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Chapter 2

Section 2.1

1. P(not defective) = 1−P(defective) = 1−0.08= 0.92

2. (a){1, 2, 3, 4}

(b) P(even number) = P(2)+P(4) = 3/8+1/8= 1/2

(c) No, the set of possible outcomes is still{1, 2, 3, 4}.

(d) Yes, a list of equally likely outcomes is then{1, 1, 2, 2, 2, 3, 3, 4, 4}, soP(even) = P(2)+P(4) = 3/9+2/9= 5/9.

3. (a) The outcomes are the 16 different strings of 4 true-false answers. These are{TTTT, TTTF, TTFT, TTFF, TFTT,
TFTF, TFFT, TFFF, FTTT, FTTF, FTFT, FTFF, FFTT, FFTF, FFFT, FFFF}.

(b) There are 16 equally likely outcomes. The answers are allthe same in two of them, TTTT and FFFF. Therefore
the probability is 2/16 or 1/8.

(c) There are 16 equally likely outcomes. There are four of them, TFFF, FTFF, FFTF, and FFFT, for which exactly
one answer is “True.” Therefore the probability is 4/16 or 1/4.

(d) There are 16 equally likely outcomes. There are five of them, TFFF, FTFF, FFTF, FFFT, and FFFF, for which
at most one answer is “True.” Therefore the probability is 5/16.

4. (a) The outcomes are the 27 different strings of 3 chosen from red, yellow and green. These are{RRR, RRY, RRG,
RYR, RYY, RYG, RGR, RGY, RGG, YRR, YRY, YRG, YYR, YYY, YYG, YGR, YGY, YGG, GRR, GRY,
GRG, GYR, GYY, GYG, GGR, GGY, GGG}.

(b) A = {RRR, YYY, GGG}

(c) B = {RYG, RGY, YRG, YGR, GRY, GYR}

(d) C = {RGG, GRG, GGR, YGG, GYG, GGY, GGG}

(e) The only outcome common toA andC is GGG. ThereforeA∩C = {GGG}.
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SECTION 2.1 27

(f) The setA∪B contains the outcomes that are either inA, in B, or in both. ThereforeA∪B = {RRR, YYY, GGG,
RYG, RGY, YRG, YGR, GRY, GYR}.

(g) Cc contains the outcomes that are not inC. A∩Cc contains the outcomes that are inA but not inC. Therefore
A∩Cc = {RRR, YYY}.

(h) Ac contains the outcomes that are not inA. Ac∩C contains the outcomes that are inC but not inA. Therefore
Ac∩C = {RGG, GRG, GGR, YGG, GYG, GGY}.

(i) No. They both contain the outcome GGG.

(j) Yes. They have no outcomes in common.

5. (a) The outcomes are the sequences of bolts that end with either #1 or #2. These are{1, 2, 31, 32, 41, 42, 341,
342, 431, 432}.

(b) A = {1, 2}

(c) B = {341, 342, 431, 432}

(d) C = {2, 32, 42, 342, 432}

(e) D = {1, 2, 31, 32}

(f) A and E are not mutually exclusive because they both contain the outcome 1. B and E are not mutually
exclusive because they both contain the events 341 and 431. Cand E are mutually exclusive because they have
no outcomes in common. D and E are not mutually exclusive because they have the events 1 and 31 in common.

6. (a) The equally likely outcomes are the sequences of two distinct bolts. These are{12, 13, 14, 21, 23, 24, 31, 32,
34, 41, 42, 43}.

(b) Of the 12 equally likely outcomes, there are 2 (34 and 43) for which both bolts are 7 mm. The probability is
therefore 2/12 or 1/6.

(c) Of the 12 equally likely outcomes, there are 8 (13, 14, 23,24, 31, 32, 41, and 42) for which one bolt is 5 mm
and the other is 7 mm. The probability is therefore 8/12 or 2/3.
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28 CHAPTER 2

7. (a) 0.6

(b) P(personal computer or laptop computer) = P(personal computer)+P(laptop computer)

= 0.6+0.3

= 0.9

8. (a) False

(b) True

(c) True. This is the definition of probability.

9. (a) False

(b) True

10. (a) P(E∪T) = P(E)+P(T)−P(E∩T)

= 0.10+0.02−0.01

= 0.11

(b) From part (a), the probability that the car needs work on either the engine or the transmission is 0.11. Therefore
the probability that the car needs no work is 1−0.11= 0.89.

(c) We need to findP(E∩Tc). Now P(E) = P(E∩T)+ P(E∩Tc) (this can be seen from a Venn diagram). We
know thatP(E) = 0.10 andP(E∩T) = 0.01. ThereforeP(E∩Tc) = 0.09.

11. (a) P(J∪A) = P(J)+P(A)−P(J∩A)

= 0.6+0.7−0.5

= 0.8

(b) From part (a), the probability that the household gets the rate in at least one month is 0.8. Therefore the
probability that the household does not get the rate in either month is 1−0.8= 0.2.
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SECTION 2.1 29

(c) We need to findP(J∩Ac). NowP(J) = P(J∩A)+P(J∩Ac) (this can be seen from a Venn diagram). We know
thatP(J) = 0.6 andP(J∩A) = 0.5. ThereforeP(J∩Ac) = 0.1.

12. (a) Since 948 bowls were found flawless by both inspectors, 52 bowls were found to have flaws by one or both
inspectors. The probability is therefore 52/1000= 0.052.

(b) Let A be the event that a flaw is found by inspector A, and letB be the event that a flaw is found by inspector
B. We need to findP(A∩B). We know thatP(A) = 0.037 andP(B) = 0.043. From part (a) we know that
P(A∪B) = 0.052.

Now P(A∪B) = P(A)+ P(B)−P(A∩B). Substituting, we find that 0.052= 0.037+ 0.043−P(A∩B). It
follows thatP(A∩B) = 0.028.

(c) We need to findP(A∩Bc). Now P(A) = P(A∩B)+ P(A∩Bc) (this can be seen from a Venn diagram). We
know thatP(A) = 0.037 andP(A∩B) = 0.028. ThereforeP(A∩Bc) = 0.009.

13. (a) LetC be the event that a student gets an A in calculus, and letPh be the event that a student gets an A in
physics. Then

P(C∪Ph) = P(C)+P(Ph)−P(C∩Ph)

= 0.164+0.146−0.084

= 0.226

(b) The probability that the student got an A in both courses is 0.042. Therefore the probability that the student got
less than an A in one or both courses is 1−0.042= 0.958.

(c) We need to findP(C∩Pc). Now P(C) = P(C∩P)+ P(C∩Pc) (this can be seen from a Venn diagram). We
know thatP(C) = 0.164 andP(C∩P) = 0.084. ThereforeP(C∩Pc) = 0.08.

(d) We need to findP(P∩Cc). Now P(P) = P(P∩C)+ P(P∩Cc) (this can be seen from a Venn diagram). We
know thatP(P) = 0.146 andP(C∩P) = 0.084. ThereforeP(C∩Pc) = 0.062.

14. P(A∪B) = P(A)+P(B)−P(A∩B)

= 0.95+0.90−0.88

= 0.97
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30 CHAPTER 2

15. P(A∩B) = P(A)+P(B)−P(A∪B)

= 0.98+0.95−0.99

= 0.94

16. (a)P(O) = 1−P(notO)

= 1− [P(A)+P(B)+P(AB)]

= 1− [0.35+0.10+0.05]

= 0.50

(b) P(does not containB) = 1−P(containsB)

= 1− [P(B)+P(AB)]

= 1− [0.10+0.05]

= 0.85

17. (a) The events of having a major flaw and of having only minor flaws are mutually exclusive. Therefore

P(major flaw or minor flaw) = P(major flaw)+P(only minor flaws) = 0.15+0.05= 0.20.

(b) P(no major flaw) = 1−P(major flaw) = 1−0.05= 0.95.

18. (a)A andB are mutually exclusive, since it is impossible for both events to occur.

(b) If bolts #5 and #8 are torqued correctly, but bolt #3 is nottorqued correctly, then eventsB andD both occur.
ThereforeB andD are not mutually exclusive.

(c) If bolts #5 and #8 are torqued correctly, but exactly one of the other bolts is not torqued correctly, then events
C andD both occur. ThereforeC andD are not mutually exclusive.
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SECTION 2.2 31

(d) If the #3 bolt is the only one not torqued correctly, then eventsB andC both occur. ThereforeB andC are not
mutually exclusive.

19. (a) False

(b) True

(c) False

(d) True

Section 2.2

1. (a)(4)(4)(4) = 64

(b) (2)(2)(2) = 8

(c) (4)(3)(2) = 24

2. (5)(2)(4) = 40

3. (10)(9)(8)(7)(6)(5) = 151,200

4.

(
10
5

)
=

10!
5!5!

= 252
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32 CHAPTER 2

5.

(
10
4

)
=

10!
4!6!

= 210

6. (8)(7)(6) = 336

7. (210)(45) = 1,048,576

8. (a)(263)(103) = 17,576,000

(b) (26)(25)(24)(10)(9)(8) = 11,232,000

(c)
11,232,000
17,576,000

= 0.6391

9. (a) 368 = 2.8211×1012

(b) 368−268 = 2.6123×1012

(c)
368−268

368 = 0.9260

10.

(
15

6,5,4

)
=

15!
6!5!4!

= 630,630

11. P(match) = P(BB)+P(WW)
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SECTION 2.3 33

= (8/14)(4/6)+ (6/14)(2/6)

= 44/84= 0.5238

12. P(match) = P(RR)+P(GG)+P(BB)

= (6/12)(5/11)+ (4/12)(3/11)+(2/12)(1/11)

= 1/3

Section 2.3

1. (a) 2/10

(b) Given that the first fuse is 10 amps, there are 9 fuses remaining of which 2 are 15 amps. Therefore
P(2nd is 15 amps|1st is 10 amps) = 2/9.

(c) Given that the first fuse is 15 amps, there are 9 fuses remaining of which 1 is 15 amps. Therefore
P(2nd is 15 amps|1st is 15 amps) = 1/9.

2. (a)(8/10)(7/9) = 56/90

(b) P(2 fuses selected) = P(1st is 10 amps and 2nd is 15 amps)

= (8/10)(2/9)

= 16/90

(c) P(more than 3 fuses selected) = P(1st 3 fuses are all 10 amps)

= (8/10)(7/9)(6/8)

= 336/720
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34 CHAPTER 2

3. Given that a student is an engineering major, it is almost certain that the student took a calculus course. There-
fore P(B|A) is close to 1. Given that a student took a calculus course, it is much less certain that the student is
an engineering major, since many non-engineering majors take calculus. ThereforeP(A|B) is much less than
1, soP(B|A) > P(A|B).

4. (0.056)(0.027) = 0.001512

5. (a)P(A∩B) = P(A)P(B) = (0.2)(0.09) = 0.018

(b) P(Ac∩Bc) = P(Ac)P(Bc) = (1−0.2)(1−0.09)= 0.728

(c) P(A∪B) = P(A)+P(B)−P(A∩B)

= P(A)+P(B)−P(A)P(B)

= 0.2+0.09− (0.2)(0.09)

= 0.272

6. Let A denote the event that the allocation sector is damaged, and let N denote the event that a non-allocation
sector is damaged. ThenP(A∩Nc) = 0.20,P(Ac∩N) = 0.7, andP(A∩N) = 0.10.

(a) P(A) = P(A∩Nc)+P(A∩N) = 0.3

(b) P(N) = P(Ac∩N)+P(A∩N) = 0.8

(c) P(N|A) =
P(A∩N)

P(A)

=
P(A∩N)

P(A∩N)+P(A∩Nc)

=
0.10

0.10+0.20
= 1/3
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SECTION 2.3 35

(d) P(A|N) =
P(A∩N)

P(N)

=
P(A∩N)

P(A∩N)+P(Ac∩N)

=
0.10

0.10+0.70
= 1/8

(e) P(Nc|A) =
P(A∩Nc)

P(A)

=
P(A∩Nc)

P(A∩Nc)+P(A∩N)

=
0.20

0.20+0.10
= 2/3

Equivalently, one can computeP(Nc|A) = 1−P(N|A) = 1−1/3= 2/3

(f) P(Ac|N) =
P(Ac∩N)

P(N)

=
P(Ac∩N)

P(Ac∩N)+P(A∩N)

=
0.70

0.70+0.10
= 7/8

Equivalently, one can computeP(Ac|N) = 1−P(A|N) = 1−1/8= 7/8

7. Let OK denote the event that a valve meets the specification, letR denote the event that a valve is reground,
and letS denote the event that a valve is scrapped. ThenP(OK∩Rc) = 0.7, P(R) = 0.2, P(S∩Rc) = 0.1,
P(OK|R) = 0.9, P(S|R) = 0.1.

(a) P(Rc) = 1−P(R) = 1−0.2= 0.8

(b) P(S|Rc) =
P(S∩Rc)

P(Rc)
=

0.1
0.8

= 0.125
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(c) P(S) = P(S∩Rc)+P(S∩R)

= P(S∩Rc)+P(S|R)P(R)

= 0.1+(0.1)(0.2)

= 0.12

(d) P(R|S) =
P(S∩R)

P(S)

=
P(S|R)P(R)

P(S)

=
(0.1)(0.2)

0.12
= 0.167

(e) P(OK) = P(OK∩Rc)+P(OK∩R)

= P(OK∩Rc)+P(OK|R)P(R)

= 0.7+(0.9)(0.2)

= 0.88

(f) P(R|OK) =
P(R∩OK)

P(OK)

=
P(OK|R)P(R)

P(OK)

=
(0.9)(0.2)

0.88
= 0.205

(g) P(Rc|OK) =
P(Rc∩OK)

P(OK)

=
0.7
0.88

= 0.795
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SECTION 2.3 37

8. LetSdenote the number rolled by Sarah, and letT denote the number rolled by Thomas.

(a) There are 36 equally likely values for the ordered pair(S,T). The ones for whichT > Sare
(1,2),(1,3),(1,4),(1,5),(1,6),(2,3),(2,4),(2,5),(2,6),(3,4),(3,5),(3,6),(4,5),(4,6), and(5,6).
ThereforeP(T > S) = 15/36.

(b) P(S> T|S= 3) = P(T < 3|S= 3)

= P(T < 3)

= 1/3

(c) P(S< T|S= 3) = P(T > 3|S= 3)

= P(T > 3)

= 1/2

(d) There are 15 equally likely outcomes(S,T) for which S> T. Of these there are three, (4,3), (5,3), and (6,3),
for whichT = 3. ThereforeP(T = 3|S> T) = 3/15.

(e) There are 15 equally likely outcomes(S,T) for whichS> T. Of these there are two, (3,2) and (3,1), for which
S= 3. ThereforeP(S= 3|S> T) = 2/15.

9. LetT1 denote the event that the first device is triggered, and letT2 denote the event that the second device is
triggered. ThenP(T1) = 0.9 andP(T2) = 0.8.

(a) P(T1∪T2) = P(T1)+P(T2)−P(T1∩T2)

= P(T1)+P(T2)−P(T1)P(T2)

= 0.9+0.8− (0.9)(0.8)

= 0.98

(b) P(T1c∩T2c) = P(T1c)P(T2c) = (1−0.9)(1−0.8)= 0.02

(c) P(T1∩T2) = P(T1)P(T2) = (0.9)(0.8) = 0.72
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(d) P(T1∩T2c) = P(T1)P(T2c) = (0.9)(1−0.8) = 0.18

10. Let L denote the event that Laura hits the target, and letPh be the event that Philip hits the target. Then
P(L) = 0.5 andP(Ph) = 0.3.

(a) P(L∪Ph) = P(L)+P(Ph)−P(L∩Ph)

= P(L)+P(Ph)−P(L)P(Ph)

= 0.5+0.3− (0.5)(0.3)

= 0.65

(b) P(exactly one hit) = P(L∩Phc)+P(Lc∩Ph)

= P(L)P(Phc)+P(Lc)P(Ph)

= (0.5)(1−0.3)− (1−0.5)(0.3)

= 0.5

(c) P(L|exactly one hit) =
P(L∩exactly one hit)

P(exactly one hit)

=
P(L∩Phc)

P(exactly one hit)

=
P(L)P(Phc)

P(exactly one hit)

=
(0.5)(1−0.3)

0.5
= 0.7

11. LetR1 andR2 denote the events that the first and second lights, respectively, are red, letY1 andY2 denote the
events that the first and second lights, respectively, are yellow, and letG1 andG2 denote the events that the first
and second lights, respectively, are green.

(a) P(R1) = P(R1∩R2)+P(R1∩Y2)+P(R1∩G2)

= 0.30+0.04+0.16

= 0.50
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SECTION 2.3 39

(b) P(G2) = P(R1∩G2)+P(Y1∩G2)+P(G1∩G2)

= 0.16+0.04+0.20

= 0.40

(c) P(same color) = P(R1∩R2)+P(Y1∩Y2)+P(G1∩G2)

= 0.30+0.01+0.20

= 0.51

(d) P(G2|R1) =
P(R1∩G2)

P(R1)

=
0.16
0.50

= 0.32

(e) P(R1|Y2) =
P(R1∩Y2)

P(Y2)

=
0.04

0.04+0.01+0.05
= 0.40

12. (a)
150

150+25+30+60
=

30
53

(b)
35

35+90+25
=

7
30

(c)
15+70

15+70+30
=

17
23

(d)
15+70

30+35+15+5+60+90+70+30
=

17
67
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(e)
90+70+25+30

35+15+90+70+25+30
=

43
53

13. (a) That the gauges fail independently.

