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CHAPTER 2 LIMITS AND CONTINUITY

2.1 RATES OF CHANGE AND TANGENTS TO CURVES

L (@ & =10 _-28-9_19 (b) &f = M=feb _2-0

2. (a)%:%:‘%:o (b)%:g(g):(fi(z—f):%:_z

3. (@ A= ME=NE) oo (b) 80— hEME _0-v3 _ 5
I3y : 1% I

4. (a) % — g(ﬂﬂ):(%m) _ (271;:52“) _ _% (b) % _ g(;):(g_(;)ﬂ') _ (271)2;(271) —0

5 AR _ RQ-RO) _ VB -1 3.1 —
: 2-0 - 2 -

Ao - - 2

AP _ PQ)—-P1) _ B=16+100-(1—-4+5) __ _
6. AP — = ) =2-2=0

AG 2-1
7. (a) Q Slope of PQ = %
Q1(10,225) 659-235 — 42.5 m/sec
Q(14,375) 650375 — 45.83 m/sec
Q3(16.5,475) 60— = 50.00 m/sec
Q4(18,550) 650-3%0 — 50.00 m/sec

(b) Att = 20, the sportscar was traveling approximately 50 m/sec or 180 km/h.

8. (a) Q Slope of PQ = 2P
Q1(5,20) 81()0:250 = 12 m/sec
Q2(7,39) 8= = 13.7 m/sec
Q5(8.5,58) $0-38 — 14.7 m/sec
Qi(95,72) =12 — 16 m/sec

(b) Approximately 16 m/sec

0. (a) &= (W =N-(I03) _ dwdnelo3o1 el _ g4 gh Agh — 0,4+ 4h — 4 = at P(2, 1) the slope is 4.
b) y—-1=4x-2)=y—1=4x—-8=y=4x—7

2
10. (@) §y = CoUEM)=01) _soiodhoiiod _ =W _ 5 Agh—0,-2—h— —2 = at P(1,4) the
slope is —2.

b)) y—4=(2)x—-1)=y—-4=-2x+2=y=-2x+6
11. (a) % — (<2+h)2_2(2+h);3)_(22—2(2)—3) — 4+4l’1+h2—4h—2h—3—(_3) — 2h?l»h2 =24h ASh—>0,2+h—>2:>at
P(2, —3) the slope is 2.
b)) y—(-3)=2x—-2)=y+3=2x—4=y=2x—17.
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Chapter 2 Limits and Continuity

2 2
% _ ((+h —4(1+:))—(1 ) _ |+2h+h2—h4—4h—(—3) _ hlizh —h—2Ash—0,h—2— —2=at
P(1, —3) the slope is —2.
y—(=3)=(2)x—-1)=y+3=-2x4+2=y=-2x—1.
% — (2+h}13—23 _ 8+l2h+4}t1h2+h3—8 _ 12h+4}11h2+h3 _ 12+4h+h2ASh—>0, 12+4h+h2 N 12’ = at
P(2, 8) the slope is 12.
y—8=12x—-2)=y—-8=12x—-24=y=12x — 16.
3
Ay — 2_(1+h)h_(2_13) — 2—1—3h—hSh2—h3—1 — _3h_ih2_h3 = _3 —3h—h2.ASh —>0, -3 _3h_h2 N _3, = at

P(1, 1) the slope is —3.
y—1=(-3)x—-1)=y—-1=-3x+3=y=-3x+4.

A (1+h)* —12(1+h) — (13 —12(1) 1+3h+3h? +h*— 12— 12h — (—11 — 24nd
A_iz - ( ): + - ( ): 9h+ﬁh+h:—9—|—3h—|—h2.ASh—>0,
—9+3h+h?— — 9= atP(1, —11) the slope is —9.
y—(-1)=(-9x—-1)=y+11=-9%x+9=y=-9x—2.

A (2+h)’=32+h’+4- (=32’ +4) _ 84 12h46h24+h’— 12— 12h—3K2+4-0 _ 3h24H°
A_iz - ( ): + 12h + + L 1 + — ;— :3h+h2ASh—>O,
3h +h? — 0 = at P(2, 0) the slope is 0.

y—0=0x—-2)=y=0.

y
Z 200
S
Z 100
c
A

0 1 1 1 x

2000 01 02 03 04

Year

Ap . 174-62  _ M
A = 3001 —2000 = = 56 thousand dollars per year
The average rate of change from 2001 to 2002 i ISE = % = 35 thousand dollars per year.

The average rate of change from 2002 to 2003 is 3> = 51I=2 = 49 thousand dollars per year.

So, the rate at which profits were changing in 2002 is approximatley %(35 + 49) = 42 thousand dollars per year.

F(x) = (x + 2)/(x — 2)

X | 1.2 1.1 1.01 1.001 1.0001 1
F(x) | —4.0 34 —3.04 —3.004 —3.0004 -3
AF _ —40-(=3) _ AF _ —34—(=3) _

Ax T T 12-1 —=5.0; Ax T T 1I-1 _44

AF __ —3.@—(—3) _ . AF __ —3.004 — ( 3 _

Ax T T 101— =4 04 Ax T 7 1.001— 4004
AF __ —3.0004—(=3) __

Ax — 7 1.0001—1 =4 0004

The rate of change of F(x) at x = 1 is —4.

Ag _ g@—g) _ 1~ A_(15) n _ V15-1
A _ e2-sl) _ V2ol 4 (414213 e _ p3)-—e 51~ 0.449489

g_g(l-&-h) g(l)_\/l+ -1
Ax a+m—1 h
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()
(d)
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(b)
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Section 2.2 Limit of a Function and Limit Laws

g(x) = \/x

1+h 1.1 1.01 1.001 1.0001 1.00001 1.000001
\/1 +h 1.04880 1.004987 1.0004998 1.0000499 1.000005 1.0000005
(\/ 14+h-— 1) /h | 0.4880 0.4987 0.4998 0.499 0.5 0.5
The rate of change of g(x) atx = 11is 0.5.
The calculator gives lim YAtP=1 — 1.
h— 0
1_1 =z
N
Gy fD-fQ) _ 1-3 _ m-w . 2-T _ _2-T  _
ii) T—2 T T-3 — -3 — 2T(T;F2) = 72T(2ET) == %’T# 2
T 2.1 2.01 2.001 2.0001 2.00001 2.000001
f(T) 0.476190  0.497512  0.499750  0.4999750 0.499997  0.499999
(f(T) — £f(2))/(T — 2) | —0.2381 —0.2488 —0.2500 —0.2500 —0.2500 —0.2500

The table indicates the rate of change is —0.25 att = 2.

Aim, (5r) = =35

LIMIT OF A FUNCTION AND LIMIT LAWS

()

Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x)
approaches 1. There is no single number L that all the values g(x) get arbitrarily close to asx — 1.

() 1

() 0

(a 0

(b) —1

(c) Does not exist. As t approaches O from the left, f(t) approaches —1. As t approaches 0 from the right, f(t)
approaches 1. There is no single number L that f(t) gets arbitrarily close to ast — 0.

(a) True (b) True (c) False

(d) False (e) False () True

(a) False (b) False (c¢) True

(d) True (e) True

limo ﬁ does not exist because ﬁ =2 =1lifx>0and ﬁ = % = —1ifx < 0. Asx approaches 0 from the left,

X —

I);_\ approaches —1. As x approaches 0 from the right, I);_\ approaches 1. There is no single number L that all

the function values get arbitrarily close to as x — 0.

As x approaches 1 from the left, the values of ﬁ become increasingly large and negative. As x approaches 1

from the right, the values become increasingly large and positive. There is no one number L that all the

function values get arbitrarily close to as x — 1, so lim1 ﬁ does not exist.
X —

Nothing can be said about f(x) because the existence of a limit as X — X, does not depend on how the function

is defined at xo. In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when

x is close enough to x. That is, the existence of a limit depends on the values of f(x) for x near x(, not on the

definition of f(x) at x itself.
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Chapter 2 Limits and Continuity

Nothing can be said. In order for lim0 f(x) to exist, f(x) must close to a single value for x near 0 regardless of
X —

the value f(0) itself.

No, the definition does not require that f be defined at x = 1 in order for a limiting value to exist there. If f(1)

is defined, it can be any real number, so we can conclude nothing about f(1) from lim1 f(x) = 5.
X —

No, because the existence of a limit depends on the values of f(x) when x is near 1, not on f(1) itself. If

lim1 f(x) exists, its value may be some number other than f(1) = 5. We can conclude nothing about lirn1 f(x),
X — X —

whether it exists or what its value is if it does exist, from knowing the value of f(1) alone.

lim7(2x+5):2(—7)+5:—14+5:f9
X = —

12. lim12 (10 -=3x) =10—-3(12) =10 — 36 = —-26
X —

lim (—x* +5x —2) = ~(2) +52) ~2= 4+ 10-2=4
X —

lim (x3 —2x? +4x +8) = (-2 = 2(-2)*  +4(-2)+8=-8—-8—-8+8=—16

X — —

tliHm6 8t —=5)(t—7)=8(6—-5)(6—-7)=-8

2 2
: y (=5) 25 _ 5
ylim,5 5y T 5-(-5 10 2
lim y+2 o _ 242 4 _ 4
y -2 YA +6 T 2P+5@)+6 — 4+10+6 — 20

X — —

16. lim 3s2s—1)=3(3)[2(3) -1]=2(;-1)
s— 3 7
18. lim =4 =4 =2

X — 9

=1
5

lim | 3(2x — 1?2 =3Q2(—=1) — 1)2 =3(=3)? =27

lim . (X + 3)1984 — (_4 + 3)1984 — (_1)1984 =1
X — —

qu¢5—w“3:5—w—$ﬁmz(&“%:«&“%4:24:16

lim (22— 8)% = 2(0) — 8/ = (-8)"/* = -2

; _ 3 __3
lim T VB3O T+ T 141 2

3
h—0 V3h+1+1

lim 5 — 5 — 5
h—0 V5h+4+2 V/500)+4+2 Vat2

&l

lim VEFI=1 o VEREI-1 VBholel
h— h h—0 h VBh+1+1
3 3

Vitl 2

(3h+1)—1

hliino h(\/m+1)

3

= lim h = lim ——=
h—0 h(\/3h+1+1> h—0 3htitl
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Section 2.2 Limit of a Function and Limit Laws

lim Yoht4-2 | VEhtd-2 Shid+2 o (hed)—4
h—0 h - h "Vshidt2 T h—o h(\/5h+ +z)
= 5 = §
Var2 T4
. -5 _ X=5 1 1 1 1
xh—r>n5 X2 =25 th_I>n5 x+35)x=35) xhl% Xx+5  5+5 10
i _x+3 X+3 1 1 1
xEm—3 X2 +4x+3 T x£m3 xX+3)x+1) Xl_l, 3 x+1 =341 2
. X243x—10 _ 1; E+5HE=2) _ 5 _ — _5_9_ _
Jlim | SE = im SD  im (x—2) = <5 -2 = =7
lim) =700 = fim) OS2 = im (x—5)=2-5=-3
X— 2 x—2 X — 2
: 2+t—2 _ -1 _ s t+2 _ 1+2 _ 3
tlgnl -1 tlLl (t=D(t+1) tlﬂnl t+1 = 1+1 — 2
: C43t+2 . q; E+)+D _ qs 2 _ =142 _ _ 1
tE“ll [ _tﬂnll =2+ D —tl_l,nll =2~ T1—2 " 73
- -4 _ g 2642 _ 1 I
x]HImQ x3 +2x2 _XE,H12 x2(x +2) —XLIJI12 x2 4 2
: 5y34+8y? YGSy+8) 1 S5y+8 _ 8 _ 1
ylgno Y —16y2 yh_r)no VByI—16) ylgno 3¥2-16  —16 2
. -1 _ 1 W@+ +DHu—1) _ 1. @+DE+) _ d+DI+D) _ 4
ulgnl 3 1_ulgnl (w+u+1) -1 uh_>1 wrut+l — I+1+1 3
; V-8 _ V=) (V+2v+4) vi4ov+d  _ 444+4 _ 12 3
V15112 vi—16 — Vh_r,ng V=2 +2)(VI+4) — Vlﬂng V12 (V+a) @B 32 8
. -3 . \[— . 1 1
lim VX3 lim —%—F—— = lim = -
x o9 x=9 — g (x=3) (Vx+3)  xm9 VA3 f+3
- —x2 4-x _ g X(24V%) 2V :
lim #=% — [jm =0 — jjj XEEVOEZVY gy x (2 X) =42 +2) =16
x—d 2-VX T x5 2-Vx T x5 2-/x X —4 ( +\/_) 2+2)
lim 2=l = lim ODOAE3H) o, oD (VxEie2)
x—1 Vx+3-2 x5 (Vx+3-2) (Vx+3+2)  x— 1 x+3) -4
=V4+2=4
lim Y83 i (Ver8-3) (Vo48+43) lim (x*+38)—9
x — —1 x+1 x— —1 (x+1)(\/x2+8+3) xafl (x+1)(\/x2 +3)
lim GEDE=1  _ Cx-1 -2 _ 1
X—>71 (x+1)(\/x~ +3) x—»—l Vx2+8+3 3+3 3

. JEr 12— .
lim % = lim

(\/x2+1 )(\/x2+1 +4)

X —2 - X —2

x—-2)(x+2)

- XIHZ (x72)<\/x2+1 +4)

x=2 (V¥+12+4)

R Y ()

lim +2
X — 2 \/x2+12+4

\/—+4

l

(x2+12)— 16

. 5h
hlg}no h (m + 2)

= lim <«/x—|—3—|—2)
X —

= lim ————
hoo V5h+d+2
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Chapter 2 Limits and Continuity
) (x+2) (\/)427+3) . (x+2) (\/)427+3)
—2X£2 _ — [im = lim ————F+—+
,H —2 VXI45-3 7 xS 2 (Ff)(\/rm) X — -2 CRE -
= lim (D) (VirS+3) lim VXE5+43 _ Vo435 _ 3
X — —2 (x+2)(x-2) X—> -2  x=2 4 2
i 2=VARSS g (2—\/x2—5><2+\/x2—5) lim 4o (x2-5)
X— -3 X+3 X — —3 (x+3)(2+\/Q) X — 3(x+3)(2+\/x~7>
. 9 —x2 3 —x)(3+Xx) . . 3—x _ 6 _ 3
o xl—l>m—3 (x+3)(2+\/x2—5) x1—> =3 (x+3)(2+\/x _ ) Xl_l,m_g i /-5 2:1va 2
4-x  _ lim (4- X)(5+\/ 9) lim —x)(5+ﬁ)

lim ——2— = DR N S
X—4 5-Vx2+9 x4 (5 x2+9)(5+\/x2 ) X — 4 25— (2+9)

= li (47X)(5+VX2+9) = li (5+Vx2 ) li 5+Vx249 _ 5425 _ 5
= Jm, 16— = Xin4 G—oG+0 M, Toa T T T8 T i
hm (2smx—1)— 2sin0—1=0—1=-1
2 2

lim sin®x = ( lim sinx) = (sin0)* =0>=0
X — x—0

lim secx = lim -1 = 10:%:1
X — XﬂO COS X Ccos

: _ : sinx __ sin0 __ 0 __
xlgn tanx = Xlgno cosx _ cosO 1 0

i ldx4sinx _ 1404500 _ 14040 _ 1
im, e T TR0 T 3 T3

lim (x2 —1)(2 — cosx) = (0> = 1)(2 —cos0) = (—=1)(2—1) = (=1)(1) = -1
X —

lirn0 X+ 1cos!Px = limo\/x—i—l ~\3/cosx: \/O—l—l -C/cosO: \ﬁ'%zl-lzl
X — X —

lim

(a)
(b)
(©

(a)
(b)
(©)

(a)

(b)
()

\/1+0052x:\/lim(1+coszx):\/1—|—00520: V14 (1) =2
x—0 x—0

quotient rule
difference and power rules
sum and constant multiple rules

quotient rule
power and product rules
difference and constant multiple rules

Jim £00 200 = | Jim, 0] [ lim, £00] = 5)(-2) = ~

Jim 2[00 200 = 2 [ Jim, 0] | Jim_ e00] = 25)(-2) = -
Jim_ [f(x) + 3g(x)] = lim f(x) +3 lim g(x) =5+ 3(-2) = —
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Section 2.2 Limit of a Function and Limit Laws

fmfo 5 5

(d lim —®

x Bl fo-gx ~ Tmfo- limex  5-(-2) 7

(a lim [g(x)+3]= lim g(x)+ lim 3=-343=0
X — 4 X —4 X —4

(b) lim xf(x) = lim x- lim f(x) =(4)(0)=0
X —4 X — 4 X —4

2
© lim [g00) = | lim (0] =[-3 =9

lim g(x)
x—4

(d) lim £ = =:2=3

X —4

f(x)—1 }LmJ‘ f(x) — )}1514 1

1

(@ lim [fx)+gx)]= lim f(x)+ lim gx)=7+(-3)=4

(b) lim f(x)

809 = [Jim, 0] [ 1im, g00] = -3 = 21

(d) X11_r>nb fx)/gx) = X11_1}11b f(x)/xlgnb gx)=H=—3

@ _lim [0+ 100+ 5] = lim p(x)+ lim 100+ lim s(x)=4+0+(-3) =1

(b) tim peo <100 -500 = [ lim peo] | tim 10| | fim 50| = @)©0)(-3) =0

@ lim, I

4p(X) + SIYs(x) = [~4 lim pe)+5 lim 10| / Tim s = [~4(4) + 50))—3 = ¢

2— 2 . —_ . .

