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26 CHAPTER 2

Chapter 2

Section 2.1

1. P(notdefectivg = 1 — P(defective¢ = 1— 0.08=0.92

2. (8{1,2,3,4
(b) P(even number=P(2) + P(4) =3/8+1/8=1/2
(c) No, the set of possible outcomes is fill, 2, 3, 4.

(d) Yes, alist of equally likely outcomesis théh, 1, 2, 2, 2, 3, 3, 4,4 soP(even = P(2) + P(4) =3/9+2/9=5/9.

3. (a) The outcomes are the 16 different strings of 4 trugefahswers. These &€TTT, TTTF, TTFT, TTFF, TFTT,
TFTF, TFFT, TFFF, FTTT, FTTF, FTFT, FTFF, FFTT, FFTF, FFFFERF}.

(b) There are 16 equally likely outcomes. The answers atb@bame in two of them, TTTT and FFFF. Therefore
the probability is 216 or 1/8.

(c) There are 16 equally likely outcomes. There are four efthTFFF, FTFF, FFTF, and FFFT, for which exactly
one answer is “True.” Therefore the probability 514 or 1/4.

(d) There are 16 equally likely outcomes. There are five aftheFFF, FTFF, FFTF, FFFT, and FFFF, for which
at most one answer is “True.” Therefore the probability j1$&

4. (a) The outcomes are the 27 different strings of 3 chogen fed, yellow and green. These dRRR, RRY, RRG,
RYR, RYY, RYG, RGR, RGY, RGG, YRR, YRY, YRG, YYR, YYY, YYG, YGRYGY, YGG, GRR, GRY,
GRG, GYR, GYY, GYG, GGR, GGY, GG&

(b) A={RRR, YYY, GGG
(c) B={RYG, RGY, YRG, YGR, GRY, GYR
(d)C={RGG, GRG, GGR, YGG, GYG, GGY, GGG

(e) The only outcome common foandC is GGG. TherefordNC = {GGG}.
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SECTION 2.1 27

(f) The setAUB contains the outcomes that are eitheAijin B, or in both. TherefordUB = {RRR, YYY, GGG,
RYG, RGY, YRG, YGR, GRY, GYR.

(g) C° contains the outcomes that are no€&nANCE contains the outcomes that areArbut not inC. Therefore
ANC®={RRR, YYY}.

(h) A® contains the outcomes that are noAinA® N C contains the outcomes that areGrbut not inA. Therefore
A°NC={RGG, GRG, GGR, YGG, GYG, GGY.

(i) No. They both contain the outcome GGG.

() Yes. They have no outcomes in common.

5. (a) The outcomes are the sequences of bolts that end wher éil or #2. These afl, 2, 31, 32, 41, 42, 341,
342,431, 432.

(b)A={1,2}

(c) B={341, 342,431, 43p

(d)C=1{2,32,42,342,43p

(e)D={1,2,31,32

(f) A and E are not mutually exclusive because they both ¢orttee outcome 1. B and E are not mutually

exclusive because they both contain the events 341 and 4&1d € are mutually exclusive because they have
no outcomes in common. D and E are not mutually exclusiveussctney have the events 1 and 31 in common.

6. (a) The equally likely outcomes are the sequences of tetindt bolts. These arfl2, 13, 14, 21, 23, 24, 31, 32,
34,41,42,43.

(b) Of the 12 equally likely outcomes, there are 2 (34 and 48Wwhich both bolts are 7 mm. The probability is
therefore 212 or 1/6.

(c) Of the 12 equally likely outcomes, there are 8 (13, 14,223,31, 32, 41, and 42) for which one bolt is 5 mm
and the other is 7 mm. The probability is therefoyd 8 or 2/3.
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28 CHAPTER 2

7. (a) 0.6

(b) P(personal computer or laptop compyter= P(personal computgr P(laptop computer
= 06+03
= 09

8. (a) False
(b) True

(c) True. This is the definition of probability.

9. (a) False

(b) True

10.(a) P(EUT) P(E)+P(T)—P(ENT)
0.10+0.02—0.01

= 011

(b) From part (a), the probability that the car needs workitreethe engine or the transmission is 0.11. Therefore
the probability that the car needs no work is 0.11= 0.89.

(c) We need to finkP(ENTC). Now P(E) =P(ENT)+ P(ENTE) (this can be seen from a Venn diagram). We
know thatP(E) = 0.10 andP(ENT) = 0.01. Thereford®(ENTC) = 0.09.

11. (@) PJUA) P(J)+P(A) — P(JNA)
0.6+0.7-05

0.8

(b) From part (a), the probability that the household geésrdite in at least one month is 0.8. Therefore the
probability that the household does not get the rate in eittanth is 1- 0.8 = 0.2.
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SECTION 2.1 29

(c) We need to findP(JNA®). Now P(J) = P(JNA) + P(JNAS) (this can be seen from a Venn diagram). We know
thatP(J) = 0.6 andP(JNA) = 0.5. ThereforeP(JNA®) =0.1.

12. (a) Since 948 bowls were found flawless by both inspeck&$owls were found to have flaws by one or both
inspectors. The probability is therefore/A00= 0.052.

(b) Let A be the event that a flaw is found by inspector A, andl&k the event that a flaw is found by inspector
B. We need to findk®?(ANB). We know thatP(A) = 0.037 andP(B) = 0.043. From part (a) we know that
P(AUB) = 0.052.

Now P(AUB) = P(A) + P(B) — P(ANB). Substituting, we find that.052= 0.037+ 0.043— P(ANB). It
follows thatP(ANB) = 0.028.

(c) We need to find?(ANB°). Now P(A) = P(ANB) + P(ANB®) (this can be seen from a Venn diagram). We
know thatP(A) = 0.037 andP(ANB) = 0.028. Thereford®(ANB°) = 0.009.

13. (a) LetC be the event that a student gets an A in calculus, anBhdie the event that a student gets an A in
physics. Then

P(CUPh) P(C) + P(Ph) — P(CNPh)
0.164+ 0.146— 0.084

0.226

(b) The probability that the student got an A in both coursés©42. Therefore the probability that the student got
less than an A in one or both courses is @.042= 0.958.

(c) We need to find?(CNP€). Now P(C) = P(CNP)+ P(CNPF) (this can be seen from a Venn diagram). We
know thatP(C) = 0.164 andP(CNP) = 0.084. Thereford>(Cn P¢) = 0.08.

(d) We need to findk?(PNC®). Now P(P) = P(PNC) + P(PNC®) (this can be seen from a Venn diagram). We
know thatP(P) = 0.146 andP(CNP) = 0.084. Thereford>(CNP°) = 0.062.

14.  P(AUB) P(A) +P(B) — P(ANB)
0.95+0.90— 0.88

= 097
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30 CHAPTER 2

15.  P(ANB)

P(A) +P(B) — P(AUB)
0.98+40.95—-0.99
= 094

16. (a)P(O) = P(notO)
P(A) +P(B) + P(AB)]

0.35-+0.10+ 0.0

1—
1-]
= 1]
0.50

al

(b) P(does not contaiB) = 1— P(containsB)
1—-[P(B)+P(AB)]
1-[0.10+ 0.05
= 085

17. (a) The events of having a major flaw and of having only milaavs are mutually exclusive. Therefore

P(major flaw or minor flawy = P(major flaw) + P(only minor flawg = 0.15+ 0.05= 0.20.

(b) P(no major flaw = 1 — P(major flaw) = 1 — 0.05= 0.95.

18. (a)A andB are mutually exclusive, since it is impossible for both @se¢a occur.

(b) If bolts #5 and #8 are torqued correctly, but bolt #3 is teotjued correctly, then eveniBsandD both occur.
ThereforeB andD are not mutually exclusive.

(c) If bolts #5 and #8 are torqued correctly, but exactly ofithe other bolts is not torqued correctly, then events
C andD both occur. Therefor€ andD are not mutually exclusive.
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SECTION 2.2 31

(d) If the #3 bolt is the only one not torqued correctly, thearsB andC both occur. ThereforB andC are not
mutually exclusive.

19. (a) False
(b) True
(c) False

(d) True

Section 2.2
1. (a)(4)(4)(4) = 64

(b) (2)(2)(2) =8

(©) (9 (3)(2) =24

3. (10)(9)(8)(7)(6)(5) = 151,200
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32 CHAPTER 2

7. (219)(4%) =1,048576

8. (a) (26%)(10%) = 17,576,000
(b) (26)(25)(24)(10)(9)(8) = 11,232,000

11,232000 _ o

(©) 37576000

9. (a) 3¢ =2.8211x 102
(b) 36° — 26% = 2.6123x 102

368 — 268

(€) =5 — = 0.9260

15 15!
10. (6, 5’4) =65 — 630,630

11. P(match = P(BB)+P(WW)
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SECTION 2.3 33

= (8/14)(4/6) +(6/14)(2/6)
44/84=0.5238

12.  P(match = P(RR +P(GG)+P(BB)
= (6/12)(5/11) + (4/12)(3/11) + (2/12)(1/11)
1/3
Section 2.3
1. (a) 2/10

(b) Given that the first fuse is 10 amps, there are 9 fuses réngaiof which 2 are 15 amps. Therefore
P(2nd is 15 ampdst is 10 amps= 2/9.

(c) Given that the first fuse is 15 amps, there are 9 fuses rengpiof which 1 is 15 amps. Therefore
P(2nd is 15 ampdstis 15 amps=1/9.

2. (a)(8/10)(7/9) = 56/90

(b) P(2 fuses selectgd = P(1stis 10 amps and 2nd is 15 amps

(8/10)(2/9)
16/90

(c) P(more than 3 fuses selecled= P(1st 3 fuses are all 10 amps

= (8/10)(7/9)(6/8)
= 336/720
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34 CHAPTER 2

3.  Given that a student is an engineering major, it is almextan that the student took a calculus course. There-
fore P(B|A) is close to 1. Given that a student took a calculus coursenitich less certain that the student is
an engineering major, since many non-engineering majaesdalculus. ThereforB(A|B) is much less than
1, soP(B|A) > P(A|B).

4.  (0.056)(0.027) = 0.001512

5. (a)P(ANB) = P(A)P(B) = (0.2)(0.09) = 0.018

(b) P(ANBE) = P(A®)P(B%) = (1—0.2)(1—0.09) = 0.728

(c)P(AUB) = P(A)+P(B)—P(ANB)

— P(A)+P(B)—P(A)P(B)
0.2+ 0.09— (0.2)(0.09)
= 0272

6. LetAdenote the event that the allocation sector is damaged eahddenote the event that a non-allocation
sector is damaged. Théi{ANNC) = 0.20,P(A°NN) = 0.7, andP(ANN) = 0.10.