(b) One cause of failure, a fire, will cause both gauges to fail. Therefore, they do not fail independently.

(c) Too low. The correct calculation would useP(second gauge fails|first gauge fails) in place ofP(second gauge fails).
Because there is a chance that both gauges fail together in a fire, the condition that the first gauge fails makes
it more likely that the second gauge fails as well.
ThereforeP(second gauge fails|first gauge fails) > P(second gauge fails).

14. No.P(both gauges fail) = P(first gauge fails)P(second gauge fails|first gauge fails).

SinceP(second gauge fails|first gauge fails) ≤ 1, P(both gauges fail) ≤ P(first gauge fails) = 0.01.

15. (a)P(A) = 3/10

(b) Given thatA occurs, there are 9 components remaining, of which 2 are defective.

ThereforeP(B|A) = 2/9.

(c) P(A∩B) = P(A)P(B|A) = (3/10)(2/9) = 1/15

(d) Given thatAc occurs, there are 9 components remaining, of which 3 are defective.

ThereforeP(B|A) = 3/9. NowP(Ac∩B) = P(Ac)P(B|Ac) = (7/10)(3/9) = 7/30.

(e) P(B) = P(A∩B)+P(Ac∩B) = 1/15+7/30= 3/10
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(f) No. P(B) 6= P(B|A) [or equivalently,P(A∩B) 6= P(A)P(B)].

16. (a)P(A) = 300/1000= 3/10

(b) Given thatA occurs, there are 999 components remaining, of which 299 aredefective.

ThereforeP(B|A) = 299/999.

(c) P(A∩B) = P(A)P(B|A) = (3/10)(299/999)= 299/3330

(d) Given thatAc occurs, there are 999 components remaining, of which 300 aredefective.

ThereforeP(B|A) = 300/999. NowP(Ac∩B) = P(Ac)P(B|Ac) = (7/10)(300/999)= 70/333.

(e) P(B) = P(A∩B)+P(Ac∩B) = 299/3330+70/333= 3/10

(f) P(A|B) =
P(A∩B)

P(B)
=

299/3330
3/10

=
299
999

(g) A andB are not independent, but they are very nearly independent. To see this note thatP(B) = 0.3, while
P(B|A) = 0.2993. SoP(B) is very nearly equal toP(B|A), but not exactly equal. Alternatively, note that
P(A∩B) = 0.0898, whileP(A)P(B) = 0.09. Therefore in most situations it would be reasonable to treatA and
B as though they were independent.

17. n = 10,000. The two components are a simple random sample from the population. When the population is
large, the items in a simple random sample are nearly independent.

18. LetY denote the event that the Yankees win the first three games, and let R denote the probability that the Red
Sox win the last four games.
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(a) We need to findP(Y∩R). Now the Yankees had probability 0.4 of winning each game, and the games were
independent, soP(Y) = (0.4)3 = 0.064. Similarly,P(R) = (0.6)4 = 0.1296. Since the games were independent,
Y andR were independent, soP(Y∩R) = P(Y)P(R) = (0.064)(0.1296) = 0.008294.

(b) SinceY andRare independent,P(R|Y) = P(R) = 0.1296.

19. (a) On each of the 24 inspections, the probability that the process will not be shut down is 1− 0.05 = 0.95.
ThereforeP(not shut down for 24 hours) = (0.95)24 = 0.2920. It follows thatP(shut down at least once) =
1−0.2920= 0.7080.

(b) P(not shut down for 24 hours) = (1− p)24 = 0.80. Solving forp yields p = 0.009255.

20. P(black SUV|SUV) =
P(black SUV∩SUV)

P(SUV)
=

P(black SUV)
P(SUV)

=
0.05
0.20

= 0.25.

21. LetR denote the event of a rainy day, and letC denote the event that the forecast is correct. ThenP(R) = 0.1,
P(C|R) = 0.8, andP(C|Rc) = 0.9.

(a) P(C) = P(C|R)P(R)+P(C|Rc)P(Rc)

= (0.8)(0.1)+ (0.9)(1−0.1)

= 0.89

(b) A forecast of no rain will be correct on every non-rainy day. Therefore the probability is 0.9.

22. LetE denote the event that a parcel is sent express (soEc denotes the event that a parcel is sent standard), and let
N denote the event that a parcel arrives the next day. ThenP(E) = 0.25,P(N|E) = 0.95, andP(N|Ec) = 0.80).

(a) P(E∩N) = P(E)P(N|E) = (0.25)(0.95) = 0.2375.
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(b) P(N) = P(N|E)P(E)+P(N|Ec)P(Ec)

= (0.95)(0.25)+ (0.80)(1−0.25)

= 0.8375

(c) P(E|N) =
P(N|E)P(E)

P(N|E)P(E)+P(N|Ec)P(Ec)

=
(0.95)(0.25)

(0.95)(0.25)+ (0.80)(1−0.25)
= 0.2836

23. LetE denote the event that a board is rated excellent, letA denote the event that a board is rated acceptable,
let U denote the event that a board is rated unacceptable, and letF denote the event that a board fails. Then
P(E) = 0.3, P(A) = 0.6, P(U) = 0.1, P(F|E) = 0.1, P(F |A) = 0.2, andP(F |U) = 1.

(a) P(E∩F) = P(E)P(F|E) = (0.3)(0.1) = 0.03.

(b) P(F) = P(F |E)P(E)+P(F|A)P(A)+P(F|U)P(U)

= (0.1)(0.3)+ (0.2)(0.6)+ (1)(0.1)

= 0.25

(c) P(E|F) =
P(F |E)P(E)

P(F |E)P(E)+P(F|A)P(A)+P(F|U)P(U)

=
(0.1)(0.3)

(0.1)(0.3)+ (0.2)(0.6)+ (1)(0.1)

= 0.12

24. LetA denote the event that the flaw is found by the first inspector, and letB denote the event that the flaw is
found by the second inspector.

(a) P(A∩B) = P(A)P(B) = (0.9)(0.7) = 0.63
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(b) P(A∪B) = P(A)+P(B)−P(A∩B)= 0.9+0.7−0.63= 0.97

(c) P(Ac∩B) = P(Ac)P(B) = (1−0.9)(0.7) = 0.07

25. Let F denote the event that an item has a flaw. LetA denote the event that a flaw is detected by the first
inspector, and letB denote the event that the flaw is detected by the second inspector.

(a) P(F |Ac) =
P(Ac|F)P(F)

P(Ac|F)P(F)+P(Ac|Fc)P(Fc)

=
(0.1)(0.1)

(0.1)(0.1)+ (1)(0.9)

= 0.011

(b) P(F |Ac∩Bc) =
P(Ac∩Bc|F)P(F)

P(Ac∩Bc|F)P(F)+P(Ac∩Bc|Fc)P(Fc)

=
P(Ac|F)P(Bc|F)P(F)

P(Ac|F)P(Bc|F)P(F)+P(Ac|Fc)P(Bc|Fc)P(Fc)

=
(0.1)(0.3)(0.1)

(0.1)(0.3)(0.1)+ (1)(1)(0.9)

= 0.0033

26. LetD denote the event that a person has the disease, and let+ denote the event that the test is positive. Then
P(D) = 0.05,P(+|D) = 0.99, andP(+|Dc) = 0.01.

(a) P(D|+) =
P(+|D)P(D)

P(+|D)P(D)+P(+|Dc)P(Dc)

=
(0.99)(0.05)

(0.99)(0.05)+ (0.01)(0.95)
= 0.8390

(b) P(Dc|−) =
P(−|Dc)P(Dc)

P(−|Dc)P(Dc)+P(−|D)P(D)
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=
(0.99)(0.95)

(0.99)(0.95)+ (0.01)(0.05)
= 0.9995

27. (a) Each son has probability 0.5 of having the disease. Since the sons are independent, the probability that both
are disease-free is 0.52 = 0.25.

(b) Let C denote the event that the woman is a carrier, and letD be the probability that the son has the disease.
ThenP(C) = 0.5, P(D|C) = 0.5, andP(D|Cc) = 0. We need to findP(D).

P(D) = P(D|C)P(C)+P(D|Cc)P(Cc)

= (0.5)(0.5)+ (0)(0.5)

= 0.25

(c) P(C|Dc) =
P(Dc|C)P(C)

P(Dc|C)P(C)+P(Dc|Cc)P(Cc)

=
(0.5)(0.5)

(0.5)(0.5)+ (1)(0.5)

= 0.3333

28. LetFl denote the event that a bottle has a flaw. LetF denote the event that a bottle fails inspection. We are
givenP(Fl) = 0.0002,P(F |Fl) = 0.995, andP(Fc|Flc) = 0.99.

(a) P(Fl |F) =
P(F |Fl)P(Fl)

P(F|Fl)P(Fl)+P(F|Flc)P(Flc)

=
P(F|Fl)P(Fl)

P(F|Fl)P(Fl)+ [1−P(Fc|Flc)]P(Flc)

=
(0.995)(0.0002)

(0.995)(0.0002)+ (1−0.99)(0.9998)
= 0.01952

(b) i. Given that a bottle failed inspection, the probability that it had a flaw is only 0.01952.
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(c) P(Flc|Fc) =
P(Fc|Flc)P(Flc)

P(Fc|Flc)P(Flc)+P(Fc|Fl)P(Fl)

=
P(Fc|Flc)P(Flc)

P(Fc|Flc)P(Flc)+ [1−P(F|Fl)]P(Fl)

=
(0.99)(0.9998)

(0.99)(0.9998)+ (1−0.995)(0.0002)
= 0.999999

(d) ii. Given that a bottle passes inspection, the probability that is has no flaw is 0.999999.

(e) The small probability in part (a) indicates that some good bottles will be scrapped. This is not so serious. The
important thing is that of the bottles that pass inspection,very few should have flaws. The large probability in
part (c) indicates that this is the case.

29. LetD represent the event that the man actually has the disease, and let+ represent the event that the test gives
a positive signal.

We are given thatP(D) = 0.005,P(+|D) = 0.99, andP(+|Dc) = 0.01.

It follows thatP(Dc) = 0.995,P(−|D) = 0.01, andP(−|Dc) = 0.99.

(a) P(D|−) =
P(−|D)P(D)

P(−|D)P(D)+P(−|Dc)P(Dc)

=
(0.01)(0.005)

(0.01)(0.005)+ (0.99)(0.995)

= 5.08×10−5

(b) P(++ |D) = 0.992 = 0.9801

(c) P(++ |Dc) = 0.012 = 0.0001

(d) P(D|++) =
P(++ |D)P(D)

P(++ |D)P(D)+P(++ |Dc)P(Dc)

=
(0.9801)(0.005)

(0.9801)(0.005)+ (0.0001)(0.995)
= 0.9801
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30. P(system functions) = P[(A∩B)∪ (C∪D)]. Now P(A∩B) = P(A)P(B) = (1−0.10)(1−0.05) = 0.855, and
P(C∪D) = P(C)+P(D)−P(C∩D) = (1−0.10)+ (1−0.20)− (1−0.10)(1−0.20)= 0.98.

Therefore

P[(A∩B)∪ (C∪D)] = P(A∩B)+P(C∪D)−P[(A∩B)∩ (C∪D)]

= P(A∩B)+P(C∪D)−P(A∩B)P(C∪D)

= 0.855+0.98− (0.855)(0.98)

= 0.9971

31. P(system functions) = P[(A∩B)∩ (C∪D)]. Now P(A∩B) = P(A)P(B) = (1−0.05)(1−0.03)= 0.9215, and
P(C∪D) = P(C)+P(D)−P(C∩D) = (1−0.07)+ (1−0.14)− (1−0.07)(1−0.14)= 0.9902.

Therefore

P[(A∩B)∩ (C∪D)] = P(A∩B)P(C∪D)

= (0.9215)(0.9902)

= 0.9125

32. (a)P(A∩B) = P(A)P(B) = (1−0.05)(1−0.03)= 0.9215

(b) P(A∩B) = (1− p)2 = 0.9. Thereforep = 1−
√

0.9 = 0.0513.

(c) P(three components all function) = (1− p)3 = 0.90. Thereforep = 1− (0.9)1/3 = 0.0345.

33. LetC denote the event that component C functions, and letD denote the event that component D functions.

(a) P(system functions) = P(C∪D)

= P(C)+P(D)−P(C∩D)

= (1−0.08)+ (1−0.12)− (1−0.08)(1−0.12)

= 0.9904

Alternatively,

P(system functions) = 1−P(system fails)

= 1−P(Cc∩Dc)
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= 1−P(Cc)P(Dc)

= 1− (0.08)(0.12)

= 0.9904

(b) P(system functions) = 1−P(Cc∩Dc) = 1− p2 = 0.99. Thereforep =
√

1−0.99= 0.1.

(c) P(system functions) = 1− p3 = 0.99. Thereforep = (1−0.99)1/3 = 0.2154.

(d) Letn be the required number of components. Thenn is the smallest integer such that 1−0.5n≥ 0.99. It follows
thatnln(0.5) ≤ ln0.01, son≥ (ln0.01)(ln0.5) = 6.64. Sincen must be an integer,n = 7.

34. To show thatAc andB are independent, we show thatP(Ac∩B) = P(Ac)P(B). Now B = (Ac∩B)∪ (A∩B),
and (Ac ∩B) and (A∩B) are mutually exclusive. ThereforeP(B) = P(Ac ∩B) + P(A∩B), from which it
follows thatP(Ac∩B) = P(B)−P(A∩B). SinceA andB are independent,P(A∩B) = P(A)P(B). Therefore
P(Ac ∩B) = P(B)−P(A)P(B) = P(B)[1−P(A)] = P(Ac)P(B). To show thatA andBc are independent, it
suffices to interchangeA andB in the argument above. To show thatAc andBc are independent, replaceB with
Bc in the argument above, and use the fact thatA andBc are independent.

Section 2.4

1. (a) Discrete

(b) Continuous

(c) Discrete

(d) Continuous

(e) Discrete

Page 48
PROPRIETARY MATERIAL. c© The McGraw-Hill Companies, Inc. All rights reserved.No part of this Manual
may be displayed,reproducedor distributedin any form or by any means,without the prior written permissionof
thepublisher,or usedbeyondthe limited distribution to teachersandeducatorspermittedby McGraw-Hill for their
individualcoursepreparation.If youareastudentusingthisManual,youareusingit withoutpermission.



SECTION 2.4 49

2. (a)P(X < 2) = P(X = 0)+P(X = 1) = p(0)+ p(1) = 0.5+0.3= 0.8

(b) P(X ≥ 1) = 1−P(X < 1) = 1−P(X = 0) = 1− p(0) = 1−0.5= 0.5

(c) µX = 0(0.5)+1(0.3)+2(0.1)+3(0.1)= 0.8

(d) σ2
X = (0−0.8)2(0.5)+ (1−0.8)2(0.3)+ (2−0.8)2(0.1)+ (3−0.8)2(0.1) = 0.96

Alternatively,σ2
X = 02(0.5)+12(0.3)+22(0.1)+32(0.1)−0.82 = 0.96

3. (a)µX = 1(0.4)+2(0.2)+3(0.2)+4(0.1)+5(0.1)= 2.3

(b) σ2
X = (1−2.3)2(0.4)+ (2−2.3)2(0.2)+ (3−2.3)2(0.2)+ (4−2.3)2(0.1)+ (5−2.3)2(0.1) = 1.81

Alternatively,σ2
X = 12(0.4)+22(0.2)+32(0.2)+42(0.1)+52(0.1)−2.32 = 1.81

(c) σX =
√

1.81= 1.345

(d) Y = 10X. Therefore the probability density function is as follows.

y 10 20 30 40 50
p(y) 0.4 0.2 0.2 0.1 0.1

(e) µY = 10(0.4)+20(0.2)+30(0.2)+40(0.1)+50(0.1)= 23

(f) σ2
Y = (10−23)2(0.4)+ (20−23)2(0.2)+ (30−23)2(0.2)+ (40−23)2(0.1)+ (50−23)2(0.1) = 181

Alternatively,σ2
Y = 102(0.4)+202(0.2)+302(0.2)+402(0.1)+502(0.1)−232 = 181

(g) σY =
√

181= 13.45

4. (a) p3(x) is the only probability mass function, because it is the onlyone whose probabilities sum to 1.

(b) µX = 0(0.1)+1(0.2)+2(0.4)+3(0.2)+4(0.1)= 2.0,

σ2
X = (0−2)2(0.1)+ (1−2)2(0.2)+ (2−2)2(0.4)+ (3−2)2(0.2)+ (4−2)2(0.1) = 1.2
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5. (a)
x 1 2 3 4 5

p(x) 0.70 0.15 0.10 0.03 0.02

(b) P(X ≤ 2) = P(X = 1)+P(X = 2) = 0.70+0.15= 0.85

(c) P(X > 3) = P(X = 4)+P(X = 5) = 0.03+0.02= 0.05

(d) µX = 1(0.70)+2(0.15)+3(0.10)+4(0.03)+5(0.02)= 1.52

(e) σX =
√

12(0.70)+22(0.15)+32(0.10)+42(0.03)+52(0.02)−1.522 = 0.9325

6. (a) There are two 5 mm bolts and two 7 mm bolts in the box. NowX = 1 if the first bolt selected is 5 mm.
ThereforeP(X = 1) = 1/2. If the first bolt selected is 7 mm and the second is 5 mm thenX = 2.
ThereforeP(X = 2) = P(first is 7 mm)P(second is 5 mm|first is 7 mm) = (1/2)(2/3) = 1/3.
Finally, X = 3 if the first two bolts are both 7 mm.
ThereforeP(X = 3) = P(first is 7 mm)P(second is 7 mm|first is 7 mm) = (1/2)(1/3) = 1/6.