L I e e L L I e )
h—0 h—0 h—0 h—0

. — 2_ p— 2 . — —_ . p— .

lim 2D iy Aol g DO iy (b 4) = 4
h—0 h—0 h—0 h—0

lim B+ —-4]-B32)—-4] _ lim 3h =3
h—0 h h—o B

(o) o Sl —2-(=24h) g h 1
pim, h S e N e TR L T R
lim Y7Eh=VT oy (VTFn-v7) (ViThevT) T+h)—7

1m = hm = hm — "
h—0 h—0 h(V7+h+/7) h—0 h(vV7+h+7)

h

T _ T 1 _ 1
I T Ve Rl s VeV R

(Van+i-1) (Vah+1+1) I Gh+ D1

. 30+h)+ 1 —/3(0)+ I .
lim v = lim = lim —————~
h—0 h h—0 h(vah+1+1) h—0 h(Vahei+t1)
= lim —*" - |im ——— =3
h—0 h(\/mH) hoo V3hti+l 2

Xliin0 V5 —-2x2=4/5-20)2= \/g and xli_r>n0 V5—-x2=4/5-(02= \/g; by the sandwich theorem,

lim f(x) = /5
x—0

lim (2 — x2)

x—0

=2—-0=2and lim0 2 cos x = 2(1) = 2; by the sandwich theorem, lim0 g(x) =2
X — X —

51



52 Chapter 2 Limits and Continuity

69. (a) lim (1—%2)=1-2=1and lim 1= I;by the sandwich theorem, lim 58X
6 6 y
x—0 x—0 X —

0 2-2cosx
(b) Forx # 0,y = (x sin x)/(2 — 2 cos X) ¥ = (x sin x)/(2 — 2 cos x) y
lies between the other two graphs in the . hx) =1~

figure, and the graphs converge as x — 0. \<

g =1- (xz/a)/

X

-2 ! 1 2

70. (a) lim (% — %) = lim % — xlim X _ % —0= % and X1iLn0 % = %; by the sandwich theorem,

x — 0 X — -0 24
lim l—cpsx — 1
x—0 2
(b) For all x # 0, the graph of f(x) = (1 — cos x)/x2 y

lies between the line y = % and the parabola

y = % — x2/24, and the graphs converge as x — 0.

71. (@) f(x) = (x> — 9)/(x + 3)

X -3.1 -3.01 —3.001 —3.0001 —3.00001 —3.000001
f(x) —6.1 —6.01 —6.001 —6.0001 —6.00001 —6.000001
X -29 —2.99 —2.999 —2.9999 —2.99999  —2.999999
f(x) -59 —-5.99 —5.999 —5.9999 —5.99999  —5.999999
The estimate is lim 5 f(x) = —6.
X — —
(b) ,
X
-3 3

f@)=(x*-9)/&x+3)

_ x2-9 _ (x+3)x-=3) _ : : _ _
(©) f(x)—m—T—xf31fx7é73,andxl_1’m_3(xf3)—7373—76.

72. (a) g(x) = (x> —2)/ (x - ﬁ)

X | 1.4 1.41 1.414 1.4142 1.41421 1.414213
g(x) | 2.81421 2.82421 2.82821 2.828413  2.828423  2.828426




Section 2.2 Limit of a Function and Limit Laws

(b)

|
|
2
|
|

X

/— V2 -/2_
8(x) = (x* = 2)/(x — V2)

(x+\/5) <x7\/§)
=0

(c) g(x):x"i_\/%: =X+ Zifx;«é\/z,and limﬁ(x+\/§):\/§+\/§=2\/§.

73. (a) G(x) = (x +6)/ (x> + 4x — 12)

X -5.9 —5.99 —5.999 —5.9999 —5.99999  —5.999999
G(x) —.126582 —.1251564 —.1250156 —.1250015 —.1250001 —.1250000
X —6.1 —6.01 —6.001 —6.0001 —6.00001 —6.000001
G(x) —.123456  —.124843 —.124984 —.124998 —.124999 —.124999
(b)
y
10
% 2 X
-10
P G(x) = (x + 6)/(x? + 4x — 12)
(C) G(X) = (XQ-F)(;(G—IZ) = (x+X6;:x6—2) = xi2 if x 7£ *6, andx 1_1}1’1'176 XEZ = ﬁ = —% = —0.125.
74. (@) h(x) = (x> —=2x —3)/ (x> —4x + 3)
X 2.9 2.99 2.999 2.9999 2.99999 2.999999
h(x) 2.052631 2.005025  2.000500  2.000050  2.000005  2.0000005
X 3.1 3.01 3.001 3.0001 3.00001 3.000001
h(x) 1.952380  1.995024 1.999500 1.999950  1.999995 1.999999

(b)

10

-10

-20

h(x) = (x* -=2x — 3)/(x? — 4x + 3)

53



54 Chapter 2 Limits and Continuity

_ xX2=2x-3 _ x=3)&+D _ x+1 : . x+1 _ 341 _ 4 _
(© h() = =575 = c=36=D — x-1 i X 7# 3,and Xh_1,n3 T =51 —3 =2

—_
V]

75. (a) f(x) = (x> — 1)/ (x| — 1)

X —1.1 —1.01 —1.001 —1.0001 —1.00001  —1.000001
f(x) 2.1 2.01 2.001 2.0001 2.00001 2.000001
X -9 -.99 —.999 —.9999 —.99999 —.999999
f(x) 1.9 1.99 1.999 1.9999 1.99999 1.999999
(b) y
2

|

[

o

: f@) =& =D/(x| -1

-1l 1
=x+1,x Oandx #1

© £ = 5=

x+Dx—-1)
_ x—1
- x4+ Dx—-1)

—(x+1)

76. (a) F(x) = (x> +3x+2)/(2— |x]|)

=1—-x, x<0andx # —1

, and liml(l—x)zl—(—l):2.
X — —

X -2.1 -2.01 —2.001 —2.0001 —2.00001 —2.000001
F(x) —1.1 —1.01 —1.001 —1.0001 —1.00001 —1.000001
X -19 -1.99 —1.999 —1.9999 —1.99999  —1.999999
F(x) -9 -.99 —.999 —.9999 —.99999 —.999999
(b)
y
20 F(x) = (x2 +3x +2)/Q2 - 1)
-2 2 X
-60
242 1s x+2)x+1 X 0
c) F(x) = 32 +t2 — 2ox ,and lim x+1)=-24+1=—1.
© F@) 2= %:x+l,x<0andx7§—2 X—*—Z( )
77. (a) g(f) = (sin 6)/0
% 1 .01 .001 .0001 .00001 .000001
IC)) 998334 .999983 999999 .999999 999999 .999999
0 —.1 —.01 —.001 —.0001 —.00001 —.000001
g(6) .998334 999983 999999 999999 999999 .999999

i, £0) = 1



(b)

1 sin 0

y= e (radians)

L—Jl_ L

b ~JI__ L

-57 -4 =37w -2~ O

™~2n 37 4w Sw

Section 2.2 Limit of a Function and Limit Laws

NOT TO SCALE
78. (a) G(t) = (1 — cos t)/t?
t 1 .01 .001 .0001 .00001 .000001
G(t) 499583 499995 499999 5 .5 .5
t -1 —.01 —.001 —.0001 —.00001 —.000001
G(t) 499583 499995 499999 .5 .5 .5
t11_)m0 G(t) =0.5
(b)
y
1-cost
G(t) [ P
t2
Los
104
103
+ 02
1 0.1
———t ¢ —t t
-0.0003 -0.0001 0.000% 0.0003
Graph is NOT TO SCALE
79. (a) f(x) = x/(1—)
X .9 .99 .999 .9999 .99999 .999999
f(x) .348678 .366032 367695 .367861 367877 .367879
X 1.1 1.01 1.001 1.0001 1.00001 1.000001
f(x) .385543 369711 .368063 367897 367881 367878
lim1 f(x) =~ 0.36788
X —
(b)
y

1(x-1)
=X

2.71825

€.9999 0.99995

X
1.000Noox

2.71815

Graph is NOT TO SCALE. Also the intersection of the axes is not the origin: the axes intersect at the point

(1,2.71820).
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80. (a) f(x)=(3*—1)/x

Chapter 2 Limits and Continuity

X A .01 .001 .0001 .00001 .000001

f(x) 1.161231  1.104669  1.099215  1.098672  1.098618  1.098612
X —.1 —.01 —.001 —.0001 —.00001 —.000001
f(x) 1.040415  1.092599  1.098009  1.098551  1.098606  1.098611

lim f(x) ~ 1.0986
x—0

(b)

81. Jim_f(x) exists at those points ¢ where lim x* = lim x*. Thus,c* =¢* = ¢*(1—¢*) =0
= ¢=0,1,0or —1. Moreover, lim f(x) = lim x> =0and lim f(x)= lim f(x) = 1.
x—0 x—0 X — —1 X —1
82. Nothing can be concluded about the values of f, g, and h at x = 2. Yes, f(2) could be 0. Since the
conditions of the sandwich theorem are satisfied, 1im2 f(x) = —-5#0.
X —
§3. 1= lim '0=5 — TS T o 5 =01 lim f(x)=2+5="7
= lim S = M= mr 2 = Hm x)—5= ():>X£n4 x)=2+5="7.
lim_ f(x lim_ f(x
84. (@) 1= lim_ @ ==l Wy ) g
x— -2 X Lm, X X — —2
b 1= tim %= gm0 gim L =] fim ) [ (L) 5 gm0 =2
x——2 X Xx— -2 X X — —2 X Xx— -2 X x——2 X
_':'. f) =5 . _ — 1 f(x)— 5 _ _ s _ T _
= lim_f(x) =5.
_X"Q
() 0=4-0=| lim %} [lim (X—Z)] = lim_f(x) = 5 as in part (a).
lx —2 X X — 2 X — 2
[ f 2 f f
86. (a) 0=1-0=[1lim Q} [nm x] - [nm Q} [nm X2:| = lim [Q -xﬂ — lim f(x). Thatis, lim f(x) = 0.
lx—0 X X x—0 X x — 0 x—0 LX x — 0 x — 0
) 0=1-0= [ﬁm M} {11 x] = lim [&x} — lim @ Thatis, lim % — 0.
x—0 X X — x—0 LX x—0 X x—0 X
87. -9 y

(a) lim xsin
x—0

= X




Section 2.3 The Precise Definition of a Limit

(b) —1<sinl < 1forx#0:
x>0 = —x<xsin % <X = lirn0 X sin % = 0 by the sandwich theorem;
X —

1

x<0 = —x Xxsiny x = lim0 X sin % = 0 by the sandwich theorem.

X —

88. (a) lim x?cos (&) =0 y
x—0 X
h(z) = z? cos(1/z?)

(b) —1<cos (&) <lforx#0 = —x?<x%cos () <x* = lim0 x% cos (&) = 0 by the sandwich

X —

theorem since lim x% = 0.
x—0

89-94. Example CAS commands:

Maple:
f:=x->xM—16)/(x — 2);
x0 :=2;

plot( f(x), x = x0-1..x0+1, color = black,
title = "Section 2.1, #89(a)" );
limit( f(x), x = x0);
In Exercise 91, note that the standard cube root, x(1/3), is not defined for x<0 in many CASs. This can be
overcome in Maple by entering the function as f := x -> (surd(x+1, 3) — 1)/x.
Mathematica: (assigned function and values for x0 and h may vary)

Clear[f, x]
flx_J:=(x> — x> — 5x — 3)/(x + 1)?
x0=—1;h= 0.1;

Plot[f[x],{x,x0 — h,x0 + h}]
Limit[f[x], x — x0]

2.3 THE PRECISE DEFINITION OF A LIMIT

1. —% L———>x
Stepl: |x—=5|<8 = —6<x—-5<86 = —6+5<x<6+5

Step2: 6+5=7 = 6=2,or—6+5=1= 6=4.
The value of § which assures [x — 5] < § = 1 < x < 7 is the smaller value, § = 2.

y—>x

7

Stepl:  [x—2|<éd = —6<x—2<6 = —6+2<x<b6+2

Step2: —64+2=1= 6=1Loré6+2=7 = §=>5.

The value of § which assures [x — 2| < § = 1 < x < 7 is the smaller value, 6 = 1.

N -+
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58 Chapter 2 Limits and Continuity

3 1 Y x

—7)2—3 —1;2
Stepl:  |x—(-3)|<é = —6<x+3<d=> —6-3<x<6-3

Step2: —§-3=-1=é6=Lo6-3=-1=6=3.

The value of 6 which assures |x — (=3)| <6 = — % <x< = % is the smaller value, 6 = %

4.
« t } } > X
_7 3 _1
2 2 T2
Stepl: |x—(=3)| <6 = —6<x+i<é6=> -b6-3<x<b6-13
Step2: —6—-3=-1=6=2006-3=-1=46=1
The value of § which assures |[x — (= 3)| <6 = —7 < x < — 1 is the smaller value, 6 = 1.
C 1 AY x
5' 4}9 1/2 4;7
Stepl:  |[x—1|<é= -d<x-L1<6= S+i<x<b+]
Step2: —b6+i=3 => 6=\t oé+i=3=6=14.
The value of 6 which assures |x—%| <6 = g<x<%is the smallervalue,éz%.
6.
—— +—— y—-m= X

2.7591 3 3.2391
Stepl:  |x—3]<8 = —6<x—-3<86=> —-6+3<x<6+3
Step2: —6+3=2.7591 = §=0.2409,0r 6 +3 =3.2391 = 6 =0.2391.
The value of § which assures |x — 3| < § = 2.7591 < x < 3.2391 is the smaller value, 6 = 0.2391.

7. Stepl: [x—=53|<6d = —6<x—5<8 = —6+5<x<b6+5
Step 2:  From the graph, —6 +5 =49 = 6 =0.1,or6 +5=5.1 = § = 0.1; thus 6 = 0.1 in either case.

8. Stepl: |x—(-3)<éd = -6<x+3<d=>—-6-3<x<6-3
Step2:  From the graph, -6 —3 = —-3.1 = §=0.1,or6 —3 =-29 = 6 =0.1; thus 6 = 0.1.

9. Stepl: |x—1]<éd = —d<x—1<é6 = —-b6+1<x<b6+1
Step2: Fromthegraph, —6+ 1= = 6=F,oré+1=2 = §= 5 thusé = .

10. Stepl:  |x=3] <6 = —6<x—-3<6 = —6+3<x<6+3
Step 2:  From the graph, —6 +3 =2.61 = § =0.39,0or6 +3 =3.41 = 6 = 0.41; thus 6 = 0.39.

I1. Stepl: [x—2| <6 = =6 <x—2<d = —06+2<x<6+2
Step2:  From the graph, —=6 +2=1/3 = 6 =2 — /3~ 0.2679,0r6 +2=+/5 = 6 = /5 -2~ 0.2361;
thuséz\ﬁ—Z.

12. Stepl: [x—(-D|<éd = —d§<x+1<éd=> -b—-1<x<b6—-1

Step2:  Fromthe graph, =6 — 1 = — 2 = 6= ¥3=2 x 01180, 0r6 — 1 = — L2 = § = 2=Y3 ~0.1340;
thus 6 = \/52_2.

13. Stepl: |x—(-D|<éd = -6<x+1<éd = —-6—-1<x<bd—1
Step2:  Fromthe graph, =6 — 1= -1 = § =] ~0.77,0r6 — 1 =— 12 = % =0.36; thus § = 5= = 0.36.



14.

17.

18.

19.

20.

21.

22.

23.

Step 1:
Step 2:

. Step 1:
Step 2:

. Step 1:

Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Section 2.3 The Precise Definition of a Limit

x—1|<6=> b6<x—1i<b6=> 6+i<x<b+]
Fromthegraph,—é—l—%:% = 6:%—ﬁ%0.00248,0r6+%:ﬁ = 6:1}@—%%0.00251;
thus 6 = 0.00248.

(x+1)—5] <001 = |[x—4] <00l = —0.01 <x—4<0.0l = 399 <x<4.01
x—4|<éd = —6<x—4<b6=> —-6+4<x<d+4 = 6§=00L.

|2x —2) — (=6)] < 0.02 = [2x +4| <0.02 = —0.02 <2x+4 <0.02 = —4.02 < 2x < —3.98
= -2.01 <x<-199
X—(=2)| <6 = —06<x+2<6d=> —-6-2<x<6—-2 = 6=001.

’\/x+l—1‘<0.1 = 01 <\x+1-1<01=09<+/x+1<11= 08l <x+1<121

= —0.19 <x <0.21
x —0| <6 = —8 <x< 6. Then, —6 = —0.19 = § = 0.19 or § = 0.21; thus, § = 0.19.

|[V/x—3] <01 = —01</x-3<01 = 04<,/x<06 = 0.16<x<036
x—1<é6 = bs<x-1<é6=> —6+t<x<s+i
Then, =6+ § =0.16 = § =0.09 or§ + 3 =0.36 = & = 0.11; thus § = 0.09.

‘\/19—x—3‘<1 = 1< /19—x-3<1=2</19—x<4=4<19-x<16

= 4>x—-19>-16 = 15>x>3o0r3<x<15
x—10] <6 = —6<x—-10<6 = —6+10<x <6+ 10.
Then -6 +10=3 = 6 =T7,0or6 +10=15 = 6 =5;thusé = 5.

‘\/x—7—4‘<1 ol /x—T-4<1 2 3</x—7<5=9<x-7<25= 16<x<32

x —23| <6 = —6<x—23<6 = —6+23<x<6+23.
Then —6 +23 =16 = 6 =7,or6 +23 =32 = 6§ =9;thusd = 7.
L_1]<005 = —005<2-12<005=02<2<03 = D>x>R0or<x<s

x—4|<éd = —6<x—4<b6=> -6+4<x<b6+4.
Then76+4:13—00r6:%,0r6+4:50r6:1;thu56:%.

x2 =3/ <01 = —01<x*-3<0.1 = 29<x*<3.1 = /29<x< 3.1

‘x—\/g‘<6 = 76<x7\/§<6 = —6+\/§<x<6+\/§.

