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CHAPTER 2 LIMITS AND CONTINUITY

2.1 RATES OF CHANGE AND TANGENTS TO CURVES
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Af _ f3)—1f(2) _ 28-9 __ Af _ fH-f(-D _ 2-0 _
Ax T T 3-2 T 1 =19 (b)ﬂ_p(fl)—T_]
Ag _ g —eg=D) _ 1-1 _ Ag _ g0)—g(=2) _ 0-4 _
FE gl—(il) _T—O (b) Fi—gO—(iz) _T__Z
Ah _h(F)-h(E) -1 4 (b) &b — NG =h(E) _ 0-v5 _ =33
At Iz z ™ At 5% B ™
Ag _ gm—-g0® _ 2-D-2+D _ 2 Ag _ gm—g-=m _ 2-DH-2-1) _
T%_g‘/rfg - T—0 - T (b) K%_gﬂ'f(gfﬂ) - 2 =0
_RQ-RO) _ 8rI-V1 _3-1 _ 1

2-0 2 -2 =
_ PQ-P(l) _ 8—16+10)—(1—4+5) _ _
- T 2-1 1 =2-2=0
& _ (2en7-3) - (1o5) _ awaneWodo1 4hiW g4 h ASh — 0,4+ h— 4 = at P(2, 1) the slope is 4.
y—1=4x-2)=y—1=4x-8=y=4x—-7

2

Ay Lo =621 sotoghotiod _ S2ol )b Ash—0,-2—h— —2 = at P(1, 4) the
slope is —2.
y—4=(2)x—1)=y—4=-2x4+2=>y=-2x+6

2
Ay ((2+h)*>—2(2+h)—3) — (22-2(2) -3) _ 4+4h+h?>—4—-2h—3—(-3) _ gh;hz —24h Ash—0,24+h— 2= at

Ax h
P(2, —3) the slope is 2.
y

—(3)=2(x—-2)=y+3=2x—4=>y=2x—1T.

h

(1+h)’—4(1+h) - (12=4(1)) _ 14+2h+h>—4—4h—(=3)

X h - h
P(1, —3) the slope is —2.
y

=M —h 2 Ash—0,h-2— -2=at

—(-3)=(2)x—-1)=>y+3=-2x+2=y=—2x—1.

=12+4h+h?. Ash—0,12+4h+h? — 12, = at

Ay _ (2+h)*-2" g4 12h44n® 1h*—8 _ 12h 44k’ 11

Ax I = h = h

P(2, 8) the slope is 12.
y—8=12x—-2)=>y—-8=12x—24=y=12x — 16.
Ay _ 2=(1+h’—(2-1) _ 2_1_3n—3n—h"—1 _ —3h—3hn2—Hh’
Ax b = h = h

X
P(1, 1) the slope is —3.
y

—1=(3)x—-1)=y—-1=-3x+3=y=-3x+4.

=-3-3h—-h’>Ash—0,-3-3h—-h>— -3, =at

Ay _ (1+h)’ —12(1+h) = (13-12(1)) _ 143h+3h2+h—12—12h—(=11) _ — 24 b

A - ) = e+ (1) — —9hesi®eh® — _g 4 3h4 h2 Ash— 0,
—9+3h+h?— — 9= atP(1, —11) the slope is —9.
y—(—1)=(-9)x—-1)=y+11=-9x+9=y=-9x—2.
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Chapter 2 Limits and Continuity

Ay _ (240 -32+h)’+4- (2 -3(2+4) _ 8+ 12h+6h2+h'— 12— 12h—3h>+4-0 _ 3h>4+h}
Ax T b = h ="
3h +h? — 0 = at P(2, 0) the slope is 0.

y—0=0(x—-2)=y=0.

=3h+h*> Ash— 0,

Q Slope of PQ = £¢
Q1(10,225) 650225 — 42.5 m/sec
Q.(14,375) 830-375 — 45.83 m/sec
Q;(16.5,475) 650473 — 50.00 m/sec
Qu(18,550) 650-3%0 — 50.00 m/sec
At t = 20, the sportscar was traveling approximately 50 m/sec or 180 km/h.

Q Slope of PQ = %
Q1(5,20) -2 — 12 m/sec
Q4(7,39) 803 — 13.7 m/sec
Q3(8.5,58) =38 — 14.7 m/sec
Qi(95,72)  $=3% = 16 m/sec
Approximately 16 m/sec

y
Z 200
S
= 100
g
%

0 1 1 1 x

2000 01 02 03 04

Year

Ap _ _174-62  _ 112 _
Af = 5001200 = 3 = 06 thousand dollars per year

The average rate of change from 2001 to 2002 is% = % = 35 thousand dollars per year.
The average rate of change from 2002 to 2003 isi—‘[’ = ﬁ = 49 thousand dollars per year.

So, the rate at which profits were changing in 2002 is approximatley %(35 + 49) = 42 thousand dollars per year.

Fx) = (x + 2)/(x — 2)

X | 1.2 1.1 1.01 1.001 1.0001 1

F(x) | —4.0 -34 ~3.04 -3.004  -3.0004 -3

AF _ —40-(=3) __ . AF _ —34-(=3) _ 7.

Ax T T 12-1 = —3.0; Ax T 1I-1 = —44

AF —3.04—(=3) __ RYP AF _ —3.004—(=3) __ Yl

Ax — T 101—-1 —4.04; Ax — T 1001—-1 —4.004;

AF __ —3.0004—(=3) __ 0004-

Ax T 10001—1 —4.0004;

The rate of change of F(x) at x = 1 is —4.

Ag _ g@-g) _ v2-1 _ Ag _ g5 —g) _ /15-1

R = e@melD) - V2l & 0414213 o= 8T = Yoo & 0.449489

Ag _ gl+h—g) _ /1+h-1

Ax — (d+wm-1 — h

g(x) = \/x
1+h 1.1 1.01 1.001 1.0001 1.00001 1.000001
\/ 1+h 1.04880 1.004987 1.0004998 1.0000499 1.000005 1.0000005
(\/ 14+h-— 1) /h | 0.4880 0.4987 0.4998 0.499 0.5 0.5
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(c) The rate of change of g(x) at x = 1is 0.5.
(d) The calculator gives lim 7”?‘_1 = %
h —
20. @ i) Y@zl
- (M) _ $-5 _ Fr—a _ _2-T _ _2-
ii) T—2 — T—2 — T—2 — 2T(T;F2) = 72T(2”£T) 2T’T7’é 2
®b) T 2.1 2.01 2.001 2.0001 2.00001 2.000001
f(T) 0.476190  0.497512  0.499750  0.4999750 0.499997  0.499999
(f(T) — £(2))/(T —2) | —0.2381 —0.2488 —0.2500 —0.2500 —0.2500 —0.2500
(c) The table indicates the rate of change is —0.25 att = 2.
d) Jim (=) =3
NOTE: Answers will vary in Exercises 21 and 22.
21. (a) [0,1]: & = 1=0 = 15mph; [1,2.5]: 28 = 2213 = W mph; [2.5,3.5]: 28 = 22220 — 10 mph

(b) At P(% 7.5). Slnce the portion of the graph from t = 0 to t = 1 is nearly linear, the instantaneous rate of change

will be almost the same as the average rate of change, thus the instantaneous speed at t = % is

15-175

o = = 15 mi/hr.

At P(2, 20): Since the portion of the graph from t = 2 to t = 2.5 is nearly linear, the instantaneous rate of change will

be nearly the same as the average rate of change, thus v = 2295;_220 = 0 mi/hr. For values of t less than 2, we have

Q Slope of PQ = At
Qu(1,15) 3=20 — 5 mi/hr
Q»(1.5,19) 19220 = 2 mi/hr
Q3(1.9,19.9) 139=20 — 1 mi/hr
Thus, it appears that the instantaneous speed at t = 2 is O mi/hr.

At P(3,22):

Q Slope of PQ = &¢ Q Slope of PQ = &
Q:1(4,35) % = 13 mi/hr Q1(2,20) % = 2 mi/hr
Q:2(3.5,30) 0-2 — 16 mi/hr Q2(2.5,20) 02 — 4 mi/hr
Qs3(3.1,23) 8=22 — 10 mi/hr Q3(2.9,21.6) HE=22 — 4 mi/hr
Thus, it appears that the instantaneous speed at t = 3 is about 7 mi/hr.

(c) It appears that the curve is increasing the fastest at t = 3.5. Thus for P(3.5, 30)

Q Slope of PQ = &¢ Q Slope of PQ = 48
Qi1(4,35) 33-39 — 10 mi/hr Q:(3,22) 230 — 16 mi/hr
Q:2(3.75,34) 25— = 16 mi/hr Q2(3.25,25) 1355 = 20 mi/hr
Qs(3.6,32) 2-30 = 20 mi/hr Qs(3.4,28) 28-30 =20 mi/hr
Thus, it appears that the instantaneous speed at t = 3.5 is about 20 mi/hr.

22. (a) [0,3): 98 = 1= ~ —1.67 £, [0,5]: 52 = =10 ~ —22 8L [7,10): £4 = 51 ~ —05 &
(b) AtP(1,14):

Q Slope of PQ = At Q Slope of PQ = At
Qi(2,122) 122-13 — _1.8 gal/day Q1(0, 15) =% = —1 gal/day
Q4(1.5,13.2) B2-14 — _1.6 gal/day Q2(0.5,14.6) BO-13 — 1.2 gal/day
Q3(1.1,13.85) B385-14 — —1.5 gal/day Q3(0.9, 14.86) L.86 - }4 —1.4 gal/day

Thus, it appears that the instantaneous rate of consumption at t = 1 is about —1.45 gal/day.
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Chapter 2 Limits and Continuity

AtP(4,6):

Q Slope of PQ = 52 Q Slope of PQ = 52
Q.(5,3.9) 32=0 = 2.1 gal/day Q:(3,10) 0=6 = —4 gal/day
Q2(4.5,4.8) 48-6 — 2.4 gal/day Q2(3.5,7.8) 780 — 3.6 gal/day
Q;(4.1,5.7) 21-6 — _3 gal/day Q3(3.9,6.3) 83-6 — _3 gal/day
Thus, it appears that the instantaneous rate of consumption at t = 1 is —3 gal/day.

AtP(8, 1):

Q Slope of PQ = 52 Q Slope of PQ = 52
Q1(9,0.5) %=L = —0.5 gal/day Q.(7,1.4) il = —0.6 gal/day
Q2(8.5,0.7) oI=1 = —0.6 gal/day Q4(7.5,1.3) 12=1 = —0.6 gal/day
Q;(8.1,0.95) 935-1 — —0.5 gal/day Q3(7.9,1.04) LO=1 = —0.6 gal/day

Thus, it appears that the instantaneous rate of consumption at t = 1 is —0.55 gal/day.
(c) Tt appears that the curve (the consumption) is decreasing the fastest at t = 3.5. Thus for P(3.5, 7.8)

Q Slope of PQ = 52 Q Slope of PQ = £¢
Qi1(4.5,4.8) 1578 = —3 gal/day Qi(2.5,11.2) L2=T8 — 3.4 gal/day
Q2(4,6) 6—78 = 3.6 gal/day Q.(3, 10) D=T8 — —4.4 gal/day
Q3(3.6,7.4) 24-78 — —4 gal/day Q3(3.4,8.2) 82-78 — —4 gal/day

Thus, it appears that the rate of consumption at t = 3.5 is about —4 gal/day.
LIMIT OF A FUNCTION AND LIMIT LAWS

(a) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x)
approaches 1. There is no single number L that all the values g(x) get arbitrarily close to as x — 1.
(b) 1 (0 0 (d) 0.5

(@ 0

(b) —1

(c) Does not exist. As t approaches 0 from the left, f(t) approaches —1. As t approaches 0 from the right, f(t)
approaches 1. There is no single number L that f(t) gets arbitrarily close to ast — 0.

(d -1

(a) True (b) True (c) False
(d) False (e) False () True
(g) True

(a) False (b) False (¢) True
(d) True (e) True

limO ﬁ does not exist because ﬁ =1 =1ifx>0and ﬁ = 2 = —1ifx < 0. Asx approaches 0 from the left,
X —

ﬁ approaches —1. As x approaches 0 from the right, ﬁ approaches 1. There is no single number L that all the

function values get arbitrarily close to as x — 0.
As x approaches 1 from the left, the values of é become increasingly large and negative. As x approaches 1

from the right, the values become increasingly large and positive. There is no one number L that all the function
values get arbitrarily close toas x — 1, so lim1 é does not exist.
X —

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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Section 2.2 Limit of a Function and Limit Laws

Nothing can be said about f(x) because the existence of a limit as x — X does not depend on how the function
is defined at xy. In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when

x is close enough to xy. That is, the existence of a limit depends on the values of f(x) for x near Xy, not on the
definition of f(x) at x itself.

Nothing can be said. In order for limo f(x) to exist, f(x) must close to a single value for x near 0 regardless of the
X —

value f(0) itself.

No, the definition does not require that f be defined at x = 1 in order for a limiting value to exist there. If f(1) is
defined, it can be any real number, so we can conclude nothing about f(1) from lim1 f(x) = 5.
X —

. No, because the existence of a limit depends on the values of f(x) when x is near 1, not on f(1) itself. If

liml f(x) exists, its value may be some number other than f(1) = 5. We can conclude nothing about lim1 f(x),
X — X —

whether it exists or what its value is if it does exist, from knowing the value of f(1) alone.

. lim_(Qx+5) =27 +5=-14+5= -9
X — —

cJim (x4 5% =2) =~ +52) ~2= —4+10-2=4
X —

. tliﬂm6 8t—=5)(t—7)=8(6—-5)(6—-7)=-8

lim2(x3—2x2+4x+8):(—2)3—2(—2)2+4(—2)+8:787878+82716

X — —

X — 2
3

lim | 3(2x — 1?2 =32(=1) — 1)? = 3(=3)? =27

X — —

lim y+2 2+2 _ 4 _ 4 _ 1
y—2 y24+5y+6 — (22+52)+6 ~ 4+10+6 — 20 ~ 5

lim_ (5 —y)*3 =[5 — (=33 = @) = (8)3) =24 =16
y— -3

Jim 2z = 8)!/% = (2(0) - 8)!/ = (=8)!/* = -2

3 3

lim i — = 22— =
h—0 V3h+1+1 V30) +1+1 Vi+1 2

i VhHd-2 o VShid-2 VShiddr o (hid)-4 g 5h ~ im 5
=0 h h— h VSh+4+2 T ph 50 h(v5h+4+2) T ph oo h(VSh+442) T ph o0 VSh+4+2
_ 5 _s
IRVZEE
: X—5 _ 13 X—35 I 1 _ 1 _ 1
mo 5= = lim, o5 = . =5 =55 =1
i _x+3 _X+3 | 11 __ 1
im o ogm= Im o = im, oy =gy =g

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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25. lim_ X310 — iy GEI0D iy (x —2)= -5 —2= 7
X — —5§ x+5 X — —5 x+5 X—>75( ) 5
26. lim X=7H10 = jim 0o 902D = fim (x —5)=2-5= -3
X — 2 X X — 2 X X — 2
: [ t+2)(t— t+2 _ 142 _ 3
27. lim 5= 2 = lim &= 1)(l+1) =lm =5 =17 =3
: 24 3t+2 E+2)E+l) _ qs t+2 _ =142 _ 1
8. lim ooy = lim) e = Jim S = o s s
. —2x—4 __ . —2(x+2) __ : 2 _ =2 __ 1
29. lim Fhe = lm, ooy = lim, F=F=-3
: Sy 48y s YGy+8) Sy+8 _ 8 _ _ 1
30. 11310 3yT— 16y2 _yh_I?O V2 3y - 16) —ylgno Y —16 — ~16 2
. 1 . 1—x . 1 1 . 1
31. lim *— = lim ——= = lim ( ”"—) = lim —3 = -1
x—1x-1 x— 1 X-1 X — 1 X x—1 x—1 X
Sk REeEan 2 1 2
: P LT R, N x—D(x+ — T X 1) —
32. xhjno x xhjnl X xhjnl ((x—l)(x+]) x) xhjnl G-Dx+D)
. w1 g W+D@u+Du—-1D _ . @+Du+l) _ A+DA+D _ 4
33. lm == lm YoriyaTn = Im Toro =T =3
: V-8 _ 1 V=2 (V+2v+4) _ . V24ov+d 44444 12 _
34. thQ V=16 _Vh_I,nQ O R Y —VIKHQ GO0 T T@®  m
. -3 . \/;73 . 1 1 1
35. lim Y—(/—=1m —%—F——=1lm —(——=—F7— =<+
x—9 x-9 x—9 (Vx=3)(Vx+3) ~ x=9 Vx+3 7 o436
—x 4—x) _ x2+vX) 2=v%) _ _ _
36. 11m 4""_11m X = lim ——Y~2 V7 — lim x(2 X)=42+2)=16
X—d 2-Vx 2-Vx T x—4 2-/x x — 4 ( +\/_) 2+2)
. =1  _ 1 x=1D(Vx+3+2) . =D (Vx+3+2) _
37. xlinl Vx+3-2 _xlinl (Vx+3-2) (Vx+3+2) _xh_r>n1 (x+3)—4 -
38 lim YX*8=3 _  im (sz+873)(vx2+8+3) lim —(¢+8-9
o1 xtl -1 (x+l)(\/x2+8+3) oy x+ D (Var+ +3)
lim GEDE-1 ox—1 2 __1
oy (x+1)(\/x2+ +3) x V2s8+3 3+ 3
30, fim YEiR-4 _ o (R (ERRe) L @i
. lim ——— = lim - - — -
X — X —2 x—=2)(Vx2+12+4 T x—2 x=2)(V/x2+12+4
— lim x=2)(x+2) — lim x+2 4 _ 1
o, -2 (Ver+a)  x—2 V1244 Ji6+4 2
40 K2 i (x+2) (\/x2 +3) 5 (x+2) (\/;(27+3)
) 2% — lim = lim —m s>
X — =2 Vx*+5-3 x5 -2 (\/x-+5—3) (\/x2+5+3) X — —2 (*+5)-9
] (AR T s FE SV.YE B
«om, G+D-2) M, TRy T T T T2

Chapter 2 Limits and Continuity
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41.