The probability mass function ofX is thereforep(1) = 1/2, p(2) = 1/3, p(3) = 1/6, andp(x) = 0 for values
of x other than 1, 2, and 3.

(b) P(X > 2) = P(X = 3) = 1/6

(c) µX = 1(1/2)+2(1/3)+3(1/6)= 5/3

(d) σ2
X = 12(1/2)+22(1/3)+32(1/6)− (5/3)2 = 5/9

7. (a)∑4
x=1cx= 1, soc(1+2+3+4)= 1, soc = 0.1.

(b) P(X = 2) = c(2) = 0.1(2) = 0.2

(c) µX = ∑4
x=1xP(X = x) = ∑4

x=1 0.1x2 = (0.1)(12+22+32+42) = 3.0

(d) σ2
X = ∑4

x=1(x−µX)2P(X = x) = ∑4
x=1(x−3)2(0.1x) = 4(0.1)+1(0.2)+0(0.3)+1(0.4)= 1

Alternatively,σ2
X = ∑4

x=1 x2P(X = x)−µ2
X = ∑4

x=10.1x3−32 = 0.1(13+23+33+43)−32 = 1

(e) σX =
√

1 = 1
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8. (a)P(X < 2) = P(X ≤ 1) = F(1) = 0.53

(b) P(X > 3) = 1−P(X ≤ 3) = 1−F(3) = 1−0.97= 0.03

(c) P(X = 1) = P(X ≤ 1)−P(X ≤ 0) = F(1)−F(0) = 0.53−0.17= 0.36

(d) P(X = 0) = P(X ≤ 0) = F(0) = 0.17

(e) For any integerx, P(X = x) = F(x)−F(x−1). The value ofx for which this quantity is greatest isx = 1.

9. (a)

x p1(x)
0 0.2
1 0.16
2 0.128
3 0.1024
4 0.0819
5 0.0655

(b)

x p2(x)
0 0.4
1 0.24
2 0.144
3 0.0864
4 0.0518
5 0.0311

(c) p2(x) appears to be the better model. Its probabilities are all fairly close to the proportions of days observed in
the data. In contrast, the probabilities of 0 and 1 forp1(x) are much smaller than the observed proportions.

(d) No, this is not right. The data are a simple random sample,and the model represents the population. Simple
random samples generally do not reflect the population exactly.

10. LetA denote an acceptable chip, andU an unacceptable one.
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(a) P(A) = 0.9

(b) P(UA) = P(U)P(A) = (0.1)(0.9) = 0.09

(c) P(X = 3) = P(UUA) = P(U)P(U)P(A) = (0.1)(0.1)(0.9) = 0.009

(d) p(x) =

{
(0.9)(0.1)x−1 x = 1,2,3, ...

0 otherwise

11. LetA denote an acceptable chip, andU an unacceptable one.

(a) If the first two chips are both acceptable, thenY = 2. This is the smallest possible value.

(b) P(Y = 2) = P(AA) = (0.9)2 = 0.81

(c) P(Y = 3|X = 1) =
P(Y = 3 andX = 1)

P(X = 1)
.

Now P(Y = 3 andX = 1) = P(AUA) = (0.9)(0.1)(0.9) = 0.081, andP(X = 1) = P(A) = 0.9.

ThereforeP(Y = 3|X = 1) = 0.081/0.9= 0.09.

(d) P(Y = 3|X = 2) =
P(Y = 3 andX = 2)

P(X = 2)
.

Now P(Y = 3 andX = 2) = P(UAA) = (0.1)(0.9)(0.9) = 0.081, and

P(X = 2) = P(UA) = (0.1)(0.9) = 0.09.

ThereforeP(Y = 3|X = 2) = 0.081/0.09= 0.9.

(e) If Y = 3 the only possible values forX areX = 1 andX = 2.

Therefore

P(Y = 3) = P(Y = 3|X = 1)P(X = 1)+P(Y = 3|X = 2)P(X = 2)

= (0.09)(0.9)+ (0.9)(0.09)

= 0.162
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12. (a) 0, 1, 2, 3

(b) P(X = 3) = P(SSS) = (0.8)3 = 0.512

(c) P(FSS) = (0.2)(0.8)2 = 0.128

(d) P(SFS) = P(SSF) = (0.8)2(0.2) = 0.128

(e) P(X = 2) = P(FSS)+P(SFS)+P(SSF) = 0.384

(f) P(X = 1) = P(SFF)+P(FSF)+P(FFS)

= (0.8)(0.2)2+(0.8)(0.2)2+(0.8)(0.2)2

= 0.096

(g) P(X = 0) = P(FFF) = (0.2)3 = 0.008

(h) µX = 0(0.08)+1(0.096)+2(0.384)+3(0.512)= 2.4

(i) σ2
X = (0−2.4)2(0.08)+ (1−2.4)2(0.096)+ (2−2.4)2(0.384)+ (3−2.4)2(0.512) = 0.48

Alternatively,σ2
X = 02(0.08)+12(0.096)+22(0.384)+32(0.512)−2.42 = 0.48

(j) P(Y = 3) = P(SSSF)+P(SSFS)+P(SFSS)+P(FSSS)

= (0.8)3(0.2)+ (0.8)3(0.2)+ (0.8)3(0.2)+ (0.8)3(0.2)

= 0.4096

13. (a)
Z 50

10

x−10
1800

dx=
x2−20x

3600

50

10

= 0.444

(b)
Z 70

10
x

x−10
1800

dx=
x3−15x2

5400

70

10

= 50
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(c) σ2
X =

Z 70

10
x2 x−10

1800
dx−502 =

3x4−40x3

21600

70

10

−502 = 200

σX =
√

200= 14.142

(d) F(x) =

Z x

−∞
f (t)dt

If x < 10,F(x) =

Z x

−∞
0dt = 0

If 10 ≤ x < 70,F(x) =

Z 10

−∞
0dt+

Z x

10

t −10
1800

dt =
x2/2−10x+50

1800
.

If X ≥ 70,F(x) =

Z 10

−∞
0dt+

Z 70

10

t −10
1800

dt+
Z x

70
0dt = 1.

(e) The medianxm solvesF(xm) = 0.5. Therefore
x2

m/2−10xm+50
1800

= 0.5, soxm = 52.426.

14. (a)
Z 11

8

x
54

dx=
x2

108

11

8

= 0.528

(b) µX =

Z 12

6
x

x
54

dx=
x3

162

12

6

= 9.333

(c) σ2
X =

Z 12

6
x2 x

54
dx−µ2

X

=
x4

216

12

6

−87.111

= 2.889

(d) σX =
√

2.889= 1.70

(e) F(x) =

Z x

−∞
f (t)dt

If x < 6, F(x) =

Z x

−∞
0dt = 0.
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If 6 ≤ x < 12,F(x) =

Z 6

−∞
0dt+

Z x

6

t
54

dt =
x2−36

108
.

If x≥ 12,F(x) =

Z 6

−∞
0dt+

Z 12

6

t
54

dt+
Z x

12
0dt = 1.

(f) The medianxm solvesF(xm) = 0.5. Therefore
x2

m−36
108

= 0.5, soxm = 9.4868.

(g) The 10th percentilex10 solvesF(x10) = 0.1. Therefore
x2

10−36
108

= 0.1, sox10 = 6.8411.

(h)
Z 12

10

x
54

dx=
x2

108

12

10

= 0.4074

15. (a)µ =

Z ∞

0
0.2te−0.2t dt

= −te−0.2t
∞

0

−
Z ∞

0
−e−0.2t dt

= 0−5e−0.2t
∞

0

= 5

(b) σ2 =

Z ∞

0
0.2t2e−0.2t dt−µ2

= −t2e−0.2t
∞

0

−
Z ∞

0
−2te−0.2t dt−25

= 0+10
Z ∞

0
0.2te−0.2t dt−25

= 0+10(5)−25

= 25

σX =
√

25= 5

(c) F(x) =

Z x

−∞
f (t)dt.
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If x≤ 0, F(x) =

Z x

−∞
0dt = 0.

If x > 0, F(x) =

Z 0

−∞
0dt+

Z x

0
0.2e−0.2t dt = 1−e−0.2x.

(d) P(T < 10) = P(T ≤ 10) = F(10) = 1−e−2 = 0.8647

(e) The medianxm solvesF(xm) = 0.5. Therefore 1−e−0.2xm = 0.5, soxm = 3.466.

(f) The 90th percentilex90 solvesF(x90) = 0.9. Therefore 1−e−0.2x90 = 0.9, sox90 = 11.5129.

16. (a)µ=

Z 10.25

9.75
3x[1−16(x−10)2]dx= −12x4+320x3−2398.5x2

10.25

9.75

= 10

(b) σ2 =

Z 10.25

9.75
3(x−10)2[1−16(x−10)2]dx= (x−10)3−9.6(x−10)5

10.25

9.75

= 0.0125.

σ =
√

0.0125= 0.1118

(c) F(x) =

Z x

−∞
f (t)dt.

If x≤ 9.75,F(x) =
Z x

−∞
0dt = 0.

If 9.75< x < 10.25,

F(x) =

Z x

−∞
0dt+

Z x

9.75
3[1−16(t−10)2]dt = 3t−16(t−10)3

x

9.75

= 3x−16(x−10)3−29.5

If x≥ 10.25,F(x) = 1.

(d) None of them.F(9.75) = 0.

(e) All of them.F(10.25) = 1, so all of the rings have diameters less than or equal to 10.25 cm. Since none of the
rings have diameters less than 9.75 cm, all of them have diameters between 9.75 and 10.25 cm.
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17. With this process, the probability that a ring meets the specification is
Z 10.1

9.9
15[1−25(x−10.05)2]/4dx=

Z 0.05

−0.15
15[1−25x2]/4dx= 0.25(15x−125x3)

0.05

−0.15

= 0.641.

With the process in Exercise 16, the probability is
Z 10.1

9.9
3[1−16(x−10)2]dx=

Z 0.1

−0.1
3[1−16x2]dx= 3x−16x3

0.1

−0.1

= 0.568.

Therefore this process is better than the one in Exercise 16.

18. (a)P(X > 3) =

Z ∞

3

81
(x+3)4 dx= − 27

(x+3)3

∞

3

= 1/8

(b) P(1 < X < 3) =

Z 3

1

81
(x+3)4 dx= − 27

(x+3)3

3

1

= 19/64

(c) µ=
Z ∞

0
x

81
(x+3)4 dx=

Z ∞

3
(u−3)

81
u4 du= 81

Z ∞

3
(u−3−3u−4)du= 81

(
−1

2
u−2+u−3

) ∞

3

= 3/2

(d) σ2 =

Z ∞

0
x2 81

(x+3)4 dx−µ2

=

Z ∞

3
(u−3)281

u4 du− (3/2)2

= 81
Z ∞

3
(u−2−6u−3+9u−4)du − 9/4

= 81(−u−1+3u−2−3u−3)

∞

3

− 9/4

= 27/4

(e) F(x) =

Z x

−∞
f (t)dt.

If x < 0, F(x) =
Z x

−∞
0dt = 0.

If x≥ 0, F(x) =
Z x

0

81
(t +3)4 dt = − 27

(t +3)3

x

0

= 1−27(x+3)−3
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(f) The medianxm solvesF(xm) = 0.5. Therefore 1−27(xm+3)−3 = 0.5, soxm = 0.7798.

(g) The 30th percentilex30 solvesF(x30) = 0.3. Therefore 1−27(x30+3)−3 = 0.3, sox30 = 0.3787.

19. (a)P(X > 1) =

Z 3

1
(4/27)x2(3−x)dx=

4x3

27
− x4

27

3

1

= 8/9

(b) P(1 < X < 2) =

Z 2

1
(4/27)x2(3−x)dx=

4x3

27
− x4

27

2

1

= 13/27

(c) µ=
Z 3

0
(4/27)x3(3−x)dx=

4
27

(
3x4

4
− x5

5

) 3

0

= 9/5

(d) σ2 =

Z 3

0
(4/27)x4(3−x)dx−µ2 =

4
27

(
3x5

5
− x6

6

) 3

0

− (9/5)2 = 9/25

(e) F(x) =

Z x

−∞
f (t)dt

If x≤ 0, F(x) =

Z x

−∞
0dt = 0

If 0 < x < 3, F(x) =
Z x

0
(4/27)t2(3− t)dt = (4x3−x4)/27

If x≥ 3, F(x) =

Z 3

0
(4/27)t2(3− t)dt = 1

20. (a)P(X < 0.02) =

Z 0.02

0
625xdx=

625x2

2

0.02

0

= 0.125

(b) µ=

Z 0.04

0
625x2dx+

Z 0.08

0.04
(50x−625x2)dx=

625x3

3

0.04

0

+

(
25x2− 625x3

3

) 0.08

0.04

= 0.04
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SECTION 2.4 59

(c) The variance is

σ2 =

Z 0.04

0
625x3dx+

Z 0.08

0.04
(50x2−625x3)dx−µ2

=
625x4

4

0.04

0

+

(
50x3

3
− 625x4

4

) 0.08

0.04

−0.042

= 0.0002667

The standard deviation isσ =
√

0.0002667= 0.01633.

(d) F(x) =
Z x

−∞
f (t)dt

If x≤ 0, F(x) =

Z x

−∞
0dt = 0

If 0 < x≤ 0.04,F(x) =

Z x

0
625t dt = 625x2/2

If 0.04< x≤ 0.08,F(x) =
Z 0.04

0
625t dt+

Z x

0.04
(50−625t)dt = 50x− 625

2
x2−1

If x > 0.08,F(x) =

Z 0.04

0
625t dt+

Z 0.08

0.04
(50−625t)dt = 1

(e) The medianxm solvesF(xm) = 0.5. SinceF(x) is described by different expressions forx≤ 0.04 andx> 0.04,
we computeF(0.04). F(0.04) = 625(0.04)2/2 = 0.5 soxm = 0.04.

(f) P(0.015< X < 0.063)=

Z 0.04

0.015
625xdx+

Z 0.063

0.04
(50−625x)dx=

625x2

2

0.04

0

+

(
50x− 625x2

2

) 0.063

0.04

= 0.9097

21. (a)P(X > 0.5) =
Z 1

0.5
1.2(x+x2)dx= 0.6x2 +0.4x3

1

0.5

= 0.8

(b) µ=

Z 1

0
1.2x(x+x2)dx= 0.4x3+0.3x4

1

0

= 0.7

(c) X is within±0.1 of the mean if 0.6 < X < 0.8.

P(0.6 < X < 0.8) =

Z 0.8

0.6
1.2(x+x2)dx= 0.6x2+0.4x3

0.8

0.6

= 0.2864
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(d) The variance is

σ2 =

Z 1

0
1.2x2(x+x2)dx−µ2

= 0.3x4+0.24x5
1

0

−0.72

= 0.05

The standard deviation isσ =
√

0.05= 0.2236.

(e) X is within ±2σ of the mean if 0.2528< X < 1.1472. SinceP(X > 1) = 0, X is within ±2σ of the mean if
0.2528< X < 1.

P(0.2528< X > 1) =

Z 1

0.2528
1.2(x+x2)dx= 0.6x2+0.4x3

1

0.2528

= 0.9552

(f) F(x) =

Z x

−∞
f (t)dt

If x≤ 0, F(x) =
Z x

−∞
0dt = 0

If 0 < x < 1, F(x) =

Z x

0
1.2(t + t2)dt = 0.6x2 +0.4x3

If x > 1, F(x) =

Z 1

0
1.2(t + t2)dt = 1

22. (a)P(X < 0.2) =
Z 0.2

0

e1−x

e−1
dx=

(
e

e−1

)
(−e−x)

0.2

0

= 0.2868

(b) µ =

Z 1

0

xe1−x

e−1
dx

=

(
e

e−1

)
Z 1

0
xe−x dx

=

(
e

e−1

)(
−xe−x

1

0

+

Z 1

0
e−x dx

)

=

(
e

e−1

)(
−e−1−e−x

1

0

)

=
e−2
e−1

= 0.4180

Page 60
PROPRIETARY MATERIAL. c© The McGraw-Hill Companies, Inc. All rights reserved.No part of this Manual
may be displayed,reproducedor distributedin any form or by any means,without the prior written permissionof
thepublisher,or usedbeyondthe limited distribution to teachersandeducatorspermittedby McGraw-Hill for their
individualcoursepreparation.If youareastudentusingthisManual,youareusingit withoutpermission.