59

Then —6 + /3 =129 = 6§ =/3—/29~0.0291,0r6+ /3 =1/3.1 = §=1/3.1 — /3 ~0.0286;

thus 6 = 0.0286.

X2 —4| <05=-05<x2—4<05=35<x><45=35< x| <45 = —/45<x< —/35,

for x near —2.

x—(=2)|<éd = —6<x4+2<éd = —-6—-2<x<b6-2.

Then —6 — 2 = —\/45 = 6§ =/45—-2~0.1213,0r6 —2 = —/35 = 6§ =2 — /3.5~ 0.1292;
thus § = \/4.5 — 2 ~ 0.12.
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Chapter 2 Limits and Continuity
Stepl: |1 —(=D| <01 = —01<i+1<0l = -—F<i<-—3=>-P>x>-Po-Px<-1
Step 2: |x—(—1)|<6:>—6<x+1<6:>—6—1<x<6—1

Then -6 —1=—-% = 6=4,o06—-1=—1] = 6§=7

_ 1
1 thus 6 = e

11’
Stepl:  [(x2=35)—11|<1 = [x*-16/<1 = -1<x*—16<1 = 15<x*<17 = /15<x</17.
Step2: |x—4|<d = —6<x—4<d=> —-6+4<x<b+4.
Then -6 +4 =15 = 6§ =4—+/15~=0.1270,0r 6 +4 = /17 = 6§ =+/17 —4 ~ 0.1231;
thus 6 = /17 —4 =~ 0.12.

120 120 1

Stepl: [2-5]<1 = -1<B_5<1=4<B o= 1>2>1 = 30>x>200r20<x <30
Step 2: |x—24|<6:>—6<x—24<6:>—6+24<x<(5+24.
Then —6 +24 =20 = 6 =4,0r6 +24 =30 = 6§ =6;thus = 6 =4

Step I:  |mx —2m| < 0.03 = —0.03 < mx —2m < 0.03 = —0.03 +2m < mx < 0.03 4+ 2m =
2003 x4 003
Step2:  |x—2| <8 = —6<x—2<86 = —6+2<x<b6+2.
Then—6—|—2:2—%ééz%,or6+2:2+%:6:%.Ineithercase,6:%.
Stepl: |mx—3m/<c = —c<mx—-3m<c = —c+3Im<mx<c+3m = 3-2<Ix<3+ =
Step2:  |x—3|<d6 = —6<x-3<6=> —-b6+3<z<6+3.
Then -6 +3=3—-+ = 6= _,0or6+3 =3+ = 0= . Ineithercase, 6 = .
Step 1: |(mx+b)—(m+b)|<c:>—c<mx—m<c:>—c+m<mx<c+%:>%—%<x<%+%.
Step2:  |x—i|<é = —b<x-1<6=> —6+i<x<i+1
Then—é—k%:%—%ﬁé—a,oré—k%:i—k;:>(5—%.Ineithercase,6:%.
Step 1:  |(mx +b) — (m +b)| < 0.05 = —0.05<mx —m < 0.05 = —0.05+m < mx < 0.05+m
=120 cx <14 205
Step2: |x—1]<d = —6<x—-1<86 = -6+1<x<é+1.
Then—é—i—l:l—%ﬁéz%,oré—i—l:l—l—%ééz%.lneithercase,&z%.
lim, (3 -2x)=3-203) =~
X —
Step 1: (3 —2x) — (=3)| < 0.02 = —0.02<6—2x <0.02 = —6.02< —2x < —5.98 = 3.01 > x > 2.99 or
2.99 < x < 3.01.
Step2: 0<|x—3]<6 = —6<x—-3<6=> —6+3<x<é6+3.
Then —6 +3 =299 = 6 =0.01,or6 +3 =3.01 = 6 =0.01; thus 6 = 0.01.

lim (=3x—2) = (=3)(-1)—=2=1

x— —1

Step1l:  |(—3x—2)—-1]<0.03 = —-0.03< -3x—-3<0.03 = 001l >x+1>-0.01 = —1.0l <x < —0.99.
Step2: |x—(—D|<é = —d<x+1<d=> -6-1<x<6—1
Then —6 —1=—-1.01 = §=0.0l,or6 —1=-0.99 = 6 =0.01; thus 6 = 0.01.

lim X=4 — Jjm 04202 _ Jim (x+2)=2+2=4x%2

X —2 X—2 X — 2 x=2
Step 1: ‘(X*4)—4‘<005¢ 005<%<*2)2> 4 <005 = 395 <x+2<405 x%£2
= 1.95 <x <2.05,x #2.




34.

35.

36.

37.

38.

39.

40.

41.
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Step2:  |x—2| <6 = —6<x—2<86 = —64+2<x<6+2.
Then -6 +2 =195 = §=0.05,0or 6 +2 =2.05 = 6 = 0.05; thus 6 = 0.05.

: X246x+5 7 EHHE+D g5 — _ _
Xll}n,5 x+5 Xll>rll5 (x+5) xle,5 x+1) 4x # 5.

Step 1: ‘(%)—(—4)
= —5.05 <x < —4.95,x # —5.

Step2:  |x—(=5)|<éd = —6<x+5<6 = —6-5<x<b6—5.
Then —6 — 5= —-5.05 = § =0.05,0r6 —5=—4.95 = 6 = 0.05; thus 6§ = 0.05.

<005 = —0.05 < BEILD 44 <005 = —4.05 <x+1<—3.95x# 5

lim /T 5x = /T=5(-3) = /16 =4
X— —
Step 1: ]\/1 —5x—4’ <05 = 05</1-5x-4<05= 35</1_5x<45 = 1225 <1 — 5x < 20.25

= 1125 < —-5x < 19.25 = —3.85 <x < —2.25.
Step2: [x—(-3)|<éd = -6<x+3<d=> —-6-3<x<6-3.
Then —6 —3 = —-3.85 = 6 =0.85,0or6 —3 = —2.25 = 0.75; thus § = 0.75.

lim ¢=%=2
X —
Stepl:  [1-2|<04 = —04<2-2<04=16<2<24= 252500 o Wy Wordaxc
Step2:  |x—2| <8 = —6<x—2<86 = —06+2<x<b6+2.
_ 5 _ 1 _ 5 _ 1. _ 1
Then76+2—§:>5_§,or§+2—§é6—§,thusé—§.
Stepl: |9—x)—5|<e=>—-€e<4d—x<e=>—€—-4< x<e—4d=ec+d>x>4d—e=>4d—e<x<4d+e
Step2:  |x—4|<d = —6<x—4<d=> —6+4<x<b+4.
Then -6 +4=—-€+4 = 6 =¢c,ord6 +4=c+4 = 6 =¢. Thus choose 6 = ¢.

Stepl:  [Bx—7)—2|<e = —e<3x-9<e = 9—-€e<3x<9+e = 3-5<x<3+4%.
Step2: [x—3]<6 = —6<x—-3<6=> —-6+3<x<6+3.
Then —6+3=3-%5 = 6 =5,0r0+3 =3+ 35 = 6= 5. Thuschoose 6 = 3.

Step 1: ‘\/X—5—2‘<e:>—6<\/x— e 2—e<c/x—5<24e = Q-2 <x-5<Q2+e?
= 2-e?+5<x< 2+ +5.

Step2: [x—9] <6 = —6<x—-9<d = —6+9<x<6+09.
Then -6 +9=¢2—4c¢+9 = §=4de— €2, or6 +9=e24+4¢+9 = & = 4e + . Thus choose

the smaller distance, § = 4e — €2.

Step 1: ‘\/47X*2‘<6 = —e<V/4—-x-2<e=>2—-€e<V/4—-x<24€e=>2—-€e<d—x<2+¢)?
= 2+ <x—4<-2-€¢ = —QR+e)P+4<x<-Q2—-€?+4.

Step2:  [x—0] <6 = =6 <x<é.
Then —6 = —Q+ e’ +4=—€>—4e = §=4de+ €%, 0r6 = —(2 — €)> +4 = 4e — €2. Thus choose

the smaller distance, § = 4e — €2.

Stepl: Forx#1L[x>—1]<e = —e<x’~-1<e=1-e<xX®*<1l+e= V9—e<x|<1l+e

= V1—-e<x<+/1l+enearx =1.

Step2: x—1]<éd = —d<x—-1<6 = —6+1<x<é6+1

Then —6+1=+1—¢ = 6=1—+/1—¢,ord6+1=+/14€ = 6 =+/1+¢€— 1. Choose

6 = min {1 —V1—€6V1+e— 1}, that is, the smaller of the two distances.
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42, Stepl: Forx # —2,[x2—4|<e = —e<x?—4d4<e = 4—e<xP<d+e = Vid—e<|x|<d+e

= —\/4+e<x<—+y4—€enearx = —2.

Step2: |x—(=2)|<éd = —6<x+2<bd=> —6-2<x<6—-2.
Then —6 —2=—\/4+¢€¢ = §=+/4+e—2,0r6 —2=—/4—¢ = 6§ =2—+/4 — €. Choose
5:min{ A4e—22—/i— }

43.Stepl: |1-1]<e=> —e<i-1<e=l-e<i<l+de= - <x<i—.

1+e
Step2: |x—1]|<d = —6<x—-1<6=>1-6<x<1+6.

_ 1 _ 1 _ 1 1 _
Thenlfé‘—ﬁjé—l*ﬁ—ﬁ,orl‘i’é—l_e :>6_1—571_156'
Choose 6 = 1%6, the smaller of the two distances.

44. Step 1:

L-l<e= —e<d-l<esi-e<t<ites i o o532

X < X

3 /3 /3 [ 3
= 15 <Xl <15 or (/i <x < ﬁforxnear\/g.

Step 2: ‘x—\/g‘<6:>—5<x—\/§<5:>\/§—5<X<\/§+6.
Then/3—6=/125 = =13 /.ot =/r2 = 6= \/2 - V3
Chooseé:min{\/g—dﬁﬂ/ﬁ_\/g}.

. Step 1: *9) —(—6)| <€ = —e < (x— +0<€6X#F -3 = —e<X+3<€e = —e—3<X<€—0.
45. Step 1 §(+39 (—6) ( 3)+6 # -3 3 3 3

Step2:  |x—(-3)|<éd = —6<x+3<d=> —6-3<x<b6-3.
Then —6 —3=—-€—3 = 6 =¢c,or6 —3=¢—3 = 6 =¢. Choose 6 = ¢.

46. Step 1: ‘(X2_11>—2‘<e = —e<xX+1D)-2<ex#1 =>1-e<x<l+e

Step2: |x—1]|<§d = —6<x—-1<6=>1-6<x<1+6.
Thenl —6=1—¢ = 6=¢c,orl+6=1+¢ = 6§ =¢. Choose § = e.

47. Step1l:  x<1: |4 —-2x) 2| <e = 0<2—-2x <esincex < 1. Thus, 1 — § <x <0
X l|6x—4)—2|<e = 0<6x—6<esincex 1.Thus,1<x<1+¢.
Step2: |x—1]|<d = —6<x—-1<6=>1-06<x<1+6.

Thenl—ézl—g = 5z§,0r1+6:1—|—§ = 6:§. Chooseézg.

48. Stepl:  x<0: 2x—0]<e = —e<2x<0 = —§<x<0;
x 0:]3-0[<e=>0<x<2e
Step2:  |[x—0] <6 = =6 <x<é.

Then—éz—g = 6:5,0“5:26 = 6 = 2e. Chooseézg.

1

49. By the figure, —x < x sin % <xforallx >0and —x xsin xforx < 0. Since lim0 (—x) = lim0 x =0,
X — X —

then by the sandwich theorem, in either case, lirn0 X sin % =0.
X —

50. By the figure, —x* < x* sin 1 < x? for all x except possibly at x = 0. Since lim (—x?%) = lim x? = 0, then
X —

X —

2

by the sandwich theorem, lim x?sin = 0.
x—0 X

51. As x approaches the value 0, the values of g(x) approach k. Thus for every number € > 0, there existsa é > 0
suchthat 0 < [x — 0] < 6 = |g(x) — k| <e.
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52. Writex=h+c.Then0< [x —¢|<d & —6<x—c<bx#ce —-6<(h+c)—c<ébh+c#c
& —6<h<6,h#0<0<|h—-0| <.
Thus, limf(x) = L < for any € > 0, there exists § > 0 such that |f(x) — L| < ¢ whenever 0 < |[x —c¢| < ¢
X—C

< |f(h+c) —L| < e whenever 0 < |h— 0| < 6 <:>111in3f(h+c):L.

53. Let f(x) = x. The function values do get closer to —1 as x approaches 0, but lim0 f(x) = 0, not —1. The
X —

function f(x) = x? never gets arbitrarily close to —1 for x near 0.

54. Letf(x) =sinx,L = %, and xp = 0. There exists a value of x (namely, x = %) for which |sin X — %| < € for any
given € > 0. However, XliLn0 sin x = 0, not % The wrong statement does not require x to be arbitrarily close to
Xo. As another example, let g(x) = sin %, L= %, and xo = 0. We can choose infinitely many values of x near 0
such that sin % = % as you can see from the accompanying figure. However, X1i_1>n0 sin % fails to exist. The
wrong statement does not require all values of x arbitrarily close to xo = 0 to lie withine > 0 of L = % Again

you can see from the figure that there are also infinitely many values of x near 0 such that sin % =0. If we

choose € < } we cannot satisfy the inequality |sin £ — 3| < € for all values of x sufficiently near xo = 0.

55. |JA—-9] <001 = —001<7 (%)2 —9<001 = 899 < %‘2 <9.01 = %(8.99) <x?< %(9.01)
= 2 % <x <24/ % or 3.384 < x < 3.387. To be safe, the left endpoint was rounded up and the right

endpoint was rounded down.

=

|
4

56. V=Rl = g =1 = |[§—-5/<01 = —01<2-5<01 =49< <51 = 3 &5
(120)(10) (120)(10)
E2 <R < 852 = 2353 <R <2448

To be safe, the left endpoint was rounded up and the right endpoint was rounded down.

N=}
W
—

57. (@) —6<x—1<0=>1-6<x<1 = f(x)=x. Then |f(x) —2|=|x—2|=2—x>2—1=1. Thatis,

[f(x) =2 1 3 nomatter how small § is taken when 1 — 6 <x < 1 = lim1 f(x) # 2.
X —

b)) 0<x—-1<86=1<x<14+686 = f(x) =x+1. Then [f(x) — 1| = |[(x+ 1) — 1| = [x| = x > 1. Thatis,
|f(x) — 1| 1 no matter how small § is taken when 1 <x <146 = Xli_I)n1 f(x) # 1.

) 6<x—1<0=1-6<x<1 = fx)=x. Then|f(x) — 1.5|=|x—15/=15—-x>15-1=0.5.
Also,0<x—1<8§ = 1 <x<1+4+6 = f(x) =x+ 1. Then |[f(x) — 1.5| = |(x+ 1) — 1.5] = |[x — 0.5]
=x—0.5>1-0.5=0.5. Thus, no matter how small ¢ is taken, there exists a value of x such that
—6<x—1<é6butlfx)— 15 3 = Xli_l)nl f(x) # 1.5.