42.

43.

44.

45.

47.

48.

49.

50.

51.

52.

53.

54.

x£n13 x+3 x+3) (2+Vx2-5) xL =3 x+3) (24+Vx2-5)
_ : 9—x2 B-x)B+x) _ 1 3—x __6 _ 3
_x1—1>m—3 (x+3)(2+\/x2—5) xL 3(x+3)(2+\/x2 ) xl—l>m—3 24Vx2-5  2+4 2
. ) (- x)(5+\/ 9) ) —x)(5+\/x2+9>
lim ———— = lim lim s
X—d4 5-VX2+9 T x4 (5 X°+9)(5+\/x2 ) X — 4 25-(x*+9)
T ) O ] CRACES) N /s B ESV. S
X — 4 X X — 4 4 -x)(4+x) X — 4 4+x 8
hm (2s1nx—1) 2sin0—1=0—-1=-1
2 ) )
xgn;/4sin2x: (xgn;/4sinx> = (sin§) :(LZ) =1
lim secx = lim —I :L:%zl 46. lim tanx = lim
X — X — () COsX cos 0 X — 71/3 X — /3 COsX
o l4xdsink _ 1+0+sin0 _ 14040 _ 1
xlgno +3C(;Lsx - Jr3c<:ﬁs?)n - +3+ -3
lim (x> —1)(2 —cosx) = (0> = 1)(2 —cos0) = (=1)(2— 1) = (=1)(1) = —1
X —
Aim /x+4cos(x+m) = lim \/x+4- lim cos(x+m)=+/—7+4 cos0=

lim
X —

(a)
()

(a)
©
(a)

(b)
()
(d)

(a)
(b)

(©)
(d)

Section 2.2 Limit of a Function and Limit Laws

2- VRT3 _ g (2-vxr=5) 2+ Vx2=5)

4—(x2-5)

V7 + sec?x = \/ lim (7 + sec?x) = \/7—1— lim sec?x = /7 + sec?0 = /7 + (1)*
0 x—0 x—0

quotient rule (b) difference and power rules

sum and constant multiple rules

quotient rule (b) power and product rules

difference and constant multiple rules

Jim £00 200 = | Jim, 0] [ lim, 200 = 5)(-2) = ~

Jim, 2600 g0 = 2 [ Jim,_ 0] [ Jim, 200] = 25)-

2)=—

lim [f(x) + 3g(x)] = lim f(x) + 3 xliLnC gx) =5+3(-2)=-

£(x) llm f(x) 5 5
M T = Tim, 0 — mex — 5(2 7
lim [g(x)+3]= lim gx)+ lim 3=-3+3=0
X —4 x—4 X —4
lim xf(x) = lim x- lim f(x) = 4)0)=0
X — 4 X —4 X —4

2

lim [2001° = | lim (0] =[-37 =9
X —4 X — 4

lim g(x)
lim 2% — x4 - =3 _3
X — 4 f(x)—1 }Lni f(x) — )}1314 1 0—-1

sinx __
cos

sin 3

e

4 —

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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48 Chapter 2 Limits and Continuity

55. (@) lim [f)+g(0] = lim f60 + lim g(x) =7+ (~3) =4
(b) lim £09- g0 = | lim {0 [ lim e00] = ((-3) = -21

(@ lim f(0/g(o) = lim £/ lim g(0) = 75 7

56. @) _lim | [p() + 100 +5001 = _lim p(x)+ _fim 10+ Jim 50 =4+0+(-3) =1
() lim p(0-r(x)-s(x) = [ lim peo] | tim ro] [ tim 0] = @)0)-3) =0
© lim [~4p(x) + S0V = |4 lim p(9+5 lim 109 / tim | s(x) = [~4(4) + 5OY-3 = ¢

. 2_ 2 . - . .
57. lim %: lim %: lim @: lim 2+h) =2
h—0 h—0 h—0 h—0
_ 2 _(—2)2 . _ 2__ . — .
58. lim 24 -2 2+h)h 2 = im  4thihid 4h;1rh2 4 — lim h(hh D — lim (h—4)=—4
h—0 h—0 h—0 h—0
59. lim BEEW-A=BO-4 — fiy =3
h—0 h h—o0 b

() () o ol g —2—(=24h) _ “h 1

60. lim “=55 = lim == = Im - Sre = M) e = g
61 fim YIE-vT _ oy VTV VTRV o giemer og w oy 0
" h—0 h h—0 h(\/m+\ﬁ) h—0 h(ﬁ+ﬁ) h—0 h(\/ﬂ+ﬁ) h—0 V7+h+7

62. lim V30+h)+1—/30)+1 lim (V3h+1-1)(y/3h+1+1) lim Bh+D -1

3h

T h—=0 h h—0 h(v/3h+ 1+ 1) T h—o0 h(V3h+1+1) _hli_r,no h(\/3h+1+1)
R 3 _ 3
=iy Va2
63. lim /5 —2x2 = /5 —2(0) = /5 and lim /5 —x2 = /5~ (07 = \/5; by the sandwich theorem,
X — X —
lim f(x) = /5
x—0
64. lim0 (2-x*)=2-0=2and lim0 2 cos x = 2(1) = 2; by the sandwich theorem, limO gx) =2
X — X —

X —

65. (a) lim (1 — )1 -9—1and lim 1= 1; by the sandwich theorem, lim Xsinx
6 6
x—0 x— 0 X —

0 2—2cosx
(b) Forx # 0,y = (x sin x)/(2 — 2 cos x) y = (x sin x)/(2 = 2 cos x) y
lies between the other two graphs in the hix) =1~

figure, and the graphs converge as x — 0. \:

ot = 1~ (76—

-2 ! 1 2
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66. @ lim (4 %)= lim 1~ tim 3 =1-0=}and lim } = L:by the sandwich theorem,
lim l—cpsx 1
x—0 :
(b) For all x # 0, the graph of f(x) = (1 — cos x)/x> 4
lies between the line y = % and the parabola

y = % — x%/24, and the graphs converge as x — 0.

67. (a) f(x) = (x> —9)/(x +3)

X —-3.1 —3.01 —3.001 —3.0001 —3.00001 —3.000001
f(x) —6.1 —6.01 —6.001 —6.0001 —6.00001 —6.000001
X —-2.9 —2.99 —2.999 —2.9999 —2.99999  —2.999999
f(x) -5.9 —5.99 —5.999 —5.9999 —5.99999  —5.999999
The estimate is lim 5 f(x) = —6.
X — —
(b) ,

f) =0 -9)/(x+3)

i
|
f
]
1 -3
|
|
|
|

o0 _ (33 : : _ _
(©) f(x)_?;_t(T_x—31fx#—3,andxlirrlg(x—3)——3—3——6.
68. (2) g(x) = (x> —2)/ (x—ﬁ)

X | 1.4 1.41 1.414 1.4142 1.41421 1.414213
g(x) | 2.81421 2.82421 2.82821 2.828413  2.828423  2.828426

(b)

y

2 |

/ . ° X
80 = (2 -2/ -2

© g0 = 22 = (X+f>$§)ﬁ) — x4 Zifx;é\/iandxgm\/i (x+\/§) = \2+V2=2/2.

69. (a) G(x) = (x + 6)/ (x2 +4x — 12)

X -59 -5.99 —5.999 —5.9999 —5.99999  —5.999999
G(x) —.126582 —.1251564 —.1250156 —.1250015 —.1250001 —.1250000
X —6.1 —6.01 —6.001 —6.0001 —6.00001 —6.000001
G(x) —.123456  —.124843  —.124984 —.124998 —.124999 —.124999
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(b)
Yy
10
3 2 X
-10
20 G(x) = (x + 6)/(x? + 4x — 12)
(¢) GKx) = (x2+xzf;6712) = (X+X6;x672) = L ifx # —6, andxirrl6 L=t =-1=-0125
70. (a) h(x) = (x> —2x —3)/ (x> —4x + 3)
X 2.9 2.99 2.999 2.9999 2.99999 2.999999
h(x) 2.052631  2.005025  2.000500  2.000050  2.000005  2.0000005
X 3.1 3.01 3.001 3.0001 3.00001 3.000001
h(x) 1.952380  1.995024  1.999500  1.999950  1.999995  1.999999
(b) ’
10
- 1 3
1
=20
hx) = (32 = 2x = 3)(x% —4x + 3)
© heo = 5055 = G50ty = S ifx # 3 and Jim 2= 5 =5 =2,
71. (@) f(x)= (x>2—1)/(]x| = 1)
X —1.1 —1.01 —1.001 —1.0001 —1.00001 —1.000001
f(x) 2.1 2.01 2.001 2.0001 2.00001 2.000001
X -9 -.99 —.999 —.9999 —.99999 —.999999
f(x) 1.9 1.99 1.999 1.9999 1.99999 1.999999
b
(b) y
2
|
l
' 1
: f&) =& =1/(x1 -1
! X
-1 1
2 W:x+l,x Oand x # 1 i
(© 109 = =1 = —(Xf(;)(j:;)l) =1-x,x<0andx # —1’ andemA I=x=1-(=D=2
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72. (a) F(x) = (x> +3x+2)/(2 - [x])

X 2.1 —-2.01 —2.001 —2.0001 —2.00001 —2.000001
F(x) —1.1 —1.01 —1.001 —1.0001 —1.00001 —1.000001
X -1.9 —1.99 —1.999 —1.9999 —1.99999 —1.999999
F(x) -9 —.99 —.999 —.9999 —.99999 —.999999
(b) ;
20
= > *
—60
Fx) = (2 + 3x + 2)/2 — |x)
243x42 e, x 0 :
© Feo="2w = CA20D x4 ] x < Oandx # 2 and lim (x+1)=-2+1=-1
73. (a) g(f) = (sin H)/0
0 1 .01 .001 .0001 .00001 .000001
(@) 998334 1999983 .999999 999999 .999999 .999999
0 -1 —.01 —.001 —.0001 —.00001 —.000001
g(d) 998334 1999983 .999999 999999 999999 .999999
i, €0 = 1
b
(b) )
1 y= smTB (radians)
Ll L L~ po— P
—57 —47 =37 227w 0 »™~2n 37 4w Sw
NOT TO SCALE
74. (a) G(t) = (1 — cos t)/t?
t 1 .01 .001 .0001 .00001 .000001
G(t) 499583 499995 499999 5 5 5
t -1 —.01 —.001 —.0001 —.00001 —.000001
G(b) 499583 499995 499999 5 5 .5

Jlim G = 0.5
(b)

v

Gy = 1 —gost
0.5 !

1 1 1 1
—0.0003 -0.0001 | 0.0001  0.0003

Graph is NOT TO SCALE

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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75. (a) f(x) = x/(1—)

76.

7.

78.

79.

80.

X 9 99 999 9999 99999 1999999
f(x) 348678 366032 367695 367861 367877 367879
X 1.1 1.01 1.001 1.0001 1.00001  1.000001
f(x) 385543 369711 363063 367897 367881 367878
lim () ~ 0.36788
X —

(b)

(x-1
. (x-1)

2.71825

X
€.9999 0.99995 l.OOONOOl
2.71815

Graph is NOT TO SCALE. Also the intersection of the axes is not the origin: the axes intersect at the point
(1,2.71820).

@) fx)=(3—1)/

X 1 .01 .001 .0001 .00001 .000001

f(x) 1.161231  1.104669  1.099215  1.098672  1.098618  1.098612
X —.1 —.01 —.001 —.0001 —.00001 —.000001
f(x) 1.040415  1.092599  1.098009  1.098551  1.098606  1.098611

lim0 f(x) =~ 1.0986

X

(b)

Jlim_f(x) exists at those points ¢ where lim_ x! = Jim_ x2. Thus,c* =c?=c?(1 —-c?)=0=c=0,1,0r —1.

Moreover, lim f(x) = lim x> =0and lim f(x) = lim f(x) = 1.
x—0 x—0 x — —1 X — 1

Nothing can be concluded about the values of f, g, and h at x = 2. Yes, f(2) could be 0. Since the conditions of the
sandwich theorem are satisfied, lim2 f(x) = —-5#0.
X —

s lmfo—lms  lim f09 -5 ) )
D= lim 07 = SRR = ST S im0 -5 =2(1) = Jim f) =2+ 5 =7.
L om0 gm
@ 1=, 0m, 8 =T~ im0 =4
b) 1= lim f@:[nm @Hnm l}:{nm M} 1) o im W o
®) x— -2 X x— -2 X x— -2 % x— -2 X (*2) x——2 X
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Section 2.2 Limit of a Function and Limit Laws 53

81. (a) 0=3-0= [nm2 %] [Xli_% (x—z)] = lim_ K%) (x—z)] = lim [f) = 5] = lim f(x)—5

X —

= lim2 f(x) = 5.

X —

() 0=4-0= [ lim M] [Xlim2 (x — 2)] = lim f(x) = 5as in part (a)

X — Xx—=2

82. () 0=1-0= [lim M} [Xnmo x} L [X@O M} [nmo x?] = lim {M -x?] = lim f(x). Thatis, lim () = 0.

Xx—0 X — X

) 0=1-0=[1im ][ 1im x| = lim [%-x] = lim ©. Thatis, lim © =o.
X X —

x — 0 x— 0

83. (@) lim xsini =0 Y
x—0 X

b) —1 gsiniglforx;ﬁO:

x>0 = —x<xsinl<x = lim0 x sin 1 = 0 by the sandwich theorem;

X —

x<0 = —x xsin,y x= limO X sin % = 0 by the sandwich theorem.
X —

X —

84. (a) lim0 x?cos () =0 y
h(z) = 22 cos(1/z?)

(b) —1<cos (&) <lforx#0 = —x?<x%cos (5) <x* = limO x% cos (&) = 0 by the sandwich

X —

theorem since lim0 x2 =0.

X —

85-90. Example CAS commands:

Maple:
f:=x->xM—16)/(x — 2);
x0 :=2;

plot( f(x), x = x0-1..x0+1, color = black,
title = "Section 2.2, #85(a)" );
limit( f(x), x = x0);
In Exercise 87, note that the standard cube root, x(1/3), is not defined for x < 0 in many CASs. This can be
overcome in Maple by entering the function as f := x -> (surd(x+1, 3) — 1)/x.
Mathematica: (assigned function and values for x0 and h may vary)

Clear[f, x]
flx_J:=(x> — x> — 5x — 3)/(x + 1)?
x0=—1;h= 0.1;
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Plot[f[x],{x,x0 — h,x0 + h}]
Limit[f[x], x — x0]

2.3 THE PRECISE DEFINITION OF A LIMIT

1 )

1. —¢ )
: 1 5 7
Stepl:  [x—5]<éd = —6<x—-5<6 = —6+5<x<6+5
Step2: 6+5=7 = 6=2,or—06+5=1= 6=4.
The value of 6§ which assures [x — 5] < § = 1 < x < 7 is the smaller value, § = 2.
2.
—t— —x
12 7
Stepl:  |x—2| <6 = —6<x—2<86=> —64+2<x<6+2
Step2: —-6+2=1=é6=1Loré6+2=7 = 6=25.
The value of § which assures [x — 2| < § = 1 < x < 7 is the smaller value, § = 1.
3' —7§2—I3 —1;2 *
Stepl:  |[x—(-3)|<é = -6<x+3<éd=> —-06-3<x<6-3
Step2: —6-3=-1=6=Lor6-3=-1=6=3.
The value of § which assures [x — (—=3)] < § = — 2 < x < — § is the smaller value, § = 1.
4.
«—t —t+—) > X
-L -3 _1
2 2 2
Stepl:  |x—(=3)| <6 = —d<x+2i<é6=> -b6-3<x<b6-3
Step2: —6—-3=-1=6=2006-3=-1=46=1
The value of 6 which assures |x—(— %)| <6 = —%<X<—%isthesmallervalue,é:l.
5‘ 4/(9 1;2 4}7 *
Stepl:  |x—1| <6 = —6<x—-1i<6=> —6+i<x<b+}
Step2: —b6+3=3 =>6=Fkoé+5=3=¢6=274.
The value of 6 which assures |x—%| <6 => g<x<%is the smallervalue,éz%g.
6.
S — F—"x
2.7591 3 3.2391
Stepl:  [x—3]<éd = —6<x—-3<d=> —-06+3<x<6+3
Step2: —6+3=27591 = 6=10.2409,0r 6 +3 =3.2391 = § =0.2391.
The value of § which assures [x — 3] < § = 2.7591 < x < 3.2391 is the smaller value, 6 = 0.2391.
7. Stepl: [x—=5|<d = —06<x—5<86 = —6+5<x<6+5
Step 2:  From the graph, —6 +5 =49 = 6 =0.1,or6 +5 =5.1 = § =0.1; thus 6 = 0.1 in either case.
8. Stepl: |[x—(-3)|<éd = -6<x+3<éd=>—-6-3<x<6-3
Step 2:  From the graph, -6 —3 = —-3.1 = §=0.1,or6 —3 =—-29 = 6 =0.1; thus 6 = 0.1.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:
Step 1:

Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Section 2.3 The Precise Definition of a Limit 55

x—1l<éd = —6<x—-1<6=> -6+1<x<b6+1

Fromthegraph,—é—i—l:% = 6:116,0“5—1—1:% = 6:19—6;thus5:%.

x=3|<éd = —6<x—-3<6=> —-06+3<x<6+3
From the graph, —6 +3 =2.61 = § =0.39,or6 +3 =341 = 6 =0.41; thus 6 = 0.39.

x—=2|<éd = —6<x—-2<6 = —6+2<x<b65+2
From the graph, =6 +2 = /3 = 6§ =2 — /3~ 02679, 0r6 +2= /5 = § = /5 -2~ 0.2361;
thus 6 = /5 — 2.

x—(-D|<éd = -6<x+1<d=>-6—-1<x<b6—-1
Fromthegraph,—é—l:—? = 6:@%0.1180,01%71:7? = 6:2_ﬁ ~ 0.1340;
thus 6 = ﬁ;z.

x—(-D|<éd = -6<x+1<d=>—-6—-1<x<b6—-1

Flromtheglraph,7671:f%6 = 6:%%0.77,0“571:7% = %:0.36;thu36:%:0.36.
x—1|<é6 = d<x—-L1<é6= —6+L<x<é+]
From the graph, =6 + § = 737 = § = 3 — 767 = 0.00248, 0r6 + § = 135 = § = 145 — 3 ~ 0.00251;
thus 6 = 0.00248.