SECTION 2.4 61

(c) σ2 =

Z 1

0

x2e1−x

e−1
dx−µ2

=

(
e

e−1

)(
−x2e−x

1

0

+

Z 1

0
2xe−xdx

)
−
(

e−2
e−1

)2

=

(
e

e−1

)[
−e−1 +2

(
−xe−x

1

0

+

Z 1

0
e−xdx

)]
−
(

e−2
e−1

)2

=

(
e

e−1

)[
−e−1 +2

(
−e−1−e−x

1

0

)]
−
(

e−2
e−1

)2

=

(
e

e−1

)[
−e−1+2

(
1−2e−1)]−

(
e−2
e−1

)2

= 1− e
(e−1)2

= 0.07933

(d) F(x) =

Z x

−∞
f (t)dt

If x≤ 0, F(x) =

Z x

−∞
0dt = 0

If 0 < x < 1, F(x) =
Z x

0

e1−t

e−1
dt =

1−e−x

1−e−1

If x≥ 1, F(x) =
Z 1

0

e1−t

e−1
dt = 1

(e) The medianxm solvesF(xm) = 0.5. Therefore
1−e−xm

1−e−1 = 0.5.

Solving, we obtaine−xm =
e+1
2e

, soxm = 1+ ln2− ln(e+1) = 0.3799.

(f) P(0 < X < 0.3) =

Z 0.3

0

e1−x

e−1
dx=

(
e

e−1

)
(−e−x)

0.3

0

= 0.4100

23. (a)P(X < 0.4) =
Z 0.4

0
6x(1−x)dx= 3x2−2x3

0.4

0

= 0.352
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(b) P(0.2 < X < 0.6) =

Z 0.6

0.2
6x(1−x)dx= 3x2−2x3

0.6

0.2

= 0.544

(c) µ=

Z 1

0
6x2(1−x)dx= 2x3−1.5x4

1

0

= 0.5

(d) The variance is

σ2 =

Z 1

0
6x3(1−x)dx−µ2

= 1.5x4−1.2x5
1

0

−0.52

= 0.05

The standard deviation isσ =
√

0.05= 0.2236.

(e) X is within±σ of the mean if 0.2764< X < 0.7236.

P(0.2764< X < 0.7236) =

Z 0.7236

0.2764
6x(1−x)dx= 3x2−2x3

0.7236

0.2764

= 0.6261

(f) F(x) =

Z x

−∞
f (t)dt

If x≤ 0, F(x) =
Z x

−∞
0dt = 0

If 0 < x < 1, F(x) =

Z x

0
6t(1− t)dt = 3x2−2x3

If x≥ 1, F(x) =

Z 1

0
6t(1− t)dt = 1

24. (a)c solves the equation
Z ∞

1
c/x3dx= 1. Therefore−0.5c/x2

∞

1

= 1, soc = 2.

(b) µX =

Z ∞

1
cx/x3dx=

Z ∞

1
2/x2dx= −2

x

∞

1

= 2

(c) F(x) =

Z x

−∞
f (t)dt
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If x < 1, F(x) =

Z x

−∞
0dt = 0.

If x≥ 1, F(x) =

Z 1

−∞
0dt+

Z x

1
2/t3dt = − 1

t2

x

1

= 1−1/x2.

(d) The medianxm solvesF(xm) = 0.5. Therefore 1−1/x2
m = 0.5, soxm = 1.414.

(e) P(X ≤ 10) = F(10) = 1−1/102 = 0.99

(f) P(X ≤ 2.5) = F(2.5) = 1−1/2.52 = 0.84

(g) P(X ≤ 2.5|X ≤ 10) =
P(X ≤ 2.5 andX ≤ 10)

P(X ≤ 10)
=

P(X ≤ 2.5)

P(X ≤ 10)
=

0.84
0.99

= 0.85

25. (a)P(X < 2) =

Z 2

0
xe−x dx=

(
−xe−x

2

0

+

Z 2

0
e−x dx

)
=

(
−2e−2−e−x

2

0

)
= 1−3e−2 = 0.5940

(b) P(1.5 < X < 3) =

Z 3

1.5
xe−x dx=

(
−xe−x

3

1.5

+

Z 3

1.5
e−xdx

)
=

(
−3e−3+1.5e−1.5−e−x

3

1.5

)

= 2.5e−1.5−4e−3 = 0.3587

(c) µ=
Z ∞

0
x2e−x dx= −x2e−x

∞

0

+
Z ∞

0
2xe−x dx= 0+2xe−x

∞

0

= 2

(d) F(x) =
Z x

−∞
f (t)dt

If x < 0, F(x) =

Z x

−∞
0dt = 0

If x > 0, F(x) =

Z x

0
te−t dt = 1− (x+1)e−x

26. (a)µX =
Z ∞

−∞
(2
√

2π)−1xe−(x−10)2/8dx

=

Z ∞

−∞
(2
√

2π)−1(x−10)e−(x−10)2/8dx+

Z ∞

−∞
(2
√

2π)−110e−(x−10)2/8dx
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Making the substitutionu = (x−10)/
√

8,
Z ∞

−∞
(2
√

2π)−1(x−10)e−(x−10)2/8dx=

Z ∞

−∞
(2
√

2π)−18ue−u2
du= 0.

Also,
Z ∞

−∞
(2
√

2π)−110e−(x−10)2/8dx= 10
Z ∞

−∞
(2
√

2π)−1e−(x−10)2/8dx= 10(1) = 1.

SoµX = 10.

(b) σ2
X =

Z ∞

−∞
(2
√

2π)−1(x−10)2e−(x−10)2/8dx. Let u = −4(2
√

2π)−1(x−10), dv= −x−10
4

e−(x−10)2/8dx.

Then

σ2
X = −(x−10)2e−(x−10)2/8

∞

−∞

−
Z ∞

−∞
−4(2

√
2π)−1e−(x−10)2/8dx

= 0+4
Z ∞

−∞
(2
√

2π)−1e−(x−10)2/8dx

= 0+4(1)

= 4

The standard deviation isσ =
√

4 = 2.

Section 2.5

1. (a)µ2X = 2µX = 2(10.5) = 21.0

σ2X = 2σX = 2(0.5) = 1.0

(b) µX−Y = µX −µY = 10.5−5.7= 4.8

σX−Y =
√

σ2
X + σ2

Y =
√

0.52+0.32 = 0.583

(c) µ3X+2Y = 3µX +2µY = 3(10.5)+2(5.7) = 42.9

σ3X+2Y =
√

32σ2
X +22σ2

Y =
√

9(0.52)+4(0.32) = 1.62

2. (a)µV = µ3R = 3µR = 3(100) = 300
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SECTION 2.5 65

(b) σV = σ3R = 3σR = 3(10) = 30

3. LetX1, ...,X5 be the lifetimes of the five bulbs. LetS= X1 + · · ·+X5 be the total lifetime.

µS = ∑µXi = 5(700) = 3500

σS =
√

∑σ2
Xi

=
√

5(202) = 44.7

4. (a)µR = µR1 +µR2 = 50+100= 150

(b) σR =
√

σ2
R1

+ σ2
R2

=
√

52 +102 = 11.2

5. LetX1, ...,X5 be the thicknesses of the five layers. LetS= X1 + · · ·+X5 be the total thickness.

(a) µS = ∑µXi = 5(0.125) = 0.625

(b) σS =
√

∑σ2
Xi

=
√

5(0.0052) = 0.0112

6. LetX denote the time on the first machine and letY denote the time on the second machine.

(a) µX+Y = µX +µY = 10+15= 25

(b) σX+Y =
√

σ2
X + σ2

Y =
√

22 +32 = 3.606
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7. (a)µM = µX+1.5Y = µX +1.5µY = 0.125+1.5(0.350)= 0.650

(b) σM = σX+1.5Y =
√

σ2
X +1.52σ2

Y =
√

0.052+1.52(0.12) = 0.158

8. LetX1, ...,X12 be the weights of the 12 boxes. LetS= X1 + · · ·+X12 be the total weight. The average weight
per box isX.

(a) µS = ∑µXi = 12(12.02) = 144.24

(b) σS =
√

∑σ2
Xi

=
√

12(0.032) = 0.104

(c) µX = µXi = 12.02

(d) σX = σXi /
√

12= 0.03/
√

12= 0.00866

(e) Letn be the required number of boxes. Then 0.03/
√

n = 0.005, son = 36.

9. LetX1 andX2 denote the lengths of the pieces chosen from the population with mean 30 and standard deviation
0.1, and letY1 andY2 denote the lengths of the pieces chosen from the population with mean 45 and standard
deviation 0.3.

(a) µX1+X2+Y1+Y2 = µX1 +µX2 +µY1 +µY2 = 30+30+45+45= 150

(b) σX1+X2+Y1+Y2 =
√

σ2
X1

+ σ2
X2

+ σ2
Y1

+ σ2
Y2

=
√

0.12+0.12+0.32+0.32 = 0.447

10. The daily revenue isR= 1.60X1+1.75X2+1.90X3.

(a) µR = 1.60µ1+1.75µ2+1.90µ3 = 1.60(1500)+1.75(500)+1.90(300)= 3845
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SECTION 2.5 67

(b) σR =
√

1.602σ2
1 +1.752σ2

2 +1.902σ2
3 =

√
1.602(1802)+1.752(902)+1.902(402) = 336.94

11. The tank holds 20 gallons of gas. LetY1 be the number of miles traveled on the first gallon, letY2 be the
number of miles traveled on the second gallon, and so on, withY20 being the number of miles traveled on the
20th gallon. ThenµYi = 25 miles andσYi = 2 miles. LetX = Y1 +Y2 + · · ·Y20 denote the number of miles
traveled on one tank of gas.

(a) µX = µY1 + · · ·+µY20 = 20(25) = 500 miles.

(b) σ2
X = σ2

Y1
+ · · ·+ σ2

Y20
= 20(22) = 80. SoσX =

√
80= 8.944.

(c) µX/20 = (1/20)µX = (1/20)(500) = 25.

(d) σX/20 = (1/20)σX = (1/20)(8.944) = 0.4472

12. LetX denote the number of mismatches and letY denote the number of gaps. ThenµX = 5, σX = 2, µY = 2,
andσY = 1. LetSdenote the Needleman-Wunsch score. ThenS= X +3Y.

(a) µS = µX+3Y = µX +3µY = 5+3(2) = 11

(b) σ2
S = σ2

X+3Y = σ2
X +9σ2

Y = 22 +9(12) = 13

13. (a)µ= 0.0695+
1.0477

20
+

0.8649
20

+
0.7356

20
+

0.2171
30

+
2.8146

60
+

0.5913
15

+
0.0079

10
+5(0.0006) = 0.2993

(b) σ =
√

0.00182 +(0.0269
20 )2 +(0.0225

20 )2 +(0.0113
20 )2 +(0.0185

30 )2 +(0.0284
60 )2 +(0.0031

15 )2 +(0.0006
10 )2 + 52(0.0002)2 = 0.00288

14. (a)µX = µO+2N+2C/3 = µO +2µN +(2/3)µC = 0.1668+2(0.0255)+(2/3)(0.0247)= 0.2343

(b) σX = σO+2N+2C/3 =
√

σ2
O +4σ2

N +(2/3)2σ2
C =

√
0.03402+4(0.0194)2+(2/3)2(0.0131)2 = 0.05232
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Section 2.6

1. (a) 0.08

(b) P(X > 0 andY ≤ 1) = P(1,0)+P(1,1)+P(2,0)+P(2,1)= 0.15+0.08+0.10+0.03= 0.36

(c) P(X ≤ 1) = 1−P(X = 2) = 1−P(2,0)−P(2,1)−P(2,2)= 1−0.10−0.03−0.01= 0.86

(d) P(Y > 0) = 1−P(Y = 0) = 1−P(0,0)−P(1,0)−P(2,0)= 1−0.40−0.15−0.10= 0.35

(e) P(X = 0) = P(0,0)+P(0,1)+P(0,2)= 0.40+0.12+0.08= 0.60

(f) P(Y = 0) = P(0,0)+P(1,0)+P(2,0)= 0.40+0.15+0.10= 0.65

(g) P(X = 0 andY = 0) = 0.40

2. (a) The marginal probability mass functionpX(x) is found by summing along the rows of the joint probability
mass function.

y
x 0 1 2 pX(x)
0 0.40 0.12 0.08 0.60
1 0.15 0.08 0.03 0.26
2 0.10 0.03 0.01 0.14

pY(y) 0.65 0.23 0.12

pX(0) = 0.60, pX(1) = 0.26, pX(2) = 0.14, pX(x) = 0 if x 6= 0,1, or 2

(b) The marginal probability mass functionpY(y) is found by summing down the columns of the joint probability
mass function. SopY(0) = 0.65, pY(1) = 0.23, pY(2) = 0.12, pY(y) = 0 if y 6= 0,1, or 2

(c) µX = 0pX(0)+1pX(1)+2pX(2) = 0(0.60)+1(0.26)+2(0.14)= 0.54

(d) µY = 0pY(0)+1pY(1)+2pY(2) = 0(0.65)+1(0.23)+2(0.12)= 0.47

Page 68
PROPRIETARY MATERIAL. c© The McGraw-Hill Companies, Inc. All rights reserved.No part of this Manual
may be displayed,reproducedor distributedin any form or by any means,without the prior written permissionof
thepublisher,or usedbeyondthe limited distribution to teachersandeducatorspermittedby McGraw-Hill for their
individualcoursepreparation.If youareastudentusingthisManual,youareusingit withoutpermission.



SECTION 2.6 69

(e) σ2
X = 02pX(0)+12pX(1)+22pX(2)−µ2

X = 02(0.60)+12(0.26)+22(0.14)−0.542 = 0.5284

σX =
√

0.5284= 0.7269

(f) σ2
Y = 02pY(0)+12pY(1)+22pY(2)−µ2

Y = 02(0.65)+12(0.23)+22(0.12)−0.472 = 0.4891

σY =
√

0.4891= 0.6994

(g) Cov(X,Y) = µXY−µXµY

µXY = (0)(0)pX,Y(0,0)+ (0)(1)pX,Y(0,1)+ (0)(2)pX,Y(0,2)+ (1)(0)pX,Y(1,0)+ (1)(1)pX,Y(1,1)

+ (1)(2)pX,Y(1,2)+ (2)(0)pX,Y(2,0)+ (2)(1)pX,Y(2,1)+ (2)(2)pX,Y(2,2)

= (0)(0)(0.40)+ (0)(1)(0.12)+ (0)(2)(0.08)+(1)(0)(0.15)+(1)(1)(0.08)

+ (1)(2)(0.03)+ (2)(0)(0.10)+ (2)(1)(0.03)+(2)(2)(0.01)

= 0.24

µX = 0.54, µY = 0.47

Cov(X,Y) = 0.24− (0.54)(0.47)= −0.0138

(h) ρX,Y =
Cov(X,Y)

σXσY
=

−0.0138
(0.7269)(0.6994)

= −0.0271

(i) No. The joint probability density function is not equal to the product of the marginals. For example,
P(X = 1 andY = 1) = 0.08, butP(X = 1)P(Y = 1) = (0.26)(0.23) = 0.0598.

3. (a) pY|X(0|1) =
pX,Y(1,0)

pX(1)
=

0.15
0.26

= 0.577

pY|X(1|1) =
pX,Y(1,1)

pX(1)
=

0.08
0.26

= 0.308

pY|X(2|1) =
pX,Y(1,2)

pX(1)
=

0.03
0.26

= 0.115

(b) pX|Y(0|1) =
pX,Y(0,1)

pY(1)
=

0.12
0.23

= 0.522

pX|Y(1|1) =
pX,Y(1,1)

pY(1)
=

0.08
0.23

= 0.348
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pX|Y(2|1) =
pX,Y(2,1)

pY(1)
=

0.03
0.23

= 0.130

(c) E(Y |X = 1) = 0pY|X(0|1)+1pY|X(1|1)+2pY|X(2|1) = 0.538

(d) E(X |Y = 1) = 0pX|Y(0|1)+1pX|Y(1|1)+2pX|Y(2|1) = 0.609

4. (a) The marginal probability mass functionpX(x) is found by summing along the rows of the joint probability
mass function.

y
x 1 2 3 pX(x)
1 0.15 0.10 0.10 0.35
2 0.10 0.20 0.15 0.45
3 0.05 0.05 0.10 0.20

pY(y) 0.30 0.35 0.35

pX(1) = 0.35, pX(2) = 0.45, pX(3) = 0.20, pX(x) = 0 if x 6= 1,2, or 3

(b) The marginal probability mass functionpY(y) is found by summing down the columns of the joint probability
mass function. SopY(1) = 0.30, pY(2) = 0.35, pY(3) = 0.35, pY(y) = 0 if y 6= 1,2, or 3

(c) No,X andY are not independent. For example,P(X = 1 andY = 1) = 0.15, but
P(X = 1)P(Y = 1) = (0.35)(0.30) = 0.105 6= 0.15.