(a) P(A) = P(ANNE) + P(ANN) = 0.3
(b) P(N) = P(A°NN) + P(ANN) = 0.8

P(ANN)
P(A)
P(ANN)
P(ANN) +P(ANNC)
0.10

0.10+0.20
1/3

© PNIA) =
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SECTION 2.3

35

(d) P(AIN)

(e) P(N°|A)

P(ANN)
P(N)
P(ANN)
P(ANN) +P(A°NN)
0.10
0.10+0.70

= 1/8

P(ANNS)
P(A)
P(ANNC)
P(ANNC) +P(ANN)
0.20
0.20+0.10
2/3

Equivalently, one can compuBN°|A) =1—P(N|A)=1-1/3=2/3

(f) P(A°IN)

P(A°NN)
P(N)
P(A°NN)
P(A°NN)+P(ANN)
0.70
0.70+0.10
= 7/8

Equivalently, one can compuBA°|N) =1—-P(AN)=1-1/8=7/8

7. LetOK denote the event that a valve meets the specificatiol titnote the event that a valve is reground,
and letS denote the event that a valve is scrapped. TREDKNR®) = 0.7, P(R) = 0.2, P(SNR°) = 0.1,
P(OK|R) = 0.9, P(SR) = 0.1.

(@)P(R)=1-P(R)=1-02=0.8

(b) P(SRE) =

P(SNR) 0.1
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36 CHAPTER 2

(©)P(S) = P(SNR°)+P(SNR)
= P(SNR%) +P(SR)P(R)
= 0.1+(0.1)(0.2)
= 012

P(SNR)
P(S
P(SR)P(R)
P(S)
(0.1)(0.2)

0.12
= 0167

@PRS =

(€)P(OK) = P(OKNR®)+P(OKNR)
P(OKNR®) + P(OK|R)P(R)
0.7+ (0.9)(0.2)

— 088

P(RNOK)
P(OK)
P(OK|R)P(R)
P(OK)
(0.9)(0.2)

0.88
= 0.205

(f) P(RIOK)

P(RFNOK)
P(OK)
0.7

0.88
0.795

(9) P(R°[OK) =
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SECTION 2.3 37

8. LetSdenote the number rolled by Sarah, andlletenote the number rolled by Thomas.

(a) There are 36 equally likely values for the ordered p&il ). The ones for whicfl > Sare
(1,2),(1,3),(1,4),(1,5),(1,6),(2,3),(2,4),(2,5).(2,6),(3,4),(3.5),(3,6),(4,5),(4,6), and(5, 6).
ThereforeP(T > S) = 15/36.

(b)P(S>T|S=3) = P(T <3/S=3)
= P(T<3)
1/3

C)P(S<T|S=3) = P(T>3S=3)
P(T > 3)
= 1/2

(d) There are 15 equally likely outcom&S T) for whichS> T. Of these there are three, (4,3), (5,3), and (6,3),
for whichT = 3. Therefore?(T =3|S> T) = 3/15.

(e) There are 15 equally likely outcomg& T) for whichS> T. Of these there are two, (3,2) and (3,1), for which
S= 3. Thereford®?(S=3|S>T) = 2/15.

9. LetT1 denote the event that the first device is triggered, anti2aenote the event that the second device is
triggered. TherP(T1) = 0.9 andP(T2) = 0.8.

(@) P(T1IUT2) = P(T1)+P(T2)-P(T1NT2)
= P(T1)+P(T2) - P(TLP(T2)
= 0.9+0.8-(0.9)(0.8)
= 098

(b) P(T1SNT2%) = P(T1C)P(T2°) = (1— 0.9)(1— 0.8) = 0.02

(©) P(T1NT2) = P(T1)P(T2) = (0.9)(0.8) = 0.72
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38 CHAPTER 2

(d) P(T1NT2%) = P(T1)P(T2°) = (0.9)(1—0.8) = 0.18

10. LetL denote the event that Laura hits the target, andPlebe the event that Philip hits the target. Then
P(L) = 0.5 andP(Ph) =0.3.

(@ P(LUPh) = P(L)+P(Ph)—P(LNPh)
= P(L)+P(Ph)— P(L)P(Ph)
= 05+0.3—(0.5)(0.3)

0.65

(b) P(exactly one hit= P(LNPH) +P(L°NPh)

= P(L)P(Ph®) + P(L®)P(Ph)
(0.5)(1—0.3) — (1— 0.5)(0.3)
0.5

P(Lnexactly one hit
P(exactly one hit
P(LNPH)
P(exactly one hix
P(L)P(PH)
P(exactly one hix
(0.5)(1-0.3)
0.5
= 07

(c) P(L|exactly one hit =

11. LetR1 andR2 denote the events that the first and second lights, respbgtre red, le¥'1 andY?2 denote the
events that the first and second lights, respectively, dleweand letG1 andG2 denote the events that the first
and second lights, respectively, are green.

(@P(Rl) = P(RINR2)+P(R1NY2)+P(RING2)
= 0.30+0.04+0.16
= 050
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SECTION 2.3 39

(b)P(G2) = P(RING2)+P(Y1NG2)+P(G1NG2)
0.16+0.04+ 0.20
— 040

(c) P(samecolor = P(RINR2)+P(Y1NY2)+P(G1NG2)
= 0.30+0.01+0.20
0.51

P(RING2)
P(RI)
0.16

0.50
= 032

(d) P(G2|R1) =

P(RINY2)
P(Y2)
0.04

0.04+0.01+0.05
= 040

(€)P(RIY2) =

150 30
150+ 25+30+60 53

12. ()

35 7

(b) 35+90+25 30

© 15470 17
15+70+30 23

15+ 70 17

30+ 35+ 15+5+60+90+70+30 67

(d)
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40 CHAPTER 2

90+ 70+ 25+ 30 43
35+ 15+90+70+25+30 53

(e)

13. (a) That the gauges fail independently.

(b) One cause of failure, a fire, will cause both gauges to Taikrefore, they do not fail independently.

(c) Too low. The correct calculation would uBésecond gauge faifirst gauge failsin place ofP(second gauge fails
Because there is a chance that both gauges fail togetherri, ¢h#é condition that the first gauge fails makes
it more likely that the second gauge fails as well.

ThereforeP(second gauge failirst gauge fails > P(second gauge fails

14.  No.P(both gauges fajl= P(first gauge fail¥P(second gauge failirst gauge fail$.
SinceP(second gauge fajlirst gauge fail$ < 1, P(both gauges fajl< P(first gauge fails = 0.01.

15. (a)P(A) = 3/10

(b) Given thatA occurs, there are 9 components remaining, of which 2 aretiefe
ThereforeP(B|A) =2/9.

(c) P(ANB) = P(A)P(BJA) = (3/10)(2/9) = 1/15

(d) Given thatA°® occurs, there are 9 components remaining, of which 3 aretiede
ThereforeP(B|A) = 3/9. NowP(A°NB) = P(A%)P(B|A®) = (7/10)(3/9) = 7/30.

(e) P(B) = P(ANB) + P(A°NB) = 1/15+7/30= 3/10
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SECTION 2.3 41

(f) No. P(B) # P(BJA) [or equivalentlyP(ANB) # P(A)P(B)].

16. (a)P(A) = 300/1000= 3/10

(b) Given thatA occurs, there are 999 components remaining, of which 298efestive.
ThereforeP(B|A) = 299/999.

(c) P(ANB) = P(A)P(BJA) = (3/10)(299/999) = 299/3330

(d) Given thatA® occurs, there are 999 components remaining, of which 308efestive.
ThereforeP(B|A) = 300/999. NowP(A® N B) = P(A®)P(B|A®) = (7/10)(300/999) = 70/333.

(e) P(B) = P(ANB) + P(A°N B) = 299/3330+ 70/333= 3/10

P(ANB) 299/3330 299
P(B)  3/10 999

() P(AB) =

(9) A andB are not independent, but they are very nearly independente® this note tha&®(B) = 0.3, while
P(B|A) = 0.2993. SoP(B) is very nearly equal td®(B|A), but not exactly equal. Alternatively, note that
P(ANB) = 0.0898, whileP(A)P(B) = 0.09. Therefore in most situations it would be reasonablecat# and
B as though they were independent.

17. n=10,000. The two components are a simple random sample from thelgtton. When the population is
large, the items in a simple random sample are nearly indigdn

18.  LetY denote the event that the Yankees win the first three gamedetiR denote the probability that the Red
Sox win the last four games.
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42 CHAPTER 2

(a) We need to findP(Y NR). Now the Yankees had probability 0.4 of winning each gamd,the games were
independent, sB(Y) = (0.4)® = 0.064. Similarly,P(R) = (0.6)* = 0.1296. Since the games were independent,
Y andR were independent, Y NR) = P(Y)P(R) = (0.064)(0.1296) = 0.008294.

(b) SinceY andR are independenB(R)Y) = P(R) = 0.1296.

19. (a) On each of the 24 inspections, the probability thatgtocess will not be shut down is-10.05 = 0.95.
ThereforeP(not shut down for 24 houjs= (0.95)%* = 0.2920. It follows thatP(shut down at least onge-
1-0.2920=0.7080.

(b) P(not shut down for 24 houys= (1 — p)?* = 0.80. Solving forp yields p = 0.009255.

P(black SUVNSUV) _ P(black SUV) _ 0.05 _
P(SUV) T P(SUV) 020 7

20.  P(black SUVSUV) =

21. LetRdenote the event of a rainy day, and@tlenote the event that the forecast is correct. TP@?) = 0.1,
P(C|R) = 0.8, andP(C|R°) = 0.9.

(@) P(C) P(CIR)P(R) + P(C|R°)P(R’)
(0.8)(0.1) + (0.9)(1 - 0.1)

= 0.89

(b) A forecast of no rain will be correct on every non-rainydéherefore the probability is 0.9.

22.  LetE denote the eventthat a parcel is sent expres&{sienotes the event that a parcel is sent standard), and let
N denote the event that a parcel arrives the next day. PEn= 0.25,P(N|E) = 0.95, andP(N|E®) = 0.80).

(8) P(ENN) = P(E)P(N|E) = (0.25)(0.95) = 0.2375.
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(b) P(N) P(N|E)P(E) + P(N|E®)P(E®)
(0.95)(0.25) + (0.80)(1— 0.25)

0.8375

P(N|E)P(E)
P(N|E)P(E) + P(N|ES)P(E®)
(0.95)(0.25)
(0.95)(0.25) + (0.80)(1— 0.25)
0.2836

(c) P(EIN)

23.  LetE denote the event that a board is rated excellent) ld¢énote the event that a board is rated acceptable,
let U denote the event that a board is rated unacceptable, arddenote the event that a board fails. Then
P(E)=0.3,P(A) =0.6,P(U)=0.1,P(F|E) =0.1,P(F|A) = 0.2, andP(F|U) = 1.