58. (@) For2<x<2+4+6 = h(x) =2 = |h(x) —4| =2. Thus fore < 2, |h(x) —4| € whenever2 < x <2+ 6no
matter how small we choose 6 > 0 = lim2 h(x) # 4.
X —
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(b)

(©)

59. (a)

(b)

(©

60. (a)

(b)

Chapter 2 Limits and Continuity

For2<x <246 = h(x) =2 = |h(x) —3|=1. Thusfore < 1, |h(x) — 3| € whenever2 < x < 2+ 6 no
matter how small we choose 6 > 0 = lim2 h(x) # 3.
X —
For2 —§ < x <2 = h(x) = x* so |h(x) — 2| = [x? — 2|. No matter how small § > 0 is chosen, x* is close to 4
when x is near 2 and to the left on the real line = |x? — 2| will be close to 2. Thusif e < 1, [h(x) — 2| €
whenever 2 — § < x < 2 no mater how small we choose § > 0 = 1im2 h(x) # 2.
X —

For3 -6 <x<3= f(x) >48 = |f(x) —4| 0.8. Thusfore < 0.8, [f(x) —4| € whenever
3 — § < x < 3 no matter how small we choose 6 > 0 = lim3 f(x) # 4.
X —

For3<x <346 = f(x) <3 = |f(x) —4.8] 1.8. Thusfore < 1.8, |f(x) —4.8] € whenever3 <x<3+6
no matter how small we choose 6 > 0 = lim3 f(x) # 4.8.
X —

For3 -6 <x<3 = f(x) >48 = |f(x) —3] 1.8. Again, fore < 1.8, |f(x) — 3| € whenever3 —§ <x <3
no matter how small we choose 6 > 0 = lim3 f(x) # 3.
X —

No matter how small we choose 6 > 0, for x near —1 satisfying —1 — 6 < x < —1 + 6, the values of g(x) are
near 1 = |g(x) — 2|is near 1. Then, for e = 1 we have |g(x) —2| 3 for some x satisfying
—l1-b6<x<-14+60r0<|x+1]<é = limlg(x)aéZ.
X — —
Yes, lim ' g(x) = 1 because from the graph we can find a 6 > 0 such that |g(x) — 1| < €if 0 < |[x — (—=1)| < 6.
X — —

61-66. Example CAS commands (values of del may vary for a specified eps):
Maple:

f:=x->(x"-81)/(x-3);x0 :=3;

plot( f(x), x=x0-1..x0+1, color=black, # (a)
title="Section 2.3, #61(a)" );

L := limit( f(x), x=x0 ); # (b)

epsilon :=0.2; #(c)

plot( [f(x),L-epsilon,L+epsilon], x=x0-0.01..x0+0.01,
color=black, linestyle=[1,3,3], title="Section 2.3, #61(c)" );

q := fsolve( abs( f(x)-L ) = epsilon, x=x0-1..x0+1); # (d)
delta := abs(x0-q);
plot( [f(x),L-epsilon,L+epsilon], x=x0-delta..xO+delta, color=black, title="Section 2.3, #61(d)" );
for eps in [0.1, 0.005, 0.001 ] do # (e)

q := fsolve( abs( f(x)-L ) = eps, x=x0-1..x0+1 );

delta := abs(x0-q);

head := sprintf("Section 2.3, #61(e)\n epsilon = %5f, delta = %5f\n", eps, delta );

print(plot( [f(x),L-eps,L+eps], x=x0-delta..x0+delta,

color=black, linestyle=[1,3,3], title=head ));

end do:

Mathematica (assigned function and values for x0, eps and del may vary):

Clear[f, x]

yl: =L —eps;y2: =L +eps; x0 =1;

flx_]: = (3x> — (7x + 1)Sqrt[x] + 5)/(x — 1)

Plot[f[x], {x, x0 — 0.2, x0 + 0.2}]

L: = Limit[f[x], x — x0]

eps = 0.1; del = 0.2;

Plot[{{[x], y1, y2},{x, xO — del, xO + del}, PlotRange — {L — 2eps, L + 2eps}]



Section 2.4 One-Sided Limits and Limits at Infinity

2.4 ONE-SIDED LIMITS AND LIMITS AT INFINITY

1. (a)
(e)
)

2. (a)
(e)
()
3. (a)
(b)
(©)
(d)

(b)
©
(d

(b)
(©

(b)
©

True
True
False

True
True
True

(b)
®
@

(b)
®
@

True
True
False

False
True
False

(c) False
(g) False
(k) True

(c) False
(g) True
(k) True

i —2 = 1 = — =
im £ =3 +1=2 lim f)=3-2=1

No, lim_f(x) does not exist because lim f(x) # lim f(x)
X — 2 x — 2% X — 2

. A A
Xllf‘};—f(")—i“—3’X1L“}L+f(">—5+1—3

Yes, lim f(x) =3 because 3 = lim f(x) = lim f(x)
X —4 X — 4 X — 47+

im fG) =3 =1, lim fx)=3-2=112=2

Yes, lim_f(x) = 1 because 1 = lim f(x) = Ilim_f(x)
X — 2 X — 21 X — 2

lim fx)=3-(-1)=4, lim fx)=3-(-1)=4
x— -1 x— —1*F

Yes, lim f(x) =4because4 = Ilim f(x)= Ilim f(x)
X — —1 X — —1 X — —11

No, lim+ f(x) does not exist since sin (1) does not approach any single value as x approaches 0

x—0

lim f(x)= lim 0=0
x—0 x—0

lim f(x) does not exist because lim f(x) does not exist
x—0 X — 0t

Yes, lir%+ g(x) = 0 by the sandwich theorem since —\/I <gx) < \/; when x > 0
X —

No, linb _ g(x) does not exist since /X is not defined for x < 0
X —

No, lim_g(x) does not exist since lim g(x) does not exist
x—0 x—0

.

x°, x#1
0, x=1

(d) True
(h) False
(1) False

(d) True
(h) True

(b) Xli)mr fx)y=1= xlin%+ f(x)

(¢) Yes, lim1 f(x) = 1 since the right-hand and left-hand
X —

limits exist and equal 1

65
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10.

11.

13.

14.

15.

16.

17.

(a)

(a)

(b)

(©)
(d)

(a)

(b)

©
(d)

. x+2 . [—05+2 _ [3an _
MmO = s = Ve = V3

. X 2x+5) __ -2 2(=2)+5
XEIET (x+l) (x2+x) = (—2+1) ((—2)2+(—2)

lim () (359 (332) = (+3) (&

X — 17
lim Vb +4h+ Vhirahys5-/5 _ lim (\/h2+4h+ —\/5) (
h— 0*  h—0* h

lim
h— 0~ h—>0’

(a)

b0t b (ViR raneseys)

T - h(\/—+x/5h2+llh+6)

Chapter 2 Limits and Continuity

domain: 0 <x <2
range: 0 <y<landy =2
xlian f(x) exists for ¢ belonging to

0, Hu,2)
Xx=2
x=0

domain: —oco < X < 00

range: —1 <y <1

XliLnC f(x) exists for ¢ belonging to
(=00, -1 U(=1,1HU(,o0)
none

none

NI

—_

(b) lim f()=0= lim_f(x)

(¢) Yes, lim1 f(x) = 0 since the right-hand and left-hand
X —

limits exist and equal 0

lVl x?, 0<x<1
y=

1 1<x<2
2, x=2
2+ .
Mh\\\\;—————o
1 x
0 1 2
Yy
2
i» ;
X
-2 - 2
-1 X, -
-2 y= 13
0,

: -1 _ 1-1 _ —
12, dim i =i = V0=

) =1

SIBIORY

lim (h2+4h+5) 5

V/6—/5n2+11h+6 \/5h2+]1h+

\/h2+4h+5+\/§>
V2 +4h+5+/5

0+4

= h e (s vE) VAR 7

lim

lim 6—(5h2+11h+6)

|x+2]
x+2

i, 6+

= lim
x — —2%

(=) (

\/6+\/5h2+11h+6>
V6+1/5h2 + 11h + 6
_ —(O0+1D) __ 11

WU S (Ver Ve hre) | Verve 26

= lim  (x+3)
x+3)=(=2)+3=1

(x+2|=x+2forx > —2)

1<x<0 or
x=0
x<1 or x>-1

0<x<1



18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Section 2.4 One-Sided Limits and Limits at Infinity

. 2 . —x
®) tim c+3) B = im ] oor3) [R5 (Ix +2] = ~(x +2) for x < ~2)

= lim (x+3)(-1)=~(-2+3) = -1

. Xx—1) 1 Vx(x—1) N
(a) xlgn1+ \/‘:fu—xlim1+ e (x—1]=x—1forx >1)
= hn}+ V2X =14/2
(b) tim_ %:xmf YBxa_b (x—1]= —(x — Dforx < 1)
= lim f\/2x:f\/§
X
i o 3 _ i 9 _2
® Jim, =31 ® i =3
(@ lim (1= [t])=4-4=0 (b) lim (1—[t))=4-3=1

. sin \/56 T sinx _ —
algno N xlgn0 N 1 (where x \/59)

lim oK — i ksl jjy ksl fiy o S8 ] =k (where 6 = kt)

t— 0 t— 0 09— 0 09— 0

lim 03 — L i 3sindy 3 qj, sindy 3 gy sind 3 where § = 3

vy N e 4y Ty N Z ( y)

. h _ . 1. 3h _ 1 . 1 _ 1 1 _ 1. _ 1 _
Wi = () = 5 i <—>—(—)— =5 (whered =3h)

sin 2x . .
lim @2 — im e — gim sin2x_ ( lim %) (hm M) -1-2=2
X — 0 X X — 0 X X — () Xcos2x X — 0 €0s2x X — 0 2x

lim 20 =2 lim s =2 lim et =2 (lim cost) <l,mlw>_2.1.1_2

{— ( tant t—

=
—
22
2‘5
zZ2
-
=
2.
=]
-

: Xese2x . 1; x ._1 _ (1 1 2x : 1 _ (1. _ 1
Xlﬂno cos5x lim (sin2x cosSx) - (2 Xlgno sin2x) (Xh_r)no cosSx) - (2 1) (D= 2

. . 2 .
lim 6x2(cot x)(csc 2x) = lim -&CBX — [j
X — 0 X — 0 sin x sin 2x X —>

m, (3cosx- X B )=3.1-1=3

sinx  sin 2x

lim  AEXCSX _ fim (_ FEess ) = fim (2. L) 4 lim
X_)O SIn X COS X X_>O SIn X COS X SIn X COS X X_)O Sin X COS X X_)O Sin X
— lim (%)-lim L) + lim (%):11+1=2

x—0 \ % Xx—0 (COSX) x—0 \x ( 1)

. x2—x+sinx __ 7: X 1 1 (sinx _ 1 1 _

lim X=X = lim (5 -5+ 5 () =0-5+5(1)=0

x—0 x—0

lim SnU=cosO _ jip sinf — ) ginced=1—cost — Oast— 0
t— 0 1—cost 050 [

hlim0 Si“gg;“l’lh) = Hlimo S8 — 1 since# =sinh — Oash — 0

— —

: sinf sing 20\ _ 1 73 ] . 111
6111’10 sin26 911_>0 (sin26’ 29) ) ngno ( 9 —sin29) =5 1-1= 5

67
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: sin5x __ 1; sin5x _4x 5\ _ 5 7q; sin5x _ _4x _5.1.1—-35
34. xlgno sin4x xlgno (sin4x 5x 4) 4 xlgno ( 5x sin4x) 4 1-1= 4
: tan3x __ 13 sin 3x 1 I sin 3x 1 U8 3
35. XIE,nO sin 8x Xh_r,no (cos 3x  sin 8x) - Xh_r,n[) (cos 3x  sin8x  3x 8)
_3 1 sin3x) [ 8x \ _ 3 . 1.1.1_3
- 8 Xh_I)IlO (cos3x) ( 3x ) (sin8x) - 8 L-1-1= 8

36. lim sm3yczt5y — lim Sn ys124xc()555y — lim (blnSy) <51n4‘1‘y) (09555y> (gi?)
y—0 ycotdy y—0 YcosdysinSy y—0 y cos 4y sin Sy -4-5y

T sin 3 sin 4 5 s 5 3-4\ __
= Jim (52) (5 (o) (%) (3 =1-1-1-1

“IS

12
5

Note: In these exercises we use the result linil x“l‘/" = 0 whenever T+ > 0. This result follows immediately from
X — o0
. . 1 . 1\m/n . 1 m/n
Example 6 and the power rule in Theorem 8:  lim (—) = lim (—) = ( lim _) — o — Q.
X — +oo ‘X X — +oo ‘X X — +oo X
37. (a) -3 (b)) -3
38. (a) = ®) =«
39. (a) % (b) %
40. (a) ¢ (b) 3
41. (@) -3 b -3
42. (a) 3 () 3

43, — L <A <L o im0 = ( by the Sandwich Theorem

44, — L <l <L = lim 9% = 0by the Sandwich Theorem

2 sin
: 2—t4sint _ 1; o) o—140 _
4. tlimoo t+cost *tlimoo 1+ () = 1+0 T 1
. r+sinr 1 1+(L'r“) 1 140 _ 1
46. r1—1>moo 2r+7—5sinr _rli>moo 2+ 15 (3m) _r1—1>moo 240-0 2
47. —L <sinx < L - Jim e *sinx = 0 by the Sandwich Theorem.
e e € X — 00

48. lim_ (e*)(cos™' (1)) =0-cos'0=0-3=0

o2 _

. eX—e X . e -x _ . o : K1 _ 01 _ _
49. xgniloo eX e X 7xl}nfloo e+ & —Xl}nloo ] *xl}moo eX+1 7 0+1 1
e
50 li 3 te* = i 3+$ _ 340 __ 3
Cx o S -2 T x e W 5 T 0-2 T T2
x

. 3 . 2+%
51. (a) Xleoo % = XleOC si1 = % (b) % (same process as part (a))



52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

63.

64.

65.

66.

67.

68.

(a)
(b)

(a)

(a)

(a)

(b)

(a)
(b)

(a)
(b)

(a)
(b)

lim
X — 00

xll>moo X85 43x+4/x T x> 00

lim

. 1 3
3/x—5x+3 lim 25 2t s s
X —>=00 2&x+x¥3—4 T x 500 2+4z-2 7 2

Yes. If lim+ fx)=L = . 131}[7 f(x), then xh—ma f(x) =

lim 2x+7

X 500 ¥—x+x+7 lim

X — 00

2 (same process as part (a))

lim
X — 0

xli>moo x2=2 =

. Tx3 _ .
xli>moo x3 —3x% 4 6x _xll>moo 1

. 1 . .
Aw& ﬂ—“+l_thml—

= lim
X — 0

lim
X — 00

0 (same process as part (a))

10x° + x* +31
X6

lim 9x* +x _

x =00 2452 -x+6 ~ x>o00 2+35-L4+ 5 2
X

% (same process as part (a))

: —2x3-2x4+3 _ 1;
xll>moo 3x3 4+ 3x2 — 5x _x1l>moo

3 6
—xte

Section 2.4 One-Sided Limits and Limits at Infinity

T_1_ 1T [T
I=s+3z

(b) 0 (same process as part (a))

(b) 0 (same process as part (a))

=7 (b) 7 (same process as part (a))

X

(b) 0 (same process as part (a))

— % (same process as part (a))

4
. _x T
X leoo xF—T7x3+7x24+9 lim

—1
7 9 = -1

x=00 1-I+5+5

—1 (same process as part (a))

2\/;+x’1_ lim
3x=7 T x=00 3-

5/3 _ ,1/3 .
2x X747 _ lim

X—a

1+ 2+ L
35 T 0

ox1/15 _ 1

;
1o/15 T 58

73

Since thnc f(x) = L if and only if lim+ f(x) = L and . lingf f(x) = L, then xlimc f(x) can be found by calculating
X —C - -

lim+ f(x).

X—=C

L. If lim f(x)# lim_ f(x), then lim_f(x) does not exist.
X — a+ X —a X—a

69
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69. If fis an odd function of x, then f(—x) = —f(x). Given lirrg)+ f(x) = 3, then lin}r fx) = —
X — X —

70. If fis an even function of x, then f(—x) = f(x). Given liné _f(x) = 7 then lim2+ f(x) = 7. However, nothing
X — X — —
can be said about lim27 f(x) because we don't know lin%+ f(x).
X — — X —
f(x)

71. Yes. If _lim_ ) — 2 then the ratio of the polynomials' leading coefficients is 2, so _ lim _ =% = 2 as well.
X — 00 &x) X — —oo g(Xx)

72. Yes, it can have a horizontal or oblique asymptote.

fo

73. Atmost I horizontal asymptote: If lim, o = L, then the ratio of the polynomials' leading coefficients is L, so

lim  f® — [ as well.
X = —oo g(Xx)

74, lim_/x2+x—V/x2—x = lim_ {\/x2+x—\/x2—x} { Cxt = lim 70‘ tx) —(c —x)

X2 +x + -x X =00 /x24x+
— 1 2x . H 2
_xlgnoo X2+ x+ xLx_lemoc 1+l /- =1
75. For any € > 0, take N = 1. Then for all x > N we have that [f(x) — k| = |k —k| =0 < e.

76. For any € > 0, take N = 1. Then for all y < —N we have that |f(x) — k| = [k — k| =0 < e.

77. 1=05,5+68) = 5<x<5+6. Also,/x—5<€ = x—5<€e = x <5+ Choose§ =€
= lim x—5=0.
x — 5T
78. I=(4—6,4) = 4—-6<x<4 Also,\/4—x<e = 4—x<e = x>4—¢ Choosed = ¢€>
= lim 4—-x=0.
X — 47

79. Asx — 0~ the number x is always negative. Thus, | — (—1)‘ <e = |2 +1]| <e = 0< ewhichisalways

X

true independent of the value of x. Hence we can choose any 6 > 0 with - <x < 0 = liné ~ ‘i =—1.
X —

80. Since x — 27 we have x > 2 and |x — 2| = x — 2. Then,

2\

which is always true so long as x > 2. Hence we can choose any § > 0, and thus 2 < x <2+ 6

< €. Thus, lim x=2 1.
X — —2+F [x=2]

81. (@  lim [x] =400.Just observe that if 400 < x < 401, then [x| = 400. Thus if we choose 6 = 1, we have for any

x — 400

number € > 0 that 400 < x < 400+ ¢ = ||x| —400| = |400 — 400| =0 < e.
(b) h%O* |x] = 399. Just observe that if 399 < x < 400 then |x| = 399. Thus if we choose § = 1, we have for any
X —

number ¢ > 0 that 400 — 6 < x < 400 = ||x] — 399| = [399 — 399 =0 < .

(©) Since 11m . [x]# lim [x]| we conclude that lim |x] does not exist.
x — 400 x — 400

= —0|<e = —e</x<e = 0<x< ¢ forx positive. Choose § = ¢

82. (a) xlin(l)*- f(x) = XEI%+

= Xl_i)rr(l)+ f(x) =0.
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(b) lin%) f(x) = hm x% sin (1) = 0 by the sandwich theorem since —x* < x? sin (1) < x? for all x # 0.
X —

Since [x* — 0| = |—x — 0] = x? < e whenever |x| < /€, we choose 6 = /e and obtain |x* sin () — 0| < €
if =6 <x<0.
(c) The function f has limit O at x, = O since both the right-hand and left-hand limits exist and equal O.