(d) µX = 1pX(1)+2pX(2)+3pX(3) = 1(0.35)+2(0.45)+3(0.20)= 1.85

µY = 1pY(1)+2pY(2)+3pY(3) = 1(0.30)+2(0.35)+3(0.35)= 2.05

(e) σ2
X = 12pX(1)+22pX(2)+32pX(3)−µ2

X = 12(0.35)+22(0.45)+32(0.20)−1.852 = 0.5275

σX =
√

0.5275= 0.7263

σ2
Y = 12pY(1)+22pY(2)+32pY(3)−µ2

Y = 12(0.30)+22(0.35)+32(0.35)−2.052 = 0.6475

σY =
√

0.6475= 0.8047

(f) Cov(X,Y) = µXY−µXµY

µXY = (1)(1)pX,Y(1,1)+ (1)(2)pX,Y(1,2)+ (1)(3)pX,Y(1,3)+ (2)(1)pX,Y(2,1)+ (2)(2)pX,Y(2,2)
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+ (2)(3)pX,Y(2,3)+ (3)(1)pX,Y(3,1)+ (3)(2)pX,Y(3,2)+ (3)(3)pX,Y(3,3)

= (1)(1)(0.15)+ (1)(2)(0.10)+ (1)(3)(0.10)+(2)(1)(0.10)+(2)(2)(0.20)

+ (2)(3)(0.15)+ (3)(1)(0.05)+ (3)(2)(0.05)+(3)(3)(0.10)

= 3.90

µX = 1.85,µY = 2.05

Cov(X,Y) = 3.90− (1.85)(2.05)= 0.1075

(g) ρX,Y =
Cov(X,Y)

σXσY
=

0.1075
(0.7263)(0.8047)

= 0.1839

5. (a)µX+Y = µX +µY = 1.85+2.05= 3.90

(b) σX+Y =
√

σ2
X + σ2

Y +2Cov(X,Y) =
√

0.5275+0.6475+2(0.1075)= 1.179

(c) P(X +Y = 4) = P(1,3)+P(2,2)+P(3,1)= 0.10+0.20+0.05= 0.35

6. (a) pY|X(1|2) =
pX,Y(2,1)

pX(2)
=

0.10
0.45

= 2/9

pY|X(2|2) =
pX,Y(2,2)

pX(2)
=

0.20
0.45

= 4/9

pY|X(3|2) =
pX,Y(2,3)

pX(2)
=

0.15
0.45

= 1/3

(b) pX|Y(1|3) =
pX,Y(1,3)

pY(3)
=

0.10
0.35

= 2/7

pX|Y(2|3) =
pX,Y(2,3)

pY(3)
=

0.15
0.35

= 3/7

pX|Y(3|3) =
pX,Y(3,3)

pY(3)
=

0.10
0.35

= 2/7
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(c) E(Y |X = 2) = 1pY|X(1|2)+2pY|X(2|2)+3pY|X(3|2) = 19/9

(d) E(X |Y = 3) = 1pX|Y(1|3)+2pX|Y(2|3)+3pX|Y(3|3) = 2

7. (a) 100X +200Y

(b) µ100X+200Y = 100µX +200µY = 100(1.85)+200(2.05)= 595 ms

(c) σ100X+200Y =
√

1002σ2
X +2002σ2

Y +2(100)(200)Cov(X,Y)

=
√

1002(0.5275)+2002(0.6475)+2(100)(200)(0.1075)

= 188.35ms

8. (a)P(X = 2 andY = 2) = P(X = 2)P(Y = 2|X = 2). Now P(X = 2) = 0.30. Given thatX = 2, Y = 2 if and
only if each of the two customers purchases one item. Therefore P(Y = 2|X = 2) = 0.052 = 0.0025, so
P(X = 2 andY = 2) = (0.30)(0.0025) = 0.00075.

(b) P(X = 2 andY = 6) = P(X = 2)P(Y = 6|X = 2). Now P(X = 2) = 0.30. Given thatX = 2, LetY1 be the
number of items purchased by the first customer, and letY2 be the number of items purchased by the second
customer. Then the eventY = 6 is equivalent to the event{Y1 = 5 andY2 = 1} or {Y1 = 4 andY2 = 2} or
{Y1 = 3 andY2 = 3} or {Y1 = 2 andY2 = 4} or {Y1 = 1 andY2 = 5}.

Therefore

P(Y = 6|X = 2) = P(Y1 = 5 andY2 = 1)+P(Y1 = 4 andY2 = 2)+P(Y1 = 3 andY2 = 3)

+ P(Y1 = 2 andY2 = 4)+P(Y1 = 1 andY2 = 5)

= (0.15)(0.05)+ (0.30)(0.15)+(0.25)(0.25)+(0.15)(0.30)+(0.05)(0.15)

= 0.1675

P(X = 2 andY = 6) = (0.30)(0.1675) = 0.05025

(c) P(Y = 2) = P(X = 1 andY = 2)+P(X = 2 andY = 2).

P(X = 1 andY = 2) = P(X = 1)P(Y = 2|X = 1) = (0.25)(0.15) = 0.0375.

From part (a),P(X = 2 andY = 2) = 0.00075.

P(Y = 2) = 0.0375+0.00075= 0.03825.
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9. (a) The marginal probability mass functionpX(x) is found by summing along the rows of the joint probability
mass function.

y
x 0 1 2 3 4 pX(x)
0 0.05 0.04 0.01 0.00 0.00 0.10
1 0.05 0.10 0.03 0.02 0.00 0.20
2 0.03 0.05 0.15 0.05 0.02 0.30
3 0.00 0.02 0.08 0.10 0.05 0.25
4 0.00 0.00 0.02 0.05 0.08 0.15

pY(y) 0.13 0.21 0.29 0.22 0.15

pX(0) = 0.10, pX(1) = 0.20, pX(2) = 0.30, pX(3) = 0.25, pX(4) = 0.15, pX(x) = 0 if x 6= 0,1,2,3, or 4.

(b) The marginal probability mass functionpY(y) is found by summing down the columns of the joint probability
mass function. SopY(0) = 0.13, pY(1) = 0.21, pY(2) = 0.29, pY(3) = 0.22, pY(4) = 0.15, pY(y) = 0 if
y 6= 0,1,2,3, or 4.

(c) No. The joint probability mass function is not equal to the product of the marginals. For example,pX,Y(0,0) =
0.05 6= pX(0)pY(0).

(d) µX = 0pX(0)+1pX(1)+2pX(2)+3pX(3)+4pX(4) = 0(0.10)+1(0.20)+2(0.30)+3(0.25)+4(0.15)= 2.15

µY = 0pY(0)+1pY(1)+2pY(2)+3pY(3)+4pY(4) = 0(0.13)+1(0.21)+2(0.29)+3(0.22)+4(0.15)= 2.05

(e) σ2
X = 02pX(0)+12pX(1)+22pX(2)+32pX(3)+42pX(4)−µ2

X

= 02(0.10)+12(0.20)+22(0.30)+32(0.25)+42(0.15)−2.152

= 1.4275

σX =
√

1.4275= 1.1948

σ2
Y = 02pY(0)+12pY(1)+22pY(2)+32pY(3)+42pY(4)−µ2

Y

= 02(0.13)+12(0.21)+22(0.29)+32(0.22)+42(0.15)−2.052

= 1.5475

σY =
√

1.5475= 1.2440

(f) Cov(X,Y) = µXY−µXµY.

µXY = (0)(0)pX,Y(0,0)+ (0)(1)pX,Y(0,1)+ (0)(2)pX,Y(0,2)+ (0)(3)pX,Y(0,3)+ (0)(4)pX,Y(0,4)

+ (1)(0)pX,Y(1,0)+ (1)(1)pX,Y(1,1)+ (1)(2)pX,Y(1,2)+ (1)(3)pX,Y(1,3)+ (1)(4)pX,Y(1,4)

+ (2)(0)pX,Y(2,0)+ (2)(1)pX,Y(2,1)+ (2)(2)pX,Y(2,2)+ (2)(3)pX,Y(2,3)+ (2)(4)pX,Y(2,4)

Page 73
PROPRIETARY MATERIAL. c© The McGraw-Hill Companies, Inc. All rights reserved.No part of this Manual
may be displayed,reproducedor distributedin any form or by any means,without the prior written permissionof
thepublisher,or usedbeyondthe limited distribution to teachersandeducatorspermittedby McGraw-Hill for their
individualcoursepreparation.If youareastudentusingthisManual,youareusingit withoutpermission.



74 CHAPTER 2

+ (3)(0)pX,Y(3,0)+ (3)(1)pX,Y(3,1)+ (3)(2)pX,Y(3,2)+ (3)(3)pX,Y(3,3)+ (3)(4)pX,Y(3,4)

+ (4)(0)pX,Y(4,0)+ (4)(1)pX,Y(4,1)+ (4)(2)pX,Y(4,2)+ (4)(3)pX,Y(4,3)+ (4)(4)pX,Y(4,4)

= (0)(0)(0.05)+ (0)(1)(0.04)+ (0)(2)(0.01)+(0)(3)(0.00)+(0)(4)(0.00)

+ (1)(0)(0.05)+ (1)(1)(0.10)+ (1)(2)(0.03)+(1)(3)(0.02)+(1)(4)(0.00)

+ (2)(0)(0.03)+ (2)(1)(0.05)+ (2)(2)(0.15)+(2)(3)(0.05)+(2)(4)(0.02)

+ (3)(0)(0.00)+ (3)(1)(0.02)+ (3)(2)(0.08)+(3)(3)(0.10)+(3)(4)(0.05)

+ (4)(0)(0.00)+ (4)(1)(0.00)+ (4)(2)(0.02)+(4)(3)(0.05)+(4)(4)(0.08)

= 5.46

µX = 2.15,µY = 2.05

Cov(X,Y) = 5.46− (2.15)(2.05)= 1.0525

(g) ρX,Y =
Cov(X,Y)

σXσY
=

1.0525
(1.1948)(1.2440)

= 0.7081

10. (a)µX+Y = µX +µY = 2.15+2.05= 4.20

(b) σ2
X+Y = σ2

X + σ2
Y +2Cov(X,Y) = 1.4275+1.5475+2(1.0525)= 5.08

(c) P(X +Y = 6) = P(X = 2 andY = 4)+P(X = 3 andY = 3)+P(X = 4 andY = 2) = 0.14

11. (a)pY|X(0|3) =
pX,Y(3,0)

pX(3)
=

0.00
0.25

= 0

pY|X(1|3) =
pX,Y(3,1)

pX(3)
=

0.02
0.25

= 0.08

pY|X(2|3) =
pX,Y(3,2)

pX(3)
=

0.08
0.25

= 0.32

pY|X(3|3) =
pX,Y(3,3)

pX(3)
=

0.10
0.25

= 0.40

pY|X(4|3) =
pX,Y(4,3)

pX(3)
=

0.05
0.25

= 0.20

(b) pX|Y(0|4) =
pX,Y(0,4)

pY(4)
=

0.00
0.15

= 0
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pX|Y(1|4) =
pX,Y(1,4)

pY(4)
=

0.00
0.15

= 0

pX|Y(2|4) =
pX,Y(2,4)

pY(4)
=

0.02
0.15

= 2/15

pX|Y(3|4) =
pX,Y(3,4)

pY(4)
=

0.05
0.15

= 1/3

pX|Y(4|4) =
pX,Y(4,4)

pY(4)
=

0.08
0.15

= 8/15

(c) E(Y |X = 3) = 0pY|X(0|3)+1pY|X(1|3)+2pY|X(2|3)+3pY|X(3|3)+4pY|X(4|3) = 2.72

(d) E(X |Y = 4) = 0pX|Y(0|4)+1pX|Y(1|4)+2pX|Y(2|4)+3pX|Y(3|4)+4pX|Y(4|4) = 3.4

12. (a) The marginal probability mass functionpX(x) is found by summing along the rows of the joint probability
mass function.

y
x 0 1 2 pX(x)
0 0.10 0.05 0.05 0.20
1 0.10 0.10 0.05 0.25
2 0.05 0.20 0.10 0.35
3 0.05 0.05 0.10 0.20

pY(y) 0.30 0.40 0.30

pX(0) = 0.20, pX(1) = 0.25, pX(2) = 0.35, pX(3) = 0.20, pX(x) = 0 if x 6= 0,1,2, or 3

(b) The marginal probability mass functionpY(y) is found by summing down the columns of the joint probability
mass function. SopY(0) = 0.30, pY(1) = 0.40, pY(2) = 0.30, pY(y) = 0 if y 6= 0,1, or 2.

(c) µX = 0pX(0)+1pX(1)+2pX(2)+3pX(3) = 0(0.20)+1(0.25)+2(0.35)+3(0.20)= 1.55

(d) µY = 0pY(0)+1pY(1)+2pY(2) = 0(0.30)+1(0.40)+2(0.30)= 1.00

(e) σ2
X = 02pX(0)+12pX(1)+22pX(2)+32pX(3)−µ2

X

= 02(0.20)+12(0.25)+22(0.35)+32(0.20)−1.552

= 1.0475
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σX =
√

1.0475= 1.0235

(f) σ2
Y = 02pY(0)+12pY(1)+22pY(2)−µ2

Y = 02(0.30)+12(0.40)+22(0.30)−1.002 = 0.6000.

σY =
√

0.6000= 0.7746

(g) Cov(X,Y) = µXY−µXµY

µXY = (0)(0)pX,Y(0,0)+ (0)(1)pX,Y(0,1)+ (0)(2)pX,Y(0,2)+ (1)(0)pX,Y(1,0)

+ (1)(1)pX,Y(1,1)+ (1)(2)pX,Y(1,2)+ (2)(0)pX,Y(2,0)+ (2)(1)pX,Y(2,1)

+ (2)(2)pX,Y(2,2)+ (3)(0)pX,Y(3,0)+ (3)(1)pX,Y(3,1)+ (3)(2)pX,Y(3,2)

= (0)(0)(0.10)+ (0)(1)(0.05)+ (0)(2)(0.05)+(1)(0)(0.10)

+ (1)(1)(0.10)+ (1)(2)(0.05)+ (2)(0)(0.05)+(2)(1)(0.20)

+ (2)(2)(0.10)+ (3)(0)(0.05)+ (3)(1)(0.05)+(3)(2)(0.10)

= 1.75

µX = 1.55,µY = 1.00

Cov(X,Y) = 1.75− (1.55)(1.00)= 0.20

(h) ρX,Y =
Cov(X,Y)

σXσY
=

0.20
(1.0235)(0.7746)

= 0.2523

13. (a)µZ = µX+Y = µX +µY = 1.55+1.00= 2.55

(b) σZ = σX+Y =
√

σ2
X + σ2

Y +2Cov(X,Y) =
√

1.0475+0.6000+2(0.20)= 1.4309

(c) P(Z = 2) = P(X +Y = 2)

= P(X = 0 andY = 2)+P(X = 1 andY = 1)+P(X = 2 andY = 0)

= 0.05+0.10+0.05

= 0.2

14. (a)T = 2X +5Y, soµT = µ2X+5Y = 2µX +5µY = 2(1.55)+5(1.00)= 8.10.
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(b) σT = σ2X+5Y

=
√

22σ2
X +52σ2

Y +2(2)(5)Cov(X,Y)

=
√

22(1.0475)+52(0.6000)+2(2)(5)(0.20)

= 4.82

(c) P(T = 9) = P(X = 2 andY = 1) = 0.20

15. (a)pY|X(0|3) =
pX,Y(3,0)

pX(3)
=

0.05
0.20

= 0.25

pY|X(1|3) =
pX,Y(3,1)

pX(3)
=

0.05
0.20

= 0.25

pY|X(2|3) =
pX,Y(3,2)

pX(3)
=

0.10
0.20

= 0.50

(b) pX|Y(0|1) =
pX,Y(0,1)

pY(1)
=

0.05
0.40

= 0.125

pX|Y(1|1) =
pX,Y(1,1)

pY(1)
=

0.10
0.40

= 0.25

pX|Y(2|1) =
pX,Y(2,1)

pY(1)
=

0.20
0.40

= 0.50

pX|Y(3|1) =
pX,Y(3,1)

pY(1)
=

0.05
0.40

= 0.125

(c) E(Y |X = 3) = 0pY|X(0|3)+1pY|X(1|3)+2pY|X(2|3) = 1.25.

(d) E(X |Y = 1) = 0pX|Y(0|1)+1pX|Y(1|1)+2pX|Y(2|1)+3pX|Y(3|1) = 1.625

16. (a)P(X < 0.5 andY > 0.75) =
Z 1

0.75

Z 0.5

0
4xydxdy

=

Z 1

0.75

(
2x2y

0.5

0

)
dy
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=
Z 1

0.75

y
2

dy

=
y2

4

1

0.75

= 0.1094

(b) fX(x) =

Z 1

0
f (x,y)dy.

If x≤ 0 orx≥ 1 then f (x,y) = 0 for all y so fX(x) = 0.

If 0 < x < 1 then fX(x) =

Z 1

0
4xydy= 2xy2

1

0

= 2x.

fY(y) =
Z 1

0
f (x,y)dx.

If y≤ 0 ory≥ 1 then f (x,y) = 0 for all x so fY(y) = 0.

If 0 < y < 1 then fY(y) =
Z 1

0
4xydx= 2x2y

1

0

= 2y.

(c) Yes, f (x,y) = fX(x) fY(y).

17. (a) Cov(X,Y) = µXY−µXµY

µXY =

Z 2

1

Z 5

4

1
6

xy(x+y)dydx

=

Z 2

1

1
6

(
x2y2

2
+

xy3

3

) 5

4

dx

=

Z 2

1

1
6

(
9x2

2
+

61x
3

)
dx

=
1
6

(
3x3

2
+

61x2

6

) 2

1

=
41
6

fX(x) =
1
6

(
x+

9
2

)
for 1≤ x≤ 2 (see Example 2.55).