(8) P(ENF) = P(E)P(F|E) = (0.3)(0.1) = 0.03.

(b) P(F) P(F|E)P(E) + P(F|A)P(A) + P(F|U)P(U)
(0.1)(0.3) + (0.2)(0.6) + (1)(0.1)

= 0.25

(c) P(E[F) =

24.  LetA denote the event that the flaw is found by the first inspectat,let B denote the event that the flaw is
found by the second inspector.

(a) P(ANB) = P(A)P(B) = (0.9)(0.7) = 0.63
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(b) P(AUB) = P(A) + P(B) — P(ANB) = 0.9+ 0.7 — 0.63= 0.97

(c) P(A°NB) = P(A°)P(B) = (1—0.9)(0.7) = 0.07

25. LetF denote the event that an item has a flaw. Redenote the event that a flaw is detected by the first
inspector, and leB denote the event that the flaw is detected by the second itmspec

P(AC|F)P(F)
P(AC|F)P(F) + P(AS|F®)P(F¢)
(0.1)(0.1)
(0.1)(0.1) + (1)(0.9)
= 0011

(@) P(F|A%)

P(ACNBS|F)P(F)
P(ACN BS|F)P(F) + P(A° N BE[F¢)P(F®)
P(A]F)P(B°|F)P(F)
P(AC|F)P(BC|F)P(F) + P(AS|F¢)P(BS|F¢)P(F®)
(0.1)(0.3)(0.1)
(0.1)(0.3)(0.1) + (1)(1)(0.9)
— 00033

(b) P(F|A°NB°)

26. LetD denote the event that a person has the disease, anddenote the event that the test is positive. Then
P(D) = 0.05,P(+|D) = 0.99, andP(+|D¢) = 0.01.

P(+|D)P(D)
@POM) = 5 1B)PD) + P+ D9PDY)
- (0.99)(0.05)
~ {099(0.05)+(001)(0.95
~ 08390

P(—|D%)P(D¢) + P(—[D)P(D)
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(0.99)(0.95)
(0.99)(0.95) + (0.01)(0.05)
— 09995

27. (a) Each son has probability 0.5 of having the diseaseceShe sons are independent, the probability that both
are disease-free is® = 0.25.

(b) LetC denote the event that the woman is a carrier, an@lee the probability that the son has the disease.
ThenP(C) = 0.5, P(D|C) = 0.5, andP(D|C°®) = 0. We need to find(D).

P(D) P(D|C)P(C) + P(D|C)P(C®)
= (0.5)(0.5) + (0)(0.5)

= 025

P(D|C)P(C)
P(D°|C)P(C) + P(D°|C%)P(CY)
(0.5)(0.5)
(0.5)(0.5) + (1)(0.5)
0.3333

(c) P(CD)

28. LetFl denote the event that a bottle has a flaw. Eedenote the event that a bottle fails inspection. We are
givenP(FI) = 0.0002,P(F|FI) = 0.995, andP(F¢|FI€) = 0.99.

P(F|F1)P(FI)
P(FIF)P(FI) + P(F|FIc)P(FIc)
P(F|F)P(FI)
P(F|FI)P(FI) + [1— P(F[FI®)|P(FI°)
(0.995)(0.0002)
(0.995)(0.0002) + (1—0.99)(0.9998
— 0.01952

@P(FIIF) =

(b) i. Given that a bottle failed inspection, the probapithat it had a flaw is only 0.01952.
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P(FC|FI®)P(FI°)
P(FC|FIS)P(FIc) + P(FE|[FT)P(FI)
P(FC|FI®)P(FI°)
P(FC|FIC)P(FI¢) + [1— P(F|F1)]P(FI)
(0.99)(0.9998)
(0.99)(0.9998 + (1— 0.995)(0.0002
= 0.999999

(© P(FIIF®) =

(d) ii. Given that a bottle passes inspection, the prokgtitiiat is has no flaw is 0.999999.

(e) The small probability in part (a) indicates that somedjbottles will be scrapped. This is not so serious. The
important thing is that of the bottles that pass inspectieny few should have flaws. The large probability in
part (c) indicates that this is the case.

29. LetD represent the event that the man actually has the diseabktanrepresent the event that the test gives
a positive signal.
We are given thaP(D) = 0.005,P(+|D) = 0.99, andP(+|D) = 0.01.
It follows thatP(D®) = 0.995,P(—|D) = 0.01, andP(—|D¢) = 0.99.

P(-|D)P(D)
P(~|D)P(D) + P(~|D¢)P(D)
(0.01)(0.005)
(0.01)(0.005) + (0.99)(0.995)

— 508x10°

(@) P(D|-)

(b) P(+ + |D) = 0.99 = 0.9801
(c) P(+ + |D) = 0.012 = 0.0001

P(++|D)P(D)

P(++ |D)P(D) 4 P(+ +|D°)P(D¢)
(0.9801)(0.005)
(0.9801)(0.005) + (0.0001)(0.995)

= 0.9801

(dPO[++) =
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30. P(system functions= P[(ANB)U(CUD)]. NowP(AnB) = P(A)P(B) = (1—0.10)(1 - 0.05) = 0.855, and
P(CuD)=P(C)+P(D)—-P(CND)=(1-0.10)+ (1-0.20) — (1—0.10)(1— 0.20) = 0.98.
Therefore

P[((ANnB)U(CuUD)] = P(ANB)+P(CuUD)—-P[(ANB)N(CUD)]
= P(ANB)+P(CuD)—-P(ANB)P(CUD)
= 0.855+0.98— (0.855)(0.98)
= 09971

31.  P(system functions= P[(ANB)N(CuUD)]. NowP(ANB) = P(A)P(B) = (1—0.05)(1—0.03) = 0.9215, and
P(CuD)=P(C)+P(D)—-P(CND)=(1-0.07)+(1—-0.14) — (1-0.07)(1— 0.14) = 0.9902.

Therefore
P[(ANB)N(CUD)] = P(ANB)P(CUD)
= (0.9215(0.9902
0.9125

32. (a)P(ANB) = P(A)P(B) = (1—0.05)(1—0.03)= 0.9215
(b) P(ANB) = (1— p)? = 0.9. Thereforep = 1— /0.9 = 0.0513.

(c) P(three components all functipr= (1— p)® = 0.90. Thereforgp = 1 — (0.9)1/3 = 0.0345.

33. LetC denote the event that component C functions, anb léénote the event that component D functions.

(a) P(system functions = P(CUD)
= P(C)+P(D)—-P(CND)
= (1-0.08)+(1-0.12)— (1-0.08)(1-0.12)
= 0.9904

Alternatively,

P(system functions = 1—P(system fail$
= 1-P(C°ND")
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= 1-P(C°%P(D°)
= 1-(0.08)(0.12)
0.9904

(b) P(system functions= 1— P(C°NDC) = 1— p? = 0.99. Thereforgp = /1—0.99=0.1.
(c) P(system functions= 1 — p® = 0.99. Thereforep = (1—0.99)1/2 = 0.2154.

(d) Letn be the required number of components. Thémthe smallest integer such thatD.5" > 0.99. It follows
thatnIn(0.5) <In0.01, son > (In0.01)(In0.5) = 6.64. Sincen must be an integen= 7.

34.  To show that\® andB are independent, we show tHRtA° N B) = P(A®)P(B). Now B = (A°NB)U(ANB),
and (A°NB) and (AN B) are mutually exclusive. Therefof®B) = P(A®° N B) + P(ANB), from which it
follows thatP(A°NB) = P(B) — P(ANB). SinceA andB are independenB(ANB) = P(A)P(B). Therefore
P(A°NB) = P(B) — P(A)P(B) = P(B)[1— P(A)] = P(A%)P(B). To show thatA andB°® are independent, it
suffices to interchang& andB in the argument above. To show thitandBC are independent, replaBewith
BC in the argument above, and use the fact thahdB° are independent.

Section 2.4

1. (a) Discrete
(b) Continuous
(c) Discrete
(d) Continuous

(e) Discrete
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2. (a)P(X < 2) =P(X =0) +P(X = 1) = p(0) + p(1) = 0.5+ 0.3= 0.8
(0)P(X>1)=1-P(X<1)=1-P(X=0)=1—p(0)=1-05=05
(©) ux = 0(0.5) +1(0.3) + 2(0.1) + 3(0.1) = 0.8

(d) 0% = (0—0.8)%(0.5) + (1 —0.8)%(0.3) + (2— 0.8)%(0.1) + (3—0.8)%(0.1) = 0.96
Alternatively,0% = 0%(0.5) + 1%(0.3) + 22(0.1) + 32(0.1) — 0.82 = 0.96

3. () x = 1(0.4) +2(0.2) +3(0.2) + 4(0.1) +5(0.1) = 2.3

(b) 0% = (1—2.3)%(0.4) + (2—2.3)%(0.2) + (3—2.3)%(0.2) 4 (4 — 2.3)%(0.1) + (5—2.3)%(0.1) = 1.81
Alternatively,0% = 12(0.4) + 2%(0.2) + 3%(0.2) + 42(0.1) + 5%(0.1) — 2.3 = 1.81

(c) ox = v/1.81=1.345

(d) Y = 10X. Therefore the probability density function is as follows.

y |10 20 30 40 50
p(y)|0.4 02 02 01 01

(€) by = 10(0.4) + 20(0.2) + 30(0.2) + 40(0.1) + 50(0.1) = 23

(f) 02 = (10— 23)2(0.4) + (20— 23)%(0.2) + (30— 23)2(0.2) + (40— 23)%(0.1) + (50— 23)%(0.1) = 181
Alternatively,02 = 107(0.4) + 207(0.2) + 30%(0.2) + 40%(0.1) + 50%(0.1) — 23? = 181

(g) oy = v/181= 1345

4. (a) p3(x) is the only probability mass function, because it is the @mlg whose probabilities sum to 1.

