — W(30,35) _ 28 — 22
5 5

W(30,30) — W(30,35) _ 15 — 22
-5 -5

=12

=14

We average them to get an estimate of 1.3.
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128 Chapter 2 Differentiation in Several Variables

14. We will use the same technique as in Exercise 13 and estimate the derivative with respect to windspeed by
averaging the slopes of the two secant lines.

W(20,25) — W(15,25) _ 11 — 13 _
5 5

W(10,25) — W(15,25) 15 — 13 _
-5 -5

so we average them to get an estimate of —0.4.

15. (a)

(b)
(0

Comparison with Exercise 11: With an air temperature of 25°F, windspeed of 10 mph,

W(10,25) =914 + (25 — 91.4)(0.474 + 0.304+/10 — 0.203)
~ 9.573 or 10°F

(as compared to 15°F in 11(a)).
If s = 20 mph, then W = —15°F if

91.4 + (1 — 91.4)(0.474 + 0.304+/20 — 0.406) = —15.

Hence t = 91.4 — 15 + 914 ~ 16.866 or 17°F (as compared to 5°F in 11(b)).

(0.474 + 0.304+/20 — 0.406)

Comparison with Exercise 12: With W(s, 1) = 914 + (r — 91.4)(.474 + .304./s — .0203s), we must
solve

20 = 91.4 + (30 — 91.4)(.474 + 304./s — .0203s)

or

20 — 914
30 — 914

1.16287 ~ 474 + 3044/s — .0203s or
0~ .0203s — .304./s + .688866

304 £ /.0364801

.0406

The windchill effect of windspeed appears to be greater in the Siple formula than that which may be inferred
from the table.

For temperatures greater than 91.4 the model has the wind actually making the apparent temperature warmer
than air temperature. Physically, the model probably falls apart because between 91.4 and 106 you are too
close to body temperature for the wind to have much effect and if you are in temperatures much greater than
106 a breeze won’t replace a frosty beverage. For winds below 4 mph, the effect is negligible and won’t be
reflected in the model.

= 474 + 304./s — .0203s so that

Now solve the quadratic: /s ~ . The two solutions are 7.74682 and 148.646.

16. Comparison with Exercise 13: We want to calculate W;(30, 35). dW/dr = 0.621 + 0.42755*1¢, so W;(30,35) =
0.621 + (0.4275)30%16 ~ 1.358 (this is close).

Comparison with Exercise 14: We want W (15, 25).

W/ s

—35.75(0.16)s "3 + 0.4275(0.16 )15 -84
(=5.72 + 0.0684)s 08

W(15,25) = (=572 + 0.0684 - 25)157984 ~ —0.412 (again close).

17. (a)

Pictured (left) are the pairs W (s,40) and W, (s, 40) and, on the right, the pairs W (s, 5) and Wx(s,5).
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w(s,40) w(s,5)
10
40 \
35 S
30 W, -10
25 -20
20
-30
15 Wy
10 s 40

20 40 60 80 100 120

From these graphs, we see that windspeed depresses apparent temperature in the Siple formula much more
than in the National Weather Service Formula.

(b) Pictured (left) are the pairs W;( 10, 7) and W, (10, ¢) and, on the right, the pairs W (30, ¢); and W>(30, 7).
Again we see that the Siple formula results in lower apparent temperatures predicted, only the effect appears
to be more of a constant difference.

w(10,t) w(30,t)

20
20

-40 -20 20 40
t -20

=40

20 40

W, 0
-80

-100
W1

-120

(¢c) The surfaces z = Wi(s,t) and z = Wh(s, t) are pictured. Note that the Siple surface determined by W, is
more curved, demonstrating a more nonlinear effect of windspeed.

18. The equation of the sphere is F(x,y,z) = x> + y> + z> = 9so VF = (2x,2y,2z) and the plane tangent to
the sphere at (1,2,2)is 0 = (2,4,4) - (x — 1,y — 2,z — 2) orx + 2y + 2z = 9. This intersects the x-axis
when y =0and z = 0sox =09.