(x+1)—5] <00l = |x—4/ <001 = —001 <x—4<0.01 = 3.99 <x <401
x—4| <6 = -6<x—4<éd = —6+4<x<b6+4 = §=001.

|2x —2) — (—6)] < 0.02 = |2x+4| <0.02 = —0.02<2x+4<0.02 = —4.02 <2x < —3.98
= —201 <x<-199
x—(-2)|<éd = —6§<x+2<éd = —-6—-2<x<6—-2 = §=0.01.

‘\/x+171‘<0.1 = 01 <\X+1-1<01 = 09<+/x+1<11 = 08l <x+1<121

= —0.19 <x<0.21
|x =0 <6 = —6 <x<6.Then, =6 = —0.19 = § = 0.19 or 6 = 0.21; thus, § = 0.19.

|[V/x—3] <01 = —01</x—3<01 = 04<,/x<06 = 0.16<x <036
x—3 <6 => 6<x—1<éb=> —6+1<x<b+1.
Then, —6 4+ =0.16 = § =0.090r6 + } =0.36 = & = 0.11; thus § = 0.09.

’\/19—x—3’<1 = 1< /19—x-3<1=2</19—x<4=4<19-x<16

= —4>x—19>-16 = 15>x>3o0r3<x<15
x—10] <6 = —6<x—10<6 = —6+10<x <6+ 10.
Then -6 +10=3 = 6 =7,or6 +10=15 = § = 5;thus 6 = 5.

‘\/x—7—4‘<1 = —1<yV/x—T7T—-4<1 =2 3<yx—-T7<5=>9<x-7<25 = 16<x<32

x —23] <6 = —6<x—23<6 = —6+23<x<6+23.
Then —6 +23 =16 = 6§ =T, 0r6 +23=32 = 6 =9;thusé = 17.
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Chapter 2 Limits and Continuity

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

|1 -1 <005 = —005<1—-1<005=02<1<03=D>x>Rorl<x<s
x—4|<éd = —6<x—4<b6=> —6+4<x<b+4
Then —6+4=2oré =2 0oré6+4=50r6=1;thus 6 = 3.

x2—3] <01 = -01<x*-3<01 = 29<x*<3.1 = /29<x< 3.1
‘x—ﬁ‘<5 = —5<x—\3<6=> —6+V/3<x<6+/3.
Then —6 + /3 =29 = 6§ =1/3—/29~00291,0r6+ /3 =1/3.1 = §=1/3.1 - /3 ~0.0286;

thus 6 = 0.0286.

X2 —4] <05= —05<x2-4<05=>35<x><45=35<x <45 = —/45<x<—/35,
for x near —2.

X—(=2)|<éd = —6<x+2<6d=> —-6-2<x<6—-2.

Then —6 — 2= —\/45 = 6§ =\/45—-2~0.1213,0r§ — 2= —/35 = 6§ =2 — /3.5~ 0.1292;

thus 6 = /4.5 -2~ 0.12.

Lo(=D]<0l = —01<i4+1<0l = -f<ic<c—F=>-P>x>-Ro-PLax<-
x—(-Dj<éd = -6<x+1<éd=-6—-1<x<6d6—-1
Then—6—1=-2 = 6=Lor6-1=-1 = §=1Lthusé =%,

(2=5)—11|<1 = [x2—16/<1 = —1<x2—16<1 = 15<x2<17 = /15<x < /17
x—4| <6 = -6<x—4<éd=> —6+4<x<b+4.

Then —6 +4=+/15 = § =4 — /15~ 0.1270,0r 6 + 4 = /17 = § = /17 — 4 ~ 0.1231;

thus 6 = /17 — 4 ~ 0.12.

R -5<1l = -1<B-5<1=34<B<c6= ;>55>¢ = 30>x>200r20 <x < 30.
x —24| <6 = —6<x—-24<6 = —6+24<x<b+24.
Then —6 +24 =20 = 6§ =4,0r6 +24 =30 = 6 = 6;thus = § =4.

|mx — 2m| < 0.03 = —0.03 < mx —2m < 0.03 = —0.03 4+ 2m < mx < 0.03 +2m =
0.03 0.03
252 <X <24 52
x —2]<d = —0<x—2<6 = —6+2<x<6+2
Then76+2:2f% = 5:0%,0r6+2:2+0% = 6:0%. Ineithercase,é:o'mﬁ.
Imx —3m| <c = —c<mx—-3m<c = —c+3m<mx<c+3m = 3-><x<3+ =
x—=3|<éd = —6<x—-3<6 = —-6+3<z<d+3.
Then -6 +3=3—-2 = 6=—,0oré6+3=3+ - = 6= —. Ineithercase, 6 = —.

m

mx+b)— (2+b)|<c = —c<mx—2<c = —c+2<mx<c+2 =>L1-Sox<its

x—3|<6 = 6<x—Li<é6=> —6+i<x<s+i

ThenféJr%:%f% = 6:%,0r5+%:%+% = ¢ = —. Ineither case, 6 = =.

|(mx +b) — (m+b)] <005 = —0.05<mx—m<005 = —0.05+m< mx <0.05+m
0.05 0.05

= 1-=2<x<1+ 72

x—1<éd = —-6<x—-1<6=> —6+1<x<6+1

Then—é—i—l:l—% = 5:0%,0r(5+1:1+0% = 6:%. In either case, § = 29,

m
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32.

33.

34.

35.

36.

37.

38.

39.
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lim (3 -2x) =3-2(3) = -3

X —

Step1:  |(3—2x) —(-3)] <0.02 = —0.02<6—-2x<002 = —6.02 < -2x< —598 = 3.0l >x>299or
2.99 < x < 3.01.

Step2: O0<|x—3|<d = —6<x—-3<6=> —-06+3<x<6+3.
Then -6 +3=2.99 = 6=0.0l,or6 +3 =3.01 = § =0.01; thus 6 = 0.01.

lim (—3x—2)=(-3)(-)—-2=1

X — —1
Stepl:  |(-3x—2)—1]<0.03 = —-003<-3x—3<003 = 001l >x+1>-001 = —1.01 <x< —0.99.
Step2: |x—(-1D|<éd = —d<x+1<d=> —-6-1<x<b6—1.

Then -6 —1=-1.01 = 6§ =001,or6 —1=-0.99 = 6 =0.01; thus 6 = 0.01.

lim 2=% — 1{im W:XIE%(X+2):2+2:4,X#2

x—2 X—2 X — 2 x=2
. x>—4 x+2)(x—-2)
Step 1: ‘(xfz)—4‘ <005 = —0.05 < CEED 4 20,05 = 3.95 < x+2 <405, x#2
— 195 < x < 2.05,x £ 2.
Step2: [x—2[<d = —0<x—-2<6 = —6+2<x<b6+2.
Then —6 +2 =195 = § = 0.05,0r6 +2 = 2.05 = § = 0.05; thus § — 0.05.

- X2+6x4+5 _ 1; EHHE+D g5 — _ _
xle,5 x+5 _XLIHLS (x+5) _XLIHLS x+1)=—4x# 5.

Step 1 | (F49555) = (~4)| <005 = ~0.05 < SLID 142005 = 405 <x+1< 395 x £ -5
= —5.05 < x < —495,x £ —5.

Step2:  |x—(=5)|<éd = —6<x+5<6=> -6-5<x<b6—5.
Then —6 — 5 = —5.05 = 6 = 0.05,0r6 —5 = —495 = & = 0.05; thus § = 0.05.

Xgm_3\/l—5x:\/l—5(—3):\/17:4

Step 1: ‘\/1—5){—4‘ <05 = —05<1—-5x—4<05= 35<+/1—5x<45 = 1225 < 1 — 5x < 20.25

= 1125 < -5x < 19.25 = —3.85 <x < —2.25.
Step2:  |x—(-3)|<éd = —6<x+3<d = —6-3<x<6—-3.
Then —6 —3 = —-385 = 6 =0.85,0or6 —3 = —2.25 = 0.75; thus 6 = 0.75.

lim $=4%=2
x—2 X
Stepl: |2-2/<04 = —04<?-2<04 = 16<?<24= 2>3>500 = Dsxs>Wordaxai,
Step2:  |x—2| <8 = —6<x—2<6=> —-6+2<x<bd+2.

Then -6 +2=3 = §=1,0016+2=3 = §=3;thus6 = 1.
Stepl: |9—x)—5|<e=>—-€e<4—x<e=>—-€—4<x<e—4=e+4d>x>4—c=>4—e<x<4+e
Step2: |x—4| <6 = —6<x—4<d=> —06+4<x<6+4.

Then —6 +4=—-€+4 = 6=c,or6 +4=¢c¢+4 = 6 =c. Thus choose 6 = e.

Stepl:  [Bx—7)—2|<e = —e<3x-9<e=9—-e<3x<9+e = 3-5<x<3+4.
Step2: |x—3|<éd => —-6<x—-3<d=> —-6+3<x<6+3.

Then76+3:3f§ = 6:§,0r6+3:3+§ = 6:; Thuschooseézg.

Step 1: ‘\/X—S—Z‘ Cem —e<\/Xx—5-2<e=2-e<\/x—5<24e=> Q- <x-5<@2+e?
= 2-e?+5<x< 24+ e +5.
Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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40.

41.

42.

43.

44.

45.

46.

Chapter 2 Limits and Continuity

Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

x—9]<éd = —6<x—9<é6 = —6+9<x<s+09.
Then =6 +9=€2—4¢+9 = §=4de— €2, or6+9=€2+4e+9 = § = 4e + . Thus choose
the smaller distance, § = 4e — €2.

‘\/47x72‘<6 o e /h-x—2<e = 2—e<\Jh-x<24€ = Q-2 <d—x< 2+

= 24 <x—4<—2—-¢? = -2+ +4<x< -2 —€)?+4.
x —0] <6 = =6 <x<6é.

Then -6 = -2+ € +4=—-€—4e = § =4e+ €2, 0or6 = —(2 — €)> + 4 = 4e — 2. Thus choose

the smaller distance, § = 4e — €2.

Forx# 1, [xX2—1|<e = —e<x*—1<e = 1-e<xX*<1+e = VIi—e<|x|<yl+e

= V1—-e<x<+/l+enearx=1.

x—1<é6 = —6<x—1<é6 = —6+1<x<d+1

Then —6+1=+v1—€¢ = 6=1—+/1—¢cord+1=+/1+¢ = 6§ =+/1+¢— 1. Choose

6 = min {1 —V1I—€614+€— 1}, that is, the smaller of the two distances.

Forx# -2, x> 4| <e = —e<x’—d4<e = 4—ec<x*<d+ec = Vi—e<|x| <\4d+e

= —V4+e<x<—/4—¢€enearx = —2.

x—(=2)|<éd = —6<x4+2<éd=> —-6-2<x<6-2
Then —6 —2=—+v/4+¢€¢ = 6=+/4+e—2,0r6 —2=—\/4—¢ = § =2— /4 —¢c. Choose
6:min{\/4+6—2,2—\/4— }

f-if<es —e<i-l<es l-eci<ives fh<x<i

I+e€
x—1l<éd = —d6<x—1<6=>1-6<x<1+46.

_ 1 _ 1 1 1 _
Thenl—-b6=1- = 6=1-q =1 o0ol+d=7- = 6=7——-1=7.
Choose 6 = i i -, the smaller of the two distances.

%—%|<€:> —€<%—%<€:> %—€<l<%+€:> 133e<

X x2

= ﬁ<|x|<«/ﬁ, or 1/ﬁ<x<«/ﬁforxnear\/§.
‘x—ﬁ‘<6 = —6<x—\/§<6 = \/5—6<x<\/§+5.

Then /3 - 6= /12 = 6 =3~ /1200 /3+6=1/125 = 6=/125 — V3.
Chooseézmin{ff1/1336,1/1_336f\/g}.

’(x2_9)_(_6)’<€ = —e<(x—3)4+6<ex#£-3 = —e<x+3<e = —e—-3<x<e—3.

x+3
x=(=3) <6 = -6<x+3<bd=> —6-3<x<b-3.
Then -6 —3=—-€—-3 = d=¢c,or6 —3=¢—3 = 6 =¢. Choose 6 = e.

(35) 2| <e = —e<x+D-2<ex#l = I-e<x<l+e

x—1
x—1l<éd = —d6<x—-1<6=>1-6<x<146.
Thenl —é=1—€¢ = 6=¢c,orl+6=1+¢ = § =¢. Choose 6 = e¢.

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



47.

48.

49.

50.

51.

52.

53.

54.

Section 2.3 The Precise Definition of a Limit 59

Stepl:  x<1:|4—-2x)—2|<e = 0<2—-2x<esincex <1.Thus, 1 —§ <x <0;
X 1[6x—4) -2/ <e = 0<6x—6<esincex 1.Thus,1<x<1+¢.
Step2: |x—1|<d = —6<x—-1<6d=>1-06<x<1+6.
Thenl—ézl—g:>5:§,0r1+5:1—|—§:>6:§.Choose(5:§.
Stepl: x<0: 2x—0/<e = —e<2x<0 = —§<x<0;
x 0:]3-0[<e=>0<x<2e
Step2:  |x—0] <6 = -6 <x<é.
Then —6 = —§ = 6 =§,0rd =2¢ = 6 =2¢ Choose d = 3.
By the figure, fxgxsinigxforallx>0andfx xsin% x for x < 0. Since limo(fx): limox:O,
X — X —

then by the sandwich theorem, in either case, lim0 X sin % =0.
X —

By the figure, —x? < x? sin 1 < x? for all x except possibly at x = 0. Since lim (—x*) = lim(J x% = 0, then

X — X —

2

by the sandwich theorem, lim_ x~ sin 1o,
x—0 X

As x approaches the value 0, the values of g(x) approach k. Thus for every number ¢ > 0, there exists a 6 > 0
suchthat 0 < [x — 0] < § = |g(x) — k| <e.

Writex =h+c. Then0 < |[x —¢|<de —-d<x—c<fx#ce —d6<(h+c)—c<dh+c#c

& —6<h<b6h#0<0< h—-0|<é.

Thus, limf(x) = L < for any € > 0, there exists § > 0 such that |f(x) — L| < ¢ whenever 0 < |[x —¢| < §
X—C

< |f(h4c) —L| < e whenever 0 < |h— 0] < 6 <:>tllin(1)f(h+c) =L.

Let f(x) = x2. The function values do get closer to —1 as x approaches 0, but lim0 f(x) = 0, not —1. The
X —

function f(x) = x? never gets arbitrarily close to —1 for x near 0.

Let f(x) = sinx, L = 1, and ¢ = 0. There exists a value of x (namely, x = £) for which [sin x — }| < € for any given

€ > 0. However, X1i_r>n0 sin x = 0, not % The wrong statement does not require x to be arbitrarily close to c. As another
example, let g(x) = sin 1, L = 3, and ¢ = 0. We can choose infinitely many values of x near 0 such that sin 1 = 1 as
you can see from the accompanying figure. However, xlilno sin % fails to exist. The wrong statement does not require all
values of x arbitrarily close to ¢ = 0 to lie within e > 0 of L = % Again you can see from the figure that there are also

infinitely many values of x near O such that sin % = 0. If we choose € < % we cannot satisfy the inequality

|sin % - %| < e for all values of x sufficiently near c = 0.
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55.