µX =

Z 2

1

1
6

x

(
x+

9
2

)
dx=

1
6

(
x3

3
+

9x2

4

) 2

1

=
109
72

.
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fY(y) =
1
6

(
y+

3
2

)
for 4≤ y≤ 5 (see Example 2.55).

µY =

Z 5

4

1
6

y

(
y+

3
2

)
dy=

1
6

(
y3

3
+

3y2

4

) 5

4

=
325
72

.

Cov(X,Y) = µXY−µXµY =
41
6

−
(

109
72

)(
325
72

)
= −0.000193.

(b) ρX,Y =
Cov(X,Y)

σXσY
.

σ2
X =

Z 2

1

1
6

x2
(

x+
9
2

)
dx−µ2

X =
1
6

(
x4

4
+

3x3

2

) 2

1

−
(

109
72

)2

= 0.08314.

σ2
Y =

Z 5

4

1
6

y2
(

y+
3
2

)
dx−µ2

Y =
1
6

(
y4

4
+

y3

2

) 5

4

−
(

325
72

)2

= 0.08314.

ρX,Y =
−0.000193√

(0.08314)(0.08314)
= −0.00232.

18. (a)P(X ≤ 0.25 andY ≤ 0.85) =

Z 0.25

0

Z 0.85

0
(x+y)dydx

=
Z 0.25

0

(
xy+

y2

2

) 0.85

0

dx

=

Z 0.25

0
(0.36125+0.85x)dx

= 0.36125x+0.425x2
0.25

0

= 0.1169

(b) Cov(X,Y) = µXY−µXµY.

µXY =

Z 1

0

Z 1

0
xy(x+y)dxdy

=

Z 1

0

(
x3y
3

+
x2y2

2

) 1

0

dy
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=

Z 1

0

(
y
3

+
y2

2

)
dy

=

(
y2

6
+

y3

6

) 1

0

dy

=
1
3

For 0< x < 1, fX(x) =

Z 1

0
(x+y)dy= x+0.5. Forx≤ 0 andx≥ 1, fX(x) = 0.

µX =

Z 1

0
x

(
x+

1
2

)
dx=

(
x3

3
+

x2

4

) 1

0

=
7
12

.

For 0< y < 1, fY(y) =
Z 1

0
(x+y)dx= y+0.5. Fory≤ 0 andy≥ 1, fY(y) = 0.

µY =

Z 1

0
y

(
y+

1
2

)
dy=

(
y3

3
+

y2

4

) 1

0

=
7
12

.

Cov(X,Y) =
1
3
−
(

7
12

)2

= − 1
144

.

(c) ρX,Y =
Cov(X,Y)

σXσY
.

σ2
X =

Z 1

0
x2
(

x+
1
2

)
dx−µ2

X =

(
x4

4
+

x3

6

) 1

0

−
(

7
12

)2

=
11
144

.

σ2
Y =

Z 1

0
y2
(

y+
1
2

)
dy−µ2

Y =

(
y4

4
+

y3

6

) 1

0

−
(

7
12

)2

=
11
144

.

ρX,Y =
−1/144√

11/144
√

11/144
= − 1

11
.

(d) No,ρX,Y 6= 0.

19. (a) fX(x) =

{
x+1/2 0< x < 1

0 for other values ofx
fY(y) =

{
y+1/2 0< y < 1

0 for other values ofy
These were computed in the solution to Exercise 18.

(b) fY|X(y|0.75) =
f (0.75, y)
fX(0.75)

.
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SECTION 2.6 81

fX(x) = x+0.5 for 0< x < 1. This was computed in the solution to Exercise 18.

If 0 < y < 1, then
f (0.75, y)
fX(0.75)

=
y+0.75

1.25
=

4y+3
5

.

If y≤ 0 ory≥ 1, thenf (0.75, y) = 0, so fY|X(y|0.75) = 0.

ThereforefY|X(y|0.75) =






4y+3
5

0 < y < 1

0 for other values ofy

(c) E(Y |X = 0.75) =

Z ∞

−∞
y fY|X(y|0.75)dy=

Z 1

0
y

(
4y+3

5

)
dy=

(
4y3

15
+

3y2

10

) 1

0

= 0.5667

20. (a)P(X < 3.25 andY > 0.8) =

Z 3.25

3

Z 1

0.8

48xy2

49
dydx

=

Z 3.25

3

(
16xy3

49

1

0.8

)
dx

=

Z 3.25

3

976x
6125

dx

=
488x2

6125

3.25

3

= 0.12449

(b) For 3< x < 4, fX(x) =

Z 1

0.5

48xy2

49
dy=

2x
7

. Forx≤ 3 andx≥ 4, f (x,y) = 0, so fX(x) = 0.

For 0.5 < y < 1, fX(x) =

Z 4

3

48xy2

49
dx=

24y2

7
. Fory≤ 0.5 andy≥ 1, f (x,y) = 0, so fY(y) = 0.

ThereforefX(x) =

{
2x/7 3< x < 4

0 for other values ofx
fY(y) =

{
24y2/7 0.5 < y < 1

0 for other values ofy

(c) Yes, f (x,y) = fX(x) fY(y).
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21. (a)P(X < 9.98) =

Z 9.98

9.95
10dx= 10x

9.98

9.95

= 0.3

(b) P(Y > 5.01) =

Z 5.1

5.01
5dy= 5y

5.1

5.01

= 0.45

(c) SinceX andY are independent,
P(X < 9.98 andY > 5.01) = P(X < 9.98)P(Y > 5.01) = (0.3)(0.45) = 0.135

(d) µX =
Z 10.05

9.95
10xdx= 5x2

10.05

9.95

= 10

(e) µY =

Z 5.1

4.9
5ydy= 2.5y2

5.1

4.9

= 5

(f) µA = µXY = µXµY = (10)(5) = 50

22. (a)µX =

Z 6

4

(
3
4

x− 3x(x−5)2

4

)
dx=

(
−9x2+

5x3

2
− 3x4

16

) 6

4

= 5

(b) σ2
X =

Z 6

4

(
3(x−5)2

4
− 3(x−5)4

4

)
dx=

(
(x−5)3

4
− 3(x−5)5

20

) 6

4

= 0.2

(c) µY = µ0.0394X = 0.0394µX = 0.0394(5) = 0.197

σ2
Y = σ2

0.0394X = (0.0394)2σ2
X = (0.0394)2(0.2) = 0.00031

(d) LetX1, X2, andX3 be the three thicknesses, in millimeters.

ThenS= X1 +X2 +X3 is the total thickness.

µS = µX1 +µX2 +µX3 = 3(5) = 15.

σ2
S = σ2

X1
+ σ2

X2
+ σ2

X3
= 3(0.2) = 0.6.
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23. (a) The probability mass function ofY is the same as that ofX, so fY(y) = e−y if y > 0 and fY(y) = 0 if y ≤ 0.
SinceX andY are independent,f (x,y) = fX(x) fY(y).

Thereforef (x,y) =

{
e−x−y x > 0 andy > 0

0 otherwise

(b) P(X ≤ 1 andY > 1) = P(X ≤ 1)P(Y > 1)

=

(
Z 1

0
e−xdx

)(
Z ∞

1
e−y dy

)

=

(
−e−x

1

0

)(
−e−y

∞

1

)

= (1−e−1)(e−1)

= e−1−e−2

= 0.2325

(c) µX =

Z ∞

0
xe−xdx= −xe−x

∞

0

−
Z ∞

0
e−x dx= 0− (−e−x)

∞

0

= 0+1= 1

(d) SinceX andY have the same probability mass function,µY = µX = 1.

ThereforeµX+Y = µX +µY = 1+1= 2.

(e) P(X +Y ≤ 2) =

Z ∞

−∞

Z 2−x

−∞
f (x,y)dydx

=

Z 2

0

Z 2−x

0
e−x−y dydx

=

Z 2

0
e−x

(
−e−y

2−x

0

)
dx

=

Z 2

0
e−x(1−ex−2)dx

=

Z 2

0
(e−x−e−2)dx

= (−e−x−xe−2)

2

0

= 1−3e−2

= 0.5940
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24. (a) Yes. LetXi denote the number of bytes downloaded in theith second. The total number of bytes isX1 +X2 +
X3 +X4+X5. The mean of the total number is the sum of the five means, each of which is equal to 105.

(b) No. X1, ...,X5 are not independent, so the standard deviation of the sum depends on the covariances between
theXi .

25. (a) Letµ = 40.25 be the mean SiO2 content, and letσ = 0.36 be the standard deviation of the SiO2 content, in a
randomly chosen rock. LetX be the average content in a random sample of 10 rocks.

ThenµX = µ= 40.25, andσX =
σ√
10

=
0.36√

10
= 0.11.

(b) Letn be the required number of rocks. Then
σ√
n

=
0.36√

n
= 0.05.

Solving forn yieldsn = 51.84. Sincen must be an integer, taken = 52.

26. (a)P(X = 1) = 1/3, P(Y = 1) = 2/3, P(X = 1 andY = 1) = 1/3 6= P(X = 1)P(Y = 1).

(b) µXY = (−1)(1/3)+ (0)(1/3)+ (1)(1/3)= 0.

Now µX = (−1)(1/3)+ (0)(1/3)+ (1)(1/3)= 0, andµY = (0)(1/3)+ (1)(2/3) = 2/3.

So Cov(X,Y) = µXY−µXµY = 0− (0)(2/3) = 0.

Since Cov(X,Y) = 0, ρX,Y = 0.

27. (a)R= 0.3X +0.7Y

(b) µR = µ0.3X+0.7Y = 0.3µX +0.7µY = (0.3)(6)+ (0.7)(6) = 6.

The risk isσR = σ0.3X+0.7Y =
√

0.32σ2
X +0.72σ2

Y +2(0.3)(0.7)Cov(X,Y).

Cov(X,Y) = ρX,YσXσY = (0.3)(3)(3) = 2.7.

ThereforeσR =
√

0.32(32)+0.72(32)+2(0.3)(0.7)(2.7) = 2.52.

(c) µR = µ(0.01K)X+(1−0.01K)Y = (0.01K)µX +(1−0.01K)µY = (0.01K)(6)+ (1−0.01K)(6)= 6.
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σR =
√

(0.01K)2σ2
X +(1−0.01K)2σ2

Y +2(0.01K)(1−0.01K)Cov(X,Y).

ThereforeσR=
√

(0.01K)2(32)+ (1−0.01K)2(32)+2(0.01K)(1−0.01K)(2.7)= 0.03
√

1.4K2−140K +10,000.

(d) σR is minimized when 1.4K2−140K +10000 is minimized.

Now
d

dK
(1.4K2−140K +10000) = 2.8K−140, so

d
dK

(1.4K2−140K +10000) = 0 if K = 50.

σR is minimized whenK = 50.

(e) For any correlationρ, the risk is 0.03
√

K2 +(100−K)2+2ρK(100−K).

If ρ 6= 1 this quantity is minimized whenK = 50.

28. µV =
Z 21

19

Z 6

5
3πr2h(h−20)2(r −5)drdh

= 3π
Z 21

19
h(h−20)2dh

Z 6

5
r2(r −5)dr

= (3π)

(
h4

4
− 40h3

3
+200h2

) 21

19

(
r4

4
− 5r3

3

) 6

5

= 2021.0913cm3

29. (a)σM1 =
√

σ2
M1 =

√
σ2

R+E1
=
√

σ2
R+ σ2

E1 =
√

22 +12 = 2.2361. Similarly,σM2 = 2.2361.

(b) µM1M2 = µR2+E1R+E2R+E1E2
= µR2 +µE1µR+µE2µR+µE1µE2 = µR2

(c) µM1µM2 = µR+E1µR+E2 = (µR+µE1)(µR+µE2) = µRµR = µ2
R

(d) Cov(M1,M2) = µM1M2 −µM1µM2 = µR2 −µ2
R = σ2

R

(e) ρM1,M2 =
Cov(M1,M2)

σM1σM2

=
σ2

R

σM1σM2

=
4

(2.2361)(2.2361)
= 0.8

30. Cov(X,X) = µX·X −µXµX = µX2 − (µX)2 = σ2
X .
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31. (a) Cov(aX,bY) = µaX·bY−µaXµbY = µabXY−aµXbµY = abµXY−abµXµY

= ab(µXY−µXµY) = abCov(X,Y).

(b) ρaX,bY = Cov(aX,bY)/(σaXσbY) = abCov(X,Y)/(abσXσY) = Cov(X,Y)/(σXσY) = ρX,Y.

32. Cov(X +Y,Z) = µ(X+Y)Z −µX+YµZ

= µXZ+YZ− (µX +µY)µZ

= µXZ +µYZ−µXµZ−µYµZ

= µXZ−µXµZ +µYZ−µYµZ

= Cov(X,Z)+Cov(Y,Z)

33. (a)V(X− (σX/σY)Y) = σ2
X +(σX/σY)2σ2

Y −2(σX/σY)Cov(X,Y)

= 2σ2
X −2(σX/σY)Cov(X,Y)

(b) V(X− (σX/σY)Y) ≥ 0

2σ2
X −2(σX/σY)Cov(X,Y) ≥ 0

2σ2
X −2(σX/σY)ρX,YσXσY ≥ 0

2σ2
X −2ρX,Yσ2

X ≥ 0

1−ρX,Y ≥ 0

ρX,Y ≤ 1

(c) V(X +(σX/σY)Y) ≥ 0

2σ2
X +2(σX/σY)Cov(X,Y) ≥ 0

2σ2
X +2(σX/σY)ρX,YσXσY ≥ 0

2σ2
X +2ρX,Yσ2

X ≥ 0

1+ ρX,Y ≥ 0

ρX,Y ≥ −1

Page 86
PROPRIETARY MATERIAL. c© The McGraw-Hill Companies, Inc. All rights reserved.No part of this Manual
may be displayed,reproducedor distributedin any form or by any means,without the prior written permissionof
thepublisher,or usedbeyondthe limited distribution to teachersandeducatorspermittedby McGraw-Hill for their
individualcoursepreparation.If youareastudentusingthisManual,youareusingit withoutpermission.



SECTION 2.6 87

34. (a)µX = µ1.12C+2.69N+O−0.21Fe

= 1.12µC +2.69µN +µO−0.21µFe

= 1.12(0.0247)+2.69(0.0255)+0.1668−0.21(0.0597)

= 0.2505

(b) Cov(C,N) = ρC,NσCσN = −0.44(0.0131)(0.0194)= −1.118×10−4

Cov(C,O) = ρC,OσCσO = 0.58(0.0131)(0.0340)= 2.583×10−4

Cov(C,Fe) = ρC,FeσCσFe = 0.39(0.0131)(0.0413)= 2.110×10−4

Cov(N,O) = ρN,OσNσO = −0.32(0.0194)(0.0340)= −2.111×10−4

Cov(N,Fe) = ρN,FeσNσFe = 0.09(0.0194)(0.0413)= 7.211×10−5

Cov(O,Fe) = ρO,FeσOσFe = −0.35(0.0340)(0.0413)= −4.915×10−4

(c) σ2
X = σ2

1.12C+2.69N+O−0.21Fe

= 1.122σ2
C +2.692σ2

N + σ2
O +0.212σ2

Fe+2(1.12)(2.69)Cov(C,N)+2(1.12)Cov(C,O)−2(1.12)(0.21)Cov(C,Fe)

+2(2.69)Cov(N,O)−2(2.69)(0.21)Cov(N,Fe)−2(0.21)Cov(O,Fe)

= 1.122(0.0131)2+2.692(0.0194)2+0.03402+0.212(0.0413)2+2(1.12)(2.69)(−0.0001118)

+2(1.12)(0.0002583)−2(1.12)(0.21)(0.0002110)+2(2.69)(−0.0002111)−2(2.69)(0.21)(0.00007211)

−2(0.21)(0.0004915)

= 0.0029648

σ =
√

0.0029648= 0.05445

35. µY = µ7.84C+11.44N+O−1.58Fe

= 7.84µC +11.44µN +µO−1.58µFe

= 7.84(0.0247)+11.44(0.0255)+0.1668−1.58(0.0597)

= 0.5578

σ2
Y = σ2

7.84C+11.44N+O−1.58Fe

= 7.842σ2
C +11.442σ2

N + σ2
O +1.582σ2

Fe+2(7.84)(11.44)Cov(C,N)+2(7.84)Cov(C,O)−2(7.84)(1.58)Cov(C,Fe)

+2(11.44)Cov(N,O)−2(11.44)(1.58)Cov(N,Fe)−2(1.58)Cov(O,Fe)

= 7.842(0.0131)2+11.442(0.0194)2+0.03402+1.582(0.0413)2+2(7.84)(11.44)(−0.0001118)

+2(7.84)(0.0002583)−2(7.84)(1.58)(0.0002110)+2(11.44)(−0.0002111)−2(11.44)(1.58)(0.00007211)

−2(1.58)(0.0004915)

= 0.038100
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σ =
√

0.038100= 0.1952

36. (a) Letc =
R ∞
−∞ h(y)dy.