(b) px = 0(0.1) + 1(0.2) + 2(0.4) + 3(0.2) + 4(0.1) = 2.0,
02 = (0—2)2(0.1) + (1— 2)2(0.2) + (2— 2)%(0.4) + (3— 2)2(0.2) + (4— 2)2(0.1) = 1.2
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5. () | 1 2 3 4 5
YT} [0.70 0.5 0.10 0.03 002

(b) P(X < 2) =P(X = 1)+ P(X = 2) = 0.70+0.15= 0.85
(€) P(X > 3) = P(X = 4) + P(X = 5) = 0.03+0.02= 0.05

(d) px = 1(0.70) + 2(0.15) + 3(0.10) + 4(0.03) + 5(0.02) = 1.52

(e) ox = /12(0.70) + 22(0.15) + 32(0.10) + 4%(0.03) + 52(0.02) — 1.522 = 0.9325

6. (a) There are two 5 mm bolts and two 7 mm bolts in the box. Mow 1 if the first bolt selected is 5 mm.
ThereforeP(X = 1) = 1/2. If the first bolt selected is 7 mm and the second is 5 mm ¥en2.
ThereforeP(X = 2) = P(first is 7 mm)P(second is 5 miffirst is 7 mm = (1/2)(2/3) = 1/3.

Finally, X = 3 if the first two bolts are both 7 mm.
ThereforeP(X = 3) = P(firstis 7 mmP(second is 7 mifirstis 7 mm = (1/2)(1/3) = 1/6.

The probability mass function of is thereforep(1) = 1/2, p(2) = 1/3, p(3) = 1/6, andp(x) = O for values
of x other than 1, 2, and 3.

(b)P(X>2)=P(X=3)=1/6
(c) ux =1(1/2) +2(1/3) +3(1/6)=5/3

(d) 0% = 12(1/2) + 2%(1/3) + 3%(1/6) — (5/3)2=5/9

7. (@) 3y qcx=1,s0c(1+2+3+4)=1,soc=0.1.
(b) P(X =2) = ¢(2) = 0.1(2) = 0.2
(©) px = Sa 1 XP(X =x) = S5 10.1¢% = (0.1)(1? + 22+ 32+ 4?) = 3.0

(d) 0% = e 1(x—x)2P(X = x) = T_1(x—3)2(0.1x) = 4(0.1) + 1(0.2) +-0(0.3) + 1(0.4) = 1
Alternatively,0% = y4#_ X*P(X =X) — )& =S4 ;0.3 -3 =0.1(13+ 28433 +4%) -2 =1

(e)ox =vi=1
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8. (@P(X <2)=P(X <1)=F(1) =053
() P(X >3) =1—P(X<3)=1—F(3) =1-0.97=0.03
(©) P(X =1) =P(X <1)—P(X < 0) = F(1) - F(0) = 0.53— 0.17=0.36
(d) P(X =0) = P(X < 0) =F(0) = 0.17

(e) For any integex, P(X = x) = F(x) — F(x— 1). The value o for which this quantity is greatestis= 1.

Pa(X)

0.2
0.16
0.128
0.1024
0.0819

0.0655

9. (a)

O b WNEO|IX

P2(X)

0.4
0.24
0.144
0.0864
0.0518

0.0311

(b)

O WNPEOX

(c) p2(x) appears to be the better model. Its probabilities are alyfaiose to the proportions of days observed in
the data. In contrast, the probabilities of 0 and 1dgfx) are much smaller than the observed proportions.

(d) No, this is not right. The data are a simple random sangpld,the model represents the population. Simple
random samples generally do not reflect the population Bxact

10. LetAdenote an acceptable chip, dddan unacceptable one.
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(a) P(A) = 0.9
(b) P(UA) = P(U)P(A) = (0.1)(0.9) = 0.09
(©) P(X = 3) = P(UUA) = P(U)P(U)P(A) = (0.1)(0.1)(0.9) = 0.009

[ (09)(0.1)t x=1,2,3,...
(d) px) = { 0 otherwise

11. LetAdenote an acceptable chip, dddan unacceptable one.

(a) If the first two chips are both acceptable, tives 2. This is the smallest possible value.
(b) P(Y = 2) = P(AA) = (0.9)> =0.81

P(Y =3 andX =1)

P(X=1)
Now P(Y = 3 andX = 1) = P(AUA) = (0.9)(0.1)(0.9) = 0.081, andP(X = 1) = P(A) = 0.9.
ThereforeP(Y = 3|X = 1) = 0.081/0.9 = 0.09.

©PKY=3X=1)=

P(Y =3 andX = 2)
P(X=2)
Now P(Y = 3 andX = 2) = P(UAA) = (0.1)(0.9)(0.9) = 0.081, and
P(X =2) =P(UA) = (0.1)(0.9) = 0.09.
ThereforeP(Y = 3|X = 2) = 0.081/0.09= 0.9.

(d)P(Y =3X=2) =

(e) If Y = 3 the only possible values fof areX = 1 andX = 2.

Therefore
PY=3) = PY=3X=1PX=1)+P(Y=3X=2)P(X=2)
= (0.09)(0.9) 4 (0.9)(0.09)
= 0.162
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12.(a)0,1,2,3
(b) P(X =3) =P(SS$=(0.8)3=0.512
(c) P(FSS = (0.2)(0.8)2=0.128
(d) P(SFS = P(SSH = (0.8)(0.2) = 0.128

(€) P(X = 2) = P(FSY + P(SFS + P(SSH = 0.384

() P(X =1) P(SFF) + P(FSF) + P(FFS)
(0.8)(0.2)?+ (0.8)(0.2)2+ (0.8)(0.2)?

0.096

(9) P(X =0) = P(FFF) = (0.2)3 = 0.008
(h) px = 0(0.08) + 1(0.096) +2(0.384) +3(0.512) = 2.4

() 0% = (0—2.4)%(0.08) + (1 —2.4)%(0.096) + (2 — 2.4)%(0.384) + (3— 2.4)%(0.512) = 0.48
Alternatively,0% = 02(0.08) + 12(0.096) + 22(0.384) + 3%(0.512) — 2.4 = 0.48

() P(Y=3) = P(SSSH+P(SSF$+P(SFSS$+P(FSSS
= (0.8)%(0.2) +(0.8)%(0.2) + (0.8)3(0.2) 4 (0.8)3(0.2)
= 0.4096

50
50 x — 10 X2 — 20X
13.( )/ 1800 " 3600 =0.444
70
70 x—10 x3 — 15¢2
®) /o *1800 ¥~ Bao0 | —°°
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2 _ [102X— 10, o - 403" B
(©) 0% = /10 1800 X 5% = ~Z1g00 | 50 =200

Ox = v/200=14.142

(d) F(x / f(t

If x < 10, F (x / 0dt=0

Xt—10 . x2/2—10x+50
If 10 < x < 70, F (X Odt dt =
SX<TOF() = 1800 1800
If X > 70,F (x od 7Ot 04 Od
> t+ t t=1
/ 10 1800 *

/2 10t 1 50

(e) The mediaxy, solvesk (xyn) = 0.5. Therefo 1800

= 0.5, soxm =52.426.

11
=0.528

2

11 X
14, (a)/ —d —108

12

b - o, dx X2 9.333
()ux_/6 “1%| ~°

2 12 5 x d 2
(ox = /6 X g 9% Kx
v 12
= 216 ] —-87.111
= 2.889

(d) ox = v/2.889= 1.70

(€) F(x / f(t

If x < 6, F (X / 0dt=0
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55

If6 <x<12,F(x /Odt+/ Lgr=X x*—36

108 °

If x> 12,F (x /0dt+/ —dt+ Odt_

2

. 36
(f) The mediarnxy, solvesF (xy) = 0.5. Thereforex— 0.5, soxm = 9.4868.

108

2

The 10th percentilgg solvesF (x1g) = 0.1. Therefore)MS =0.1, soxjpo= 6.8411.
g p

(h)/ —dx— ﬁa

15. (a)u

(b) 0

(c) F(x

108

12
=0.4074

/ 0.2te 02 gt
0

[ee]

_te 02

/ 0.2t%
0

_t2e02

o+1o/
0

0+10(5) —

25

/ f(t

02 gy |2

—/ _2te 02 gt 25
0

0.2te %% dt— 25
25

5
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56 CHAPTER 2

If x< 0, F(x / 0dt =0

If x> 0, F(x / 0dt+/02e02tdt—1 o0

(d) P(T < 10) =P(T < 10)=F(10) =1—e 2=0.8647
(e) The median, solvesF (xm) = 0.5. Therefore - e %2m = 0.5, SOXy, = 3.466.

() The 90th percentilegg solvesF (xg0) = 0.9. Therefore 1- e %290 = 0.9, soxgo = 11.5129.

1025 10.25
16. (a)u = / X[1— 16(x— 10)7 dx= —12¢ + 3208 — 23985¢| =10
9.75
10.25 10.25
(b) 0% = / 3(x— 10)2[1— 16(x— 10)7 dx= (x—10°— 9.6(x— 10)°| = 0.0125.
9.75 975
— /0.0125=0.1118
(©) F(X / (t
If x < 9.75,F (X / 0dt=0
If9.75< x < 10.25,
X
X X
= / Odt+ [ 3[1—16(t—10)%dt=3t—16(t—10)>| =3x—16(x—10)3—-295
—co 9.75

9.75
If x>10.25,F(x) = 1.

(d) None of themF (9.75) = 0.

(e) All of them.F(10.25) = 1, so all of the rings have diameters less than or equal t&X2 Since none of the
rings have diameters less than 9.75 cm, all of them have déasleetween 9.75 and 10.25 cm.
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SECTION 2.4 57

17.  With this process, the probability that a ring meets fiex#ication is

10.1 0.05 0.05
/ 151 — 25(x — 10.05)? /4dx = / 15[1 — 25x?] /4dx = 0.25(15x — 125¢) =0.641.
9.9 ~0.15
-0.15
With the process in Exercise 16, the probability is
101 01 01
/ 3[1— 16(x— 10)7 dx= / 31— 16F dx—3x—163| — 0568
9.9 -01 _01
Therefore this process is better than the one in Exercise 16.
© 81 27 |”
18.aPX>3:/ dx=— —1/8
( ) ( ) 3 (X—|—3)4 (X—|—3)3 . /
3 81 27 |’
b)P(1<X <3 :/ ———dx=———=| =19/64
(b) P( =), e rap | Y
© 81 ® 81 o 1 B
C) U= xidx:/ u—3 —du:81/ u—3u? du:81<——u2 u3) =3/2
©u= | = [, 03 [ ) )| =3

(d)o® = /Oooxzﬁdx—p2
© 8
/ (u—3)2u—i'du—(3/2)2

3
81 / (U2-6ud+oudu — 9/4
3

= 81-ult4+3u?-3ud| - 9/4
3
— 27/4
(e)F(x):/X f(t)dt.
If x<0,F(x)= XOdt:O.
_x 81 ,_fo - »
Ifsz,F(x)_/o T T O_1 27(x+3)
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58 CHAPTER 2

(f) The mediarnxy, solvesF (xn) = 0.5. Therefore - 27(xm+ 3)~3=10.5, soxm = 0.7798.