1
O . 1 o o 71 cos cosf 1 __ 71
83. xllmi xsmx—elgn0 9s1n9—1, (H—X) 84. XleOO e _elin(l)* e = 1—1, (G—X)
. 3+4 . 344t 3 1
85. lim 24— lim ¥ = lim 2+ 2 (t=1
X— +oo X=5 xS foo 2-F (0 2-5t 2 ( X)

86. lim (L)'= lim z=1, (z=1)

X — 00 Z—>0

87. lim  (3+2) (cos?i) = elimo (3 +20)(cos ) =3) (1) =3, (=1)

X — *t oo X

88. lim (% —cos}) (1+sing) = lim (30 —cosf) (1 +sinf)= (0~ DI +0) =1 (#=1)

X — o0

2.5 INFINITE LIMITS AND VERTICAL ASYMPTOTES

1. lim <=0

X — 0t X

posmve) 2. lin%) i = —00

posmve
0os1tive

negative

3. lim =2 =-c0
x—2° X2

( (

( (
Soim oo (z) o m o (sm)

( (et

posmve ) 4' llm 1 =00

poemve)
negative X — 3+ positive

X — —8&+ x+8 ositive X — —5— 2x+10 negative

7. lim

X —7

=00 P Ovae) 8. lim 1 =-00

4 negatlve
(x=7)2 positive X — 0 x-(x+l) positive-positive

9. (@ XEH}V 3x21/3 =00 (b) xli{%’ 3x2 = -0
: 2 _ 2
10. (a) ) llrrg)+ 15 =00 (b) Xlgr(l), Y 00

. 4 4 _ 1 1
11. Xlgn0 T X11_r>nO w7 00 12. hm0 =7 h_r}n0 i 00
13 lim tanx = oo 14 lim secx =00
x— (3 x— (F)

15. HILH(IT (1+csch)=—

16. elin(lﬁ (2 —cot #) = —o0 and hm (2 — cot #) = o0, so the limit does not exist
—
. 1 1 _ 1
7. @ lm 5= lIn, cmes = (m)

b) lim = = lim —1 = o (%)

X — 92— x2—4 X — 2~ (x+2)(x 2) positive-negative
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18.

19.

20.

21.

22.

23.

24.

()
(d)

(a)
(b)
(©)
(d)

(b)
()

(d)

(a)
()
(d)

(a)
(b)
()
(d)
(e)

(a)
(b)
()
(d)
(e)

(a)

(a)

Chapter 2 Limits and Continuity

: 1 _
X E@Q#— x?—4 T l}m2+ (X+2)(X =~ (posmve negauve)
: 1 : 1 _
X _1>1H_127 xX2—4 T _1)111_127 (x+2)(x—=2) o0 (negatlve negatlve)
. X positive
X li{’ri_;. x2—1 X 1i) 1+ (x+1)(x—l) = (posmve posmve)
: X : X — positive
X lini— x2—1 — X 11}1’1’{7 x+Dx—=1) — S (posmve negallve)
: X : X negative
X l}njl—k S l}rilp— GiDe-n — (posmve negatwe)
: X : X — negative
« llr{ll’ -1y _1}1111, D=1 & (negatlve negatlve)
i X _1_ i N
X E)H}ﬁ 2 x 0+ X 11}111 x — T negdtlve
i X _ 1 _ 1
X &H%r X 0+ X li{n, X — (posulve)
. 2 2/3 _ _
hm %7%722 o 13:21/372 1/3:()
x— /2
i X _1_1_(1)_3
Jim - t=5-(5) =3
. x2—1 __ positive . x2—1 __ positive
X _1} 9+ 2x +4 o0 ( positive (b) _1}1512— 2x +4 - negative
; e ; Dx—1D 2-0
lim *-L— [jm &tb&=D _ 20 _
X — 1+ 2x +4 X — 1+ 2x+4 2
: 21 _ -1
X lg% xt4 4
: X2—=3x+2 __ : x=2)x-1 __ negative-negative
X E)H}ﬁ x3—2x2 T X E}H}ﬁ x2(x—-2) o0 positive-negative
. x2—3x4+2 __ : x=2)x—-1) __ : x—1 _ 1
XEH%+ X —2x? _xllné+ (x~2) _xli{%* x _4’X7é2
: 2— : - 2(x—-1 : x—1 1
lim XZ—=3x+2 __ [ — 1
x—2- X-2% XILI%’ F(x—2) xll{% x? g% # 2
. X2 =3x+2 _ 71; =)= _ 1 x—1 _ 1
dim, S = limy Toisy = Jlimy S = gx A2
. x2—3x+2 _ 712 x-=2)(x— 1) _ negative-negative
xlgno x3—2x2 T xlgno x2(x —2) o0 positive-negative
. X2=3x+2 _ x=2)x=1) _ x=D _ 1 _ 1
Jm o S ee = My ey M e @ s
: x2— ’%x +2 _ x—2)(x—1) __ . x—1) _ negative
- _1}11712+ —4x X _1}m2+ XX —2)x+2) _11I312+ x(x+2) o0 negative-positive
. x2—3x+42 __ . x=2x—-1 _ . x—1) _ negative
X ll{%— x3—4x X ll,n%)— Xx=2)(x+2) T x ll, 0~ xx+2) o0 negative-positive
. X2=3x+2 _ 1; x=2x-1 _ x=D _ _0 __
Jim ST = I ey = LML ey = e = 0
x=1 _ negative
X 11{%4. XX+ 2) 2) S ( positive-positive )
: x—1 __ negative
and X li{%— x(x+2) 0 (negative-positive)
so the function has no limitas x — 0.
i _ 371 = _ i _ 37—
tl_1)1%+ [2 [1//3] - o (b) ll)n(]]* [2 [1/3] =0
: 1 _ . 1 _
Jim - [55 +7] = o0 (b) lim [ +7] = —o0
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. [ 1 2 _ . [ 1 2 ]
25. (a) x1i>H(1)+ |2 + =023 = o8 (b) Xli{%, | X273 + (x— )27 | =
. [ 1 2 ] . [ 1 2 ]
() xli{ri+ |2 + -3 = S (d) xgn%’ | X273 + (x— )27 | =00
. 1 1] . [ 1 1]
26. (a) xli{r(lﬁ' _x1/3 - (x71)4/3_ = 00 (b) xll}r%, PYC (x71)4/3_ = -
: [ S T ' IR T
(C) xgn%+ -xl’li (X*l)llr':}_ - &) (d) Xllbn%7 _X13 (X*l)d'/:}_ - &)
_ 1 _ 1
27,y = 5 8. y=
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33y:x—:X—|—1+ 1 34.y:X2+1:X+1+ 2

39. Here is one possibility. 40. Here is one possibility.

y y
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41. Here is one possibility. 42. Here is one possibility.
y y

! 1 y=f@ 4
A 3

1 " 2

X

L sy 2N
Jay p— 2 T X
o N

44. Here is one possibility.

Y
4
_ 1
2 x=-3
— 5 X
-2
-4
45. Here is one possibility. 46. Here is one possibility.
y Yy
h(x) = ﬂ x#0 : / 1
-———"-) k(X) =1 - ')?_—T

X
0 K’—_
-4 -2 4 6 X
-1
-2

47. For every real number —B < 0, we must find a § > 0 such that forall x, 0 < |[x — 0| < § = ;—} < —B. Now,

1 1 2 _ 1 1 _ 1 1
—2<-B<0& 5>B>0& x*<g & |x|<ﬁ.Chooseé—ﬁ,then0<\x|<6:> |X|<ﬁ

-1 . 1
= 7 <-Bso thatxlln0 — g = —0o0.

48. For every real number B > 0, we must find a § > O such that forall x,0 < [x — 0] < § = ﬁ > B. Now,

n > B >0 [x| < . Choose § = 5. Then 0 < [x — 0| <6 = [x| < § = ;; > Bsothat lim, L= oo.
X —

[x

49. For every real number —B < 0, we must find a 6 > O such that forall x, 0 < |[x = 3| < § = —%; < —B.

(X 3)

Now,( 3)2< -B<0 < =

6:\/>then0<|x—3|<6:>

2 —3)? 2 2
73)2>B>0 o %<% & x-3)<i & 0<|x—3|<\/;. Choose

)2 < —B < 0 so that lgng ﬁ:—oo.

50. For every real number B > 0, we must find a § > 0 such that forall x, 0 < [x — (=5)| < 6§ = o > B

(X+5
Now, o5y >B >0 & x+5° < g & \x+5|<\/— Chooseé—\/— Then 0 < |[x — (=5)| < 6

= |x—|—5|<ﬁ = (X+5)) > B so that 1_1)1’1’1_5 WZOQ

75
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51.

52.

53.

54.

55.

56.

57.

Chapter 2 Limits and Continuity

(a) We say that f(x) approaches infinity as x approaches x, from the left, and write . lin}( _f(x) = oo, if
— X0

for every positive number B, there exists a corresponding number § > 0 such that for all x,
Xo— 6 <x <Xy = f(x)>B.

(b) We say that f(x) approaches minus infinity as x approaches x, from the right, and write lim+ f(x) = —o0,
X — XO

if for every positive number B (or negative number —B) there exists a corresponding number 6 > 0 such
that for all X, xg < X < X9+ 6 = f(x) < —B.
(c) We say that f(x) approaches minus infinity as x approaches x, from the left, and write . 1in)1( _f(x) = —o0,
— X0

if for every positive number B (or negative number —B) there exists a corresponding number 6 > 0 such
that for all X, xg — 6 < X < X9 = f(X) < —B.

ForB>0,4>B>0 ¢ x<g. Choose§ = g. Then0 <x<§ = 0<x<§ = +>Bsothat lim 1 =oo.

x — 0

ForB>0,1<-B<0& —-1>B>0« —x<3 & —% <x. Choose=£. Then —§ <x <0

= —%<X = %<—Bsothat lim 1 =—-.
x—0" X

ForB>0,5 <-B& -1, >B & —(x-2)<4§ & x—2>—1% & x>2—&. Choose § = &. Then

2-6<x<2 = —§<x—-2<0 = —£<x-2<0 = 215 <—B<O0sothat lim _ L — .
X —

X—2

ForB>O,Xi2>B & 0<x72<%. Chooseé:é. Then2 <x<2486 = 0<x—-2<6 = 0<x72<%
= - >B>0sothat lim 5 =oc.
X x — 2%

x—2

ForB>0and0<x<1,15>B & 1-x*<3 & (1 -x)(1+4+x) < 3. Now 15* < I since x < 1. Choose

x? 2
§< Thenl—-6<x<1l= —06<x-1<0=>1-x<6<44 => 1-x0+x)<i(H) <3
1
=

1—x2

>BforO0<x<landxnearl = lim

X — 1"

= Q.

1—x2

y:secx—f—% 58

1
y=secx+ 3

—-n/l2<x<m/2
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59. y=tanx + % 60. y =1 —tanx
y
E y=tanx
y=ta.nx+é ’ '_""U:'/I/ .
| I \\' : =a
: LA
~m2<x<m2 K N
—/ 1oz 1
/ y=y—tanx
1 X
_ _ x _ -1
6l y= 2= 02. y —
y y
1x=-2 i ; y= -1 ;
i L , ] = 1
b 2 : ! V4~x2|
y= > 1 t — X
A IX==2 x=2)
- L : Y \
2 - o2 1 |
L ' 1 1
: ! : . I
i | ! |
: 2+ : 1 |
! =2
2 1 : :
63.y:x/3+m 64.y:sm(ﬁ)

65. The graph of y = f(1) = le! is shown.

. _ . l _
Jim o f(x) = xlin%)+ f(1) =00

Jim  f(x) = lim_ f(;) =0

[-4’ 4] by [-1’ 3]

77
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66. The graph ofy—f( ): Le~1% is shown.
Jim o f(x) = 11m f(1) =
lim_ f(x) = l1m7 f(%)
x =0 P

[-4, 4] by [-1, 3]

67. The graph of y = (1) = xIn| 1 | is shown.
Jim f(x) = hm f(1y=o0 \

x lim  f(x) = xlgf(l), f(3) =0 o \

[-3’ 3] by [-2a 2]

_ l el/x et _ et _ . _e _ _ .
68. Lett=y = lim_ m\ ‘ _tha* Y] —tgn6+ T _th(lﬁ im; = 0 (since 11116 et 1andt1im Int = —00);

smularly, lm = =0

—oo In \
69. (a) y — oo (see accompanying graph)

(b) y — oo (see accompanying graph)

(c) cuspsatx = =+ 1 (see accompanying graph)

70. (a) y — Oandacuspatx =0 (see the accompanying
graph)
b)) y— % (see accompanying graph)
(c) avertical asymptote at x = 1 and contains the point

( '3 \/—) (see accompanying graph)

2.6 CONTINUITY

1. No, discontinuous at x = 2, not defined at x = 2

2. No, discontinuous at x = 3,1 = lin}) g(x) #gB3) =15
X —

3. Continuous on [—1, 3]

4. No, discontinuous atx = 1, 1.5 = lirr%f k(x) # lirri+ kx)=0
X — X —

5. (a) Yes (b) Yes, linj1+ f(x) =0
(c) Yes (d) Yes



10.

11.

12.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Section 2.6 Continuity

(a) Yes, f(1)=1 (b) Yes, Xli_l)n1 f(x) =2
(c) No (d) No
(a) No (b) No

f(2) =0, since lim f(x) = -22)4+4=0= Ilim f(x)
X — 2 X — 21
f(1) should be changed to 2 = lim1 f(x)
X —

Nonremovable discontinuity at x = 1 because lim1 f(x) fails to exist ( lin%f f(x) = 1 and lirri+ f(x) = 0).
X — X — X —
Removable discontinuity at x = 0 by assigning the number lim0 f(x) = 0 to be the value of f(0) rather than
X —

f(0) = 1.

Nonremovable discontinuity at x = 1 because lim1 f(x) fails to exist ( lirri _f(x) =2and lirri N f(x) = 1).
X — X — X —
Removable discontinuity at x = 2 by assigning the number lim2 f(x) = 1 to be the value of f(2) rather than
X —

f(2) = 2.

. Discontinuous only whenx —2 =0 = x =2 14. Discontinuous only when (x +2)> =0 = x = —2
. Discontinuous only when x> —4x+3=0 = x—-3)x—1)=0 = x=3orx =1

. Discontinuous only when x> —=3x —10=0 = X -5 +2)=0 = x=50rx= -2

Continuous everywhere. (|x — 1| + sin x defined for all x; limits exist and are equal to function values.)
Continuous everywhere. (|x| + 1 # 0 for all x; limits exist and are equal to function values.)
Discontinuous only at x = 0

Discontinuous at odd integer multiples of Z,i.e., x =(2n — 1) %, n an integer, but continuous at all other x.

Discontinuous when 2x is an integer multiple of , i.e., 2x = n, n an integer = x = ', n an integer, but

continuous at all other x.

Discontinuous when 7 is an odd integer multiple of 7, i.e., 5 = (2n — 1) 7, n an integer = x =2n— 1, nan

integer (i.e., x is an odd integer). Continuous everywhere else.
Discontinuous at odd integer multiples of T, i.e., x = (2n — 1) I, n an integer, but continuous at all other x.

Continuous everywhere since x* +1 land -1 <sinx <1 = 0<sin?x <1 = 14sin?x 1; limits exist
and are equal to the function values.

Discontinuous when 2x + 3 < Oorx < — 2 = continuous on the interval [— 3

2:09).

79
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26. Discontinuous when 3x — 1 <0 orx < £ = continuous on the interval [$,00).

27. Continuous everywhere: (2x — 1)!/3 is defined for all x; limits exist and are equal to function values.
28. Continuous everywhere: (2 — x)/° is defined for all x; limits exist and are equal to function values.
29. Xli_l}nw sin (X — sin x) = sin (7 — sin ) = sin (7 — 0) = sin 7 = 0, and function continuous at X = 7.

s

30. tlgn0 sin (5 cos (tan t)) = sin (5 cos (tan (0))) = sin (5 cos (0)) = sin (§) = 1, and function continuous at t = 0.

31. lim1 sec (y sec’y —tan’y — 1) = lim] sec (y sec’y —sec’y) = lim1 sec ((y — I)sec’y) = sec ((1 — 1)sec® 1)
y— y—=

y —
= sec 0 = 1, and function continuous aty = 1.
32. lim0 tan % cos (sin x'/3)] = tan [ cos (sin(0))] = tan (Z cos(0)) = tan (Z) = 1, and function continuous at x = 0.

X — 4

33. lim+sin<§e\/;) = sin(3e”) = sin(}) = 1, and function is continuous at x = 0.

x—0

X —

34. limlcos‘1 (ln \/§) = cos”! <1n \/T) =cos~!1(0) = 5. and function is continuous at x = 1.

35. g(x) = X7 = OO — x4 3, x £3 = gB) = lim (x+3)=6

36. h() = HRG0 = CGCD = 14502 = h(2) = lim ((+5) =7

37. f(s) = s;:% _ s+ =D _ 52+S+1,S7é 1 = f(l)= Slil)nl (Sz+s+1) _3

s G+DG—1) s+1 s+1 2

x2 — — X : X

38. 800 = P55 = o) = a1 X F4 = g@ = lim (3H) =3

39. As defined, lir% f(x) =3)>—1=28and lirr})) . (2a)(3) = 6a. For f(x) to be continuous we must have
X — X —

6a=8 = a=j3.

40. As defined, limT g(x) = —2 and lim2+ g(x) = b(=2)? = 4b. For g(x) to be continuous we must have
X — — X — —

4b=-2=>b=-1L



41.

43.

45.

46.

47.

48.
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The function can be extended: f(0) =~ 2.3. 42. The function cannot be extended to be continuous at
x = 0. If f(0) ~ 2.3, it will be continuous from the
right. Or if f(0) = —2.3, it will be continuous from the
left.

y y

2.6 .