19. Without loss of generality we can locate the center of the sphere at the origin and so the equation of the sphere is
F(x,y,z) =x* + y> + 22 =r? so VF = (2x,2y,2z) and the equation of the plane tangent to the sphere at
P = (x0, y0,20) is 0 = (2x0, 2y0,2z0) * (x — x0,y — Y0.2 — 20) Or Xox + Yoy + zoz = x(z) + y(z) + z(z).
This is orthogonal to the vector (xo, yo, zo) which is the vector from the center of the sphere to P.

20. Because we’re looking at a curve in the plane 2x — y = 1 we know the x and y components of the parametric
equations. What is left to determine is z. Substitute in 2x — 1 for y in the equation of the surface to get
z=3x> + /6 — x*/8 — 4(2x — 1)? = —5x> + x3/6 — x*/8 + 4. We can now calculate the derivative
dz/0x = —10x + x%/2 — x*/2 and evaluate it at the point (1, 1, —23/24) to get —10. Because the value of z
is —23/24 when x = 1, this component of the tangent line is derived by looking at z + 23/24 = —10(x — 1).
So the parametric equations for the tangent line are (#,2t — 1, —10¢ + 192/24).
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21.

22.

23.

24,

25.

Chapter 2 Differentiation in Several Variables

(a) For the function f(x,y,z) = x> + y> — z> = 0 we consider Vf(xg) - (x — xo) = 0. Here we get
(2(3),2(—4),—2(5)) - (x = 3,y + 4,z — 5) = 0orthe equationis 6(x — 3) — 8(y + 4) — 10(z —
5)=o0.

(b) In general we get (2(a),2(b), —2(¢)) + (x — a,y — b,z — ¢) = 0. This amounts to 2a(x — a) +
2b(y — b) — 2¢(z — ¢) =0.

(¢) Note that (0, 0, 0) is a solution so the plane passes through the origin.

Show that the two surfaces

S1:z=xyandS2:z=%x2 — y2

intersect perpendicularly at the point (2, 1, 2). First we see that 2 = 1(2) and 2 = (3/4)(4) — 1s0(2,1,2)is
a point on both surfaces. Rewrite the surfaces so that they are level sets of functions:

3
Fi(x,y.z2) =xy — zand F>(x,y,2) =z + y* — sz'

The gradients are normal to the tangent planes (see Section 2.6, Exercise 36), so we calculate the two gradients
at the given point: VF(2,1,2) = (1,2, —1) and VF2(2,1,2) = (=3,2,1) so

VF(2,1,2) - VF»(2,1,2) = 0.
So the two surfaces intersect perpendicularly at (2, 1, 2).

(a) As we have done before we find the plane tangent to the surface given by F(x,y,z) =z — x> — 4y* =
by formula (6):

0=VF(l,-1,5) - (x = 1,y + 1,z = 5)=(-2,81) - (x — 1,y + 1,z — 5)

or — 2x + 8y + z = 5.

(b) The line is parallel to a vector which is orthogonal to VF(1, —1,5) = (—2,8, 1) and with no component
in the x direction. So it is of the form (0, @, b) with (0,a,b) - (—2,8,1) = 0 so the line has the direction
x=1
(0,1, —8) and passes through (1, —1,5). The equations are ¢ y =1 — 1

z= -8 + 5.
We are assuming that the collar is fairly rigid so that it is maintaining a cylindrical shape throughout this process.
We want w at t = . Since V = mr?h, wo_ 27Trh0dk + wrz%. We are given that the rate of change of the
t t

t
circumference at r = #y is —.2 in/min. This means

oo 9C| _9Q@mr) |, dr|
at |y, at g dt |y,
We also know that at t = ty, 27rr = 18, h = 3, and f{—h = .1. Substituting into the equation above, we get:
1
2
ﬂ = (18)(3)(_—2> + W(E) (1) = —54 + 8_1 = 2_7
at |y, 2 2T T T T

So the volume is increasing at t = 1.