56.

57.

58.

59.

60.

Chapter 2 Limits and Continuity

IA—9/ <001 = —0.01 <7(3)"-9<001 = 899<™ <901 = #(899) <x>< (9.0
= 2 % <x <24/ % or 3.384 < x < 3.387. To be safe, the left endpoint was rounded up and the right

endpoint was rounded down.

I
I

V=Rl = g=1= [§-5/<01 = -01<2-5<01=49<20<51 =8 &
(120)(10) (120)(10)
G0 <R < G500 = 2353 <R <2448

To be safe, the left endpoint was rounded up and the right endpoint was rounded down.

w

(@ —6<x—1<0=1-6<x<1 = f(x)=x. Then|f(x) 2| =|x—2|=2—x>2—1=1. Thatis,

[f(x) =2| 1 3 no matter how small § is taken when 1 — 6 <x < 1 = lim1 f(x) # 2.
X —

b)) 0<x—-1<86 =1<x<14+6 = f(x)=x+1. Then [f(x) — 1| = |(x+ 1) — 1| = [x| = x > 1. Thatis,

[f(x) — 1| 1 no matter how small § is taken when 1 < x <146 = lim1 f(x) # 1.
X —

() 6<x—1<0=1-6<x<1 = f(x)=x. Then |f(x) — 1.5|=|x—1.5|=15-x>15-1=0.5.
Also,0<x—1<8 = 1 <x<1+6 = f(x) =x+ 1. Then [f(x) — 1.5| = |(x+ 1) — 15| = [x — 0.5]
=x—0.5>1-0.5=0.5. Thus, no matter how small ¢ is taken, there exists a value of x such that
—6 <x—1<8butlfo— 15| % = lim f(x)# 15,

X —

(@) For2<x<2+4+6 = h(x)=2 = |h(x) —4| =2. Thusfore < 2, |h(x) —4| e whenever2 < x <2+ éno
matter how small we choose 6 > 0 = lim2 h(x) # 4.
X —
(b) For2 <x<2+6 = h(x) =2 = |h(x) —3| = 1. Thus fore < 1,
matter how small we choose 6 > 0 = lim2 h(x) # 3.
X —

h(x) — 3| € whenever2 < x <2+ 6 no

() For2 —§ <x <2 = h(x) =x?s0|h(x) — 2| = [x? — 2|. No matter how small § > 0 is chosen, x? is close to 4
when x is near 2 and to the left on the real line = |x? — 2| will be close to 2. Thusife < 1, |h(x) —2| ¢
whenever 2 — § < x < 2 no mater how small we choose 6 > 0 = lim2 h(x) # 2.

X —

(@ For3—6<x<3= f(x) >48 = [f(x)—4| 0.8. Thusfore < 0.8, |f(x) —4| ¢ whenever
3 — 6 < x < 3 no matter how small we choose 6 > 0 = lim3 f(x) #£ 4.
X —

(b) For3<x<3+6 = f(x) <3 = |f(x) —4.8] 1.8. Thusfore < 1.8, |f(x) —4.8] ¢ whenever3 <x <346

no matter how small we choose 6 > 0 = lim3 f(x) # 4.8.
X —

(¢) For3—6<x<3 = f(x) >4.8 = |f(x) —3] 1.8. Again, fore < 1.8, [f(x) — 3] e whenever3 —¢6 <x <3

no matter how small we choose 6 > 0 = lim3 f(x) #£ 3.
X —

(a) No matter how small we choose 6 > 0, for x near —1 satisfying —1 — 6 < x < —1 + 4, the values of g(x) are
near 1 = [g(x) —2|is near 1. Then, for e = 1 we have |g(x) —2| 3 for some x satisfying
—l1-6<x<-14+6000<|x+1]<é = limlg(x)yé2.

X — —

(b) Yes, lim 1 g(x) = 1 because from the graph we can find a > 0 such that |g(x) — 1| < €if 0 < |x — (—1)| < 6.
X — —

61-66. Example CAS commands (values of del may vary for a specified eps):

Maple:
f:=x->(x"-81)/(x-3);x0 := 3;
plot( f(x), x=x0-1..x0+1, color=black, # (a)
title="Section 2.3, #61(a)" );
L := limit( f(x), x=x0 ); # (b)
epsilon :=0.2; # (c)
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plot( [f(x),L-epsilon,L+epsilon], x=x0-0.01..x0+0.01,
color=black, linestyle=[1,3,3], title="Section 2.3, #61(c)" );

q :=fsolve( abs( f(x)-L ) = epsilon, x=x0-1..x0+1 ); #(d)
delta := abs(x0-q);
plot( [f(x),L-epsilon,L+epsilon], x=x0-delta..xO+delta, color=black, title="Section 2.3, #61(d)" );
for eps in [0.1, 0.005, 0.001 ] do # (e)

q := fsolve( abs( f(x)-L ) = eps, x=x0-1..x0+1 );

delta := abs(x0-q);

head := sprintf("Section 2.3, #61(e)\n epsilon = %5f, delta = %5f\n", eps, delta );

print(plot( [f(x),L-eps,L+eps], x=x0-delta..x0+delta,

color=black, linestyle=[1,3,3], title=head ));

end do:

Mathematica (assigned function and values for x0, eps and del may vary):

Clear[f, x]

yl: =L —eps; y2: =L +eps; x0 = 1;

flx_]: = (3x> — (7x + 1)Sqrt[x] + 5)/(x — 1)

Plot[f[x], {x, x0 — 0.2, x0 4+ 0.2}]

L: = Limit[f[x], x — x0]

eps = 0.1; del = 0.2;

Plot[{{[x], y1, y2},{x, xO — del, x0O + del}, PlotRange — {L — 2eps, L + 2eps}]

2.4 ONE-SIDED LIMITS

1.
(e)
)

2. (a)
(e)
€y

3. (a)
(b)
(©
(d)

(b)
©
(d

(b)
(©

True (b) True (c) False (d) True
True () True (g) False (h) False
False (j) False (k) True (1) False
True (b) False (c) False (d) True
True () True (g) True (h) True
True (j) False (k) True

1 = g = 1 = — =
Xlirr%+ fx)=35+1 2,xlin%7 fx)y=3-2=1
No, lim_f(x) does not exist because lim f(x) # lim f(x)
X — 2 X — 21 X — 2
. _ 4 _ : _ 4 _
Xlin}rf(x)_ §+1—3,xlini+f(x)— 5+1=3

Yes, lim f(x) =3 because 3 = lim_ f(x) = Ilim f(x)
X — 4 X — 4 x — 4%

Xlin;+ fi(x) = 3 l’xlinéf fx)=3-2=1,f2)=2
Yes, lim_f(x) = 1 because 1 = lim f(x) = Ilim f(x)
X — 2 X — 27 X — 2
lim fx)=3—-(-1)=4, lim fx)=3—-(—1)=4
X — —1 X — —11"
Yes, lim f(x) =4because4 = Ilim f(x)= Ilim f(x)
X — —1 X — —1 X — —17%
No, lirr(l) . f(x) does not exist since sin (%) does not approach any single value as x approaches 0
X —
lim f(x)= lim 0=0
x—0 x—0

lim f(x) does not exist because lim f(x) does not exist
x—0 x — 0T
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11.

13.

14.

Chapter 2 Limits and Continuity

(a) Yes, lir%+ g(x) = 0 by the sandwich theorem since —/x < g(x) < /x when x > 0
X —
(b) No, lin}) _ g(x) does not exist since \/§ is not defined for x < 0
X —

(¢) No, lim_ g(x) does not exist since lim g(x) does not exist
x—0 x— 07

(a) (b) lim fx)=1= lim f(x)
y X — 1 X — 1t
, () Yes, lim1 f(x) = 1 since the right-hand and left-hand
| _ X x#1 X —
1 ’ {0, x=1 limits exist and equal 1
" 1 *
_1 -
@ 1 '—{] - x#l ®) X 11{%* f) =0= X 1l>ml’ fG)
e a= (c) Yes, lim1 f(x) = 0 since the right-hand and left-hand
2+ ° X —
/\ limits exist and equal 0
= ( i T

1k

ok

3
(a) domain: 0 <x <2 1-x%, 0<x<1

range: 0 <y <landy =2 y T ; lf):z
(b) thnc f(x) exists for ¢ belonging to L ' .
0,HU(L,2)
() x=2 16 ——o0
d x=0 .\
0 1 2 *

. (a) domain: —oco < X < 00

range: —1 <y <1
(b) xliLnC f(x) exists for ¢ belonging to
(—00, —1) U (=1,1) U (1, 0) T {é
(c) none 2 -l ! 2
(d) none

1, x=0

x, -1<x<0 or 0<x<1
|
0, x<-lorx>1

- [x+2 _ [=0s+2 _ [ _ - -1 _ [1-1_ Jo_
m T =y o5 = B=3 12 lim /55 = 5 =v0=0

(=5) (FFs) =0 (@) =1

lim ( X )(2x+5)

X — ot Sx+1 x2+x

lim () (50) (557) = (77) (5 () = ) (1) (3) =1

X — 1"
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15.

16.

17.

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

Section 2.4 One-Sided Limits

lim \/h2+4h+ Vhiidh15-\/5 lim (\/h2+4h+ —\/5) (\/h2+4h+5+\/§>
h — 0F h—>0+ h \/h2+4h+5+\/—

(h2+4h+5) 5 h(h +4) __0+4

=, h(Vir s ) hLo+h(¢m+f) Vi =V

lim V6—+/5h2 4 11h+6 \/5h°+11h+ lim (\/g—\/5h2+11h+6> (\/g+\/5h2+llh+6>
h—= 0" T he0- h V6+1/5h2+11h+6

6— (5h? +11h +6) . —h(5h+ 11) _ —=O+11) __ 11

lim =1 = = —
- h(f+\/5h2+11h+6) hb h(ﬁ+\/5h2+11h+6) Ve+1/6 26

. x+2] _ g x+2) _
(a) ximjﬁ x+3) 5 7XLHI}2+ x+3) &5 (x+2|=(x+2)forx > —2)
— lim (x+3)=((-2+3)=1
X — —2%F
. x+2] _ . —(x+2) _
® lim x+3)EE = lim x+3) [ (Hg)] (Ix+2| = —(x+2) forx < —2)

= lin_]T X+3)(—1)=—(-2+3)=—

. 2x(x — 1 . 2x (x — 1
@ lim_ %leim1+ VGl (x—1]=x—1forx > 1)
= 11II}+ V2x =14/2
(b) lim ¥Y2E=D _ oy V2xG-D (x—1]= —(x - Dforx < 1)
X —1 [x—1] x — 1 (x=1)
= lim f\/2x:f\/§
X
W i =1 o i, =
@ tim (t—|t)=4-4=0 () lim (—[1))=4-3=1
Jim fgg" = lim S = | (where x = 1/26)
: sin kt : ksinkt _ 1; ksing __ : sin _ 1.1 — —
t11_r)r10 o= t11_r)no = glgno <L 1(911310 ] k-1=k (where 0 = kt)
. sin3y __ 1 1; 3sin3y __ 3 1: sin3y __ 3 q; sinf __ 3 _
yll_I}IlO 5 =1 ylgn0 Yo =1 ylgn0 5 =3 algno T =1 (where 6 = 3y)
. 1.3\ _1 1 11 1 1.1 _1 _
hn%)— <1n3h hli>n%)’ (§ ) sin3h) -3 hgn%)— (%) -3 (91361 Si‘{;‘9> -3 1= 3 (Whereg - 3h)

sin 2x .
lim w2 = fim (S5 = fim o2 = (Gim L) (lim 2R2) —1.2=2
X — 0 X X — 0 X X — () XC0s2x =0 cos 2x x — 0 2x

i im —L =2 lim w:z(lim ) 1) =2.1.1=2
t— ( tant t—0 (2 t—( st t~»(JCOSt lim

t—0

: Xcsc2X 13 X . 1 _ (1 2X : 1 1 _ 1
lim cos 5x lim (sin2x cosSx) - (2 111’110 sm2x) (xlgno cosSx) (2 )(1)

: 2 6x2cosx 13 2x _ —
X11_r)n0 6x°(cot x)(csc 2X) = hrn0 Shrsingx = X12110 (3 COSX * 55 * o 2X) =3-1-1=3
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: X+XCcosx __ 13 X X COS X 1 X . X
29. xlzno sin X cos X _Xlln() (sinxcosx + sinxcosx) _Xlgno (sinx cosx) + 11 0 sinx
I H 1 Y. i 1 : 1 —
: xX>—x+sinx _ 713 x 1, 1(sinx)) _n_ 1,1 _
30. xhl)n —thnO(Q 33 () =0-5+3(1)=0
: 1—cosf _ 1; (1 —cosf)(1+cosb) . 1 —cos®6 T sin? 0
31 ‘ghi}no sin20 T 0121’10 (2sinfcosf)(1+cosh) — ngno (2sinfcos0)(1+cosf) — elgno (2sin@ cos 6)(1 + cos 9)
T sin 6 _ _0 _
= gllno Beosd) (17050 — @@ — 0
. . -~ . x(1 —cosx) . 1—cosx Llim lf)ciosx 10
3. Jim g = gim Mo o gim Sa = gim S = W) 40
x — 0 x — 0 x—0 o x— 0 (H2) ,}%(T)
33. tlim0 W :elim sinf — 1 sinced =1—cost — Oast— 0
— b —
34, lim 60D — fim 610 — | gince  =sinh — Oash — 0
s 0 — 0
sin 6 : sinf 20 _ 1 7q; sing . _20 1. 1.1-1
35. hmo sin20 9121’10 (sin 20 ° @) 2 9121’10 ( 0 sin 29) 2 1-1= 2
sin 5x __ sin5x _ 4x _ 5\ _ : sin 5x 4x _ 5 _ 5
36. hmo sindx T (sin4x " 5x Z) - th_r)no ( 5x sin4x) —a- 1-1= 4
37. lim fcos§ =0-1=0
—0
38. lim sinfcot20 = lim sin 820 = [im sinf %20 — hm cos2f 1
9 —0 90 sin 26 0 —0 2sin 6 cos 6 02c0€9
tan3x __ 1; sin3x 1 — 1; sin3x 1 8 _3
39. thno sin8x Xlgllo (cos 3x  sin 8x) - Xlgllo (cos 3x  sin8x  3x 8)
_ 35 1 sin 3x 8x _ 3 .1.1.1~-3
- 38 Xlgno (cos3x) ( 3x ) (sinSx) - 38 L-1-1= 8
: sin3ycotSy __ q: sin 3y sin4y cos Sy __ q: sin 3y sin 4y cos S5y 3-4-5y
40. yh_I>nO ycotdy yh_IPO ycosdysinSy yh_IPO ( y ) (COS 4y) (Siﬂ 5)’) (3'4'5}’>
1 sin 3y sin 4y Sy cos 5y 34y _1.1.1.1.12 _ 12
_ylﬂno ( 3y )( 4y )(sinSy)(cos4y)(5)_] I-1-1-5=3
sinf
tand cosf sinfsin3 __ q; sin@ ( sin360 3 _ 3\
41. i mo 02cot30 Hllmo 92::’"“;99 - lmo 02cosfcos30 Glin[)( [ )( 30 )(005000539) - (1)(1)(11) =3
. O cot4d g 0 cos 40 sin226 . Ocos40 (2sinfcos0)> 1. 0 cos 46 (4sin” 0 cos® 6)
42. 915110 sinff cot?20 T g _r>n() n20 w@2229 - 911—> 0 sin?f cos?20sin4g 91_> o sin*fcos?20sindd elgno sin?6 cos?26 sin 40
26
_ 49cos40cos’d __ 1; 40 cosdfcos’ 0\ _ 1 cos4fcos’0\ __ (1) ( 112
- hmo cos?20sindd 9111}110 (sin49)( cos220 ) - elgno (5"'49 )( cos220 ) - (l)( 12 ) =1
43. Yes. If 11m f(x) =L = lim_f(x), then lim_ f(x) =L. If lim f(x) # lim_f(x), then lim_f(x) does not exist.
X — at X —a X—a X — at X —a X —a
44. Since lim f(x) = L if and only if hm f(x) =Land lim_f(x) =L, then lim f(x) can be found by calculating
X —c X — ¢t X —C X—cC
hm f(x).
x —ct
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46.

47.

48.

49.

50.

51.

52.

2.5

Section 2.5 Continuity 65

If f is an odd function of x, then f(—x) = —f(x). Given 1irr(1)+ f(x) = 3, then lin%) f(x) = —3.
X — X —

If f is an even function of x, then f(—x) = f(x). Given lir% _f(x) = 7 then lim2+ f(x) = 7. However, nothing
X — X — —

can be said about limzi f(x) because we don't know 1irr5+ f(x).
X —= - X —

I=(55+0) = 5<x<5+08. Also,\/x—5<¢e = x—5<¢e = x<5+e2 Choose § = ¢

= lim x—5=0.
x — 5+

[=(4—-6,4)=4—6<x<4 Also,/4—x<e=>4—x<e=x>4—¢€’ Choose § = ¢’
= lim 4—-x=0.
X — 47

Asx — 07 the number x is always negative. Thus,

ﬁ—(—l)’ <e= |X 41| <e = 0< ewhichisalways

true independent of the value of x. Hence we can choose any 6 > O with —6 < x <0 = lin%J - ﬁ =—1
X —

Since x — 2% we have x > 2 and |x — 2| = x — 2. Then,

x—2 _ | x=2
2| =E 1] <e= 0<e

which is always true so long as x > 2. Hence we can choose any § > 0, and thus 2 < x <246

ﬂ—1‘<e.Thus, lim X2 =1,
x — —2%

= | =

(@ lim _|x]| = 400. Just observe that if 400 < x < 401, then |x| = 400. Thus if we choose § = 1, we have for any

X — 400"
number € > 0 that 400 < x < 400+ 6 = ||x| — 400| = |400 —400| =0 < .