10" -1
2'4/ 10" ~ 1 : fy ==
/ fx)= X

-0.1 -0.05 0.05 0.1

The function cannot be extended to be continuous 44. The function can be extended: f(0) ~ 7.39.
atx = 0. If f(0) = 1, it will be continuous from
the right. Or if f(0) = —1, it will be continuous

from the left.
ll 7.5 f(x):(l-}.zx)llx
0.5 7.3k\\\\\\\\\\~

-0.5 -0.01 -0.005 0.005 0.01
£(x) sin x
x)=—
| x|

f(x) is continuous on [0, 1] and f(0) < 0, f(1) > 0
= by the Intermediate Value Theorem f(x) takes

on every value between f(0) and f(1) = the
equation f(x) = 0 has at least one solution between
x=0and x = 1.

cosXx =X = (cosx)—x=0. IfX:—%,cos(—g)—(—g) > 0. Ifx:g,cos(g)—%<0. Thuscosx —x =0

for some x between — g and % according to the Intermediate Value Theorem, since the function cos X — X is continuous.
Let f(x) = x3 — 15x + 1, which is continuous on [—4, 4]. Then f(—4) = =3, f(—1) = 15, f(1) = —13, and f(4) = 5.
By the Intermediate Value Theorem, f(x) = 0 for some x in each of the intervals —4 < x < —1, —1 < x < 1, and

1 < x < 4. Thatis, x3 — 15x 4 1 = 0 has three solutions in [—4, 4]. Since a polynomial of degree 3 can have at most 3
solutions, these are the only solutions.

Without loss of generality, assume that a < b. Then F(x) = (x — a)? (x — b)? + x is continuous for all values of

X, S0 it is continuous on the interval [a, b]. Moreover F(a) = a and F(b) = b. By the Intermediate Value

at+b at+b
2 P

Theorem, since a < < b, there is a number ¢ between a and b such that F(x) =



82

49.

50.

51.

52.

53.

54.

55.

56.

57.
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Answers may vary. Note that f is continuous for every value of x.

(a) f(0) =10,f(1) =13 —8(1) + 10 = 3. Since 3 < 7 < 10, by the Intermediate Value Theorem, there exists a c
sothat 0 < ¢ < 1 and f(c) = 7.

(b) f(0) = 10, f(—4) = (—4)> — 8(—4) + 10 = —22. Since —22 < _\/§ < 10, by the Intermediate Value
Theorem, there exists a ¢ so that —4 < ¢ < 0 and f(c) = ,\/g_

(c) f(0) = 10, f(1000) = (1000)? — 8(1000) + 10 = 999,992.,010. Since 10 < 5,000,000 < 999,992,010, by the
Intermediate Value Theorem, there exists a ¢ so that 0 < ¢ < 1000 and f(c) = 5,000,000.

All five statements ask for the same information because of the intermediate value property of continuous
functions.
(@) A root of f(x) = x* — 3x — 1 is a point ¢ where f(c) = 0.
(b) The points where y = x> crosses y = 3x + 1 have the same y-coordinate, ory = x3 = 3x 4 1
= fx)=x3-3x—-1=0.
() x3—-3x=1 = x3—3x—1=0. The solutions to the equation are the roots of f(x) = x> — 3x — 1.
(d) The points where y = x3 — 3x crosses y = 1 have common y-coordinates, or y = x> — 3x = 1
= fx)=x3-3x—1=0.
(e) The solutions of x> — 3x — 1 = 0 are those points where f(x) = x®> — 3x — 1 has value 0.

W is discontinuous at x = 2 because it is not defined there.

Answers may vary. For example, f(x) =

However, the discontinuity can be removed because f has a limit (namely 1) as x — 2.

Answers may vary. For example, g(x) = ﬁ has a discontinuity at x = —1 because lim ) g(x) does not exist.
X — —

( lim  g(x) = —coand lim g(x) = +oo.)
X — —1 X — —17F

(a) Suppose xg is rational = f(xg) = 1. Choose € = % For any 6 > 0 there is an irrational number x (actually
infinitely many) in the interval (xo — 8,X¢ + 6) = f(x) = 0. Then 0 < |x — Xq| < 6 but |f(x) — f(x0)|
=1> % =€, S0 XILH}( . f(x) fails to exist = fis discontinuous at x, rational.
On the other hand, X, irrational = f(xg) = 0 and there is a rational number X in (xg — 0, X + 0) = f(x)

= 1. Again XILII}( . f(x) fails to exist = f is discontinuous at X, irrational. That is, f is discontinuous at

every point.
(b) fis neither right-continuous nor left-continuous at any point x, because in every interval (xg — 6, X) or
(X0, Xg + 6) there exist both rational and irrational real numbers. Thus neither limits . ll)n’)l( _ f(x) and
0

lirn+ f(x) exist by the same arguments used in part (a).

X — XO
Yes. Both f(x) = x and g(x) = x — % are continuous on [0, 1]. However % is undefined at x = % since
g (%) =0 = % is discontinuous at x = %

No. For instance, if f(x) = 0, g(x) = [x], then h(x) = 0 ([x]) = 0 is continuous at x = 0 and g(x) is not.

Let f(x) = Xi ; and g(x) = x + 1. Both functions are continuous at x = 0. The composition f o g = f(g(x))

= m = % is discontinuous at x = 0, since it is not defined there. Theorem 10 requires that f(x) be

continuous at g(0), which is not the case here since g(0) = 1 and f is undefined at 1.

Yes, because of the Intermediate Value Theorem. If f(a) and f(b) did have different signs then f would have to
equal zero at some point between a and b since f is continuous on [a, b].
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59.

60.

61.

62.

63.

65.

67.

69.

Section 2.6 Continuity

Let f(x) be the new position of point x and let d(x) = f(x) — x. The displacement function d is negative if x is
the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band. By the
Intermediate Value Theorem, d(x) = 0 for some point in between. That is, f(x) = x for some point x, which is
then in its original position.

If f(0) = 0 or f(1) = 1, we are done (i.e.,c = 0 or ¢ = 1 in those cases). Thenletf(0) =a > 0andf(1) =b < 1

because 0 < f(x) < 1. Define g(x) = f(x) —x = g is continuous on [0, 1]. Moreover, g(0) = f(0) —0 =a > 0 and

g(l)=1f(1) =1 =b—1< 0 = by the Intermediate Value Theorem there is a number c in (0, 1) such that
gc)=0 = f(c)—c=0orf(c) =c.

Lete = @ > 0. Since fis continuous at x = ¢ thereisa § > O such that |[x —c| < § = [f(x) — f(c)| < €
= f(c) — e < f(x) < f(c) + .

If f(c) > 0, then e = § f(c) = 1f(c) < f(x) < 3 f(c) = f(x) > 0 on the interval (c — &, ¢ + &).

Iff(c) < 0, thene = — 1 f(c) = 2f(c) < f(x) < 1 f(c) = f(x) < 0 on the interval (c — 6, ¢ + 6).

y  flc)+e

fle)r

A

f(c)-e

By Exercises 52 in Section 2.3, we have lim f(x) =L < lim f(c +h) = L.
Xx=c h—0

Thus, f(x) is continuous at x = ¢ <> lim_f(x) = f(c) < hh—I>nO f(c +h) = f(c).

By Exercise 61, it suffices to show that hlimo sin(c + h) = sin ¢ and hlimo cos(c 4+ h) = cos c.
Now lim sin(c +h) = lim_[(si h inh)] = (sin c) (_lim cos h) (lim sin )
ow lim, sin(c + h) Jim [(sin ¢)(cos h) + (cos ¢)(sin h)| = (sinc) Jim cosh ) + (cosc) Jim sin
By Example 6 Section 2.2,hlimocos h=1and hlimosin h = 0. So hlim0 sin(c + h) = sin ¢ and thus f(x) = sin x is
continuous at x = c. Similarly,
I h) = Ii h) — (sin c)(sin h)] = (lim cos h) = (sin )  lim sinh) = cosc.
Jim cos(c + h) Jim [(cos ¢)(cos h) — (sin ¢)(sin h)] = (cos ¢) lim cos (sin ¢) Jim sin cos ¢

Thus, g(x) = cos x is continuous at x = c.

x ~ 1.8794, —1.5321, —0.3473 64. x ~ 1.4516, —0.8547, 0.4030
x =~ 1.7549 66. x ~ 1.5596
x =~ 3.5156 68. x ~ —3.9058, 3.8392, 0.0667

x ~ 0.7391 70. x ~ —1.8955, 0, 1.8955
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2.7 TANGENTS AND DERIVATIVES AT A POINT

1. Pli m; = 1,P22 my = 5 2.
3. Pll mlzg,Pg: mng% 4.
5 m= lim B-(=1+0]-EB-(1?
’ h—0 h
T 3—(1-2h+h?)-2 _ N h@-h _ 5.
_hlgno h hlgno h 2
at(—1,2): y=242(x—(—1)) = y=2x+4,
tangent line
2+
6. m= lim [(A+h—1+1]-[A-1*+1] _ lim Y
' h—=0 h h—o h )
:hlinoh:O;at(l,l): y=140x—-1) = y=1, \ y =241

tangent line

N

(L) y=1

2y/T+h-2/1 _ lim 2Vith-2 2y/i+h+2
=1l

h—o0 h T2 /1+h+2

7. m= lim
h—0

- 1i A4 =4 gy 2
h—0 Zh(\/1+h+1) h—0 V1+h+i

at(1,2): y=2+1x—1) = y =x+ 1, tangent line

1 1
— lim G4 TR iy l=Gleh?
8. m= hlgno b = hlgno h(—1+h)’
— T —(=2h+0%) _ s 2-h_ _ 5.
I T Ea L N e e

at(=1,1); y=142x—-(-1) = y=2x+3,

tangent line




9.

10

11.

12.

13.

14.

15.

16.

17.

18.

19

Section 2.7 Tangents and Derivatives at a Point

L (=24+h3 + 1 (=23 +1) _ 1. 84+ 12h—6h® +h3+8 Y
m = lim = = lim ——=—pr—1==2 yere
h—0 h—0 4l
= lim (12 —6h+h?) =12; y=12x+17 ] 3F
h—0 2
at(72777)y:77+12(xi(72)):>y:12X+17’ L1 1/'- [ R N
. -4 -3 =2 1 2 3 4
tangent line s
ok
3L
4k
5L
—6
2-¢ -7F
L1 8 (—21 ) y
_ 3 (=2+h) (=22 __ 3 —o— =
- m =, lim, h = My w2y
T —(12h=6h%+h3) _ . 12 — 6h +h? L
- hhlno —8h(=2+h)® h1£n0 8(—2+hy (-2 18) 1 Y 3
_ 12 _ _ 3.
—8-8 —  16°
1) . 1_3
at (=2, —§):y=—3— 2(x—(-2)
= y=— 3 x— 1, tangent line
2 _ . 2y _ .
m= lim @+ +1=5 _ 4, GF4hh)-5 LGk

h=0 h h=0 h h->0
at(2,5): y —5 = 4(x — 2), tangent line

m= lim AEW=20+b]-D _ o (Lth=2-4h-20) 41 _ o
h—0 h h—0 h h—0 h
at(1,—1): y+ 1 = —3(x — 1), tangent line

h3-2h) _ 3.

>

3+h 3
1 Gim-—2"° _ 71: BG+h—-3h+D _ —2h
m= hlino h - hlino hth+ 1) h—0 D+D

at (3,3): y — 3 = —2(x — 3), tangent line

_8
2+h?2

. : - 2 : —2(4+4h+h? : - -
m= lim c— = lim 8—22+h?* i, 8-20@+dh+i) im =2hGth) -8 _ o
h—0

hlﬂo h2 + h)2 A h(Z + h)2 = hlﬂo h2+h2 4
at(2,2): y—2=-2(x—2)

3 _ _ . 2 4 h3) — . 2
M= lim CHCEMI6  n EEIEONER) 6y hOLEG)
h—0 h—0 h—0

at(2,6): y— 6 = 11(t — 2), tangent line

T . (14+3h+3h2+h3+3+43h)—4 _ . h(64+3h+h?) _ .
m= hlgHO hh—l>no h - hh—l»no h =6
at(1,4): y —4 = 6(t — 1), tangent line

[(A+hP+3(1+h)] -4
e =

. VA+h-2 . Vi+h-2 \/4+h+2 . -
m= lim +:hm + . th+2 _ iy ¢t -4

L h _ 1
B, he0 h Varnz h(\/4+h+2) _hh—I>n0 h(\/4+h+2) RS
=1Lat(4,2): y —2 = 1(x —4), tangent line

Vv9+h-3 +9+h+3 _ li ©+h) -9

m= lim lim
h—0

= limm = lim ——h
h—0 h V9+h+3  h 5 h(\/9+h+3) h—0 h(\/9+h+3)
= \/61+3 = £:;at(8,3): y — 3 = { (x — 8), tangent line

VB F1-3
N

p— 2— . .
S+ =5 im — lim

Sh(-2+h) _
h h—0 h h—0 h

CAtx=—-1,y=5 = m:hlim0 —10, slope
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Chapter 2 Limits and Continuity

(1-4—4h—h?+3

Atx=2,y=-3 = m= lim W— lim o = lim WZ—AL,slope
h—0 h—0 h—0
1 1
_ _ 1 S T Gih-1_2 __ 2—-2+h) _ —h 1
Atx=3,y=35 = m—hlgno b _hhino TTGREN) _hlino ma+m = 40 Slope
- (=D . (h—D+(h+1
— b+l 7 nm—)rary _<n
Atx=0,y=-1 = m= l_r>nO - —hh_r)n0 CESY —hl_r>n(J h(hH)—Z,slope

2 11— (x2 _
At a horizontal tangent the slopem =0 = 0 =m = hl1m0 [x+h) +4(X+h)h [-CCtdx-1)
—

— Jjm (Crhehedo D)o (Eebo ) gy 2R iy (x4 h44) = 2x + 4
h—0 h—0 h—0

2x+4=0 = x=—-2. Thenf(—-2) =4—-8—1= -5 = (=2, -5) is the point on the graph where there is a

horizontal tangent.

. h)’ —3(x+h)] — (x* —3x) . (x* 4+ 3x%h + 3xh? + h® — 3x — 3h) — (x* — 3x)
0=m= lim [&* = lim
h—0 h h—0 h

= lim 2ha3diih’-sh _ Jim (3x% + 3xh +h* —3) = 3x* ~3:3x" = 3=0 = x=—lorx= L Then

h—0 h

f(—1)=2andf(1) = -2 = (717 2) and (1, —2) are the points on the graph where a horizontal tangent exists.

1

1
1 — — 1 G+h—1  x—1 x—1)—(x+h-1) . —h _ 1
1_m_hlgno h —h1£“0 h(xX— D(x+h—1) —hlgno M —Dx+h=1) —  x=17

= x—-12=1=x>-2x=0 = x(x—2)=0 = x=00orx=2. Ifx=0,theny = —l andm = —1

> y=—1-xx—-0=—-x+1). fx=2,theny=1landm=-1 = y=1—-(x—-2)=—(x—3).

p=m=lim, S \/—_hlgno Ean gi? e h(&x%h);:/—)
:hILO h(ﬁ+[) = ﬁ Thus,%: ﬁ = y/X=2 = x=4 = y =2. The tangent line is
y=2+iGx-4=3+1
lim f2+h)—£2) _ lim (100 — 4.9(2 + h)?) — (100 — 4.9(2)?) — lim —4.9 (4+4h +h?) +4.94)
h—0 h h—0 h h—0 h

= hlim0 (—19.6 — 4.9h) = —19.6. The minus sign indicates the object is falling downward at a speed of

19.6 m/sec.
. { — . 2 _ 2 X 2
lim t(l()+h}1 10— im 3(10+h)h 300° _ him 3(20l111+h) — 60 fi/sec.
h—0 h—0 h—0
. — i . 7 2 _; 2 . 7 2 .
lim f(3+ht)1 3) — lim 7(3+h)h 3 _ im 7[9+6hh+h 9 _ im 6+ h) = 61
h—0 h—0 h—0 h—0

AN () _ fipy FCEWF@ |y FONEOREN] o dn1) 4 6h 4 b2 = 167
h—0 h h—0 h h—0 h h->0 3

lim (m(xn+h)+E)*(mX0+b) — lim w: lim mTh: lim m=m
h—0 h—0 h—0 h—0

y—(mxg + b)=m(xX—%x9) 2 y—mxg—b=mx—mxg —y=mx+b

2-\/ith
lim BB gy 2 gy 2vaEe g CoVERRCVER) L aaem
h—o B h—o0 b h—0 2hW/4+h  h50 2n 4+h(2+\/4+h) h— 0 2hv/4+h (2+\/4+ )

_ -1

= lim — " — Jim - = = ==l m=3
h—0 2h\/4+h(2+\/4+h) h—0 2«/4+h(2+\/4+h) 2\/4+0(2+/4+0)
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39.

40.

Section 2.7 Tangents and Derivatives at a Point

.. . q - . h? sin (1 . .
Slope at origin = lim f0HW=f0 — jjpy “E(“) = lim hsin (§) =0 = yes, f(x) does have a tangent at
h—0 h— h—0

the origin with slope 0.

lim E0EW_2O) _ i D S“}‘l(h) = lim sin {. Since lim sin { does not exist, f(x) has no tangent at
h—0 h—0 h—0 h—0
the origin.

lim w = lim ’1}:0 = 00, and lim w = lim 1;—0 = 0. Therefore,
h— 0~ h— 0" h— 0" h— 0"

. f(0+h)—f(0) _ . -
h11m0 ————— =00 = yes, the graph of f has a vertical tangent at the origin.

—

lim w = lim % =o00,and lim w = lim % =0 = no, the graph of f
h— 0~ h— 0~ h— 0" h— 0"

does not have a vertical tangent at (0, 1) because the limit does not exist.

(a) The graph appears to have a cusp at x = 0.