(9) The 30th percentilgsg solvesF (xzo) = 0.3. Therefore 1- 27(x30+ 3)*3 = 0.3, soxzg = 0.3787.

3
—8/9
1

19, (@)P(X > 1) = /13(4/27)x2(3—x)dx: ‘;_"73 - 2%

2
=13/27
1

(b)P(L<X <2) = /12(4/27)x2(3— X)dx = g - ;

3 X4 5
@u= | (4/27)X3(3—x)dx:2i7(37_xg> O

2 3 X4 2 : 2
d)o :/O (4/27)¢(3— ) dx— _2_7<—__) ‘O_(9/5) —9/25
(e)F(x) = " f(t)dt
If x<0,F(x)= j 0dt=0

If0 <x<3,F(x) = /OX(4/27)t2(3—t)dt: (43 — x4 /27

3
If x> 3,F(x) :/O (4/272(3—t)dt = 1

0.02 2002
20. (@)P(X < 0.02) — / 625 dx— 22| _0125
0
0
0.04 0.08
0.04 0.08
(b) u:/ s25cdxt [ (50— 625@)dx= 02| | <25x2_ @) —0.04
0 0.04 3
0 0.04
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SECTION 2.4 59

(c) The variance is

0.04 0.08
o = / 625Cdx+ [ (504 — 6253)dx— |2
0

0.04

. e2s¢ 004 3 ponay |008 Do

T T4 3 4 '
0.04

= 0.0002667

The standard deviation &= +/0.0002667= 0.01633.

X

(d)F(x) :/ F(t)dt

—00

X
Ifng,F(x):/ 0dt—0

X
If0 < x < 0.04,F(x) — / 625 dt — 625¢/2
0

0.04 X 625
If0.04<x< 0.0S,F(X):/ 625dt+ (50—623)dt:50x—7x -1
0.04 0 0.08 0.04
If x> 0.08,F(x) = / 625 dt+ (50— 625)dt=1
0 0.04

(e) The mediany, solvesF (xm) = 0.5. SinceF (x) is described by different expressions fox 0.04 andx > 0.04,
we computeF (0.04). F(0.04) = 625(0.04)?/2 = 0.5 s0Xy, = 0.04.

0.04

0.063
+(s0c-
0

=0.9097
0.04

0.04 0.063 625¢2

(f) P(0.015< X < 0.063) = / 625¢dx+ (50— 625x) dx=
0.015 0.04

625(2>

1
=038

1

21. (@)P(X > 0.5) = / 1.2(x+32) dx = 0.6X2 + 0.453
0.5

0.5

1
=0.7

(b) u= /011.2x(x+ x2) dx = 0.4 + 0.3x*
0

(c) X is within +0.1 of the mean if 6 < X < 0.8.
08

=0.2864

0.8
P(0.6 < X < 0.8) = / 1.2(x4+x%) dx = 0.6x2 + 0.4
0.6
0.6
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60 CHAPTER 2

(d) The variance is

1

o? / 1.25% (x4 x%) dx— p?
0

1

—0.7?
0

= 03¢ +0.24°

= 0.05
The standard deviation &= +/0.05= 0.2236.
(e) X is within +20 of the mean if 2528< X < 1.1472. SinceP(X > 1) =0, X is within =20 of the mean if
0.2528< X < 1.
1 1

P(0.2528< X > 1) = / 1.2(x+x?)dx = 0.6x*> + 0.4x3 =0.9552
0.2528 0.2528

OFX = fEdt
If x<0,F(x)= 0dt=0
W
If0 <x<1,F(x) :/ 1.2(t +12)dt = 0.6:% + 0.4
0

1
If x>1,F(x) :/ 1.2(t+t?)dt=1
0

0.2
=0.2868
0

22. (a)P(X < 0.2) = /Oo'zeel_xldx_ <ef 1> (—e )

1 —X
byp = /oxe1 dx

Il
® ~—/~N /N

(]

I‘m

H

~—_ — ~—
/l_\

X
CD\
x
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SECTION 2.4 61

e—1
1 2
= () (x| + [ 2xe*dx] — e-2
e—1 o 10 e—1
1 1 B 2
= (=E ) |—e 2 —xe*| + [ exdx] |- e-2
e—1 o /0 e—1
1 2
_ (& )| et _el_ X (&2
= (e—l) e +2< e —e 0)] (e—l)
e _ _ e—2\?
e
= 1—
(e—1)2
= 0.07933

DFx = [ fod

X
Ifng,F(x):/ 0dt=0

X elft 1—e X
If 0 1,F(X) = dt =
<X< (x) /0 =1 T ol

1 —t
If x> 1,F(x):/ eel—ldtzl
-

. 1_ g Xm
(e) The mediaxy, solvesF (xq) = 0.5. Therefore% =0.5.

. . 1
Solving, we obtaire™*m = %, S0Xm=1+In2—In(e+1) = 0.3799.

0.3
=0.4100

() P(0<X<0.3)= /00'3 € x— ( e ) (—e™)

e—1 e—1

0

0.4
=0.352
0

0.4
23. (@Q)P(X < 0.4) = 6x(1— x)dx=3x2 — 2
0
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62 CHAPTER 2

0.6
=0.544
0.2

0.6
(b) P(0.2< X < 0.6) = 6x(1—x) dx= 3% — 2x°
0.2

1
=05
0

1
(c)u:/o 6x2(1—x)dx=2x3 — 1.5x*

(d) The variance is

1

o2 / 6x3(1— x) dx— p?
0

1

—0.5°
0

= 15¢-12°

= 0.05

The standard deviation &= +/0.05= 0.2236.

(e) X is within +0 of the mean if 764< X < 0.7236.

0.7236 0.7236

P(0.2764< X < 0.7236) = 6x(1—x)dx=3x2 — 233 =0.6261
0.2764 0.2764

OFX = fEdt
If x<0,F(x)= 0dt=0
W
If0 < x< 1,F(x):/ Bt(L—t)dt = 32 — 23
0

1
If x> l,F(x):/ Bt(1—t)dt—1
0

[

=1,soc=2.
1

24. (a)c solves the equatioy( c/x3dx: 1. Therefore-0.5¢/x?
1

(b) ux:/lwcx/xe’dx:/lmZ/xzdx: —)—2( )

1

(C)F(x):/:of(t)dt
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SECTION 2.4 63

If x < 1,F(x / 0dt=0

If x> 1, F (X / Odt+/ 2/t3dt_——2 _1—1/x2.

(d) The medianxmy solvesF (xm) = 0.5. Therefore 1- 1/x2,= 0.5, soxm = 1.414.

(e)P(X < 10) = F(10) = 1—1/102=0.99

() P(X<25)=F(25) =1-1/25°=0.84

P(X<25andX <10) P(X<25) 0.84
P(X < 2.5X < 10) = — _ 2% 085
(@ P(X < 25X < 10 P(X < 10) P(X<10) 0.99

2
2

25. ()P(X < 2) :/ xe Xdx= <—xeX
0

2 2
+/ exdx> = <—2e2—eX
s o

3
(b) P(LE < X < 3) — / xe *dx— (—xex
1.5

) =1-3e2=05940

| )
15

0

3
3
+ 15exdx> = (—3e3+ 15e 15 _gX
15 :

=256 15 _4e3=0.3587

=2
0

(c)u:/ xPe Xdx= —xe X +/ 2xe Xdx= 0+ 2xe >
0 0

@F0 = [t
it x<0,F(x =/ odi=0

If x>0,F(x /te*tdt— (x+1)e"

26. (@ux = / (2\/5-[)7lxef(x710)2/8dx
N / (2v2m) Y (x— 10)e” 10/ Bdx+ / (2v/2m)~110e~(*-10°/8¢x
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64 CHAPTER 2

Making the substitution = (x— 10)/+/8,

/ (2v2r)Y(x— 10)e” (1078 gx = / (2v2r)18ue ** du=0.
Also, / (2v/210) 1108 *-197/8gx— 10 / (2v/2m) te " 107/8 gy — 10(1) = 1.

Sopx = 10.

(b) 0% = / (2v21) L(x— 10)2e” " 19*/8gx Letu= —4(2v/2m) (x— 10), dv= —X_Tloe*(xflo)z/sdx
Then

[

02 = —(x—10)% (10?8

- / —4(2/2m)~te (1078 gy

—00

— 044 / (2v2m) Lo~ (107/8 gy

= 0+4(1)
— 4

The standard deviation = /4 = 2.

Section 2.5

1. (a) Hox = 2Ux = 2(10.5) =210
Oox = 20x = 2(0.5) =10

(b) Ux—y = Hx —Hy = 105-57=4.8
Ox_y = /0% +0% = /0.52+0.32 = 0.583

(C) Max+2vy = 3pux + 2y = 3(10.5) + 2(5.7) = 42.9

O3X+4+2Y = 4/ 320>2< + 220$ = 9(0.52) + 4(0.32) =162

2. (&) v = Yar = 3pr = 3(100) = 300
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SECTION 2.5 65

(b) Oy = O3Rr = 30R = 3(10) =30

3. LetXy,..., Xs be the lifetimes of the five bulbs. L&= X; + - - - 4+ X5 be the total lifetime.
Hs= Y Hx, = 5(700) = 3500

Os=,/Y 0% = /5(20) = 44.7

4. (@) R = MR, + MR, = 50+ 100= 150

(b) or = |/OR, +Of, = VB2 + 1P = 112

5. LetXy, ..., Xs be the thicknesses of the five layers. Bet X; + - -- + X5 be the total thickness.

(@) pis= Y px, = 5(0.125) = 0.625

(b) 0s= /3 0% = /5(0.00%) = 0.0112

6. LetX denote the time on the first machine andMetenote the time on the second machine.

(@) Mx+y = px +Hy =10+ 15=25

(b) Oxy = /0% + 0% = V2243 = 3.606
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66 CHAPTER 2

7. (@) = Hx 157 = Mx + 1.5y = 0.125+ 1.5(0.350) = 0.650

(b) Om = Ox 115y = /0% + 1.520% = /0.05% + 1.52(0.12) = 0.158

8. LetXy,...,X12 be the weights of the 12 boxes. L&t X; + --- + X12 be the total weight. The average weight
per box isX.

(@) Us= Y Hx = 12(12.02) = 14424

(b) os= /5 0% = /12(0.0%) = 0.104
(€) px = ux, = 12.02
(d) ox = ox,/v/12=0.03/1/12 = 0.00866

(e) Letn be the required number of boxes. The@3),/n = 0.005, son = 36.

9. LetX; andX; denote the lengths of the pieces chosen from the populaitbmyean 30 and standard deviation
0.1, and lety; andY, denote the lengths of the pieces chosen from the populaiitbnmean 45 and standard
deviation 0.3.