(b) li%of |x| = 399. Just observe that if 399 < x < 400 then |x| = 399. Thus if we choose § = 1, we have for any
X —

number € > 0 that 400 — § < x <400 = ||x] —399| =399 —399| =0 < e.
(¢) Since lim |x]# lim |x] we conclude that lim |x| does not exist.
x — 400" x — 400 x — 400

(a) 1irr(1)+f(x): 1ir%+\/_:\/7:0; Vx—0|<e = —e</x<e = 0<x < e forx positive. Choose § = ¢
X — X —

= Xli)rr%J+ f(x) =0.

(b) lir% f(x) = lin}] x% sin (1) = 0 by the sandwich theorem since —x* < x? sin (1) < x? for all x # 0.
X — X —
Since [x* — 0| = |—x? — 0| = x> < e whenever [x| < /€, we choose § = /e and obtain |x? sin () — 0| <€
if -6 <x<0.
(c) The function f has limit 0 at x, = O since both the right-hand and left-hand limits exist and equal O.
CONTINUITY

No, discontinuous at x = 2, not defined at x = 2

No, discontinuous at x = 3,1 = lin}f g(x) #gB3) =15
X —

Continuous on [—1, 3]

No, discontinuous at x = 1, 1.5 = linif k(x) # lirri+ kx)=0
X—= X —
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11.

12.

13.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Chapter 2 Limits and Continuity
(@) Yes (b) Yes, lim f(x)=0
(¢) Yes (d) Yes
(a) Yes, f(1) =1 (b) Yes, Xliin1 f(x) =2
() No (d) No
(a) No (b) No
[-1,00U(0,DHU(I,2)U(2,3)

f(2) =0,since lim f(x)=-22)+4=0= lim f{(x)
X — 2 X — 2%

. f(1) should be changed to 2 = lim1 f(x)
X —

Nonremovable discontinuity at x = 1 because lim] f(x) fails to exist ( 1in}7 f(x) = 1 and lin%+ f(x) = 0).
X — X — X —

Removable discontinuity at x = 0 by assigning the number limo f(x) = 0 to be the value of f(0) rather than f(0) = 1.
X —

Nonremovable discontinuity at x = 1 because lim1 f(x) fails to exist ( lin% _f(x) =2and lini . f(x) = 1).
X — X — X —

Removable discontinuity at x = 2 by assigning the number lim2 f(x) = 1 to be the value of f(2) rather than f(2) = 2.
X —

Discontinuous only whenx =2 =0 = x =2 14. Discontinuous only when (x +2)> =0 = x = —2

. Discontinuous only when x> —4x+3=0 = x—-3)x—1)=0 = x=3orx =1

Discontinuous only when x> = 3x —10=0 = x—5)x+2)=0 = x=5o0rx = -2

Continuous everywhere. (|x — 1] + sin x defined for all x; limits exist and are equal to function values.)
Continuous everywhere. (|x| + 1 # 0 for all x; limits exist and are equal to function values.)
Discontinuous only at x = 0

Discontinuous at odd integer multiples of Z,i.e., x =(2n — 1) g, n an integer, but continuous at all other x.

Discontinuous when 2x is an integer multiple of 7, i.e., 2Xx = n7, n an integer = X = %, n an integer, but

continuous at all other x.

Discontinuous when % is an odd integer multiple of 7, i.e., % =(@2n—1)Z,naninteger = x =2n— l,nan

integer (i.e., X is an odd integer). Continuous everywhere else.
Discontinuous at odd integer multiples of g, e, x=2n—1) %, n an integer, but continuous at all other x.

Continuous everywhere since x! +1 land -1 <sinx <1 = 0<sin?x <1 = 14sin’x 1; limits exist
and are equal to the function values.
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Section 2.5 Continuity

Discontinuous when 2x +3 < 0 or x < — 2 = continuous on the interval [

2 00) .

29
Discontinuous when 3x — 1 < Qor x < % = continuous on the interval [%, oo) .

Continuous everywhere: (2x — 1)!/3 is defined for all x; limits exist and are equal to function values.

Continuous everywhere: (2 — x)'/° is defined for all x; limits exist and are equal to function values.

. . . XZ—X—6_ 3 (X_ >(X+2) 1 = =
Continuous everywhere since X11313 =0 = Xhi)n3 — hl}n3 (x+2)=5=¢g(3)
Discontinuous at x = —2 since « lim 5 f(x) does not exist while f(—2) = 4.

Xli_r)n7r sin (X — sin X) = sin (7 — sin 77) = sin (7 — 0) = sin 7 = 0, and the function is continuous at X = 7.

tliﬂm0 sin (5 cos (tan t)) = sin (5 cos (tan (0))) = sin (3 cos(0)) = sin (3) = 1, and the function is continuous at t = 0.

lim ‘sec (ysec’y —tan’y — 1) = lim sec (y sec’y —sec’y) = lim ‘sec ((y — Dsec’y) = sec ((1 — 1)sec? 1)
y— y— y—

= sec 0 = 1, and the function is continuous aty = 1.

hm tan [ cos (sin x!/ 3)] tan [ cos (sm(O))] tan ( cos (0)) tan (%) = 1, and the function is continuous

atx:O.

: s — s — I T _ _
tll_r)n0 cos {7\/m] cos [7\/m} cos T Ccos § 2 , and the function is continuous at t = 0.

Jim, \/CSCQX+5\/§tanX— \/csc2 (7) +5v/3tan (I) = 4+5\/§(%) = /9 = 3, and the function is

continuous at X = g.

lim sm( e\/;) = sin(geo) = sin(g) = 1, and the function is continuous at x = 0.
X —
: -1 _ -1 — eoe—l(O) — T
xlgnlcos (ln \/;) = cos <1n \/T) = cos™'(0) = %, and the function is continuous at x = 1.
gx) = X0 = B0 —x 13 x £3 = g(3) = lim, (x+3) =6
X —

h() = R0 = G2 =14 5,0£2 = h2) = lim (+5)=7

_ -1 (PAst =D _ 245+l T s2+s+1) _ 3
f(s) = slf T GHD-D T s+ 7L = ()= Slinl ( s+1 ) 2
_ x*—16 . xEHx—-4 _ ; x+4) _ 8

EX =T 5 T aoarn — a0 X7 4 = g@) = lim (1) =53

As defined, lirr% f(x) =)’ —1=28and liné . (2a)(3) = 6a. For f(x) to be continuous we must have
X = X —

6a=8 = a=j3.
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44.

45.

46.

47.

48.

49.

51.

Chapter 2 Limits and Continuity
As defined, lim2 g(x) = —2 and lim2+ g(x) = b(—2)? = 4b. For g(x) to be continuous we must have
X — — X — —

4b=-2=b=—1.

As defined, lin% _f(x) =12 and lin§+ f(x) = a’ (2) —2a= 2a% — 2a. For f(x) to be continuous we must have
X — X —

12=2a%2—-2a = a=3o0ora=—2.

" . __ 0-b _ —b . _ 2 _ .
As defined, . lin%r g(x) = {57 = 537 and . lgr(l)+ g(x) = (0)" + b = b. For g(x) to be continuous we must have

b _ _ —
b-&-_lib = b=0orb=-2.

As defined, limr f(x) = —2 and lim1+ f(x) =a(—1)+ b= —a+b, and limr f(x)=a(l)+b=a+band
X — — X — — X —

lim1+ f(x) = 3. For f(x) to be continuous we must have —2 = —a+banda+b=3= a= % and b = %
X —

As defined, lin%r g(x) = a(0) 4+ 2b = 2b and lin%rr g(x) = (0)* +3a—b =3a—b,and
X — X —

lirréf g(x) = (2)2 +3a—b=4+3a—band liII(1)+ g(x) = 3(2) — 5 = 1. For g(x) to be continuous we must
X — X —

have2b =3a—band4+3a—b=1= a=—-3andb=—3.

The function can be extended: f(0) ~ 2.3. 50. The function cannot be extended to be continuous at
x = 0. If f(0) =~ 2.3, it will be continuous from the
right. Or if f(0) =~ —2.3, it will be continuous from the
left.

Yy y
2.6
3 104 — 1
2.4/ N . f(x)=-————x
2.2 f(x)=
/ e 0.05 0.1 2
-0.1 -0.05 0.05 0.1 X
1.8
The function cannot be extended to be continuous 52. The function can be extended: f(0) ~ 7.39.

at x = 0. If f(0) = 1, it will be continuous from
the right. Or if f(0) = —1, it will be continuous

from the left.
1| 7.5 f(x) = (1 + 2x)
0.5 7.3\

-0.5 -0.01 -0.005 0.005 0.01

| _ sinx
f(x) - lX|
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54.

55.

56.

57.

58.

59.

60.

61.

Section 2.5 Continuity 69

f(x) is continuous on [0, 1] and f(0) < 0, f(1) > 0
= by the Intermediate Value Theorem f(x) takes
on every value between f(0) and f(1) = the
equation f(x) = 0 has at least one solution between
x=0and x = 1.

cosx=x = (cosx) —x=0. Ifx=—72,cos(—%)—(=%) >0. Ifx=17,cos (%) — 2 <0. Thuscosx —x =0

for some x between — % and % according to the Intermediate Value Theorem, since the function cos x — X is continuous.

Let f(x) = x3 — 15x + 1, which is continuous on [—4, 4]. Then f(—4) = -3, f(—1) = 15, f(1) = —13, and f(4) = 5. By
the Intermediate Value Theorem, f(x) = O for some X in each of the intervals —4 < x < —1, -1 <x < l,and 1 < x < 4.
That is, x> — 15x 4+ 1 = 0 has three solutions in [—4, 4]. Since a polynomial of degree 3 can have at most 3 solutions,
these are the only solutions.

Without loss of generality, assume that a < b. Then F(x) = (x — a)> (x — b)? + x is continuous for all values of x, so it is
continuous on the interval [a, b]. Moreover F(a) = a and F(b) = b. By the Intermediate Value Theorem, since

a< % < b, there is a number ¢ between a and b such that F(x) = %.

Answers may vary. Note that f is continuous for every value of x.

(a) f(0) =10, (1) = 13> — 8(1) + 10 = 3. Since 3 < 7 < 10, by the Intermediate Value Theorem, there exists a c
sothat 0 < ¢ < 1 and f(c) = 7.

(b) f(0) = 10, f(—4) = (—4)®> — 8(—4) + 10 = —22. Since —22 < —\/5 < 10, by the Intermediate Value
Theorem, there exists a ¢ so that —4 < ¢ < 0 and f(c) = _\/§,

(c) f(0) = 10, f(1000) = (1000)® — 8(1000) + 10 = 999,992.,010. Since 10 < 5,000,000 < 999,992,010, by the
Intermediate Value Theorem, there exists a ¢ so that 0 < ¢ < 1000 and f(c) = 5,000,000.

All five statements ask for the same information because of the intermediate value property of continuous functions.
(a) A root of f(x) = x> — 3x — 1 is a point ¢ where f(c) = 0.
(b) The points where y = x3 crosses y = 3x + 1 have the same y-coordinate, or y = x* = 3x + 1
=fx)=x>—-3x—1=0.
() x3—3x=1 = x3—3x—1=0. The solutions to the equation are the roots of f(x) = x> — 3x — 1.
(d) The points where y = x> — 3x crosses y = 1 have common y-coordinates, ory = x> — 3x = 1
= fx)=x3-3x—-1=0.
(e) The solutions of x> — 3x — 1 = 0 are those points where f(x) = x®> — 3x — 1 has value 0.

sin (x —2)
X

Answers may vary. For example, f(x) = is discontinuous at x = 2 because it is not defined there.

However, the discontinuity can be removed because f has a limit (namely 1) as x — 2.

1

Answers may vary. For example, g(x) = =7

has a discontinuity at x = —1 because lim ) g(x) does not exist.
X — —

( lim g(x)=—occand lim gx) = +oo.)
x— -1 x— —17F

(a) Suppose c is rational = f(c) = 1. Choose € = % For any 6 > 0 there is an irrational number x (actually infinitely
many) in the interval (¢ — §,c 4+ §) = f(x) = 0. Then 0 < |x — ¢| < 6 but |f(x) — f(c)| =1 > % =€, so lim_f(x)

fails to exist = f is discontinuous at ¢ rational.
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64.

65.

66.

67.

68.

69.

Chapter 2 Limits and Continuity

On the other hand, c irrational = f(c) = 0 and there is a rational number x in (c — §,c + §) = f(x) = 1. Again
xliLnC f(x) fails to exist = f is discontinuous at c irrational. That is, f is discontinuous at every point.

(b) fis neither right-continuous nor left-continuous at any point ¢ because in every interval (¢ — 6, ¢) or (c,c + §) there
exist both rational and irrational real numbers. Thus neither limits . ILII(I: _ f(x) and lirn+ f(x) exist by the same
X—C

arguments used in part (a).

Yes. Both f(x) = x and g(x) = x — % are continuous on [0, 1]. However % is undefined at x = % since

g (%) =0 = % is discontinuous at x = %

No. For instance, if f(x) = 0, g(x) = [x], then h(x) = 0 ([x]) = 0 is continuous at x = 0 and g(x) is not.

Let f(x) = ﬁ and g(x) = x + 1. Both functions are continuous at x = 0. The composition f o g = f(g(x))

= m = % is discontinuous at x = 0, since it is not defined there. Theorem 9 requires that f(x) be

continuous at g(0), which is not the case here since g(0) = 1 and f is undefined at 1.

Yes, because of the Intermediate Value Theorem. If f(a) and f(b) did have different signs then f would have to
equal zero at some point between a and b since f is continuous on [a, b].

Let f(x) be the new position of point x and let d(x) = f(x) — x. The displacement function d is negative if x is
the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band. By the
Intermediate Value Theorem, d(x) = O for some point in between. That is, f(x) = x for some point x, which is
then in its original position.

If f(0) = 0 or f(1) = 1, we are done (i.e.,c = 0 or ¢ = 1 in those cases). Thenletf(0) =a > 0andf(1) =b < 1
because 0 < f(x) < 1. Define g(x) = f(x) —x = gis continuous on [0, 1]. Moreover, g(0) = f(0) —0 =a > 0 and
g(l)=1f(1) -1 =b—1< 0 = by the Intermediate Value Theorem there is a number c in (0, 1) such that

g(c)=0 = f(c) —c=0orf(c)=c.

Lete = @ > 0. Since fis continuous at x = c thereis a 6 > O such that [x —¢| < § = |f(x) —f(c)] <€
= f(c) —e < f(x) < f(c) +e.

If f(c) > 0, then e = 1 f(c) = 1f(c) < f(x) < 2 f(c) = f(x) > 0 on the interval (c — 6, c + 6).