(0,0)

(b) lim w = lim hz'/sh’ 9— lim 4 =—-ocoand lim —L- =oco = limit does not exist
-0 h— 0" h—0 b h—ot b
= the graph of y = x*/® does not have a vertical tangent at x = 0.
(a) The graph appears to have a cusp at x = 0. Y
y =8
(0,0)
X
(b) lim w = lim hA'/sh’O = lim - = —ocoand lim - =oo = limit does not exist
h— 0" h— 0" h—0 b h—o0+ h
=y = x*° does not have a vertical tangent at x = 0.
(a) The graph appears to have a vertical tangent at x = 0. Y
_ /5
(0,0 yEX
X
(b) lim w = lim X 5h_0 = lim - =00 = y =x""has a vertical tangent at x = 0.
h—0 h—0 h—o b
(a) The graph appears to have a vertical tangent at x = 0. e
3/5

(0,0 y=x
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88 Chapter 2 Limits and Continuity

e =00 = the graph of y = x*/® has a vertical tangent

(b) Jim SRS = lim M0 = lim

h—0 h—0 W
atx = 0.
41. (a) The graph appears to have a cusp at x = 0. s
5
y=4x2/5—2x
3
X
-1 0 1 2
(b) lim [OARZIO g #o2h gy 49— ooand lim | A 2= o0
h— 0" h— 0" h—0 b h—o+ b

2/5

= limit does not exist = the graph of y = 4x*/° — 2x does not have a vertical tangent at x = 0.

42. (a) The graph appears to have a cusp at x = 0.

=33 523

(0,0)

(2.0,-4.76)

(b) hlim0 w = hlim0 % = hlimo h?/3 — 25 =0— hlim0 =5 does not exist = the graph of
— — — — :

y = x%/3 — 5x%/3 does not have a vertical tangent at x = 0.

43. (a) The graph appears to have a vertical tangent at x = 1 y
and acusp at x = 0.

y=x23(x-1)113

. 2/3 _ _ 1\1/3 _ . 2/3 _RK1/3 _
(b) X = 1: hhmo (d+h) (1h+h 1 1 _ lim (1+h) h 1_ N
.

h—0 h
= y=x*% — (x — 1)/3 has a vertical tangent at x = 1;
—_ 0 : f0+h)—£0) _ 1; W23 —(h— DY — (=3 . [ 1 (h—1)3 1:|
x=0: lim —/—— = lim = lim |55 —~——++
h—0 h h—0 h h—o0 Lh? Rt
does not exist = y = x*/3 — (x — 1)!/3 does not have a vertical tangent at x = 0.




Section 2.7 Tangents and Derivatives at a Point

44. (a) The graph appears to have vertical tangents at x = 0 and y

x=1. 2

X
-1 ﬁ.s 1.5
/ y=xBa o3

1/3 1/3 _ (_1\1/3
Jim 04— 10 = lim RO NToEDE — o0 = y =x3 4 (x — DY hasa
— —

vertical tangent at x = 0;
x=1 lim =T — jiy

h—0 h—0

vertical tangent at x = 1.

b)) x=0:

=00 = y=x"/4+x-1"hasa

A+ +h—DY3—1
h

45. (a) The graph appears to have a vertical tangent at x = 0. y

_y=Yixa, x<0
Y /_x_, x>0
b) lim OEW=fO _ gy VA0 gy o
®) h— 0+ h x—0t B h—0 vh
lim MO iy V0 gy VI gy Lo
h— 0" h— 0" h—0- —h " h=0- Vi

= y has a vertical tangent at x = 0.

46. (a) The graph appears to have a cusp at x = 4.

(b) lim [EW=®) gy VESEIDIZ0 g VI iy 1 o
h— 0 h— 0+ h— 0" h— 0t vh
Jfim S = i SESEN = w5 =l 7 = oo

= y = /4 — x does not have a vertical tangent at x = 4.
47-50. Example CAS commands:

Maple:
f:=x->x"3 +2*%x;x0 :=0;
plot( f(x), x=x0-1/2..x0+3, color=black, # part (a)

title="Section 2.7, #47(a)" );
q := unapply( (f(xO+h)-f(x0))/h, h ); # part (b)
L :=1limit( q(h), h=0); # part (c)
sec_lines := seq( f(x0)+q(h)*(x-x0), h=1..3); # part (d)

tan_line := f(x0) + L*(x-x0);
plot( [f(x),tan_line,sec_lines], x=x0-1/2..x0+3, color=black,
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linestyle=[1,2,5,6,7], title="Section 2.7, #47(d)",

legend=["y=f(x)","Tangent line at x=0","Secant line (h=1)",
"Secant line (h=2)","Secant line (h=3)"] );

Mathematica: (function and value for x0 may change)
Clear[f, m, x, h]
x0 = p;
f[x_]: = Cos[x] + 4Sin[2x]
Plot[f[x], {x,x0 — 1,x0 + 3}]
dq[h_]: = (f[x0+h] — f[x0])/h
m = Limit[dq[h],h — 0]
ytan: = f[x0] + m(x — x0)
yl: = f[x0] + dq[1](x — x0)
y2: = f[x0] + dq[2](x — x0)
y3: = f[x0] + dq[3](x — x0)
Plot[{f[x], ytan, y1,y2,y3}, {x,x0 — 1,x0 4 3}]

CHAPTER 2 PRACTICE EXERCISES

1.

Atx = —1: hmr f(x) = xl}rzlﬁ fx)=1

X— —

= lim . fx) =1=1(-1)
X — —

= fis continuous atx = —1.

Atx=0: lim fx)= Ilim fx)=0 = Ilim f(x)=0.
x—0 x — 0t x—0
But f(0) =1 # lim0 f(x)
X —

= fis discontinuous at x = 0.
If we define f(0) = 0, then the discontinuity at x = 0 is

removable.
Atx=1: lim f(x)=—-1and lim f(x)=1
x—1 X — 1t

= lim_ f(x) does not exist
x—1

= fis discontinuous at x = 1.

Atx=—1: Ilim f(x)=0and lim fXx)=-1
X — —1 x — —1F

= lim _f(x) does not exist

X — —
= fis discontinuous at x = —1.
Atx =0: lim f(x) = —ocoand lim f(x) =00
x — 0 x — 0t

= lim0 f(x) does not exist
X —
= fis discontinuous at x = 0.
Atx=1: lim fx)= Ilim fx)=1 = Ilim f(x)=1.
x—1 x — 1t Xx— 1
Butf(1) =0 # lim1 f(x)
X —

= fis discontinuous at x = 1.
If we define f(1) = 1, then the discontinuity at x = 1 is

removable.

(@ [lim (3f(1)) =3 lim f(t) = 3(=7) = —21

b lim (f(1)2 = ( lim f(t))2 = (-7 =49

t—1p t— 1y

0,
f@ = {1
1,

x<-1
O<|xf<1
x=1
x>1

S

-



Chapter 2 Practice Exercises

(© lim (1) - () = lim £(t)- lim g(t) = (~7)(0) = 0
t— 1ty t— 1y t—1p
f(t lim f(t) lim f(t)

o _ 1 _ =t I
(d) th_r)I%U g®—=7 — lim (g(t) —7) — lim g(t) — lim7 — 0-7 1
—1y =1 t—to

(e) lim cos(g(t)) = cos (tlgr% g(t)) =cos0=1

t— 1ty

@ lim uan::‘nm ﬂg‘:|—7p:7
tﬂtg t*)tg

(g) lim (f(t) +g(t)) = lim f(t) 4+ lim g(t)=-7+0= -7
t—to t—ty t— 1

: 1y 1 1 _ _1
0 Jim () = = 4 =

t—ty

(@) lim —g(x) = — lim g(x) = —V/2
(b) Tim (20 f(9) = lim g(0) - lim f(x) = (ﬁ) (1) =2

(©) xlim (f(x) + gx)) = hm f(x) + hm g(x) = % \/5
(d lim —_+_+=2

S

x — 0 [® }%f(x) I
e) lim (x+f(x)) = lim x4+ lim f(x) = 11
) x—>0( +()) x — 0 +x—>0() 0+2 2
lim f(x)- lim cos x 1
: fx)-cosx 5T I _Gwm_ 1
(® [lim === - lim 1 o1 = 3

Since hmo x = 0 we must have that hm (4 — g(x)) = 0. Otherwise, if 11m (4 — g(x)) is a finite positive

X —

number, we would have hrr(l) B {%} = —oo and hm {%} = 00 so the limit could not equal 1 as
X —

X —

x — 0. Similar reasoning holds if limo (4 — g(x)) is a finite negative number. We conclude that limo g(x) = 4.
X — X —

2= lim, [Xxlgno g(x)} = m  x- lm, [xlgno g(x)} =4, lim, [xlﬂno g(x)] = —4 Jim ()
1

(since lim g(x)is a constant) = lim g(x) = 2 = — 1.
Xx—0 X —0 —4 2

(@) lim f(x) = lim_ x'/3 = c!/3 = f(c) for every real number ¢ = f is continuous on (—o0, c0).
X—C X—C

3/4

(b) Jlim g(x) = lim x3/4 = ¢3/4 = g(c) for every nonnegative real number ¢ = g is continuous on [0, co).

(

. T —2/3 _ 1

(¢) Jlim h(x) = lim x =an
(

(d) Jim k X) = Jim, x~1/6 = CILG = k(c) for every positive real number ¢ = k is continuous on (0, co)

@ U ((n—3)m, (n+ 4)7), where I = the set of all integers.
I

(b) U (nm, (n+ 1)), where I = the set of all integers.
nel

(c) (—o0, ) U (7, 00)
(d (—o0, 0)U (0, c0)

x2—4x+4 x=2)(x-2)

(a) xhin0 e v —XlgnO TN = hm0 e +7),X7£2; the limit does not exist because
: x—2 __ Xx—2 _ _
xli}r%f Xx+7) ooandxlil%Jr xaxtn X
X2 —4x+4  _ q: x=2)x=2) _ 1; x=2 _ 0 _
(b) IEHQ X1 5% — 14x _XIEnQ XKD —2) _XIEHQ x(x+7)’x # 2, and th o = 29 =0
x2+x _ x(x+1) _ x+1 .
10. @ lim o 5es = 10 seeaon = M) ot e = XLO o X 7 Oandx # —1.
_ : 1 _ X% +x _
NOWXILH}r x2(x+1) —ooandxlirr(lﬁ aED - X = hmO it 0

91

= h(c) for every nonzero real number ¢ = h is continuous on (—o0, 0) and (—o00, 00).
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26.

27.

28.

Chapter 2 Limits and Continuity

: XX4+x 1 x(x+1) s _
(b) )(1_1}11171 PR oY B _xl—l»m—l T T —)(1_1}111 XZ(HI),X;«éOandx;«é 1. The limit does not
: . 1 _
exist because . _l}rzllf TaiD = —® andxlm} R Xz(x+1) = 0.
. 1—/x . 1—+/x 1 1
lim = lim —F~'~—~ = lim ==z
x—1 I-x x—1 (I=vx) (1+vx) — x=51 1+yx 2
: x2—a% _ q: (x> —a?) — 1 _ 1
xh—r>na xt—at ™ xh—rpa (x2+a2) (x2—a?) — hI’Ila xZ+a? — 2a?

2 2 2 2 2
lim &E =% qjyy 2R X oy 1 h) = 2x
h—0 h h—0 h h—»o( +h)

2 2 2 2 2
lim @Hhi=x o 24X i 9w 1 h)=h
x—0 h Xx—0 h XHO( T )

1
: 2+x 2 2-(2+x) =1 _ 1
Jm === lim ) 7t = lim g = — g

lim @F0=8 _ iy RIS iy (32 4 6x 4 12) = 12
x—0 X x—0 X x—0

: tan2x __ 1z sin2x  cosmX __ 13 sin 2x COS TTX TX 2x\ 2 2
xlino tanmx Xlgn() cos2x  sinmx XIE)I‘IO ( 2x )(cost)(sinfrx)(H) =111 T
lim cscx = hm - =ocoand lim cscx= lim - =—oco= lim_ cscx = does not exist
X — T —T 1n X X — T X_)ﬂ_+smx X — T
lemﬂ sin (% + sinx) = sin (% + sin7r) = sin (%) =1
lim e(®+x=2) —¢0 — 1
X —
Letx=t—3= lim In(t—3)= lim Inx =—00
t— 3" x — 0
lim €In(2—/t) =In1=0
t— 1
—1<cos(§)<l=e'< ecos(m/0) < el = \/fe! gecos(m/0) < (/e = alim+\/§e°"s<”/0) = 0 by the Sandwich
— 0
Theorem
2el/r 2 _ 2 _

Zlin(l)-%- e'Z+l - Zli,n(l)+ I4e /2 7 140 =2

1/3
Xl_i,r%+ [4gx)]/=2 = Lli)ngﬁ 4g(X)] =2 = Xlir%+ 4 g(x) = 8, since 23 = 8. Thenxli)nz)+ g(x) = 2.

lim L -=2= lim_ x+gx)=1%= 5+ lim_ gx)=1% = lim_gx)=3i-+/5
)V e x /5 2 V5 x_>\/§g 2 x—>\/§g 2 V5

lim 341
x—1 &x

=00 = lim g(x) = Osince lim (3x2+1)=4
X — X —

. 5—X2_ . _ . . _ 2 _
xthQ@—O:>xlir112g(x)—w31ncexlirg2(5 x?) =1
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c2x43 o 2% 240 _ 2 Cooe3 oo 245 940 2
29. lemoo5x+7 - x1l>m005+£ ~— 540 5 30. xl}—oo5xz+7 - Xl}—OOSJr TT? ~ 540 5
. x2—4x+8 __ : 1 4 8\ _ _
- 1 ~ e 0
32. xli>moox277x+1 :X]mel_§+x% = 1-040 =0
: X2—Tx _ : x=7 _ _ ; x4 xd : x+1
33. xl}@oo)wr—l _xl}rgoolJr% =7 34. X1l>m0012x3+128 _Xl}IEOO12+% -
35. lim 82X < lim & = 0since int x — oo as X — oo =_lim 82X = (.
x =00 [x] x = 00 [x] x = 00 [x]
36. lim <f=1 < Jim £ =0= lim <f=1 =0,
6 — oo 0 — oo 6 — oo
. x+sinx+2\/;_ . 1+SinTx+%_1+0+0_
3 im ame =im s = g =L
: x2/3 4 x 1 _ . 14 x %3 _ 140 __
38. Xleoo x2/3 + cos2x _X1l>m00<1+%> L !
: 1/x 1y _ .0 _ _
39. lim e Mcos(L) =e® -cos(0)=1-1=1
40. lim ln(l—i—l):lnl:O
t— oo t
41. lim tan 'x=—-T
X = =00 2
42. lim_e*sin™' (1) =0-sin7' (0)=0-0=0
t— —o0 t
. . 2_ y
43, Atx = —1: lim f(x)= lim & =1
X — —1- X — 1= [K=1]
— i x(X*=1) _ _
= lim — = _ lim x=-1,and 1
x— —1 X x — —1
. _ . x(x2—1) . x(x2—1)
im fx) = lim Ta—r = lim T : 1 )
= liml(—x): —(—1) =1. Since
X — —
. . 5]
lim_ f(x) # lim f(x)
ool x oL f0) =2 - )/l — 1]
. . . =X CJ X° -
= lim . f(x) does not exist, the function f cannot be * x
X — —
extended to a continuous function at x = —1.
2 2
Atx=1: lim fx) = lim *8=D— jim 2&-U _ jim (—x)=—1,and
X — 17 0 x— 1= [¥-1] x—1- —(*=1) x—>1’( )
. . x(x27]) . x(xzfl) . . . .
lim f(x)= lim =5—¢ = lim > = lim x = 1. Again lim f(x) does not exist so f
x — 1t x—1t K= x— 1t ¥l x — 1t x—1

cannot be extended to a continuous function at x = 1 either.

X

44. The discontinuity at x = 0 of f(x) = sin (1) is nonremovable because lim  sin L does not exist.
X —

93
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<

45. Yes, f does have a continuous extension to a = 1:

define f(1) = 1im1 ;41[ =3
X — X — /X

=1 1

x -1
f(x):x_y;. a=1
46. Yes, g does have a continuous extension to a = %: g(e)
™\ _ 13 5cosf __ 5
g(i)_elgng 40—2r — ~ 4° 1
2 /2 8
-1
Scosd
&) = oo 0=
47. From the graph we see thatt 1im07 h(t) # lin(l+ h(t) h(t)
— t—

)
so h cannot be extended to a continuous function \
2
ata = 0.

—

-1 1

-1
h@)= 1+, a=0

48. From the graph we see that lirr(lr k(x) # lirrg) k() kx)
X — X —

so k cannot be extended to a continuous function
ata=0.

-1 1
-1
-2

x
k(x)=‘~—l_2m. a=0

49. (a) f(—1) = —1andf(2) =5 = fhas aroot between —1 and 2 by the Intermediate Value Theorem.
(b), (¢) root is 1.32471795724

50. (a) f(—2) = —2and f(0) =2 = fhas aroot between —2 and O by the Intermediate Value Theorem.
(b), (¢) root is —1.76929235424
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CHAPTER 2 ADDITIONAL AND ADVANCED EXERCISES

1. (@ x | 0.1 0.01 0.001 0.0001 0.00001
x* | 0.7943 0.9550 0.9931 0.9991 0.9999
Apparently, . 11}1%+ x*=1
(b)
Yy
1
0.6 .
y=x
0.2
X
0.2 0.6 1
2. (@ x | 10 100 1000

()™ 03679 03679 03679
Apparently, lim (%)1/(]”) =0.3678 = 1

(b)
y

1 1/(1n x)
flx) = (—)
X

0.4

0.2

: 3 V2 vlig:lvzi zi
3. lim L= lim Loy/1—%=Lo\/1- 55" =Ly/1-$=0

The left-hand limit was needed because the function L is undefined if v > c¢ (the rocket cannot move faster
than the speed of light).