(a) HX1+X2+Y1+Y2 = l.l)(l + U-XZ + qu + HYZ = 30+ 30+ 454 45= 150

(0) Oy Xty 1Y, = \/ 0%, +0%, +0% +0% =+/0.12+0.121 0.3+ 0.32 = 0.447

10. The daily revenue R = 1.60X; + 1.75X2 + 1.90Xs.

(a) pr = 1.60 + 1.75)12+ 1.90p5 = 1.60(1500) + 1.75(500) + 1.90(300) = 3845
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SECTION 2.5 67

(b) Or = |/1.60203 + 1.75203 + 1.9003 = \/1.607(18CF) + 1.752(90P) + L.90P(407) = 33694

11. The tank holds 20 gallons of gas. Détbe the number of miles traveled on the first gallon,¥gbe the
number of miles traveled on the second gallon, and so on,Yaigtbeing the number of miles traveled on the
20th gallon. Thernuy, = 25 miles andoy, = 2 miles. LetX = Y1+ Y2+ --- Yoo denote the number of miles
traveled on one tank of gas.

(8) Bx = Mvy + -+~ + Uy, = 20(25) = 500 miles.
(b) 0% = 0§, +---+0f, = 20(2%) = 80. Soox = V80 = 8.944.
(0) Hx/20 = (1/20)pix = (1/20)(500) = 25.

(d) Ox /20 = (1/20)0x = (1/20)(8.944) = 0.4472

12.  LetX denote the number of mismatches andviatenote the number of gaps. Thgn=5, 0x = 2, iy = 2,
andoy = 1. LetSdenote the Needleman-Wunsch score. TBenX + 3Y.

(@) us = Hx+3y = Ux + 3y =5+3(2) =11

(b) 0% = 0%, 5y = 0% + 905 = 22+ 9(1?) = 13

1.0477 08649 0.7356 0.2171 2.8146 0.5913 0.0079
0 + 0 + 0 + 30 + 60 + 15 + 0 +5(0.0006) = 0.2993

13. (a)p= 0.0695+

(b)yo= \/ 0.0018 + (o.%eg)z +( 0.%25)2 +( O'%lg’)z + (0‘%%)85)2 +( O'%%M)Z +( 0'2%31)2 + (02%06)2 + 52(0.00022 = 0.00288

14. (8)px = Po 2n+2c/3 = Ho+ 2Hn + (2/3)kc = 0.1668+ 2(0.0258) + (2/3)(0.0247) = 0.2343

(b) Ox = o an 2c/3 = \/og +402 + (2/3)20% = 1/0.034F + 4(0.01942 + (2/3)2(0.0131)2 = 0.05232
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Section 2.6

1. (a) 0.08

(b) P(X > 0 andY < 1) = P(1,0)+ P(1,1) + P(2,0) + P(2,1) = 0.15+ 0.08+ 0.10+ 0.03= 0.36

©P(X<1)=1-P(X=2)=1-P(2,0)—P(2,1) — P(2,2) = 1—0.10— 0.03— 0.01= 0.86

(d)P(Y > 0)=1—P(Y =0) = 1—P(0,0) — P(1,0) — P(2,0) = 1— 0.40— 0.15— 0.10=0.35

(€) P(X = 0) = P(0,0) + P(0,1) + P(0,2) = 0.40+ 0.12+ 0.08= 0.60

(f) P(Y = 0) = P(0,0) + P(1,0) + P(2,0) = 0.40+0.15+0.10= 0.65

(g) P(X =0 andY = 0) = 0.40

2. (a) The marginal probability mass functigg (x) is found by summing along the rows of the joint probability
mass function.

y

0 1 2 |px(x
0.40 0.12 0.08 0.60
0.15 0.08 0.03 0.26
0.10 0.03 0.04 0.14
) | 0.65 0.23 0.12

ENI—‘OX
<

px (0) = 0.60, px (1) = 0.26, px(2) = 0.14, px(x) =0 if x £ 0,1, or 2

(b) The marginal probability mass functigr (y) is found by summing down the columns of the joint probability
mass function. Sy (0) = 0.65, pv(1) =0.23,py(2) =0.12, py(y) =0if y#0,1, or 2

(©) Hx = Opx (0) + 1px (1) + 2px(2) = 0(0.60) + 1(0.26) + 2(0.14) = 0.54

(d) by = Opy(0) + 1py(1) + 2py (2) = 0(0.65) + 1(0.23) + 2(0.12) = 0.47
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SECTION 2.6 69

(e) 0% = 0?px (0) + 12px (1) + 22px (2) — & = 0%(0.60) + 1%(0.26) + 22(0.14) — 0.54% = 0.5284
ox = +/0.5284=0.7269

(f) 0% = 0%py(0) + 12py (1) +2%py(2) — & = 0%(0.65) + 12(0.23) + 2%(0.12) — 0.47% = 0.4891
oy = v/0.4891= 0.6994

(9) CouX,Y) = pxy — kxHy

xy = (0)(0)px,y(0,0)+ (0)(1)px,v(0,1) + (0)(2) px,y(0,2) + (1)(0) px,v(1,0) + (1)(1) px,v (1, 1)
+ (1)(2)px.¥(1,2) +(2)(0)px.¥(2,0) + (2)(1) px,v(2,1) + (2)(2) px.¥ (2,2)

= (0)(0)(0.40) +(0)(1)(0.12) + (0)(2)(0.08) + (1)(0)(0.15) + (1)(1)(0.08)

+ (1)(2)(0.03) +(2)(0)(0.10) + (2)(1)(0.03) + (2)(2)(0.01)

0.24

)
(

px = 0.54, py =0.47
Cov(X,Y)=0.24—(0.54)(0.47) = —0.0138

Cov(X,Y) ~  —0.0138

-0.0271
oxoy  (0.7269(0.6994)

(h) pxy =

(i) No. The joint probability density function is not equalthe product of the marginals. For example,
P(X =1 andY = 1) =0.08, butP(X = 1)P(Y = 1) = (0.26)(0.23) = 0.0598.

_ Pxx(
3. (@) pyx(0[1) = ox (1) 056" 0.577
. px,yy(l, 1) 0.08
Pyix(1]1) = ox (1) 556 = 0-308
_ pxy(1,2) 0.03
Pyix(2]1) = ox (1) 026 = 0115
pxv(0,1) 0.12
(b) px;v(0[1) or(1 003 = 0522
pxy(l, 1) 0087
Pxjy(1/1) o1~ 023 0.348
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Pxy(21) _003_ 4,

Pxy(2]1) = (D) 023

() E(Y|X = 1) = Opyx(0]1) + 1pyx (1| 1) +2pyjx(2|1) = 0.538

(d) E(X]Y = 1) = Opxiy (0] 1) + 1pxv (1] 1) + 2px)y (2] 1) = 0.609

4. (a) The marginal probability mass functigr (x) is found by summing along the rows of the joint probability
mass function.

y

1 2 3 | px®
0.15 0.10 0.10 0.35
0.10 0.20 0.15 0.45
0.05 0.05 0.10 0.20
) 1030 0.35 0.35

Ewmn—\x
<

px (1) = 0.35, px(2) = 0.45, px(3) = 0.20, px(x) =0 if x £ 1,2, or 3

(b) The marginal probability mass functign (y) is found by summing down the columns of the joint probability
mass function. Sy (1) = 0.30, py(2) = 0.35,py(3) = 0.35,py(y) =0if y#1,2, or 3

(c) No, X andY are not independent. For examgkX = 1 andY = 1) = 0.15, but
P(X =1)P(Y =1) = (0.35)(0.30) = 0.105 0.15.

(d) pux = 1px (1) + 2px(2) + 3px(3) = 1(0.35) + 2(0.45) + 3(0.20) = 1.85
ly = 1py (1) +2pv(2) +3py(3) = 1(0.30) 4 2(0.35) + 3(0.35) = 2.05

(e) 0% = 1°px (1) +2%px (2) + 3?px (3) — & = 1%(0.35) + 22(0.45) + 3%(0.20) — 1.85% = 0.5275
ox = /0.5275=0.7263
0% = 12py (1) + 22py(2) + 32pv(3) — 1 = 12(0.30) +22(0.35) + 3%(0.35) — 2.05% = 0.6475
oy = v/0.6475=0.8047

(f) Cov(X,Y) = uxy — HxHy

iy = (D(Q)pxy(L,1) + (1) (2)pxy(1,2) + (1)(B)pxv(1,3) + (2)(1)px v (2,1) + (2)(2)Px v (2,2)
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+
_—

2)(3)Px(2:3) + (3)(1)px¥(3,1) + (3)(2)Px.¥(3,2) + (3)(3) px ¥ (3,3)
(1)(0.15) +(1)(2)(0.10) + (1)(3)(0.10) + (2)(1)(0.10) + (2)(2)(0.-20)
(2)(3)(0.15) +(3)(1)(0.05) +(3)(2)(0.05) + (3)(3)(0.10)
90

(
)
n
3.

lx = 1.85,py = 2.05
Cov(X,Y) = 3.90— (1.85)(2.05) = 0.1075

Cov(X,Y) 01075

oxOy _ (0.7263(0.8047) 0.1839

(@) pxy =

5. (@) ux4y = Mx + My = 1.85+2.05=3.90

(b) 0.y = /0% +03 +2CouX,Y) = /05275+ 0.6475+ 2(0.1075 = 1.179

(C) P(X+Y = 4) = P(1,3) + P(2,2) + P(3,1) = 0.10+ 0.20+ 0.05= 0.35

6. @) prx(1]2) = PXED 2820
prx(2l2) = P22 - B8 aj0
prx(312) = P2 2 s

) P (113) = P2 28— y7
Py (213) = P2 B0 g7
Py (313) = P2 R 27
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(C) E(Y|X = 2) = 1pyx(1]2) + 2pyx(2]2) + 3pyx (3]2) = 19/9

(d) E(X]Y =3) = 1px)v(1[3) +2pxv(2|3) + 3pxv(3[3) = 2

7. (8) 100X + 2007

(b) Y1oax+200r = 10Qux 4+ 20Quy = 10(X1.85) + ZO(XZ.OS) =595 ms

() G100 2000 = \/ 10020 + 200Ra? + 2(100)(200)Cov(X,Y)

\/1002(0.5275) +200%(0.6475) + 2(100)(200)(0.1075
= 18835ms

8. (@)P(X =2 andY =2) =P(X =2)P(Y = 2| X = 2). Now P(X =2) =0.30. Given thatX =2,Y = 2 if and
only if each of the two customers purchases one item. ThexdfY = 2|X = 2) = 0.05° = 0.0025, so
P(X =2 andY = 2) = (0.30)(0.0025 = 0.00075.