If f(c) < 0,thene = — % f(c) = % f(c) < f(x) < %f(c) = f(x) < 0 on the interval (c — 8,c + 6).

c-6 ct+8

N\ flc)e
PN

f(c)-e

By Exercise 52 in Section 2.3, we have lim f(x) =L < lim f(c+h) =L.
Xx—=c h—0

Thus, f(x) is continuous at x = ¢ < lim_f(x) = f(c) < hlimo f(c +h) = f(c).
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Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

By Exercise 69, it suffices to show that hlimO sin(c + h) = sin ¢ and hlim0 cos(c +h) = cos c.
I . h = i . h k] = (si (1. h) (1. 'h)
Now Jim sin(c + h) Jim [(sin ¢)(cos h) + (cos ¢)(sin h)] = (sin c) Jim cosh ) + (cos ¢) Jim sin
By Example 11 Section 2.2,h1imocos h=1 andhlimosin h = 0. So hlim0 sin(c + h) = sin ¢ and thus f(x) = sin x is
continuous at x = c. Similarly,
I h) = i h) — (sin c)(sin h)] = (lim cos h) = (sin )  lim sinh) = cos .
Jim cos(c + h) Jim [(cos ¢)(cos h) — (sin ¢)(sin h)] = (cos ¢) Jim cos (sin ¢) Jim sin cos ¢

— —

Thus, g(x) = cos x is continuous at x = c.

x ~ 1.8794, —1.5321, —0.3473 72. x ~ 1.4516, —0.8547, 0.4030
x ~ 1.7549 74. x =~ 1.5596

X =~ 3.5156 76. x =~ —3.9058, 3.8392, 0.0667
x ~ 0.7391 78. x =~ —1.8955, 0, 1.8955

2.6 LIMITS INVOLVING INFINITY; ASMYPTOTES OF GRAPHS

(@ lim f(x)=0 (b)) lim f(x)= -2
X—2 x — —3*F

(c) lim37 f(x) =2 (d) lim3 f(x) = does not exist
X — — X —

(e) xling)+ fx) = —1 ® Xl:n})f fx) = + 0

(2) XlgnO f(x) = does not exist (h) XlgmoO fx)=1

@ |, lim__f(x)=0

(a) lim f(x) =2 (b) lim f(x)=-3
x—4 x — 2%

© Ilim fx)=1 (d) lim_f(x) = does not exist
X — 2 X —2

(e) lim f(x)= + o0 ®) lim_ f(x) = + o0
x — —3% X — —3

(g) lim_f(x) = + (h) Ilim f(x)= + o0
x— =3 x — 0*

i) lim f(x)= - () lim f(x) = does not exist
x—0 x—0

k) XILmOO fx) =0 0] < lim_oo f(x) = —1

Note: In these exercises we use the result lirg ﬁ = 0 whenever T+ > 0. This result follows immediately from
X — o0

Theorem 12 and the power rule in Theorem 1: . _1>1ni1 - (XL) = _l)lnil - (%)m/" = (X —1>mil N %)m/n =/ = ().
3. (a -3 (b)y -3

4. (a (b) 7

5. (@ 3 (b) &

6. (@ ®)

7. @ —3 ® —3
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72 Chapter 2 Limits and Continuity

8. (a) % (b) §

9. 7% < sin2x < % = _lim_ $12 — ( by the Sandwich Theorem
= X

10, — L <<l <L = Jim <Y =0 by the Sandwich Theorem

30 30 30 95 oo 30
2 sin t
. 2—tesint _ 7 -+ o140 _
11 t1—1>moo t+cost _t—1>moo T+ () = 1+0 1
: r+sinr T 14 (&) L. 1+0 1
12. rli>moo 2r+7—5sinr _rlimoo 2+%,5r(si%) _rl~I>moo 2r0-0 2
. X431 243 2 2
13. (a) Xleoo S —XleOO s+ =5 (b) 5 (same process as part (a))
2+ (%
. 2x3 47 _ H (75) —
14. (a) x1i>moo x3—x24+x+7 7x1l>moo 17%+%2+X13 =2
same process as part (a
b) 2 p part
1 1
: x+1 _ 7 it
15. (a) XleOO T3 —XlgnOO T3 =0 (b) 0 (same process as part (a))
3x+7 it
1 X — H X _
16. (a) XleOO ) —XlgnOC 1_:% =0 (b) 0 (same process as part (a))
: 7x3 _ . 7 _
17. (a) XleOO P o —XleOO T g T 7 (b) 7 (same process as part (a))
1 5
18. (a) xgmm T :xlgnoo 1—2,7+% =0 (b) 0 (same process as part (a))
10x° + x* + 31 Db+
. 5 b xh g7 .
19. (a) XlgmOO g = XILmOO ——==0 (b) 0 (same process as part (a))
: 9x* +x 1 9+ % _9
20. (a) xll>moo 2xT+5x2—x+6 _xll{noo 2+X‘%7}3+X% T2
(b) % (same process as part (a))
21 li —2x% —2x4+3 __ li _z_x%+x% _ 2
' (a) meoo 3x3 +3x2 — 5x _XLmOO 3+%7X~i2 -3
b) — 2 (same process as part (a
3 p p
: —x4 —_1; -1 _
2. @ (lim, s = M, g = !
(b) —1 (same process as part (a))
. 8x2-3 _ 1 8-3 _ .8-3 fg o _ _
23. lemoo 2%+ x _x1l>moo\/2+)'( - \/Xll>m002+)]( ~V2+o T \/Z_

i Cax—1)"? li I+3i-% 13 I '3 110-0\1/3 N/3 1
J— X< J— X —_— =1 Y f— = — =
24, XHHQOO< &3 ) =xAm o\ -3 ={, lim__ 85— 3 *( 80 ) = (8) — 2
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29.

30.

31.

32.

33.

34.

35.

36.

37.

39.

41.

43.

45.

46.

47.

1
Ix—x _ 1—x(1/5-1/3) 1_( 2,15) o
xleoo Ix+Yx xleoo 1 +x(1/3)-(1/3) 7Xl;m00 H_(x_ _ =1

1
. —1 _ . X+ 4
lim 5 = im
X =00 X X X—=00 l—%

lim 2xP3 —x1B347 —
X =00 343+ /x T xS00 I+ gEt g

X = —00 2x+x2B -4 7 x 5 =0 2+

1 3
YX=5x+43 2B 2ty
lim lim ﬁ = 2\/_

VAL e VAR VIR lim YO2HD/AR VIFI/Z /140

xli>moo x+1 7 x=00 (x+1) /\/_ X =00 (x+1)/x x]me T+1x) — (1+0) 1

lim Y24 — im VXNV VEEDA o VIR Ve
X —>—00 X+1 = x5 -00 (X+1)/\/X7 T x—= =00 (x+1)/(—x) T x—=o0(-1-1/x) — (-1-0)
lim —x=3 i =3V lim — =3/ lim _U=3/_ _ (-0 _1

(Hm 2125 xlimoomxz” S/Ve X Bbo AR 292 | x B toVEAt+as/  JA+0 | 2

li 4-13x3 lim (4 3x3 )/\/7 (4-3x%) /(%) _ (—4/x*+3) _ (0+3) -3

x—>IIloo X649 =x4m —00 /x64+9//x6 xgmoo (x6+9)/x° xlgnoo VI+9/x6 T /140
1 positive . 5 _ positive
X 11{%+ x = X ( posilive) 38. X ll{%— TERS ( negative )
i 3 _ _ positive : 1 positive
X li,n%— x—2 (negative) 40. X £n§+ =3~ X ( osmve)
: 2x negative : 3x negative
X _1}rr_18+ X8 = X ( positive ) 42. x 3@5— 2410 X (negallve)
4 _ positive : -1 negative
x1£n7 =72 — (positive) 44. Xh_, 0 x2(x+1) — S (posmve posmve)
. 2 _
(a) hn‘(l)+ 3X1 3 — O (b) X li{r(l), 3x1/3 — o)
(a) lim -2 =0 (b) lim -2 =-c0
x — 0F X7 x— 07 X7~
lim -+ = lim —5 = 48. lim - = lim ——5 = o
x— 0 X7 x—0 (x1?) x—0 X x—=0 ()
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49.

51.

52.

53.

54.

55.

56.

57.

58.

Chapter 2 Limits and Continuity

lim tanx = 0o
s

x— (3) x— (3F)
elin%)f (1 +csch)=—

00, so the limit does not exist

elir%’r (2 —coth) =

—ooand lim (2 —cotf) =
0 — 0"

(a) xlir%+ Xg£4 = X]_i>m2+ m =0 (posmve posmve)

(b) xli{%* x2174 = Xli>n12, m = - (posmve negdtlve)

© Xlirily le*4 = X_]jrfy (X+2)1(X*2) =7 (posmve neéallve)

d X _1}117127 x2174 - X —131112* (X+2)1(X*2) = (negdtlve negdnve)

(a) . 11{1}+ x;:l = « li{nl+ m =00 (pomgs:;:ltlve)

0 tim o A= lim oy = o (romesame)

© lm o= lm opep =00 (p03133§a$§auve)

(d) X 131111 2}:1 = X l}lljl (x+1)x(x71) =-x (negdziiag:;atlve)

(a) Xliﬁlﬁ %2_%—0_")(11{% _LX:_OO (negauve)

(b) xlir%’ X?Z - % =0 + hm _Lx =00 (posmve)

(© leng,‘ﬁ o= 2;3 —gr =271 =271 =0

@ tim £oloto(2)=3

@ lim 35} =oo (ot ) (b) lim 35y = o0 (e )
() lim 35p= lim S = 20 =0

@ Jim gk =

@ lim SR Gim G000 o (o)

) lim, S = lin SRS i s dxr2

@ lim St = lim SGRESH = lim 5= gox 72

(d) x]i~r>n2 : _32;2 - x]i~r>n2 (X"_Z(Z")(i(z_)l) x]i~r>n2 X;l - %’ x 7& 2

@ lim SFEe dimo SRR — dim o G0l = ol =

O fim S5 Gim S hm Boh o (e )
© | lim 53— lim o Shees = lim Gy = oo (o)

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



x=2)x-1) __

Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

x=D _ _0

. X2—3X+2 _ . . _
(d) xlimﬁ Bodx xlin% Xx—2)x12) xlimﬁ iy — me =0
. x=1 _ negative
(e) x1i>n%)+ x(x+2) o0 (positive-positive)
: x—1 _ negative
and xll{%— x(x+2) o0 (negative-positive)
so the function has no limit as x — 0.
. 37 : 31 —
59. (a) tli“é+ [2— 5] = - (b) tgnot [2—- ] =00
. 1 o : 1 _
60. (a) tli“é+ (& +7] =00 (b)  lim_ [3r +7] = —o0
. 2 : [ 2 —
61. (a) x1—1>rr(l)+ x23+(x—1)23 o8} (b) xgn}) _W+m_ =00
. 1 2 . [ 1 R
© I [em + i) = @ I em ¥ ] = o
. 1 1 : [ 1 —
62. (a) Xlg%+ aF T o] = b) lLm |45 — Gopm| =~
. [ 1 1 . [ 1 _
(© xlirri+ iyl Bl @ lim |55 — gopm| =~
_ 1 _ 1
63. y= 64y =7
y y
L | 1
10 . “\Y=x+l
5k ) x
— * :
sl
_1ok
_ 1 _ -3
65 y %14 66 y X_3
y y
_ -3
1 ry= x-3 x=3

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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76 Chapter 2 Limits and Continuity

_ x+3 _ 1 _ 22X _9_ _2
67. y= =1+ 68. y =1 =2
, y
[} } :
§ |
x=-2!1 '
i1
' ' 15 y=x+3 m
HE x+2 1
y=1 N B O
""""""" [aiaiaiat St Mt A y=2
\ ! i T A LT
X - -7 | \
.____1 :3 _% 0 / 0 ,/\_ ________ x
y= s ' =2 |1 L _2x
2 ) YETRA 1 YEAI
i H
Y '
' x=-1,
' 1
i

x
y
4_
3_
2_
___________ L (2,1
T E— 1 X
4 2\ 2 4

N mmmm e e e

2k
4
X
75. Here is one possibility. 76. Here is one possibility.
y y
hx)=X, x#0
[ 1 4r o) = 1
W=
A
0 * | 1 | 1 X
-4 2 2 4 6
-1 2+
4}
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89.

Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

Yes. If _lim_ ) — 2 then the ratio of the polynomials' leading coefficients is 2, so _ lim ) — 2 as well.
x — o0 gXx) X = —00 8(x)

Yes, it can have a horizontal or oblique asymptote.

At most 1 horizontal asymptote: If li)mOO % = L, then the ratio of the polynomials' leading coefficients is L, so
f(x)

Am o oes =L as well.

. 1 +41 4. (x+9)—(x+4)
Jim (VA9 Vi) = lim [VH A ] (] = im, ST
= lim —— = lim =

X =00 x+9++/x+4 X — 00 /1+%+ /1+%

Xli,moo(\/x2+25—\/x2—1>: lim _ [\/x2+25 V1| R Jf}_ lip L2000

VX2+254+Vx _X—>OO Vx2+254+Vx2
:X_>OO /X2 +25 +\/7 X—)QO \/H»izi+\/7—7:0
- ; _ o 3 (Ve ex] L g (F43) ()
XLHEOO( X +3+X>_xﬂmoc|: X +3+x:| {M—x}_xﬂmm Vx2+3-x
3 3
= lim_—2— = lim_ —% — = lim_ ———=:%=0
X — —00 x2+3—x X — —00 1+x_2_\/x7 X — —00 1+X»_2+|

i 2 _9) = I 2 — 5. 2x7\/m] _ (4x%) — (4x> +3x - 2)
xgrgm(szr VA2 + 3x 2) im_ [2x+ VA2 + 3x 2} [zx_m Jim B i)

=3x+2

. _ . . —3x+2 . 372
X = =00 2x—/4x2+3x—2 X — —00 T)XTZ, 4+i-3 X— =00 Z_ 443-35 XS T00 g 442-3
_3-0 _ _3
=227 7%
2 2
lim (\/9x2—x—3x> — — lim {\/9x2—x—3x} : [7v9—+3] — qim  X=0-0¢)
X — 00 X = 00 V/9x2 — x +3x X500 VOxP_x+43x
T —x _n -3 _ —1 _ -1 _ 1
= lim,, VX2 — x +3x » 10, ol x4 MULN g—ly3 343 6
X X

Xli)moo(\/xz—l-?)X—\/xz—Zx): lim _ |:\/X2+3X—\/X2—2X]-|:M:|— lim (30 - (0=

Vx24+3x+vx2—2x

X =00 /x2+43x+Vx2-2x
5 —

- lim —x — =3
X =00 /x243x+ /x> —2x X—>oo /143 N +1
: 2 _ 2« — T 2 _ 2 _ VX Hx+VxI—x w
x1l>moo \/X +x \/X Xixll{nso {\/X +x \/X X] |: X2+ x+/x2—x 7x1l>oo X2+ X +
lim —%2 — — =1

im — =
X =00 /x24+x+Vx2—x X=00 Jiply /1ol

X

For any € > 0, take N = 1. Then for all x > N we have that |f(x) —k| = |k —k| =0 <e.
For any € > 0, take N = 1. Then for all y < —N we have that |f(x) — k| = [k —k| =0 < e.

For every real number —B < 0, we must find a § > O such that forall x,0 < |[x — 0| < § = ;—1 < —B. Now,
-L<-B<0& L1>B>0ex<i o |x|<\[ Chooseéf\f then0 < |x| < 6 = |x|<\[

—1 1
= 7 <-Bso thatxlgn0 — & = —00.

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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90.

91.

92.

93.

94.

95.

96.

97.

98.

Chapter 2 Limits and Continuity
For every real number B > 0, we must find a § > 0 such that for all x, 0 < |x -0l<6 = ‘ > B. Now,
W >B >0« |x| < +.Choose 6 =2.Then0 < [x —0| <6 = [x| < § = \XI > B so that hm0 W = o0.
X —

‘20< —B.

For every real number —B < 0, we must find a § > O such that forall x, 0 < |[x — 3| < § = 3

NOW,(X:—3)2<—B<0<:> W>B>O<:> @<§ & (x-3P <2 <:>0<\:z:—3\<\/g. Choose

§=1/3.then0< [x—3|<é = _3)2 < —B < 0so that hm3 ﬁ:—oo.
For every real number B > 0, we must find a § > 0 such that forall x, 0 < [x — (=5)| < § = (XH)Q > B.

Now,(x+5))>B>0<:>(x+5)2<— & \x+5\<\/— Chooseé—\/— Then 0 < |[x — (=5)| < &

= |X+5|<ﬁ = (X+5)2 >Bsothat lim = 0.

15 &

(a) We say that f(x) approaches infinity as x approaches ¢ from the left, and write . ll)rré _f(x) = o0, if

for every positive number B, there exists a corresponding number § > 0 such that for all x,
c—o6<x<c = f(x)>B.
(b) We say that f(x) approaches minus infinity as x approaches c from the right, and write lirn+ f(x) = —o0,
X—=C

if for every positive number B (or negative number —B) there exists a corresponding number 6 > 0 such
that forallx,c <x <c+6 = f(x) < —B.
(c) We say that f(x) approaches minus infinity as x approaches c from the left, and write . lgré _f(x) = —o0,

if for every positive number B (or negative number —B) there exists a corresponding number 6 > 0 such
that forall x,c — 6 < x < ¢ = f(x) < —B.

ForB>0,1>B>0 < x< 4. Choose6=2. Then0<x<§ = 0<x<4+ = 1 >Bsothat lim | L= co.

X —

ForB>0,1<-B<0& —1>B>0 & —x<g < —4 <x. Choose§ = 4. Then —6 <x <0
1

>

:>——<x:>—< —B so that hrr(l L = —00.
X —
ForB>0,-5 <-B& -1 >B & —x-2)<i & x-2>-1 & x>2— L Choose § = 1. Then
2—6<X<2:> —6<x—-2<0=> —-12<x-2<0 = L <—B<O0sothat 111%7 L = —co.
X —

ForB>0, 15 >B < 0<x—2<g. Choose§ = 4. Then2 <x<2+6§ = 0<x—2<§ = 0<x—-2<g

1
X — -+ X—2

= OQ.

ForB>0and0<x<1,—>B & 1— X2<% & (1—X)(1+X)<%. Now%<1sincex<l Choose

§ < 35. Then1—6<x<1 = 6<x—1<0=1-x<6<5 = A-01+x)<5 (1) <3

1
1—x?

= ﬁ>Bf0r0<x<landxnearl = lim_ = 0.

x—1

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

2
x—1

=x+1+

X241
x—1

100. y

:X+1+xil

x2
x—1

99. y

=
|
— |
I
=
4
e
-
A<
h -
v I
S A
........ AN R
D
"
N 1
'
i\
B
'Y
1
4%
]
]
—
1_,
xR
+
—
+ —Hwn
=
1 ER
—
o
x_, o
=
I —H N
N
Nl — =
IIIIIIII Y—— T2
N
TN N N N BN [
ot oA SN\ o
J )
N
N
-1 N
N\
N
4 \
N
N

3
+1

X =1+ 5

1
2

x2—1
2x+4

102. y

-1/2

1

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



80 Chapter 2 Limits and Continuity

107. y =x*3+ L 108. y = sin (%)

x1/3

x2+1

109. (a) y — oo (see accompanying graph)
(b) y — oo (see accompanying graph)
(c) cuspsatx = =+ 1 (see accompanying graph)

110. (@) y — Oandacuspatx =0 (seethe accompanying
graph)
(b) y— % (see accompanying graph)

(c) avertical asymptote at x = 1 and contains the point

(—1, zg’W) (see accompanying graph) | .