Now fX(x) =
R ∞
−∞ f (x,y)dy=

R ∞
−∞ g(x)h(y)dy= g(x)

R ∞
−∞ h(y)dy= cg(x).

fY(y) =
R ∞
−∞ f (x,y)dx=

R ∞
−∞ g(x)h(y)dx= h(y)

R ∞
−∞ g(x)dx= (1/c)h(y)

R ∞
−∞ cg(x)dx

= (1/c)h(y)
R ∞
−∞ fX(x)dx= (1/c)h(y)(1) = (1/c)h(y).

(b) f (x,y) = g(x)h(y) = cg(x)(1/c)h(y) = fX(x)gY(y). ThereforeX andY are independent.

37. (a)
R ∞
−∞

R ∞
−∞ f (x,y)dxdy=

R d
c

R b
a kdxdy= k

R d
c

R b
a dxdy= k(d−c)(b−a) = 1.

Thereforek =
1

(b−a)(d−c)
.

(b) fX(x) =
R d

c kdy=
d−c

(b−a)(d−c)
=

1
b−a

(c) fY(y) =
R b

a kdx=
b−a

(b−a)(d−c)
=

1
d−c

(d) f (x,y) =
1

(b−a)(d−c)
=

(
1

b−a

)(
1

d−c

)
= fX(x) fY(y)

Supplementary Exercises for Chapter 2

1. LetA be the event that component A functions, letB be the event that component B functions, letC be the event
that component C functions, and letD be the event that component D functions. ThenP(A) = 1−0.1 = 0.9,
P(B) = 1−0.2 = 0.8, P(C) = 1−0.05= 0.95, andP(D) = 1−0.3= 0.7. The event that the system functions
is (A∪B)∪ (C∪D).

P(A∪B) = P(A)+P(B)−P(A∩B)= P(A)+P(B)−P(A)P(B) = 0.9+0.8− (0.9)(0.8)= 0.98.

P(C∪D) = P(C)+P(D)−P(C∩D) = P(C)+P(D)−P(C)P(D) = 0.95+0.7− (0.95)(0.7)= 0.985.

P[(A∪B)∪ (C∪D)] = P(A∪B)+P(C∪D)−P(A∪B)P(C∪D) = 0.98+0.985− (0.98)(0.985)= 0.9997.
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SUPPLEMENTARY EXERCISES FOR CHAPTER 2 89

2. P(more than 5 rolls necessary) = P(first 5 rolls are not 6) =

(
5
6

)5

= 0.4019.

3. LetA denote the event that the resistance is above specification,and letB denote the event that the resistance is
below specification. ThenA andB are mutually exclusive.

(a) P(doesn’t meet specification) =P(A∪B) = P(A)+P(B) = 0.05+0.10= 0.15

(b) P[B|(A∪B)] =
P[(B∩ (A∪B)]

P(A∪B)
=

P(B)

P(A∪B)
=

0.10
0.15

= 0.6667

4. LetD denote the event that the bag is defective, letL1 denote the event that the bag came from line 1, and let
L2 denote them event that the bag came from line 2. ThenP(D |L1) = 1/100 andP(D |L2) = 3/100.

(a) P(L1) =
2
3

(b) P(D) = P(D |L1)P(L1)+P(D |L2)P(L2) = (1/100)(2/3)+ (3/100)(1/3)=
1
60

(c) P(L1 |D) =
P(D |L1)P(L1)

P(D)
=

(1/100)(2/3)

1/60
=

2
5

(d) P(L1 |Dc) =
P(Dc |L1)P(L1)

P(Dc)
=

[1−P(D |L1)]P(L1)

P(Dc)
=

(1−1/100)(2/3)

59/60
=

198
295

= 0.6712

5. LetR be the event that the shipment is returned. LetD1 be the event that the first fuse chosen is defective, let
D2 be the event that the second fuse chosen is defective, and letD3 be the event that the third fuse chosen is
defective. Since the sample size of 3 is a small proportion ofthe population size of 10,000, it is reasonable to
treat these events as independent, each with probability 0.1.

P(R) = 1−P(Rc) = 1−P(Dc
1∩Dc

2∩Dc
3) = 1− (0.9)3 = 0.271.

(If dependence is taken into account, the answer to six significant digits is 0.271024.)
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6. (a)(0.99)10 = 0.904

(b) Let p be the required probability. Thenp10 = 0.95. Solving forp, p = 0.9949.

7. Let A be the event that the bit is reversed at the first relay, and letB be the event that the bit is reversed at
the second relay. ThenP(bit received is the same as the bit sent) = P(Ac ∩Bc) + P(A∩B) = P(Ac)P(Bc) +
P(A)P(B) = 0.92+0.12 = 0.82.

8. (a)
Z 1

−1
k(1−x2)dx= k

Z 1

−1
(1−x2)dx= 1. Since

Z 1

−1
(1−x2)dx=

(
x− x3

3

) 1

−1

=
4
3

, k =
3
4

= 0.75.

(b)
Z 1

0
0.75(1−x2)dx= 0.75

(
x− x3

3

) 1

0

= 0.5

(c)
Z 0.25

−0.25
0.75(1−x2)dx= 0.75

(
x− x3

3

) 0.25

−0.25

= 0.3672

(d) µ=

Z 1

−1
0.75x(1−x2)dx= 0.75

(
x2

2
− x4

4

) 1

−1

= 0

(e) The medianxm solves
Z xm

−1
0.75(1−x2)dx= 0.5. Therefore 0.75

(
x− x3

3

) xm

−1

= 0.5, soxm = 0

(f) σ2 =

Z 1

−1
0.75x2(1−x2)dx−µ2

= 0.75

(
x3

3
− x5

5

) 1

−1

−02

= 0.2

σ =
√

0.2 = 0.4472
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9. Let A be the event that two different numbers come up, and letB be the event that one of the dice comes up
6. ThenA contains 30 equally likely outcomes (6 ways to choose the number for the first die times 5 ways to
choose the number for the second die). Of these 30 outcomes, 10 belong toB, specifically (1,6), (2,6), (3,6),
(4,6), (5,6), (6,1), (6,2), (6,3), (6,4), and (6,5). ThereforeP(B|A) = 10/30= 1/3.

10. LetA be the event that the first component is defective and letB be the event that the second component is
defective.

(a) P(X = 0) = P(Ac∩Bc) = P(Ac)P(Bc|Ac) =

(
8
10

)(
7
9

)
= 0.6222

(b) P(X = 1) = P(A∩Bc)+P(Ac∩B)

= P(A)P(Bc|A)+P(Ac)P(B|Ac)

=

(
2
10

)(
8
9

)
+

(
8
10

)(
2
9

)

= 0.3556

(c) P(X = 2) = P(A∩B) = P(A)P(B|A) =

(
2
10

)(
1
9

)
= 0.0222

(d) pX(0) = 0.6222,pX(1) = 0.3556,pX(2) = 0.0222,pX(x) = 0 if x 6= 0,1, or 2.

(e) µX = 0pX(0)+1pX(1)+2pX(2) = 0(0.6222)+1(0.3556)+2(0.0222)= 0.4

(f) σX =
√

02pX(0)+12pX(1)+22pX(2)−µ2
X =

√
02(0.6222)+12(0.3556)+22(0.0222)−0.42 = 0.5333

11. (a)P(X ≤ 2 andY ≤ 3) =

Z 2

0

Z 3

0

1
6

e−x/2−y/3dydx

=

Z 2

0

1
2

e−x/2

(
−e−y/3

3

0

)
dx

=
Z 2

0

1
2

e−x/2(1−e−1)dx

= (e−1−1)e−x/2
2

0
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= (1−e−1)2

= 0.3996

(b) P(X ≥ 3 andY ≥ 3) =

Z ∞

3

Z ∞

3

1
6

e−x/2−y/3dydx

=

Z ∞

3

1
2

e−x/2

(
−e−y/3

∞

3

)
dx

=

Z ∞

3

1
2

e−x/2e−1dx

= −e−1e−x/2
∞

3

= e−5/2

= 0.0821

(c) If x≤ 0, f (x,y) = 0 for all y so fX(x) = 0.

If x > 0, fX(x) =

Z ∞

0

1
6

e−x/2−y/3dy=
1
2

e−x/2

(
−e−y/3

∞

0

)
=

1
2

e−x/2.

ThereforefX(x) =

{ 1
2

e−x/2 x > 0

0 x≤ 0

(d) If y≤ 0, f (x,y) = 0 for all x so fY(y) = 0.

If y > 0, fY(y) =

Z ∞

3

1
6

e−x/2−y/3dx=
1
3

e−y/3

(
−e−x/2

∞

0

)
=

1
3

e−y/3.

ThereforefY(y) =

{ 1
3

e−y/3 y > 0

0 y≤ 0

(e) Yes, f (x,y) = fX(x) fY(y).

12. (a)A andB are mutually exclusive ifP(A∩B) = 0, or equivalently, ifP(A∪B) = P(A)+P(B).

So if P(B) = P(A∪B)−P(A) = 0.7−0.3= 0.4, thenA andB are mutually exclusive.
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SUPPLEMENTARY EXERCISES FOR CHAPTER 2 93

(b) A andB are independent ifP(A∩B) = P(A)P(B). Now P(A∪B) = P(A)+P(B)−P(A∩B).

SoA andB are independent ifP(A∪B) = P(A)+P(B)−P(A)P(B), that is, if 0.7= 0.3+P(B)−0.3P(B). This
equation is satisfied ifP(B) = 4/7.

13. Let D denote the event that a snowboard is defective, letE denote the event that a snowboard is made in
the eastern United States, letW denote the event that a snowboard is made in the western United States, and
let C denote the event that a snowboard is made in Canada. ThenP(E) = P(W) = 10/28, P(C) = 8/28,
P(D|E) = 3/100,P(D|W) = 6/100, andP(D|C) = 4/100.

(a) P(D) = P(D|E)P(E)+P(D|W)P(W)+P(D|C)P(C)

=

(
10
28

)(
3

100

)
+

(
10
28

)(
6

100

)
+

(
8
28

)(
4

100

)

=
122
2800

= 0.0436

(b) P(D∩C) = P(D|C)P(C) =

(
8
28

)(
4

100

)
=

32
2800

= 0.0114

(c) LetU be the event that a snowboard was made in the United States.

ThenP(D∩U) = P(D)−P(D∩C) =
122
2800

− 32
2800

=
90

2800
.

P(U |D) =
P(D∩U)

P(D)
=

90/2800
122/2800

=
90
122

= 0.7377.

14. (a) Discrete. The possible values are 10, 60, and 80.

(b) µX = 10pX(10)+60pX(60)+80pX(80) = 10(0.40)+60(0.50)+80(0.10)= 42

(c) σ2
X = 102pX(10)+602pX(60)+802pX(80)−µ2

X = 102(0.40)+602(0.50)+802(0.10)−422 = 716

σX =
√

716= 26.76

(d) P(X > 50) = P(X = 60)+P(X = 80) = 0.5+0.1= 0.6
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15. The total number of pairs of cubicles is
(6

2

)
= 6!

2!4! = 15. Each is equally likely to be chosen. Of these pairs,
five are adjacent (1 and 2, 2 and 3, 3 and 4, 4 and 5, 5 and 6). Therefore the probability that an adjacent pair of
cubicles is selected is 5/15, or 1/3.

16. The total number of combinations of four shoes that can beselected from eight is
(8

4

)
= 8!

4!4! = 70. The four
shoes will contain no pair if exactly one shoe is selected from each pair. Since each pair contains two shoes,
the number of ways to select exactly one shoe from each pair is24 = 16. Therefore the probability that the four
shoes contain no pair is 16/70, or 8/35.

17. (a)µ3X = 3µX = 3(2) = 6, σ2
3X = 32σ2

X = (32)(12) = 9

(b) µX+Y = µX +µY = 2+2= 4, σ2
X+Y = σ2

X + σ2
Y = 12 +32 = 10

(c) µX−Y = µX −µY = 2−2= 0, σ2
X−Y = σ2

X + σ2
Y = 12 +32 = 10

(d) µ2X+6Y = 2µX +6µY = 2(2)+6(2) = 16, σ2
2X+6Y = 22σ2

X +62σ2
Y = (22)(12)+ (62)(32) = 328

18. Cov(X,Y) = ρX,YσXσY = (0.5)(2)(1) = 1

(a) µX+Y = µX +µY = 1+3= 4, σ2
X+Y = σ2

X + σ2
Y +2Cov(X,Y) = 22 +12+2(1) = 7

(b) µX−Y = µX −µY = 1−3= −2, σ2
X−Y = σ2

X + σ2
Y −2Cov(X,Y) = 22 +12−2(1) = 3

(c) µ3X+2Y = 3µX +2µY = 3(1)+2(3) = 9,

σ2
3X+2Y = 32σ2

X +22σ2
Y +2(3)(2)Cov(X,Y) = (32)(22)+ (22)(12)+2(3)(2)(1) = 52

(d) µ5Y−2X = 5µY −2µX = 5(3)−2(1) = 13,

σ2
5Y−2X = 52σ2

Y +(−2)2σ2
X +2(5)(−2)Cov(X,Y) = 52(12)+ (−2)2(22)+2(5)(−2)(1) = 21
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19. The marginal probability mass functionpX(x) is found by summing along the rows of the joint probability
mass function.

y
x 100 150 200 pX(x)

0.02 0.05 0.06 0.11 0.22
0.04 0.01 0.08 0.10 0.19
0.06 0.04 0.08 0.17 0.29
0.08 0.04 0.14 0.12 0.30
pY(y) 0.14 0.36 0.50

(a) For additive concentration(X): pX(0.02) = 0.22, pX(0.04) = 0.19, pX(0.06) = 0.29, pX(0.08) = 0.30, and
pX(x) = 0 for x 6= 0.02, 0.04, 0.06, or 0.08.

For tensile strength(Y): The marginal probability mass functionpY(y) is found by summing down the columns
of the joint probability mass function. ThereforepY(100) = 0.14, pY(150) = 0.36, pY(200) = 0.50, and
pY(y) = 0 for y 6= 100, 150, or 200.

(b) No,X andY are not independent. For exampleP(X = 0.02∩Y = 100) = 0.05, but
P(X = 0.02)P(Y = 100) = (0.22)(0.14) = 0.0308.

(c) P(Y ≥ 150|X = 0.04) =
P(Y ≥ 150 andX = 0.04)

P(X = 0.04)

=
P(Y = 150 andX = 0.04)+P(Y = 200 andX = 0.04)

P(X = 0.04)

=
0.08+0.10

0.19
= 0.947

(d) P(Y > 125|X = 0.08) =
P(Y > 125 andX = 0.08)

P(X = 0.08)

=
P(Y = 150 andX = 0.08)+P(Y = 200 andX = 0.08)

P(X = 0.08)

=
0.14+0.12

0.30
= 0.867

(e) The tensile strength is greater than 175 ifY = 200. Now

P(Y = 200|X = 0.02) =
P(Y = 200 andX = 0.02)

P(X = 0.02)
=

0.11
0.22

= 0.500,
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P(Y = 200|X = 0.04) =
P(Y = 200 andX = 0.04)

P(X = 0.04)
=

0.10
0.19

= 0.526,

P(Y = 200|X = 0.06) =
P(Y = 200 andX = 0.06)

P(X = 0.06)
=

0.17
0.29

= 0.586,

P(Y = 200|X = 0.08) =
P(Y = 200 andX = 0.08)

P(X = 0.08)
=

0.12
0.30

= 0.400.

The additive concentration should be 0.06.

20. (a)µX = 0.02pX(0.02)+0.04pX(0.04)+0.06pX(0.06)+0.08pX(0.08)

= 0.02(0.22)+0.04(0.19)+0.06(0.29)+0.08(0.30)

= 0.0534

(b) µY = 100pY(100)+150pY(150)+200pY(200) = 100(0.14)+150(0.36)+200(0.50)= 168

(c) σ2
X = 0.022pX(0.02)+0.042pX(0.04)+0.062pX(0.06)+0.082pX(0.08)−µ2

X

= 0.022(0.22)+0.042(0.19)+0.062(0.29)+0.082(0.30)−0.05342

= 0.00050444

σX =
√

0.00050444= 0.02246

(d) σ2
Y = 1002pY(100)+1502pY(150)+2002pY(200)−µ2

Y

= 1002(0.14)+1502(0.36)+2002(0.50)−1682

= 1276

σY =
√

1276= 35.721

(e) Cov(X,Y) = µXY−µXµY.