(b) P(X =2 andY = 6) = P(X = 2)P(Y = 6| X = 2). Now P(X = 2) = 0.30. Given thatX = 2, LetY; be the
number of items purchased by the first customer, anthlée the number of items purchased by the second
customer. Then the evelt= 6 is equivalent to the evedty; =5 andY, = 1} or {Y1 = 4 andY, = 2} or
{Y1 =3 andY, =3} or {Y1 =2 andY> = 4} or {Y; = 1 andY, = 5}.

Therefore

P(Y=6|X=2) = P(Yy=5andY,=1)+P(Y1=4andY> =2)+P(Y; =3 andY> =3)
+ P(Y; =2 andY, = 4) + P(Y; = 1 andY, = 5)
= (0.15)(0.05) + (0.30)(0.15) + (0.25)(0.25) + (0.15)(0.30) + (0.05)(0.15)
= 0.1675

P(X =2 andY = 6) = (0.30)(0.1675 = 0.05025

() P(Y=2)=P(X=1andY =2)+P(X=2andY =2).
P(X =1 andY = 2) = P(X = 1)P(Y = 2| X = 1) = (0.25)(0.15) = 0.0375.
From part (a)P(X = 2 andY = 2) = 0.00075.
P(Y = 2) =0.0375+ 0.00075= 0.03825.
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9. (a) The marginal probability mass functigg (x) is found by summing along the rows of the joint probability
mass function.

y

0 1 2 3 4 | px(x)
0.05 0.04 0.01 0.00 0.00 0.10
0.05 0.10 0.03 0.02 0.00 0.20
0.03 0.05 0.15 0.05 0.02 0.30
0.00 0.02 0.08 0.10 0.05 0.25
0.00 0.00 0.02 0.05 0.08 0.15
) [ 0.13 021 029 022 0.1

Um0 U1 O O

E#CA)NI—\OX
<

px (0) = 0.10, px (1) = 0.20, px(2) = 0.30, px(3) = 0.25, px(4) = 0.15, px(x) =0 if x £ 0,1,2,3, or 4.

(b) The marginal probability mass functign (y) is found by summing down the columns of the joint probability
mass function. Sy (0) = 0.13, py(1) = 0.21, py(2) = 0.29, py(3) = 0.22, py(4) = 0.15, py(y) =0 if
y#0,1,2,3, or4.

(c) No. The joint probability mass function is not equal te firoduct of the marginals. For examppe,y (0,0) =
0.05 px (0)pv (0).

(d) px = 0px (0) + 1px (1) + 2px (2) + 3px (3) + 4px (4) = 0(0.10) + 1(0.20) + 2(0.30) + 3(0.25) +4(0.15) = 2.15
Ly = 0py (0) + 1py (1) + 2py (2) + 3py (3) + 4py (4) = 0(0.13) + 1(0.21) + 2(0.29) + 3(0.22) + 4(0.15) = 2.05

@) 0% = 0°px(0)+21px(1)+2°px(2) +3°px(3) + 4°px (4) — bk
= 0%(0.10) + 1%(0.20) 4 22(0.30) + 3%(0.25) 4 4%(0.15) — 2.15?
1.4275

Ox =V 1.4275=1.1948

62 = 02py(0)+12py (L) +22py(2) + 32py(3) + 42py (4) — 12

= 0%(0.13) 4+ 1%(0.21) + 2%(0.29) + 3%(0.22) + 4%(0.15) — 2.05
— 15475

oy = v1.5475=1.2440

(f) Cov(X,Y) = pxy — KxHy-

xy = (0)(0)px,y(0,0)+ (0)(1)px,y(0,1) + (0)(2) px,v(0,2) + (0)(3) px,v (0,3) + (0)(4) px,¥ (0,4)
(1D(0)px,¥(1,0) + (1) (1) px.y(1,1) + (1)(2)px.¥(1,2) + (1)(3) px,v(1,3) + (1)(4) px.y(1,4)
2

+(2)(0 )(1 ) )3 )(4
+ (2(0)px,y(2,0) + (2)(1)px.¥(2,1) + (2)(2)px ¥ (2,2) + (2)(3) px.¥(2,3) + (2)(4) Px.¥ (2,4)
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+ (3)(0)px.y(3,0) + (3) (L) px.y(3,1) + (3)(2) px,v(3,2) + (3)(3) px,v(3,3) + (3) (4) px ¥ (3,4)
+ (4)(0)px.y(4,0) + (4) (1) px.y(4,1) + (4)(2) px.y(4,2) + (4)(3) px.v (4,3) + (4)(4) px ¥ (4,4)
—  (0)(0)(0.05)+ (0)(1)(0.04) + (0)(2)(0.01) + (0)(3)(0.00) + (0)(4)(0.00)
+ (1)(0)(0.05) + (1)(1)(0.10) + (1)(2)(0.03) + (1)(3)(0.02) + (1)(4)(0.00)
+ (2)(0)(0.03) + (2)(1)(0.05) + (2)(2)(0.15) + (2)(3)(0.05) + (2)(4)(0.02)
+ (3)(0)(0.00) + (3)(1)(0.02) + (3)(2)(0.08) + (3)(3)(0.10) 4 (3)(4)(0.05)
+ (4)(0)(0.00) + (4)(1)(0.00) + (4)(2)(0.02) + (4)(3)(0.05) 4 (4)(4)(0.08)
= 5.46
U = 2.15, 1y = 2.05
Cov(X,Y) = 5.46— (2.15)(2.05) = 1.0525
@y~ CMXY) 10525 oo

oxOy  (1.1948(1.2440

10. (a)px vy = Hx + My = 2.15+ 2.05=4.20
(b) 0%y = 0% +0% +2CoVX,Y) = 1.4275+ 1.5475+ 2(1.0525 = 5.08

() P(X+Y=6)=P(X=2andY =4)+P(X=3andY =3)+P(X=4andY =2) =0.14

1. @pyx(0]3) = P20 08—
prx(1]3) = pxp;(é’)” 392 o008
pyx(2]3) = %é)z) _ %:osz
prx(3/3) = PXCS 28040
Byix(4]3) = %é’)g) _ % —0.20

(b) py(0]4) = 2xx(0:4) _ 000 _
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Py (1]4) = P8 200~

Py (214) = PrAE 892215
Py (3l4) = PR 923
Py (4l4) = P 092 g1

(€) E(Y[X =3) =0pyx(0]3) + 1pvx (1]3) + 2py)x (2]3) + 3py|x (3| 3) + 4py|x (4]3) = 2.72

(d) E(X]Y = 4) = Opx)y(0[4) + 1px)v (1]4) + 2pxjv (2] 4) + 3px)v (3[4) + 4pxv (4]4) = 3.4

12. (a) The marginal probability mass functipg (x) is found by summing along the rows of the joint probability
mass function.

y

0 1 2 | px(¥)
0.10 0.05 0.05 0.20
0.10 0.10 0.05 0.25
0.05 0.20 0.10 0.35
0.05 0.05 0.10 0.20
) | 0.30 0.40 0.30

EOOI\)HOX
<

px (0) = 0.20, px (1) = 0.25, px(2) = 0.35, px(3) = 0.20, px(x) = 0if x#£0,1,2, or 3

(b) The marginal probability mass functign (y) is found by summing down the columns of the joint probability
mass function. Sey (0) = 0.30, py(1) = 0.40,py(2) = 0.30,py(y) =0if y#£0,1, or 2.

(©) kx = Opx (0) + 1px (1) + 2px(2) + 3px(3) = 0(0.20) + 1(0.25) + 2(0.35) + 3(0.20) = 1.55

(d) py = Opy (0) + 1py(1) + 2py(2) = 0(0.30) + 1(0.40) + 2(0.30) = 1.00

()o% = 0°px(0)+1%px(1) +2%px(2) +3*px(3) — k&
= 0%(0.20) + 1%(0.25) + 22(0.35) + 3%(0.20) — 1.55°
1.0475
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=+v1.0475=1.0235

(f) 02 = 0%py(0) + 12py (1) +22py(2) — & = 0(0.30) + 12(0.40) + 2%(0.30) — 1.00? = 0.6000.
oy = +/0.6000= 0.7746

(9) CouX,Y) = pxy — kxHy

ixy = (0)(0)pxv(0,0)+(0)(1)px.v(0,1) + (0)(2)px.¥(0,2) + (1)(0) px.v(1,0)
+ (MDPxy (L) + (1)@pxv(1.2) + ((0)pxy (2.0 + (2)(Dpxv(2.1)
+(2)(2)px ¥ (2,2) + (3)(0)pxv(3,0) + (3)(1)Px ¥ (3:1) + (3)(2) Px.¥ (3, 2)
= (0)(0)(0.10) +(0)(1)(0.05) + (0)(2)(0.05) + (1)(0)(0.10)
+(1)(2)(0.10) + (1)(2)(0.05) + (2)(0)(0.05) + (2)(1)(0.20)
+(2)(2)(0.10) + (3)(0)(0.05) + (3)(1)(0.05) + (3)(2)(0.10)
= 175

lx = 1.55, py = 1.00
Cov(X,Y) = 1.75— (1.55)(1.00) = 0.20

Cov(X,Y) 0.20

OxOy  (10235(0.7746 0.2523

(h) pxy =

13. (a)pz = Px+y = Px + Hy = 1.554+1.00=2.55

(b) 0z = Ox4y = \/ 0% + 0% +2CovX,Y) = /1.0475+ 0.6000+ 2(0.20) = 1.4309

(c)P(z=2) = PXX+Y=2)

P(X=0andY =2)+P(X=1andY =1)+P(X=2andY =0)
= 0.05+0.10+0.05

= 02

14. (@)T = 2X +5Y, SOpT = x5y = 2iix + 5py = 2(1.55) + 5(1.00) = 8.10.
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77

(byor = ooxysy

= /2203 + 5203 + 2(2) (5)Co(X,Y)

= /22(1.0475 + 52(0.6000 + 2(2)(5)(0.20)

= 482

(©) P(T =9) =P(X =2 andY = 1) = 0.20

15. @)pyx(0]3) = %&0) _
Wxﬂ%@——ﬂ%%%;z_
Prx(2]3) = %é)@ _

(b) pxyy (0]1) = %&D _
Pxv(L]1) = F’X&(&)l)
Pxiy (2]1) = %&” _
Pxy (3]1) = %(31’)1) _

0.05
020" 0.25

005
0.20
0.10

=0.25

0.05

0.10
0.40

0.20
040 0.50

0.05
—— =0.125
0.40

=0.25

(€) E(Y|X = 3) = 0pyx(0]3) + 1pyjx (1|3) + 2pyx(2|3) = 1.25.