CHAPTER 2 PRACTICE EXERCISES

1. Atx=-—1: limlf f(x) = . lirr_l1+ f(x) =1 y y= 1

X — —

= lim f00=1=f(-1)

X — —

—_
= fis continuous atx = —1. R 1 x
Atx=0: lim f(x)= lim f(x)=0 = lim f(x)=0. ,\
x—0 x — 0F x—0

But f(0) = 1 # lim f(x)

= fis discontinuous at x = 0.
If we define f(0) = 0, then the discontinuity at x = 0 is
removable.
Atx=1: lim f(x)=—-1land lim fx)=1
x—1 x— 17
= Xli_1>n1 f(x) does not exist

= fis discontinuous at x = 1.

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



Chapter 2 Practice Exercises

Atx=—1: lim f(x)=0and lim f(x)= —1
x— —1 X — —1%

= lim 1 f(x) does not exist

X—- 0, x<-1
= fis discontinuous at x = —1. )= 1/5, 0<|1x\<1
s xX=
Atx=0: lim f(x) =—ocoand lim f(x) =00 I x>1 1+
x — 0~ x — 0t . . N

= lim _f(x) does not exist - s !
x—0

= fis discontinuous at x = 0.
Atx=1: lim f(x)= lim fx)=1 = lim f(x) = 1. i
Xx—1 X — 1t x—1

But f(1) =0 # lim1 f(x)
X —
= fis discontinuous at x = 1.

If we define f(1) = 1, then the discontinuity at x = 1 is
removable.

(@ lim (3f(t) =3 lim f(t) =3(-7) = -21

t—tp ,
(b) lim (f(t)” = (tlln% f(t)) = (~7)* =49

(©) Jlim (f(t)- () = lim £(t)- lim g(t) =(=7)(0)=0

t—tp
. f _ fmf@ o lmfy .
@ Im 507 = e T e gy 07
(e) lim cos(g(t)) = cos ( lim g(t)) =cos0=1
t— 1y t—1p
@ lim |f(1)] = ‘ lim f(t)‘ — -7 =7
t—1p t—1p

(g) lim (f(t) +g(t)) = lim f(t) + lim g(t)=-7+0= -7
t—tg t—to t—1p
i 1) L -1 _ _1
() tanltg (W) Tolmfl) T =7 T
(@) lim —g(x) = — lim g(x) = —/2
x—0 x — 0

®) i, (209 100) = lim, 00 i, 109 = (V2) (3) = 7
(©) lim (f00) +g(0) = lim f(0) + lim g60 = 3 + /2

im L 1 1 _
() lim 75 = fmmo — 172
(e) lim (x+f(x)) = lim x+ lim fx)=0+1=1
x—0 x—0 x—0
lim f(x)- lim cos x 1
L f-cosx _ (- _ B0 _ 1
® Xh_{no T dmx m T o1 = 3

Since lim0 x = 0 we must have that lim0 (4 — g(x)) = 0. Otherwise, if lim0 (4 — g(x)) is a finite positive
X — X —

X —

number, we would have lin(l) - {@} = —oo and 1irr(1)+ [@} = 00 so the limit could not equal 1 as
X— X —

x — 0. Similar reasoning holds if lim0 (4 — g(x)) is a finite negative number. We conclude that lim0 g(x) = 4.
X — X —

2= X l—1>Hl—4 |:Xxlg>n0 g(x)} - X l—1>m—4 X X 1—1>m—4 [xlino g(x)} - _4x 1—1>m—4 Llint) g(x)} =4 xlgno g(X)
(since lim_ g(x)is a constant) = lim_g(x) = _%1 = — %
x—0 x—0

(@) lim f(x) = lim x'/? = ¢!'/3 = f(c) for every real number ¢ = f is continuous on (—o0, c0).
X—C X—C

(b) lim g(x) = lim_ x3/* = ¢3/* = g(c) for every nonnegative real number ¢ = g is continuous on [0, c0).

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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10.

12.

13.

15.

16.

17.

18.

19.

20.

Chapter 2 Limits and Continuity

(¢) Jim h(x) = lim x7*/° =

: —-1/6 __
(d) lim k(x) = lim_ x /6 =

o
— N

= k(c) for every positive real number ¢ = k is continuous on (0, o)

(@ U ((n—3)m, (n+ 1)7), where I = the set of all integers.
nel

(b) U (nm, (n+ 1)), where I = the set of all integers.
nel

(c) (—o0, ™) U (m, 00)
(d) (—o0, 0)U (0, c0)

x=2)x=2) _

xX2—4x+4  _ : X —
(a) hm0 Frse 1 — Xlgn0 TN = xhl:no 0 +7),x = 2; the limit does not exist because
x=2 x=2 _ _
M S Ooandxhn})+ sk T
x> —dx+4 —2)x—=2) _ x—2 _ 0 __
(b) thng B 14x XIE)HQ XKFDx=2) — Xh_r)nQ x(x+7) , X # 2, and 11m2 o = 39 =0
x> _ x(x+1) _
@ Jim ) mraree = M) srer e —xhino TainT = My wren e X # 0andx # — 1.
2
L 1 _ _xAx
Nowxll)m 2(X+1) = oo and lgr(l)+ x2(x+l) =00 = X11_r>n0 T F = 00
_ x(x+ 1) _ ..
(b) xll>m1 m— hml m— hml X)(X+1),X#Oandx#—l. The limit does not
exist becausexllrzlr m = —00 andX _13r£11+ m = 0.
. 17\/; . 17\/; . 1 1
. lim = lim — Y%~ = lim ==
x—1 1-x x—1 (=VX)(I+yx) x5 T+yx T 2
: L T (x*—a?) _ 11
dm, S = lim, ey = 0, wie =

2 _ 2 . 2 22 .
lim ("“1% — 1lim % = lim (2x +h) = 2x
h—0 h—0 h—0

2 2 2 2\ _ 2 .
lim &V =x _ jim % = lim 2x+h)=h
x—0 x—0

1
: ix "3 __ 2-2+x) _ 1 -1 _ 1
Jm === lim ) 57t = lim e = — g
. 3 _ . 3 2 — .
lim GFX°=8 _ iy & +12x+8)-8 hmo (x2 4 6x + 12) = 12

X X

x—0 x—0 X —

lim 202l g GOS0 GRSy R
X — 1 \f T xo1 (Wx=1) 0 (Vx+D)EBExIBED) T ) (k=D HxIBE) T T KRB
_ _14+1 2

T l414+1 7 3

. 2B_16 _ 1 (P-4 (xP+4) .. (x13—4)(x'P+4) (P +4x'P+16)(\/x+8)
i, e = lim, CESREE e

— lim & V(x2+4) (Vx+8) lim (X'B+4)(VX+8) _ (4+4)(8+8) _ 8

T X 64 x—64)(xB+4axIBP416) T ea 2P +4xIB+l6 T 16+16+16 T 3

tan2x __ 1; sin2x | cosmX __ q; sin 2x '\ ( cos X X 2xX) _~1.1.1.2_2

xlgno tan 7x _xhino cos2x  sin7x _xlgno ( 2x )(COS2X)(Sinﬂ'X)(7TX) =1-1-1 T

lim x= lim - =
X — T ese x—7r Sinx >

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.
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22.
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27.

28.

29.

30.

31.

32.

33.

34.

35.

Chapter 2 Practice Exercises 83

im_sin (3 4 sinx) =sin (§ +sin7) =sin () =1

Jim cos? (x — tanx) = cos? (7 — tan7) = cos? (1) = (—1)* =1

lim 2=l — Jim (

2 2

: cos”2x — 1 : —sin~ 2x
sinx lim - lim

x—0 x—0

—=» LA L — -t — —4sinxcos?x __ —4(0)(1) —0
x—0 sinx(cos2x + 1) x—0 sinx(cos2x + 1)

lim =

cos2x —1 | 0052x+1) —
x—0 cos 2x + 1 1+1

sinx cos 2x + 1

Letx=t—3= lim In(t—3)= lim Inx = -0
+ +

t—3 X —

lim CIn(2—/t) =In1=0

t—

—-1< cos(%) <l=e!l<ens@) <el = /e < \/56“’3(”/0) <+\be= Glim+\/56005(”/9> = 0 by the Sandwich
— 0

Theorem
. 27 g 2 2
Zli)l’l’(l)+ ellz41 — lefr(lﬁl-ke*lrz_ 1+0_2

1/3
xl—i>mo+ [4gx)]/=2 = L(li)mO+ 4 g(x)} =2 = xli)n})+ 4 g(x) = 8, since 2° = 8. Then Xli)n%)+ g(x) = 2.

lim —L—-=2= 1lm_ G+gx)=3% = +/5+ Ilim X)=1 = lim x)=1—-4/5
Jim Jim G+ g0 =5 Vs Jim g =5 = lim g0 = V5

; 341 ; — 0« ; 2 —
X11_r)n1 ) = © = X11_1)111 g(x) = 0 since X1gn1 Bx*+1)=4

: 5—x2 _ - _ - . ) —
xlirrlg @—0:>xlir112g(x)—m31ncexlirrl 5-x)=1

(@) f(—1) = —1and f(2) =5 = fhas aroot between —1 and 2 by the Intermediate Value Theorem.
(b), (c) root is 1.32471795724

(a) f(—2) = —2 and f(0) = 2 = f has aroot between —2 and 0 by the Intermediate Value Theorem.
(b), (¢) root is —1.76929235424

x(x2—1) y

Atx=—1: Ilim fx)= Im 53—~
x— —1 Xx— —1 x* =1 /
= lim_ *%=U— jim x=—1,and :

X — —1" x— —17
x(x?—1)

. o . x(x2—1) _ .
X _I}IEF- f(X) B X _1}I£11+ =1 = X _I}IE1+ -(x2-1) X

3
= lim (—x)=—(-1)=1. Since \\L
X — —

lim fx)# lim f(x) !
o o £@) =x(c3 = /12 1]
= lim . f(x) does not exist, the function f cannot be =X *
X — —

extended to a continuous function at x = —1.

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



84 Chapter 2 Limits and Continuity

PR T e ) R (G2-1) g

Atx = 1: xlgri* f(x)_xllni* ] xl;rrﬁf oy Fy lerrif( X) 1, and
lim fo) = lim *5=D— jim =D — jim x=1. Again lim_ f(x) does not exist so f
x — 17 x—1t K= x—1t X x— 17 x—1

cannot be extended to a continuous function at x = 1 either.

36. The discontinuity at x = 0 of f(x) = sin (%) is nonremovable because lim0 sin % does not exist.
X —

37. Yes, f does have a continuous extension to a = 1: Y
. _ . x—1 _ ﬂ

define f(1) = Xlgn1 oyl £ 2

1
X
=1 1
x—1
f@W=5—p a=1

38. Yes, g does have a continuous extension to a = %:

5 p 5 8(0)

T\ _ 1; cosf _ 5

g(i)_algng 0—2r — &
2

_ 5cosf 1
80 =35 o7

A

-2
N
39. From the graph we see that . Enéf h(t) # tgn(}+ h(t) h(t)
so h cannot be extended to a continuous function
ata=0. :
1
—

-1 1

-1
Ay =1+ DY, a=0

40. From the graph we see that lir% kx) # lin}) . k(x)
X — X —

k(x)

so k cannot be extended to a continuous function

ata=0.
2+
3 ; 24+ 3
s 243 i 2t5 240 2 : 243 1 2 _ 240
41. xll>moo5x+7 - x1i>moo5+§ ~ 540 5 42. xl}_oosx2+7 - xg—oow 5~ 540
: x> —4x+8 _ : 1 _ 4 4 8\ _0n_ _
43. xl}n—loo 3x3 - xlln—loo(l}x 3x?2 + 3x3) =0-0+0=0
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1
: : ; __ 0  _
44, lemooxl—hH XleoolJﬂiz =100 =0
: x~—=T7x : x=7 _ _ xt + %3 : x+1
45. xllnfloo x+1 xlygoo1+% = 46. hm Sol2x3 + 128 — xllnfloo12+% =
47. lim S < lim - = 0since [x] — coasx — oo = lim sinx — ),
X =00 |X] X = 00 [x] [x]
48. lim COSZ’I < hm ——O:> lim C"Sz =0.
0 — oo 0= ool 0 — oo
. X+Sinx+2\/;7 . 1+“nx+\[ 14040
49. xll>moo X + sin x _x1l>moo 1+°‘;" - 140 =1
By x I+ x®3 ) _ 140 _
50. xli>moox2/3+coszx _x1l>moo<1+%) —1+0 T 1
51 xli}mooel/xcos(i) =€’ cos(0)=1-1=1
52. lim In(14+1)=In1=0
t — 0o t
53. lim_tan'x=-T
X — —00 2
54. lim e&¥sin™' (1) =0.sin"'(0)=0-0=0
t t
— —00
55 4 x2+4 _ d i x? X +4 _ h 3 1
(@ y=7% + = —oo and lim 5 = + o0, thus x = 3 is a vertical asymptote.
x%3 - x — 3t X~
o x2—x-2 - 1. 13 x2—x—2 x2—x—2 _ _ . :
b y= TH]S undefmedatx—l.)glﬂ}r T = —o00 and X11m1+ Tl = — 0% thus x = 1 is a vertical
asymptote.
(©) y= 2+x=6 jsundefined at x = 2 and —4: hm XAEx=6 _ iy 343 5. fjy X Ex=6 _ fjy x4 o
Y= % ax-s M, rx—s — (ML xar T e M e aes T, MM
: X4+x=6 _ 1 x+3 _ _
h_> | K28 _Xllm_4+ 3 = —00. Thus x = —4 is a vertical asymptote.
56. (@) y =2 lim L% = lim e lz;z—land lim =% = lim %":*—:—1 thusy = —1lisa
: xX2+1 x—>oox2+l X —00 1+ 1 X ——o00 X2+1 x> 001+ 1
horizontal asymptote.
y
4
Vxtdp f+ _ i _
(b) y= Wegt Jim = = lim \/1—& = \/— =1, thus y = 1 is a horizontal asymptote.
4 4 4
V<2 . VX2 +2 ‘/ . 2 . I+ . I+5
(c) y=YE4 [jm VY — iy 9 —1and Jim X — —~ = lim —
X X—00 X X — 00 X— —00 X X = =00 73 X — —00 =x
4
= qim Y2 = V1H0 _ L _ | thusy = landy = —1 are horizontal tot
= lim *—==Y7—=—S=—Lthusy=1landy= are horizontal asymptotes.
9 9
X249, 1 X+9 _ 1 +5 . x2+9 '+ Jiv0 _ 1
@ y= x>+ 1° lemoo 9x2 +1 _xlgmoc 9+L and hnloo 9241 XLIIIIOO 9+L — Vo+0o T 3
thusy = 1s a horizontal asymptote.
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CHAPTER 2 ADDITIONAL AND ADVANCED EXERCISES

1. (@ x | 0.1 0.01 0.001 0.0001 0.00001
X" | 0.7943 0.9550 0.9931 0.9991 0.9999
Apparently, . 11}1%+ x*=1
(b)
y
1
0.6 .
y=x
0.2
X
0.2 0.6 1
2. (@) x | 10 100 1000

()™ 03679 03679 0.3679
Apparently, lim (%)I/UM) =03679 =1
(b)

y

1/(1n x)
flx) = (1)
X

0.4

0.2

. . 11m v2
3. V]l}l’l}fL—vll)HéiLoy/ LO \/ L() —O

The left-hand limit was needed because the functlon Lis undefmed if v > ¢ (the rocket cannot move faster
than the speed of light).

4. (a) ]£—1‘<02: 02< ¥ 1<02 = 08< <12 = 16<,/x<24 = 256<x<576.

b) |1 <0l = —01< Y -1<01 = 09< <l = 18</X<22 = 324 <x <4384,

5. |10+ (t —70) x 1074 — 10| < 0.0005 = |(t — 70) x 10*4| < 0.0005 = —0.0005 < (t — 70) x 10~* < 0.0005
= —5<t—-70<5 = 65°<t<75° = Within5°F

6. We want to know in what interval to hold values of h to make V satisfy the inequality
|V — 1000| = |36h — 1000| < 10. To find out, we solve the inequality:

136h — 1000| < 10 = —10 < 36xh — 1000 < 10 = 990 < 367h < 1010 = 20 < h < 1010
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= 8.8 < h < 8.9. where 8.8 was rounded up, to be safe, and 8.9 was rounded down, to be safe.
The interval in which we should hold h is about 8.9 — 8.8 = 0.1 cm wide (1 mm). With stripes 1 mm wide, we can expect
to measure a liter of water with an accuracy of 1%, which is more than enough accuracy for cooking.