First note that 0.2°C/day = 0.2 - 24 = 4.8°C/month. Then, with time measured in months, the chain rule
tells us
dP _ 9P dS " dPdT

dt  9S dt aT dt

© 2006 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist.

No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.
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Here ¥ = —2, 9T — 48 with P(S,T) = 3308%3T*5, we have

dt dt
ap

dt |(s=751=15) = (22057 '3TY9) (75,15 (=2) + 2647377 1/3 (35 15)(4.8)

220(75) "3 (15)3(=2) + 264(75)%3(15)71/3(4.8)
12,201.4 units/month
(or 508.392 units/day )

26. We want to know % (t in weeks) when x = 80, y = 240, given that % = 5 and % = —15. The chain rule
tells us
du _ dudx | dudy _ (0_002)“3—0.001x2—o,00005y2)d_x n (0.0001}]6—0.001x2—0.00005y2)ﬂ
dt Jdx dt Jdy dt dt dt
Thus
du

— ¢(~0.001)80%-0.00005(240)°[ (0,002)80 - 5 — (0.0001)240 - 15]
dr [ x=g0,y=240

~ (0.000041.
So the utility function is increasing ever so slightly
27.

w=x>+ y2 + z2,
X = pcosfsing,
y = psinfsing and
7 = pcosg

(@

dw _ gwax | dwdy | dwie
ap dx dp dy dp dz dp

2xcosfsing + 2ysinfsing + 2zcos¢

=2p cos? fsin’ ¢ + 2p sin’ 6 sin’ ¢ + 2p cos’ @

2p,
ow _ gwox | dwdy , wiz
dp  dx dgp dy I dz do
= 2xpcosfcose + 2ypsinfcose — 2zpsing
= 2p2 cos? 6 cos gsing + 2p2 sin” 6 cos @sing — 2p2 cos ¢ sin @
=0, and
= —2xpsinfsing + 2ypcosfsing
= —2p?cosBsinBsin’ @ + 2p*cosfsinfsin @

0.
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132 Chapter 2 Differentiation in Several Variables

2

(b) First substitute: w = x> + y> + 72 = (pcosfsing)> + (psinfsing)> + (pcose)? = p. Now taking

the derivatives from part (a) is trivial: w, = 2p, w, = 0, and wy = 0.

28. Ifw = f(fj—yy) let u = % So

s dw s dw s 0w du > 0w du
R
dx dy Ju dx du dy

:xzaill) —? _yzﬁilv —x?
du \ x2y? du \ x2y?

X

= 0.
29. (a) First use the chain rule to find ? and 8—2:
r
oz _ dzax | 9z dy

or dx or dy dr
0z, » 9z, , .
= —~(e"cosf) + —(e"sinf), and
Jdx dy
0z _ gzox | dzdy
a0 dx 90 dy 00

=% —e"sinf) + %(e’cose).
Jdx Jdy
Now solve for 9 and %:
dx dy
9z _ e”cosB% - e”sinB%, and
ax ar a0
9z _ e " SiHO% + e”cosB%.
dy ar d0
. Jz 9z .
(b) Given the results for 8_ and 8_ in part (a), we compute:
X y

2
9z _ 9 <%) = e”cos@i <%> - e’rsinGi (%)
dx? dx \ ox dar \ dx 90 \ dx

e”cos@i (e’rCOSG% — e”sin@g) - e’rsinHi (e”cose% — e”sint‘)%)
00 00 d0

ar ar ar
2 2
= ¢ "cosO —e_rcos(?% + e_rcosﬂﬂ + e_rsin(?% — ¢ "sin0 07z
ar ar? a0 drof
2 2
— e "sinf —e"sin@g + e "cosh 0 - e"cos@g — e_rsineg
Jar d00r a0 062
-2 -2 2\ 02 2, 0%7 . dz . 9%z 9,022
=e¢ 7 |(sin"f — cos“0)—= + cos“0—= + 2sinfcosf— — 2sinfcosd + sin“ 90—
ar or? 70 drof 06?2

A similar calculation gives:

2

9z _ 9 (9% =e_’sin6i 9 + e_rcosei 9%
ay2  dy\dy ar\ dy 90\ oy
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=e " sin0i (e_r SiHO% + e”cosB%) + e cosHi <e_rsin6% + e_r0050%>
ar ar 00 a0 or a0
2 2 2
=e 2| (cos’f — sinZO)% + sin29(9 S 2sin00059% + ZSinﬂcoseﬂ + cos? 0z .
or ar? a6 arao 062
Now add these to get:
2 2
97z + 9z _ e’zr[(cosze + sin29)z99 + (coszﬂ + sinze)zrr] = e Yz00 + 200
dx2 dy?

30. (a) Consider w = f(x,y) = x¥ = ¢’"*. Then i(u”) can be calculated by taking the derivative and evaluating
at the point (u, u).

du dx du dy du

dw _ ow dx + dw dy =y + Inxe™ =y - w7+ (Inw)u® = u"(1 + Inu).

(b) Here x = sint and y = cost. So

dw _ Jdwdx n dw dy

y o d PRb yx'“Tcost + (Inx)e?™¥(—sinz) = cos? #(sin )"~ — sinzIn(sint) sin 7%,
t x dt y dt

31. This is an extension of the preceding exercise. This time w = f(x,y,z) = X I x = u, y =u,and z = u we
again calculate

dw _ dwds | owdy | wdz

; o o o :yzxyzfl ¥ eyzlnx(zlnx)yzfl + ee““ylnx(lnx)ezlny]ny
U x du y du Z du

="+ () A+ w (Inw)?u® = w"u (1/u + Inu + (Inu)?).

32. With I
R R
ox; X2+ + x2 r
The chain rule gives 9f = Ei = gl(r)ﬁ
dx; dr dx; r

By the product and chain rules:

P oD ()= £ 4 4 ()

dxj - 0x; r ar\ r ) ox
" o
=-g'(r) + x (rg (r) > g (r))ﬁ
r r
" !
:lg/(r) +xl2<g (zr) _ g(3r))
r r

Add these to find

|
S S
OQ\
—~
S
N—
+
OQ\
—~
~
—
I

Il
|
—
S
|
—
~—
o
—
~
~—
+
oo
—~
~
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134 Chapter 2 Differentiation in Several Variables

33. (a)
2 [ 2 2 2 [ 2 2
VAV f(xy)) = (2L 4 21 4 a >f L
ax2 \ ax2 dy? dx? dy?
4 4 4 4
= u + O f + I f +ﬂ
x4 dx29y? dy20x2 ay*

these are equal— f is of class C*

= desired expression.
(b) Similar:

92 92
VA(Vif)= ==
(V°1) 02

Voo, (L)
) ot \ 2 o, )

2f

Jx

n 62 naz n 84
S E(E00)- 30

29.2
j:laxj ,-,jzlaxiaxj

~
Il
ok}
=

—
.M:
£JZ

34. Livinia is at (0, 0, 1) and T(x, y,z) = 10(xe™>" + ze~*)
(a) The unit vector in the direction from (0, 0, 1) to (2, 3, 1) isu = (2,3,0)/+/13.

DyT = VT(0,0,1) - u=10(1,0,1) - (2,3,0)/+13 = 20/ v/13deg/cm.

(b) She should head in the direction of the negative gradient: (—1,0, —1)/ /2.
(© (3)10(1,0,1) - (—=1,0, —1)/ /2 = —30+/2deg/sec.
35. z = rcos36
(@) z = r[cosfcos20 — sinfsin20] = r[cosf(cos’f — sin’@) — sinH(2sinfcosh)] so

3 2

— 3xy
2 X2+ 32

. lcos? — cosfsin26 — 2sin2600s9] _ X

(b) Note that lim,_orcos36 = 0 which is the value of the function at the origin. So yes, f(x,y) = z is
continuous at the origin.