µXY = (0.02)(100)P(X = 0.02 andY = 100)+ (0.02)(150)P(X = 0.02andY = 150)

+ (0.02)(200)P(X = 0.02 andY = 200)+ (0.04)(100)P(X = 0.04 andY = 100)

+ (0.04)(150)P(X = 0.04 andY = 150)+ (0.04)(200)P(X = 0.04 andY = 200)

+ (0.06)(100)P(X = 0.06 andY = 100)+ (0.06)(150)P(X = 0.06 andY = 150)

+ (0.06)(200)P(X = 0.06 andY = 200)+ (0.08)(100)P(X = 0.08 andY = 100)

+ (0.08)(150)P(X = 0.08 andY = 150)+ (0.08)(200)P(X = 0.08 andY = 200)

= (0.02)(100)(0.05)+ (0.02)(150)(0.06)+(0.02)(200)(0.11)+(0.04)(100)(0.01)
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SUPPLEMENTARY EXERCISES FOR CHAPTER 2 97

+ (0.04)(150)(0.08)+ (0.04)(200)(0.10)+(0.06)(100)(0.04)+(0.06)(150)(0.08)

+ (0.06)(200)(0.17)+ (0.08)(100)(0.04)+(0.08)(150)(0.14)+(0.08)(200)(0.12)

= 8.96

Cov(X,Y) = 8.96− (0.0534)(168)= −0.0112

(f) ρX,Y =
Cov(X,Y)

σXσY
=

−0.0112
(0.02246)(35.721)

= −0.01396

21. (a)pY|X(100|0.06) =
p(0.06,100)

pX(0.06)
=

0.04
0.29

=
4
29

= 0.138

pY|X(150|0.06) =
p(0.06,150)

pX(0.06)
=

0.08
0.29

=
8
29

= 0.276

pY|X(200|0.06) =
p(0.06,200)

pX(0.06)
=

0.17
0.29

=
17
29

= 0.586

(b) pX|Y(0.02|100) =
p(0.02,100)

pY(100)
=

0.05
0.14

=
5
14

= 0.357

pX|Y(0.04|100) =
p(0.04,100)

pY(100)
=

0.01
0.14

=
1
14

= 0.071

pX|Y(0.06|100) =
p(0.06,100)

pY(100)
=

0.04
0.14

=
4
14

= 0.286

pX|Y(0.08|100) =
p(0.08,100)

pY(100)
=

0.04
0.14

=
4
14

= 0.286

(c) E(Y |X = 0.06) = 100pY|X(100|0.06)+150pY|X(150|0.06)+200pY|X(200|0.06)

= 100(4/29)+150(8/29)+200(17/29)

= 172.4

(d) E(X |Y = 100) = 0.02pX|Y(0.02|100)+0.04pX|Y(0.04|100)+0.06pX|Y(0.06|100)+0.08pX|Y(0.08|100)

= 0.02(5/14)+0.04(1/14)+0.06(4/14)+0.08(4/14)

= 0.0500
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22. LetD denote the event that an item is defective, letS1 denote the event that an item is produced on the first shift,
let S2 denote the event that an item is produced on the second shift,and letS3 denote the event that an item is
produced on the third shift. ThenP(S1) = 0.50,P(S2) = 0.30,P(S3) = 0.20,P(D|S1) = 0.01,P(D|S2) = 0.02,
andP(D|S3) = 0.03.

(a) P(S1|D) =
P(D|S1)P(S1)

P(D|S1)P(S1)+P(D|S2)P(S2)+P(D|S3)P(S3)

=
(0.01)(0.50)

(0.01)(0.50)+ (0.02)(0.30)+(0.03)(0.20)
= 0.294

(b) P(S3|Dc) =
P(Dc|S3)P(S3)

P(Dc|S1)P(S1)+P(Dc|S2)P(S2)+P(Dc|S3)P(S3)

=
[1−P(D|S3)]P(S3)

[1−P(D|S1)]P(S1)+ [1−P(D|S2)]P(S2)+ [1−P(D|S3)]P(S3)

=
(1−0.03)(0.20)

(1−0.01)(0.50)+ (1−0.02)(0.30)+(1−0.03)(0.20)
= 0.197

23. (a) Under scenario A:

µ= 0(0.65)+5(0.2)+15(0.1)+25(0.05)= 3.75

σ =
√

02(0.65)+52(0.2)+152(0.1)+252(0.05)−3.752 = 6.68

(b) Under scenario B:

µ= 0(0.65)+5(0.24)+15(0.1)+20(0.01)= 2.90

σ =
√

02(0.65)+52(0.24)+152(0.1)+202(0.01)−2.902 = 4.91

(c) Under scenario C:

µ= 0(0.65)+2(0.24)+5(0.1)+10(0.01)= 1.08

σ =
√

02(0.65)+22(0.24)+52(0.1)+102(0.01)−1.082 = 1.81

(d) LetL denote the loss.

Under scenario A,P(L < 10) = P(L = 0)+P(L = 5) = 0.65+0.2= 0.85.

Under scenario B,P(L < 10) = P(L = 0)+P(L = 5) = 0.65+0.24= 0.89.
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Under scenario C,P(L < 10) = P(L = 0)+P(L = 2)+P(L = 5) = 0.65+0.24+0.1= 0.99.

24. LetL denote the loss.

(a) P(A∩L = 5) = P(L = 5|A)P(A) = (0.20)(0.20) = 0.040

(b) P(L = 5) = P(L = 5|A)P(A)+P(L = 5|B)P(B)+P(L = 5|C)P(C)

= (0.20)(0.20)+ (0.30)(0.24)+(0.50)(0.1)

= 0.162

(c) P(A|L = 5) =
P(A∩L = 5)

P(L = 5)
=

0.040
0.162

= 0.247

25. (a)p(0,0) = P(X = 0 andY = 0) =

(
3
10

)(
2
9

)
=

1
15

= 0.0667

p(1,0) = P(X = 1 andY = 0) =

(
4
10

)(
3
9

)
+

(
3
10

)(
4
9

)
=

4
15

= 0.2667

p(2,0) = P(X = 2 andY = 0) =

(
4
10

)(
3
9

)
=

2
15

= 0.1333

p(0,1) = P(X = 0 andY = 1) =

(
3
10

)(
3
9

)
+

(
3
10

)(
3
9

)
=

3
15

= 0.2000

p(1,1) = P(X = 1 andY = 1) =

(
4
10

)(
3
9

)
+

(
3
10

)(
4
9

)
=

4
15

= 0.2667

p(0,2) = P(X = 0 andY = 2) =

(
3
10

)(
2
9

)
=

1
15

= 0.0667

p(x,y) = 0 for all other pairs(x,y).

The joint probability mass function is

y
x 0 1 2
0 0.0667 0.2000 0.0667
1 0.2667 0.2667 0
2 0.1333 0 0

(b) The marginal probability density function ofX is:
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100 CHAPTER 2

pX(0) = p(0,0)+ p(0,1)+ p(0,2)=
1
15

+
3
15

+
1
15

=
1
3

pX(1) = p(1,0)+ p(1,1) =
4
15

+
4
15

=
8
15

.

pX(2) = p(2,0) =
2
15

µX = 0pX(0)+1pX(1)+2pX(2) = 0

(
1
3

)
+1

(
8
15

)
+2

(
2
15

)
=

12
15

= 0.8

(c) The marginal probability density function ofY is:

pY(0) = p(0,0)+ p(1,0)+ p(2,0)=
1
15

+
4
15

+
2
15

=
7
15

pY(1) = p(0,1)+ p(1,1) =
3
15

+
4
15

=
7
15

.

pY(2) = p(0,2) =
1
15

µY = 0pY(0)+1pY(1)+2pY(2) = 0

(
7
15

)
+1

(
7
15

)
+2

(
1
15

)
=

9
15

= 0.6

(d) σX =
√

02pX(0)+12pX(1)+22pX(2)−µ2
X

=
√

02(1/3)+12(8/15)+22(2/15)− (12/15)2

=
√

96/225= 0.6532

(e) σY =
√

02pY(0)+12pY(1)+22pY(2)−µ2
Y

=
√

02(7/15)+12(7/15)+22(1/15)− (9/15)2

=
√

84/225= 0.6110

(f) Cov(X,Y) = µXY−µXµY.

µXY = (0)(0)p(0,0)+ (1)(0)p(1,0)+ (2)(0)p(2,0)+(0)(1)p(0,1)+(1)(1)p(1,1)+(0)(2)p(0,2)

= (1)(1)
4
15

=
4
15

Cov(X,Y) =
4
15

−
(

12
15

)(
9
15

)
= − 48

225
= −0.2133
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SUPPLEMENTARY EXERCISES FOR CHAPTER 2 101

(g) ρX,Y =
Cov(X,Y)

σXσY
=

−48/225√
96/225

√
84/225

= −0.5345

26. (a) The constantc solves
Z 1

0

Z 1

0
c(x+y)2dxdy= 1.

Since
Z 1

0

Z 1

0
(x+y)2dxdy=

7
6

, c =
6
7

.

(b) For 0< x < 1, fX(x) =
Z 1

0

6
7
(x+y)2dy=

2(x+y)3

7

1

0

=
6x2 +6x+2

7
.

Forx≤ 0 orx≥ 1 f (x,y) = 0 for all y, so fX(x) = 0.

ThereforefX(x) =






6x2 +6x+2
7

0 < x < 1

0 otherwise

(c) fY|X(y|x) =
f (x,y)
fX(x)

. If x≤ 0 orx≥ 1 fX(x) = 0, so fY|X(y|x) is undefined.

Now assume 0< x < 1. If y≤ 0 ory≥ 1 then f (x,y) = 0 for all x so fY|X(y|x) = 0.

If 0 < y < 1 then

fY|X(y|x) =
(6/7)(x+y)2

(6x2 +6x+2)/7
=

3(x+y)2

3x2 +3x+1
.

ThereforefY|X(y|x) =






3(x+y)2

3x2 +3x+1
0 < y < 1

0 otherwise

(d) E(Y |X = 0.4) =

Z ∞

−∞
y fY|X(y|0.4)dy

=
Z 1

0

3y(0.4+y)2

3(0.4)2 +3(0.4)+1
dy

=
0.24y2+0.8y3+0.75y4

2.68

1

0

= 0.6679

(e) No, fY|X(y|x) 6= fY(y).
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27. (a)µX =

Z ∞

−∞
x fX(x)dx=

Z 1

0
x

6x2 +6x+2
7

dx=
1
14

(3x4 +4x3+2x2)

1

0

=
9
14

= 0.6429

(b) σ2
X =

Z 1

0
x2 6x2 +6x+2

7
dx−µ2

X =
1
7

(
6x5

5
+

3x4

2
+

2x3

3

) 1

0

−
(

9
14

)2

=
199
2940

= 0.06769

(c) Cov(X,Y) = µXY−µXµY.

µXY =
Z 1

0

Z 1

0
xy

(
6
7

)
(x+y)2dxdy

=

Z 1

0

6
7

y

(
x4

4
+

2x3y
3

+
x2y2

2

1

0

)
dy

=
Z 1

0

6
7

(
y3

2
+

2y2

3
+

y
4

)
dy

=
6
7

(
y2

8
+

2y3

9
+

y4

8

) 1

0

=
17
42

µX =
9
14

, computed in part (a). To computeµY, note that the joint density is symmetric inx andy, so the

marginal density ofY is the same as that ofX. It follows thatµY = µX =
9
14

.

Cov(X,Y) =
17
42

−
(

9
14

)(
9
14

)
=

−5
588

= −0.008503.

(d) Since the marginal density ofY is the same as that ofX, σ2
Y = σ2

X =
199
2940

.

ThereforeρX,Y =
Cov(X,Y)

σXσY
=

−5/588√
199/2940

√
199/2940

=
−25
199

= −0.1256.

28. Since the coin is fair,P(H) = P(T) = 1/2. The tosses are independent.
SoP(HTTHH) = P(H)P(T)P(T)P(H)P(H) = (1/2)5 = 1/32, and
P(HHHHH) = P(H)P(H)P(H)P(H)P(H) = (1/2)5 = 1/32 as well.
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29. (a)pX(0) = 0.6, pX(1) = 0.4, pX(x) = 0 if x 6= 0 or 1.

(b) pY(0) = 0.4, pY(1) = 0.6, pY(y) = 0 if y 6= 0 or 1.

(c) Yes. It is reasonable to assume that knowledge of the outcome of one coin will not help predict the outcome of
the other.

(d) p(0,0) = pX(0)pY(0) = (0.6)(0.4) = 0.24, p(0,1) = pX(0)pY(1) = (0.6)(0.6) = 0.36,

p(1,0) = pX(1)pY(0) = (0.4)(0.4) = 0.16, p(1,1) = pX(1)pY(1) = (0.4)(0.6) = 0.24,

p(x,y) = 0 for other values of(x,y).

30. The probability mass function ofX is pX(x) = 1/6 for x= 1,2,3,4,5, or 6, andpX(x) = 0 for other values ofx.
ThereforeµX = 1(1/6)+2(1/6)+3(1/6)+4(1/6)+5(1/6)+6(1/6)= 3.5. The probability mass function of
Y is the same as that ofX, soµY = µX = 3.5. SinceX andY are independent,µXY = µXµY = (3.5)(3.5)= 12.25.

31. (a) The possible values of the pair(X,Y) are the ordered pairs(x,y) where each ofx andy is equal to 1, 2, or 3.
There are nine such ordered pairs, and each is equally likely. ThereforepX,Y(x,y) = 1/9 for x = 1,2,3 and
y = 1,2,3, andpX,Y(x,y) = 0 for other values of(x,y).

(b) BothX andY are sampled from the numbers{1,2,3}, with each number being equally likely.

ThereforepX(1) = pX(2) = pX(3) = 1/3, andpX(x) = 0 for other values ofx. pY is the same.

(c) µX = µY = 1(1/3)+2(1/3)+3(1/3)= 2

(d) µXY = ∑3
x=1 ∑3

y=1 xypX,Y(x,y) =
1
9

3

∑
x=1

3

∑
y=1

xy=
1
9
(1+2+3)(1+2+3)= 4.

Another way to computeµXY is to note thatX andY are independent, soµXY = µXµY = (2)(2) = 4.

(e) Cov(X, Y) = µXY−µXµY = 4− (2)(2) = 0
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104 CHAPTER 2

32. (a) The values ofX andY must both be integers between 1 and 3 inclusive, and may not beequal. There are six
possible values for the ordered pair(X,Y), specifically(1,2),(1,3),(2,1),(2,3),(3,1),(3,2). Each of these six
ordered pairs is equally likely.

ThereforepX,Y(x,y) = 1/6 for (x, y) = (1,2),(1,3),(2,1),(2,3),(3,1),(3,2), and pX,Y(x,y) = 0 for other
values of(x,y).

(b) The value ofX is chosen from the integers 1, 2, 3 with each integer being equally likely.

ThereforepX(1) = pX(2) = pX(3) = 1/3. The marginal probability mass functionpY is the same.

To see this, compute

pY(1) = pX,Y(2,1)+ pX,Y(3,1) = 1/6+1/6= 1/3

pY(2) = pX,Y(1,2)+ pX,Y(3,2) = 1/6+1/6= 1/3

pY(3) = pX,Y(1,3)+ pX,Y(2,3) = 1/6+1/6= 1/3

(c) µX = µY = 1(1/3)+2(1/3)+3(1/3)= 2

(d) µXY = (1)(2)pX,Y(1,2)+ (1)(3)pX,Y(1,3)+ (2)(1)pX,Y(2,1)

+ (2)(3)pX,Y(2,3)+ (3)(1)pX,Y(3,1)+ (3)(2)pX,Y(3,2)

= [(1)(2)+ (1)(3)+ (2)(1)+ (2)(3)+ (3)(1)+ (3)(2)](1/6)

=
11
3

(e) Cov(X, Y) = µXY−µXµY =
11
3

− (2)(2) = −1
3

33. (a)µX =
R ∞
−∞ x f(x)dx. Sincef (x) = 0 for x≤ 0, µX =

R ∞
0 x f(x)dx.

(b) µX =
R ∞

0 x f(x)dx≥ R ∞
k x f(x)dx≥ R ∞

k k f(x)dx= kP(X ≥ k)

(c) µX/k≥ kP(X ≥ k)/k = P(X ≥ k)

(d) µX = µ(Y−µY)2 = σ2
Y

(e) P(|Y−µY| ≥ kσY) = P((Y−µY)2 ≥ k2σ2
Y) = P(X ≥ k2σ2

Y)

(f) P(|Y−µY| ≥ kσY) = P(X ≥ k2σ2
Y) ≤ µX/(k2σ2

Y) = σ2
Y/(k2σ2

Y) = 1/k2
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34. µA = πµR2. We now findµ2
R.

σ2
R = µR2 −µ2

R. Substituting, we obtain 1= µR2 −102. ThereforeµR2 = 101, andµA = 101π.

35. (a) If the pooled test is negative, it is the only test performed, soX = 1. If the pooled test is positive, thenn
additional tests are carried out, one for each individual, so X = n+1. The possible values ofX are therefore 1
andn+1.

(b) The possible values ofX are 1 and 5. NowX = 1 if the pooled test is negative. This occurs if none of the
individuals has the disease. The probability that this occurs is (1− 0.1)4 = 0.6561. ThereforeP(X = 1) =
0.6561. It follows thatP(X = 5) = 0.3439.
SoµX = 1(0.6561)+5(0.3439)= 2.3756.

(c) The possible values ofX are 1 and 7. NowX = 1 if the pooled test is negative. This occurs if none of the
individuals has the disease. The probability that this occurs is (1−0.2)6 = 0.262144. ThereforeP(X = 1) =
0.262144. It follows thatP(X = 7) = 0.737856.
SoµX = 1(0.262144)+7(0.737856)= 5.4271.

(d) The possible values ofX are 1 andn+1. NowX = 1 if the pooled test is negative. This occurs if none of the
individuals has the disease. The probability that this occurs is (1− p)n. ThereforeP(X = 1) = (1− p)n. It
follows thatP(X = n+1) = 1− (1− p)n.
SoµX = 1(1− p)n+(n+1)(1− (1− p)n) = n+1−n(1− p)n.

(e) The pooled method is more economical if 11−10(1− p)10< 10. Solving forp yields p < 0.2057.
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