Show lim f(x) = lim (x> —7) = —6 = f(1).
x — 1 x —1

Stepl: |(x2=7)+6|<e = —e<x’—1<e=1-c<x*<l+e= 1-e<x<yI1l+e
Step2: [x—1]<éd = —6<x—-1<é6=> —-6+1<x<6+1

Then —6 +1=1/T—cord+1=+/1+c Chooseé:min{l—\/1—6,\/1+e—1},then

O<|x—1]<é6 = |(x*-7)—6| <eand liml f(x) = —6. By the continuity test, f(x) is continuous at x = 1.
X —

. T 1 _n _ 1
Show Xlgn% g(x) = Xlgni ==2=g(j).

SteplI: |5 —2|<e = —e< g —2<e = 2-—€e<3<2+€=> 75 >x> 5.

Step2: [z—i[<é = —d<x—Lt<éd= -6+1<x<s+l.

Then76+%:4+126 = 5:%74j2€:ﬁ,0r5+i:4_126 = 5:4—1257%:4(25—9'
Choose 6 = 57 , the smaller of the two values. Then 0 < |x— 3] <6 = |5 —2| <eand lim 3> =2.

4

. . . . _ 1
By the continuity test, g(x) is continuous at x = 5 .

Show lim h(x) = lim v/2x —3 = 1=h(2).

X — X —
Step 1: ‘\/2x—3—1‘<6 = —e<V2x—3-1<e=>1-e</2x—3<1+e = =98 oy o Q043
Step2: |x—2|<d = —6<x—2<bdor—6+2<x<+2

— )2 — )2 _ )2 P 2
Then —6+2=1"9F8 = §=2 (=T8I0 _ & or§42=0tTH3

A+e?+3 9 — (14+e€)?—1
—g— =Lr -

3 =e+ % . Choose 6 = € — %, the smaller of the two values. Then,

= 6=
O<|x=2|<6 = ‘\/ZX -3 - 1‘ < €, S0 lim2 v/2x — 3 = 1. By the continuity test, h(x) is continuous at x = 2.
X —

Show lim_F(x) = lim_+/9 —x =2 =F(5).
X —09 X —0
Step 1: ’\/9—){—2‘ ce= <9 x-2<c=9-Q2->x>9— (240

Step2: 0<|x—5|<d = —6<x—-5<d = —6+5<x<d+5.
Then -6 +5=9—-2+€)? = §=02+eP —-4=€e24+2c,0r6+5=9—-2—€)? = §=4—2—€)? =€ — 2.

Choose § = €* — 2¢, the smaller of the two values. Then, 0 < |[x — 5| < § = ’\/ 9—-x— 2’ < €, 50

lim5 V9 — x = 2. By the continuity test, F(x) is continuous at x = 5.
X —

Suppose L; and L, are two different limits. Without loss of generality assume Lo > L;. Lete = % (Lo — Ly).
SincelemXO f(x) =L thereisa é; > Osuchthat0 < [x — x| < & = [f{X)—Li|<e = —e<f(x)—L; <e¢
= —3(@Ly—L)+L; <f(x) <§(@Ly—Ly)+L; = 4L; — Ly < 3f(x) < 2L; + L. Likewise, Jim, f(x) = Lo
sothereisa d such that 0 < |[x —xo| < 62 = |[f{X) —Lo| <e = —e<f(x) —Ly<e¢

= 7%(L2 — L)+ Ly <fx) < %(Lz —L)+Ly = 2Ly +L; <3f(x) <4L, — L,

= L — 4Ly < —3f(x) < —2Ly — L;. If § = min {61, 62} both inequalities must hold for 0 < |x — xq| < 8:

4L, — Ly < 3f(x) < 2L; + Lo
Ly — 4L, < —-3f(x) < —2Ls — L

a contradiction.

} = 5(L; —Ly) <0<L;—Ls. Thatis,L; — Ly <OandL; — Ly >0,

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



88

13.

14.

15.

16.

Chapter 2 Limits and Continuity

Suppose lim f(x) = L.Ifk =0, then lim kf(x) = lim 0 =0=0- lim_ f(x)and we are done.
X—cC X—C X —cC X —C

If k # 0, then given any € > 0, thereisa § > 0 so that 0 < |x —¢| < § = [f(x) —L| < 7 = [K|[f(x) — L[ <e

= [k(f(x) — L)| < ¢ = |(kf(x)) — (KL)| < e Thus, lim_kf(x) = kL = k(xlgnc f(x)).

(@) Sincex — 0H,0<x}3<x<1 = (x*-x) - 07 = lirr(1)+f(x3—x): lirr(lrf(y):Bwherey:x?’—x.
X — y—
(b) Sincex — 07, -1<x<x3<0 = (x*-x) - 0F = lin%)ff(x3—x): lin(lﬁf(y):Awherey:x?’—x.
X — y —

(c) Sincex — 0", 0<x*<x’<1 = (x*—x*) — 0F = lim+f(x2—x4) = lin%]+ f(y) = A where y = x> — x*.
yg)

X —

(d) Sincex — 07, -1<x<0 = 0<x'<x*<1 = (x¥*~-x') — 07 = lim f(x*—x")=Aasinpart (c).

X —
(a) True, because if Xli_r)na (f(x) + g(x)) exists then XliLna (f(x) + g(x)) — Xli_r)na fx) = Xli_Ipa [(f(x) + g(x)) — f(x)]
= XliLnE1 g(x) exists, contrary to assumption.

(b) False; for example take f(x) = % and g(x) = — % Then neither lim0 f(x) nor lim0 g(x) exists, but
X — X —

Xlgn0 fx) + gx)) = Xlgno ( X) hrn0 0 = 0 exists.

X X —

(c) True, because g(x) = |x| is continuous = g(f(x)) = [f(x)| is continuous (it is the composite of continuous

functions).
-1, x<0 . . .
(d) False; for example let f(x) = L x>0 = f(x) is discontinuous at x = 0. However [f(x)] = 1 is
continuous at x = 0.
. 1 -1 _ 1; x+Dx=1) __
Showxlirrllf(x)—xlirrll i _xlimq a0 = —2,x # —1.
=1 _
Define the continuous extension of f(x) as F(x) = { X 2+1 L XF 11 . We now prove the limit of f(x) as x — —1
_ X = —

exists and has the correct value.

Step 1:

Xj;}—(—z)‘q = e OOl Lyt 5 e x-DH2<exFE L S —e—l<x<e-L

Step2: [x—(—1]| <6 = —6<x+1<6 = —-6—-1<x<é—1.
Then -6 —1=—€e—1 = §=¢€c,or6—1=¢—1 = §6 =¢. Choose§ =¢. Then0 < |[x —(—=1)| < ¢

x3—1

= |57 — (—2)‘ <€ = lim . F(x) = —2. Since the conditions of the continuity test are met by F(x), then f(x) has a
X — —
continuous extension to F(x) at x = —1.
: T X2=2x-3 _ 1; x=3)x+1) __
Show Xlg}ng g(x) = X15113 e = Xl£113 o3 = 2 XF3

x2—2x-3 X ;é 3
Define the continuous extension of g(x) as G(x) = { 5 2x=6 °

. We now prove the limit of g(x) as
, X =

X — 3 exists and has the correct value.

Step 1:

2_ox—3 x=3)x+1 +1
Mt 2| <e = —€e< Ty —2<€e = —e< - —2<6X#3 = 3-2e<x< 3+ 26

Step2: [x—3| <6 = —6<x—-3<6=>3-6<x<6+3.
Then,3 —6=3—-2c = 6 =2¢,or 6 +3=3+2¢ = 6 =2¢e. Choose 6 =2¢. Then0 < [x —3| < ¢

(x—3)(x+1)
2(x—3)

x2—2x-3

= 2x—6

= 2. Since the conditions of the continuity test hold for G(x),

—2‘<e = lim

X —

g(x) can be continuously extended to G(x) at z = 3.
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17. (a) Lete > 0be given. If x is rational, then f(x) = x = |f(x) — 0| =|x — 0| <€ & |x — 0] < ¢; i.e., choose
6 =-¢c. Then|x — 0] < 6§ = |f(x) — 0| < e for x rational. If x is irrational, then f(x) =0 = |f(x) — 0| < e
< 0 < e which is true no matter how close irrational x is to 0, so again we can choose § = €. In either case,
givene > Othereisad = € > Osuchthat 0 < [x — 0| < § = |f(x) — 0] < e. Therefore, f is continuous at
x=0.

(b) Choose x = ¢ > 0. Then within any interval (c — 8, ¢ + ¢) there are both rational and irrational numbers.
If c is rational, pick € = % No matter how small we choose § > 0 there is an irrational number X in
(c—0b,c+06) = |f(x) —f(c)] =0 —c| =c > § = e. Thatis, fis not continuous at any rational ¢ > 0. On
the other hand, suppose c is irrational = f(c) = 0. Again pick ¢ = 5. No matter how small we choose 6 > 0
there is a rational number x in (¢ — §,¢ + 6) with [x —¢| < § =€ < § < x < 3. Then [f(x) — f(c)| = [x — 0|
= |x| > § =€ = fis not continuous at any irrational ¢ > 0.
If x = ¢ < 0, repeat the argument picking € = % = 5. Therefore f fails to be continuous at any

nonzero value X = c.

18. (a) Letc = T be arational number in [0, 1] reduced to lowest terms = f(c) = ﬁ Pick e = % No matter how
small 6 > 0 is taken, there is an irrational number X in the interval (c — 6,¢ + ) = |f(x) — f(c)| = |O — %|
= % > % = €. Therefore f is discontinuous at X = ¢, a rational number.

(b) Now suppose c is an irrational number = f(c) = 0. Let € > 0 be given. Notice that % is the only rational
number reduced to lowest terms with denominator 2 and belonging to [0, 1]; % and % the only rationals with
denominator 3 belonging to [0, 1]; 1 and % with denominator 4 in [0, 1]; %, %, % and % with denominator 5 in
[0, 1]; etc. In general, choose N so that % < € = there exist only finitely many rationals in [0, 1] having
denominator < N, say 1y, Ia, ... , I,. Let§ = min{|c —r|: i=1,...,p}. Then the interval (c — §,¢ + §)
contains no rational numbers with denominator < N. Thus, 0 < |x —c¢| < § = [f(x) — f(c)| = |f(x) — O

= [f(x)] < <€ = fis continuous at x = c irrational.

(c) The graph looks like the markings on a typical ruler y
when the points (x, f(x)) on the graph of f(x) are ]
connected to the x-axis with vertical lines.
0.8
0.6
0.4
0.2
— X
0 0.2 0.4 0.6 0.8 1
f) = 1/n if x'=m/n is a rational number in lowest terms
— 10 if x is irrational

19. Yes. Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the
zero point, 0, on the equator = 0 + 7R represents the midnight point (at the same exact time). Suppose x;
is a point on the equator “just after" noon =- x; + 7R is simultaneously “just after" midnight. It seems
reasonable that the temperature T at a point just after noon is hotter than it would be at the diametrically
opposite point just after midnight: That is, T(x;) — T(x; + 7R) > 0. At exactly the same moment in time
pick x» to be a point just before midnight = x» + 7R is just before noon. Then T(x3) — T(x2 + 7R) < 0.
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20.

21.
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Assuming the temperature function T is continuous along the equator (which is reasonable), the Intermediate
Value Theorem says there is a point ¢ between 0 (noon) and 7R (simultaneously midnight) such that

T(c) — T(c + wR) = 0; i.e., there is always a pair of antipodal points on the earth's equator where the
temperatures are the same.

. . 1 2 2 1 . 2 . 2
Jim, 0000 = Jim, [ (500 + g60)” = (f00 — e00)°| = 4] (Jlim (00 + £00))” = (Jlim (00 = g00))) |
— 4@ 1) =2

(a) Atx=0: hm ry(a) = algno ‘1%\/17”: lim ( 1+\/7)< M)

a—0 1-+y1+a
— lim 1-(1+a) — -1 1
a—0 a(717\/1+a) —1—+/1+0 2

Atx = —1: aiin,l1+ r+(a):a*1,in,ll+ a(-1-+/1+a) —a1_1>1’11_1 a(-1-+/1+a) = -1-4/0 =
(b) Atx=0: lim r ()= 1in(1r SloViEe iy (‘“V”a)(‘”v”a)
a—

1-(+a) : —a -1 1

a— 0" a 1++/1+a
= lim _1=d+a = 0o (because the
a0~ a(-l+y/1+a) a_>of a(— 1+\/l+d) a_>o* —1+\/1
denominator is always negative); . ling)+ r_(a) = . lin(l) . T\/l_ﬂ = —oo (because the denominator

is always positive). Therefore, lim0 r_(a) does not exist.
a—

. . —1—4/1+a
Atx=—-1: lim r_(a)= Ilim ————— = Iim —1
a— —1% @) a— —1% a a— —11 —1+v
(©)
r (a)
N r_(a)
0.8 ro@) = =1+V/I+a r@y e L= VTTE
0.6 ) 2 - a
a a
-1 -0.5 0.5 1 S 2 4
Graph not to scale -2
-4
(d)
f(x) f(x)
a=0.2 40
] a=0.1 a=0.5
a=0.05
20
X -
-1 .5 1 asl
; J X
-50 -30
fE)=ax*+2x -1 9
f@ =axt+2x-1
-20.
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22. f(x)=x4+2cosx = f(0)=04+2cos0=2>0andf(—7m) = -7+ 2 cos(—m) = —7 — 2 < 0. Since f(x) is

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

continuous on [—, 0], by the Intermediate Value Theorem, f(x) must take on every value between [—7 — 2, 2].
Thus there is some number ¢ in [—, 0] such that f(c) = 0; i.e., c is a solution to X 4+ 2 cos x = 0.

(a) The function fis bounded on D if f(xX) M and f(x) < N for all x in D. This means M < f(x) < N for all x
in D. Choose B to be max {|M|, [N|}. Then |f(x)| < B. On the other hand, if |f(x)| < B, then
—B <f(x) <B = f(x) —Bandf(x) <B = f(x)isbounded on D with N = B an upper bound and
M = —B a lower bound.

(b) Assume f(x) < N for all x and that L > N. Lete = L5, Since (lim f(x) = L there is a § > 0 such that

0<|x—x|<é = [fx)—L|<e e L-e<f(x)<L+e e L-5N<fix) <L+ 55N
& BN < f(x) < LN ButL > N = N > N = N < f(x) contrary to the boundedness assumption
f(x) < N. This contradiction proves L < N.
(c) Assume M < f(x) for all x and that L < M. Lete = % As in part (b), 0 < |[x — Xo| < 6
= L - % <f(x) <L+ % & % < f(x) < % < M, a contradiction.

(a) Ifa b,thena—b 0 = |a—bl=a—b = max{a b}l = atb y A=b _atb  ab _ 2 _,
’ 2 2 2 2 2
Ifa<b,thena—b<0 = |a—b/=—(a—b)=b—a = max{ab} =240 4 B-bl _atb 4 b-a
__2b _
)
(b) Let min {a,b} = 2t — 2201
. _ sin(l—cosx) _ 1: sin(1 — cos x) l—cosx  l+cosx _ s sin(1 — cos x) . . 1—cos?x Rt sin? x
X]E}Ilo - X —x11£>n0 1—cos x X 1+cosx _Xlﬁno 1—cosx xlgno x(1+cosx) — 1 xlgno x(1 + cos x)
— Jim Sinx . _sinx 1, (0) —
- x]lLl’lO X 1+cos x =1 (2) =0.
lim Sy = fim snx . VXL g gim oL fim X =1-0-0 =0,
X — OF sin /X X0t T osiny/x o Vx x~>0+(s":[‘x/;) x — 0F
. sin(sinx) __ q: sin(sinx) sinx __ 1: sin(sin x) . sinx __ _
Jim 2 i S S i SR Jim S = 11 = 1

. osin(x®4+x) g sin(x® +x) . e sin(x®+x) Rt 1.1 —
Xlg)nogX = Xlgnogxf_,er (x+1)= )(11_r>n()7)(2+X Xlgno(x +)=1-1=1

. sin(x> —4) __ . sin(x? —4) T sin(x? —4) . _ _
Jm, = = lim S - (x+2) = limy S lim (x+2) =10 4=4

. sin(\[—?)) T sin(\[—S) 1 T sin(\/;—?)) . 1 _ 1 1
x1£n9 x—9 _x1£n9 Vx=3 T Vk+3 _xlgn‘) Vx—3 .x1£n9\/£+3 =l5=5

Since the highest power of x in the numerator is 1 more than the highest power of x in the denominator, there is an oblique

asymptote. y = % =2x — ﬁ, thus the oblique asymptote is y = 2x.

Asx — +00,1 - 0=sin(l) 0= 1+sin(l) — I, thusasx — £ o0,y =x+xsin(1) =x(1 +sin({)) — x;

1 1 1
X X X X

thus the oblique asymptote is y = X.

Asx — 00, x24+1 - x2=V/x2+1— Vx2;asx — —00, VX2 = —x, and as x — + 0o, V x2 = x; thus the
oblique asymptotes are y = x and y = —X.
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34, Asx — j:oo,erZHxé\/x2+2x:\/x(x+2)éx/x2; as X — —o00, Vx2 = —x, andas x — + 00, Vx2 = Xx;
asymptotes are y = x and y = —X.

Copyright © 2012 Pearson Education, Inc. Publishing as Addison-Wesley.