© G f = (x2 + y2)(3x2 — 3y%) — (23 — 30?)2x _ 3y 62y

(2 + y2)? (2 + y2)?
iy 7, = (2 0(60) = (4~ 3ty sy
' (2 + y2)? (2 + y?)?
Gii) £:(0,0) = limy_o £2-0) § F0.0) _ yi 1 0y
) £3(0,0) = limg 1= SO g 020 g,

(@) g(r,0) = rcos30 so g,(r,0) = cos36. This is the directional derivative Dy, f.
(e) When (x,y) # (0,0), fy(x,y) = % In particular, when y = x, f, = —2. From part (c) f,,(0,0) =
y?

0 so fy is not continuous at the origin.
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(f) Below are two sketches; the one on the left just shows a ribbon of the surface:

36. (a) u =cos(x — t) + sin(x + t) — 2T — (y — 1) s0

o uy = —sin(x — r) + cos(x + t)and uy, = —cos(x — t) — sin(x + t).

e uy,=—3(y — t)?and uy, = —6(y — 1).

o u, = —2¢-" and u,, = —2e°17,

o u; =sin(x — t) + cos(x + 1) — 2T + 3(y — t)? and uy; = —cos(x — t) — sin(x + 1) —

265 — 6(y — t).

We have, therefore, the result: uyy + uyy + uz = uy.
) u(x,y,z,t) = fi(x — 1) + fa(x + 1) + g1(y — 1) + go(y + 1) + hi(z — t) + ha(z + ) s0

e ue= (e 2D () D Lt (B so
dx 0x
Ju__PH o &h
ax2  9(x — t)? d(x + )2
® Uy = (g1 ))’—IM + (g2)y+tM = (&1 )y—t + (g2)y+t SO
dy dy
Clu__Pu P
Ay — 1?2 Ay + 1)
® Uy = (hl)zfta(zai;t) + (hz)ertM = (hl)zft + (hz)zﬂ SO
JPu_ P 9o
az2  d(z — 1)? Az + 1)
® Uy = (fl)x—t% + (fZ)x-HM + (gl)y—ta(yit_t) + (82)y+zw+
(h])zftw + (hz)zﬂM SO ur = —(fl)x—t + (fz)x+t - (gl)y—t + (82)y+t -

d(z

iz — 1) + (hz)mw
ot

(h1)z—: and

® Uy = Uxx + Myy + Uzz.
37. F(tx,ty) = x> + 3% — 62y’ = PF(x,y) so F is homogeneous of degree 3.
38. F(tx,ty, tz) = x3y — *x?z2 + 828 so, no, F is not homogeneous.
39. F(tx,ty, tz) = Pzy> — x> + £x’z2 = PF(x,y,z) so yes F is homogeneous of degree 3.
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136 Chapter 2 Differentiation in Several Variables

40. F(tx,ty) = /™™ = ¢¥/* = F(x,y) so F is homogeneous of degree 0.
3,3 3,2 35,2

41. F(tx,ty, 1z) = Px + Xy - ryz

Bxyz + T3x72

42. Make sure that the students realize (as in Exercises 40 and 41) that a function can be homogeneous and not be a
polynomial. In the special case that F is a polynomial, F' is homogeneous when all of the terms are of the same
degree.

43. F(txy, tx2,...,1x,) = tdF(xl , X2, ..., X, ) so that, by differentiating both sides with respect to #:

= F(x,y,z) so F is homogeneous of degree 0.

xlﬁ(txl,...,txn) + o+ xnﬂ(txl,...,mn) =dtd71F(x1,...,x,,).
dx1 dxy

Now let + = 1 and we get the result:

)Clﬂ + + Xni = dF
0x1 0xy,
44. The conjecture is:
$ . d
= X Xip " X Xiy Xin ' Xi aa—
il,...,ik:I e ‘ e g (d - k)'

Although not asked in the text, a good exercise is to ask the students to establish the formula given in this exercise.
Show that

n 2
a[dF]:ExjaF +(’*)F.
0x; i=1 0x;0x 0x;

Then you can show

n n 2
d2F=dEx,-a—F = 2 XiXj O F + dF.

i=1 axi i,j=1 axiaxj'

You can finish from there.
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