4@ [F-1]<02 5 202 -1<02 5 08< L <12 5 16</X<24 = 256 <x <576

b) |5 =1 <01 5 —01< Y =1<01 = 09< <1l = 18</X<22 = 324 <x <4384,

5. |10+ (t—70) x 10~ — 10| < 0.0005 => |(t — 70) x 10~4| < 0.0005 = —0.0005 < (t — 70) x 10~% < 0.0005
= —5<t—70<5 = 65° <t< 75 = Within 5°F.

6. We want to know in what interval to hold values of h to make V satisfy the inequality
|V — 1000| = |367h — 1000| < 10. To find out, we solve the inequality:

|36mh — 1000] < 10 = —10 < 367h — 1000 < 10 = 990 < 367h < 1010 = 2 < h < L0

= 8.8 < h < 8.9. where 8.8 was rounded up, to be safe, and 8.9 was rounded down, to be safe.
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The interval in which we should hold h is about 8.9 — 8.8 = 0.1 cm wide (I mm). With stripes 1 mm wide, we can expect
to measure a liter of water with an accuracy of 1%, which is more than enough accuracy for cooking.

7. Show lim f(x) = lim (x> —7)=—6=f(1).
X —1 x—1

Stepl: |[(xX2=7)+6/<e = —e<x*—1<e=>l-ec<x*<1l+e = VI-e<x<l+e
Step2: [x—1]<éd = —6<x—1<é6=> —6+1<x<6+1L

Then -6 +1=+/1—coré+1=+/1+ e Chooseézmin{l—\/1—6,\/1+e—1},then

O<|x—1]<é = |(x*-7)—6| <eand lim1 f(x) = —6. By the continuity test, f(x) is continuous at x = 1.
X —

. . 1 _n_ (1
8. Show Xlgni g(x) = X1£I11 x=2=g (Z)-

1

1 1

Stepl: |5 —2|<e = —e<f—-2<e=>2-€<4p<2+e = 5 >x>

;Y F2c
Step2: |z -1 <6 = —6<x—-1i<é=> —6+i<x<é+i.
Then =643 =gz = 6=i- @z =m0 ti=rn 2 iy —i=q
Choose 6 = @,the smaller of the two values. Then 0 < ‘x— H <6 = |% —2‘ <eandxliﬂml % =2.
4

. . . . _ 1
By the continuity test, g(x) is continuous at x = 5 .

9. Show lim2 h(x) = lim2 V2x —3=1=h(Q).
X — X —
Step 1: ‘\/2x—3—1‘<e = —e<V/2x—3-1<e=>l-e<y/2x-3<1+e = U953 oy o Qb3
Step2: |x—2|<éd = —6<x—2<bor—6+2<x<+2

— )2 —_ )2 _ )2 2
Then 6 +2= 0=0#3 o s_p (=043 _1-0-0" _ & o549 Utd+3

2 2 _ 2
= 6= W —2= % =€+ % Choose 6 = € — % the smaller of the two values. Then,

0<|x=2|<é6 = ‘\/ZX -3 1‘ < €, S0 lim2 v/2x — 3 = 1. By the continuity test, h(x) is continuous at x = 2.
X —

10. Show lim_F(x) = lim_+/9 — x = 2 = F(5).
X—9 X—9

Step 1: ’\/9—x—2‘<6 S eI x—2<e = 92— >x>9— (246>

Step2: 0<|x—5|<d = —6<x—5<d = —06+5<x<6+5.

Then —6+5=9—(2+¢ = 6=0C2+¢ —4=e+2,016+5=9-2—¢2 = 6=4—(2— ) = — 2.
Choose § = €% — 2¢, the smaller of the two values. Then, 0 < |x — 5| < § = ‘\/9—x—2‘ < €, SO

lirn5 \/9 — x = 2. By the continuity test, F(x) is continuous at x = 5.
X —

11. Suppose L; and L, are two different limits. Without loss of generality assume Ly > L;. Lete = % Ly — Ly).
Since Xli_}rr%(0 f(x) =L thereisa 6; > Osuchthat0 < |[x — x| < 6 = |[f{(x) —Li| <e = —e<fx)—L; <e¢
= — 1Ly — L)+ Ly <f(0) < Ly = L) + Ly = 4Ly — Ly < 3f(x) < 2Ly + Ly. Likewise,  lim f(x) = L
so there is a & such that 0 < |[x — Xo| < 62 = |[f{X) —Lo| <€ = —e <f(x)— Ly <e¢
= —1(@Ly—L)+Ly <f(x) <3(@Ly—Ly)+Ly = 2Ly +L; < 3f(x) <4L, — L,
= L — 4Ly < —3f(x) < —2Ly — L;. If § = min {61, 62} both inequalities must hold for 0 < |x — x¢| < 8:

4L, — Ly < 3f(x) < 2L; + Lo
L; — 4L, < —3f(x) < —2Ly — L

a contradiction.

} = 5(L; —Ly) <0< Lj—Ls. Thatis,L; — Ly <OandL; — Ly >0,
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15.

16.

17.
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Suppose lim f(x) = L.Ifk =0, then lim kf(x) = lim 0 =0=0- lim_ f(x)and we are done.
X—cC X—C X —cC X —C

Ifk # 0, then given any € > 0, thereisa 6 > 0 so that 0 < |x —c| < & = [f(x) — L| < 7 = [K|[f(x) —L| <€

= [K(f(x) — L)| < € = |(kf(x)) — (KL)| < e. Thus, lim_kf(x) = kL = k(xliLnC f(x)).

. (@) Sincex — 0M,0<x3<x<1l = (x*-x) - 07 = lim f(x*-x)= lirr(lrf(y):Bwherey:x:‘—x.
y*?

x — 0

(b) Sincex — 07, -1 <x<x*<0 = (x3—x) —» 0" = lim f(x3—x)= lirrgﬁf(y):Awherey:x?’—x.
y—}

x— 0"

(© Sincex — 07,0<x'<x*<1 = (x¥*—x') — 0" = lim f(x*-x') = lin}ﬁf(y):Awherey:x?—x“.
y—)

x—0

(d) Sincex — 07, -1<x<0 = 0<x'<x*<1 = (X*-x') - 07 = lim f(x*—x*)=Aasinpart(c).

x—0

(a) True, because if Xli_r)na (f(x) + g(x)) exists then XliLna (fx) + g(x)) — Xli_r)na fx) = Xli_Ipa [(f(x) + g(x)) — f(x)]

= XliLnE1 g(x) exists, contrary to assumption.

(b) False; for example take f(x) = % and g(x) = — % Then neither lim0 f(x) nor lim0 g(x) exists, but
X — X —
: — 1 L1y — = i
xlgn0 fx) + g(x)) = thno (-1 Xhin0 0 = 0 exists.
(c) True, because g(x) = |x| is continuous = g(f(x)) = |f(x)| is continuous (it is the composite of continuous
functions).
-1, x<0 . . .
(d) False; for example let f(x) = 1 x>0 = f(x) is discontinuous at x = 0. However |f(x)| = 1 is
continuous at x = 0.
: _ 1 XX-1_ 1 x+Dhx-=1) __
ShOWXI_l}n_] f(X) = 1_1}[11_] FES R Xl_l)nl_l oD —2,X 75 —1.
xX—1 _
Define the continuous extension of f(x) as F(x) = { X 2+1 X F 11 . We now prove the limit of f(x) asx — —1
_ L X = —

exists and has the correct value.

Step 1:

f;}—(—2)‘<e S e D Ly e o e (x-DH2<exE -l > —e—l<x<e-L

Step2: [x—(-1)| <6 = -6<x+1<d = -6—-1<x<é6—-1.
Then -6 —1=—c—1 = §=¢c,or6—1=€—1 = §=¢. Choose 6 =¢. Then0 < |[x —(—=1)| < ¢

x2—1

= X+ 1

— (72)’ <e = lim | F(x) = —2. Since the conditions of the continuity test are met by F(x), then f(x) has a
X — —

continuous extension to F(x) at x = —1.

x2—2x-3
2x—6

= lim @3 ED 9y £ 3,

Show Xlgn3 g(x) = Xhin3 im0

2_ _
X% —2x 3,X7é3

Define the continuous extension of g(x) as G(x) = { 5 2x—6 . We now prove the limit of g(x) as

,x=3
x — 3 exists and has the correct value.

xX2=2x-3
2x—6

Step2: |x—3]<éd = —6<x—-3<é6=>3-6<x<b6+3.
Then,3 —6=3—2¢ = § =2¢,0r6+3=3+2¢ = § =2¢e. Choose § =2¢. Then0 < |[x —3| < §

x2—=2x-3 : x=3)x+1
X6 2‘ <e = lim T

g(x) can be continuously extended to G(x) at x = 3.

Step 1:

2‘<e¢ —e< BED _2ce 5 —e <M -2<ex#3 = 3-2<x<3+2

= = 2. Since the conditions of the continuity test hold for G(x),

(a) Lete > 0be given. If x is rational, then f(x) = x = |f(x) — 0| =|x — 0| <€ < |x —0] < € i.e., choose
6 =¢ Then|x — 0| <8 = [f(x) — 0| < € for x rational. If x is irrational, then f(x) = 0 = |f(x) — 0] < €
< 0 < e which is true no matter how close irrational x is to 0, so again we can choose 6 = €. In either case,
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given e > Othereisad = ¢ > Osuchthat 0 < |[x — 0] < § = [f(x) — 0| < e. Therefore, f is continuous at
x=0.

(b) Choose x = ¢ > 0. Then within any interval (¢ — 6, ¢c + ) there are both rational and irrational numbers.
If c is rational, pick € = % No matter how small we choose 6 > 0 there is an irrational number x in
(c—6,c+0) = [f(x) —f(c)| = |0 —c|=c> 7 = e Thatis, fis not continuous at any rational ¢ > 0. On
the other hand, suppose c is irrational = f(c) = 0. Again pick ¢ = 5. No matter how small we choose § > 0
there is a rational number x in (c — §,c + §) with [x —¢| < § =€ & § <x < 3. Then [f(x) — f(c)| = [x — 0|
= |x| > § =€ = fis not continuous at any irrational ¢ > 0.

lel —

If x = ¢ < 0, repeat the argument picking ¢ = 5 = 5¢. Therefore f fails to be continuous at any

)
nonzero value X = c.

18. (a) Letc = % be a rational number in [0, 1] reduced to lowest terms = f(c) = % Pick € = % No matter how
small § > 0 is taken, there is an irrational number x in the interval (c — §,¢ + &) = [f(x) — f(c)| = |0 — 1|
= % > 2%] — €. Therefore f is discontinuous at X = ¢, a rational number.

(b) Now suppose c is an irrational number = f(c) = 0. Let ¢ > 0 be given. Notice that % is the only rational
number reduced to lowest terms with denominator 2 and belonging to [0, 1]; % and % the only rationals with
denominator 3 belonging to [0, 1]; 1 and % with denominator 4 in [0, 1]; %, % % and % with denominator 5 in
[0, 1]; etc. In general, choose N so that % < € = there exist only finitely many rationals in [0, 1] having
denominator < N, say 11, Ia, ... , I,. Letd = min{|c —nr;|: i=1,...,p}. Then the interval (c — §,¢c + §)
contains no rational numbers with denominator < N. Thus, 0 < |x —c¢| < § = [f(x) — f(c)| = |f(x) — O

= [f(x)] < % <€ = fis continuous at x = c irrational.

(c) The graph looks like the markings on a typical ruler Y
when the points (x, f(x)) on the graph of f(x) are L
connected to the x-axis with vertical lines.
0.8
0.6
0.4]
0.2
— X
0 0.2 0.4 0.6 0.8 1
Fx) = 1/n if x'=m/n is a rational number in lowest terms
=10  ifx is irational

19. Yes. Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the
zero point, 0, on the equator = 0 + 7R represents the midnight point (at the same exact time). Suppose x;
is a point on the equator “just after" noon = x; + 7R is simultaneously “just after" midnight. It seems
reasonable that the temperature T at a point just after noon is hotter than it would be at the diametrically
opposite point just after midnight: That is, T(x;) — T(x; + mR) > 0. At exactly the same moment in time
pick xo to be a point just before midnight = x5 + 7R is just before noon. Then T(x2) — T(x2 + 7R) < 0.
Assuming the temperature function T is continuous along the equator (which is reasonable), the Intermediate
Value Theorem says there is a point ¢ between 0 (noon) and 7R (simultaneously midnight) such that
T(c) — T(c + mR) = 0; i.e., there is always a pair of antipodal points on the earth's equator where the
temperatures are the same.



Chapter 2 Additional and Advanced Exercises 99

20, Jim, 00200 = i, [(f0) + 200)* () — 00)*] =4[ (Ltim, (500 + £00)) " (Jlim (500 — 20 ) ]

X—c 4

=18~ (-1 =2

21 @ lim 1y (2) = lim -1+¢m: lim ( 1+ﬁ)( m)

a—0 —1—+/1+a
1 1-(1+a) _ -1 _ 1
—alino a(-1-+1+a) — —-1-/1+0 2
lim r.(a)= lim =439 _— |ip -1 _—
a— —1* +) a— 1+ a(-1-+1+a) a_>_1 a(-1-— —l—ﬁ
®) lim r (a)= lim ==Yt _ pmp ( I+a )( ‘“)
a— 0~ a— 0~ a a— 0~ 1+a
— 1 _1-d+a -1 _
= m i T M sCe i) T AW Sy /s — o (because the
denominator is always negative); 1111(1)+ r_(a) = hrr(lJ+ H’—lm = —o0 (because the denominator
a— a— -
is always positive). Therefore, lim0 r_(a) does not exist.
a—
lim r.(a= lim —=Y*%— jj;m =L —
a-— —1F a— —17F a a— —1t —1+yv1+a
()
r (a)
+
1 r_(a)
~1+J/T+a
5 = e—— -] -
0 8‘ ry(a) 2 ) r_(@) = al+a
0.6
a a
-1 -0.5 0.5 1 S 2 4
Graph not to scale -2
-4
(d)
f(x) f(x)
a=0.2 40
1 a=0.1 a=0.5
a=0.05
20
X
-1 5 1 2
} X
-50 -30
fx)=ax*+2x~1
f@ =axt+2x-1
-20

22. fx) =x4+2cosx = f(0)=0+2cos0=2>0and f(—m) = —7m 4+ 2 cos(—m) = —7 — 2 < 0. Since f(x) is
continuous on [—7, 0], by the Intermediate Value Theorem, f(x) must take on every value between [—7 — 2, 2].
Thus there is some number c in [—7, 0] such that f(c) = 0; i.e., c is a solution to X + 2 cos x = 0.

23. (a) The function f is bounded on D if f(x) M and f(x) < N for all x in D. This means M < f(x) < N for all x
in D. Choose B to be max {|M|, |N|}. Then |f(x)| < B. On the other hand, if |f(x)| < B, then
—-B<fx) <B = f(x) —Bandf(x) <B = f(x)isbounded on D with N = B an upper bound and
M = —B a lower bound.



100

Chapter 2 Limits and Continuity

2

(b) Assume f(x) < N for all x and that L > N. Let e = XN Since im f(x) =L there is 2§ > 0 such that

0<|x—x0| <6 = [fx)—L|<e & L—e<f(x) <L+e < L—5N <fx) <L+~
& % < f(x) < # ButL >N = % > N = N < f(x) contrary to the boundedness assumption
f(x) < N. This contradiction proves L < N.

(¢) Assume M < f(x) for all x and that L < M. Let e = M-E. Asin part (b), 0 < |x — x| < 6

24. (a) Ifa b,thena—b 0 = Ja—b/=a—b = max{a,b} = 2tb 4 bl _ath L ab _

= L— ML o f(x) <L+ ML o 3LoM o f(x) < MEL < M, a contradiction.

2a __
2 2 2 2 2 =2
Ifa<b,thna—b<0 = |[a—b|=—(a—b)=b—a = max{a,b} =25 4 la;bl = 2tb 4 b-a
__2b __
=32 =b.
: _ atb a—b
(b) Letmin{a,b} = 3 — | 5 L
_ sin(l—cosx) _ q: . sin(l—cosx) 1—cosx 1+cosx __ 1. Sin(l—cosx) . 1—cos’x __ . sin? x
25. X—0 X _xh_r{lo I—cosx X " THcosx _Xlﬁ,no I—cosx xlino x(I4cosx) 1'X11n0x(1+cosx)
: sin x sinx __ 0} —
- xhl)nO X T4cosx L (5) =0.
26. lim % = lim 8% VX g gim L. lim /x=1-0-0=0.
x—>0+5m\/§ x—0t 7 smﬁ X x—>0+(5":/;x) X—>0+f
sin(sin x) _ 1 sin(sinx)  sinx _ 1 sin(sinx)  1: sinx _ 1.1 —
27. X — 0 X Xlgllo sin x X Xlgno sin X Xlgno X L-1 L
28 SNOCEY) iy SO0 () 4 gy = fim S0 i (x+ 1) =1-1=1
T x—=0 X T x50 XHx T x50 XEx x—0 o o
. sin(x> —4) __ . sin(x? — 4) BT sin(x? — 4) . _ o
20, i, = i S (x42) = Jim S i (x+2) =144
30. sin(y/x — 3) — lim sin(vx-3) 1 li sin(y/x — 3) 1. % _ %

= —r——= " lim
x—9 X9 Xx—9 Vx-3 VEE3 T X509 VX=3 X 9Vx+3