(d) E(X[Y =1) = 0pxv(0]1) + 1pxv (1] 1) + 2px)v (2] 1) + 3pxv(3[ 1) = 1.625

16. (a)P(X < 0.5 andY > 0.75)

05
Axydxdy

0.5
0

1
/0.75 0
1
/ 2y
0.75

PROPRIETARY MATERIAL.
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I

o
-
o
©
=

(b) Fx (x / f(x,y)dy.
If x<0orx>1thenf(x, y)fOforaIIysofx( ) =0.

If 0 < x < 1 thenfy(x / 4xy dy= 2xy2

1
:/ f(x,y)dx
0

If y<0ory>1thenf(xy) =0 forallxso fy(y) =0.
1

=2y.
0

If0 <y<1thenfy(y / 4xy dx= 2x%y

(c) Yes,f(xy) = ix(x) fv (y)-

17. (a) CovX,Y) = uxy — HxHy
Uxy = //—xyx+y dydx
X2y% xy?
- /16(7+?)‘4dx
— /2} 9_X2+6i-x dx
Jie\ 2 3
2

130, o1
6\ 2 6

1

_ 4
T 6
1 9
fx(x)fé x+§ for 1 <x < 2 (see Example 2.55).
(e ) b2 B [ 100
W= f 85\ X2 s\3 2 )| "2
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fy(y) = é (y—|— 2) for 4 <y <5 (see Example 2.55).

5
51 3 1/y3 3y 325
=, éy(y+é> V=% (E*T) T
41  [/109\ /325

Cov(X,Y)
OxOy

21 9 1/x* 33
0>2<:/1 éxz(eré)dx—p)Z(:é(ZJr?)

o%_féyz(wrg) dx_w_é@p;)

ooy _ 0000103
XY~ /(0.08314(0.08314

(b) pxy =

2 2
109
— (—72 ) =0.08314.

N

° <325

2
22°) = 0.08314.
72 >

= —0.00232.

0.25 ,0.85
18. (2)P(X < 0.25 andY < 0.85) — /0 /0 (x+y)dydx

0.25 y2 085
= / (xy+—) dx
0 2
0
0.25
_ / (0.36125+ 0.85x) dx
0
0.25
= 0.36125+ 0.425¢
0
= 0.1169
(b) Cov(X,Y) = pxy — HxHy.
1 ,r1
poe = [ xytxy)dxay
1/y3 N
- (_Y+ﬂ)‘ dy
0 3 2
0
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1
ForO< x < 1, fx(x) :/ (x+y)dy=x+0.5. Forx <0 andx > 1, fx(x) = 0.
0

—/1x x+} dx= X—3+X—2 —l
W=/ 2)=\377)| T12

1
ForO<y<1, fy(y) :/ (x+y)dx=y+0.5. Fory<0andy > 1, fy(y) =0.
0

~1/144 1

XY = ATaa A4 11

(d) No,px.y #0.

[ x+1/2 0<x<1 _Jy+1/2 O0<y<1
19. (@) fx(x) = { 0 for other values ok fr(y) = 0 for other values oy
These were computed in the solution to Exercise 18.

f(0.75,y)
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SECTION 2.6 81

fx (X) = x4 0.5 for 0< x < 1. This was computed in the solution to Exercise 18.
f(0.75,y) y+075 4y+3
fx(0.75) 125 5
If y<Oory>1,thenf(0.75y) =0, sofyx(y|0.75) = 0.

4y+3
Thereforefy|x (y|0.75) = { 5
0 for other values oy

If0<y<1,then

O<y<l1

1
® 1 (4y+3 4 3
(@quXZOJQZ/”ywx@mJQdW5/y(i%—)dy_(f§+{%)‘:osmw

1 4sxy?
849

B /3.25 16xy3
/3 49

325 976
A

6125 "
3.25

dydx

) dx
0.8

3.25
20. (Q)P(X < 3.25 andY > 0.8) :u/ /
0.

4882
6125
3

0.12449

1
(mFm3<x<4mxuy=/'4zfd :%-me<3mmx>4fuy) 0, sofx(x) = 0.
0.5
For05<y< 1, fx(x) = %dx 24y . Fory<0.5andy > 1, f(x,y) =0, sofy(y) =0.
3
2x/7 3<x<4 24y2/7 05<y<1

Thereforefx(x)_{ 0 for other values ok fY(y)_{ 0 forother values of

(c) Yes, f(xy) = ix(x) fv (y)-
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9.98 9.98
21. (@)P(X < 9.98) :/ 10dx=10x| =03
9.95
9.95
51 51
(b) P(Y > 5.01) = / 5dy—5y| —045
5.01 501

(c) SinceX andY are independent,
P(X < 9.98 andY > 5.01) = P(X < 9.98)P(Y > 5.01) = (0.3)(0.45) = 0.135

10,05 10.05
(d) px = / 1xdx=5¢| =10
9.95 005
51 51
(e)py = / Sydy=25y°| =5
4.9 49

(f) Ha = Ixy = Ixpy = (10)(5) =50

L5030 x-52\ . [ o, 53 a3\ |°
22. (a)px_[1 (Zx—?) dx= (—9x +7_E) 4_5

6
=0.2
4

(b) 0% = AG (~'>"(x;5)2 B 3(): 5)4) . ((X_45)3 ) 3(X2_05)5)

(C) My = Ho.0394x = 0.03941)( = 0.0394(5) =0.197
02 = 02 ga0s = (0.039420% = (0.03942(0.2) = 0.00031

(d) Let X1, X2, andX3 be the three thicknesses, in millimeters.
ThenS= X1 + Xo + Xz is the total thickness.
s = Hx, + Hx, + Hxs = 3(5) = 15.
0% = 0%, + 0%, + 0%, = 3(0.2) = 0.6.
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SECTION 2.6 83

23. (a) The probability mass function ¥fis the same as that &, so fy(y) =e Y if y> 0 andfy(y) =0if y<O.
SinceX andY are independent,(x,y) = fx (x) fy (y).
e XY x>0andy>0

Thereforef(X,Y)—{ 0 otherwise

(b) P(X <1andY > 1) P(X <1)P(Y > 1)

- ([ (o)
- ()(1)

= (1-e (e
_ 871—872

0.2325

=0+1=1
0

—/ e Xdx=0— (—e %)
0

©) ux = / xe *dx= —xe ¥
0 0

(d) SinceX andY have the same probability mass functipp= px = 1.
Thereforguxy = px +py =1+1=2.

o0 2—X
@PX+Y<2) — // £(x,y)dydx
2 r2—x
// e *Ydydx
0 JO
2 2—X
/e*X (—ey )dx
0 0
2
= /e’x(l—e"’z)dx
0

2
/ (e *—e2)dx
0

2

= (—e*—xe?)

= 1-3¢?
= 0.5940
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24. (a) Yes. Lek; denote the number of bytes downloaded inithesecond. The total number of bytes{s+ X, +
X3+ X4+ Xs. The mean of the total number is the sum of the five means, daehich is equal to 10

(b) No. X3, ...,Xs are not independent, so the standard deviation of the suendspn the covariances between
the X;.

25. (a) Letp = 40.25 be the mean SiOcontent, and let = 0.36 be the standard deviation of the Si€bntent, in a
randomly chosen rock. L& be the average content in a random sample of 10 rocks.

o 0.36
Thenpy = n=40.25, andoy = — = — = 0.11.
Hx =H X 10 10
(b) Letn be the required number of rocks. Th g _036_ 0.05
q . % =7 008

Solving fornyieldsn = 51.84. Sincen must be an integer, take= 52.

26. (Q)P(X =1) =1/3,P(Y =1) = 2/3,P(X = 1 andY = 1) = 1/3 £ P(X = 1)P(Y = 1).

(b) bxy = (=1)(1/3) +(0)(1/3) + (1)(1/3) = 0.
Now pix = (~1)(1/3) + (0)(1/3) + (1)(1/3) = 0, andy = (0)(1/3) + (1)(2/3) = 2/3.
S0 COYX,Y) = iy — bxby = 0— (0)(2/3) = 0.
Since CoyX,Y) =0, pxy =0.

27. (Q)R=0.3X +0.7Y

(b) Pr = Ho.:3x+0.7v = 0.3px + 0.7py = (0.3)(6) + (0.7)(6) = 6.
The risk isor = Goax 07 = 1/0.3%0% +0.7203 +2(0.3)(0.7)COUX. ).
Cov(X,Y) = px,yoxoy = (0.3)(3)(3) = 2.7.
Thereforeog = 1/0.3%(32) +0.72(3?) +2(0.3)(0.7)(2.7) = 2.52.

(€) MR = H0.01K)x+(1-0.01K)y = (0.01K)pix + (1 —0.01K)py = (0.01K)(6) + (1 — 0.01K)(6) = 6.
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SECTION 2.6 85

Or= \/(0.01K)20§ +(1-0.01K)20% + 2(0.01K)(1— 0.01K)Cov(X,Y).

Thereforeog = ,/(0.01K)2(3?) + (1— 0.01K)%(3?) + 2(0.01K ) (1 — 0.01K)(2.7) = 0.03,/1.4KZ — 140K + 10,000.

(d) or is minimized when ¥K? — 140K + 10000 is minimized.

Now %(1.4}@ — 140K + 10000 = 2.8K — 140, so%(lAKz — 140K + 10000 = 0 if K = 50.

ORr is minimized wherK = 50.

(e) For any correlatiop, the risk is 003,/K2 + (100— K)2 + 2pK (100— K).
If p # 1 this quantity is minimized wheK = 50.

21 /6
28. W — /19/53nr2h(h—20)2(r—5)drdh
21

6
— 3n h(h—20)2dh/ (2(r —5)dr
19 5

h*  40h3
= (3m( — — —— +200?
fam (5~ 25+ 2002 )

20210913cnd

21 6

r+ 53
4 3
19 5

29. (a)om, = \/0f = /0B, e, = /0B -+ 02, = v+ 12 = 2.2361. Similarly.ow, = 2.2361.
(b) v, = Hr2 £ R E,R+E4E, = MRz + ME MR + HE IR + HE HE, = HR2
(©) Ly M, = HR1E MR E, = (MR + e, ) (MR + HE,) = HRHR = 1
(d) CoMMz,M2) = piviym, — iy P, = Hre — HR = OR

© _ Cov(M;,M2) o 4 =
MM = G oM, OmiOw, | (2.2361)(2.2361)

0.8

30.  CoVX,X) = kx.x — UxHx = Hy2 — (Hx)* = 0%.
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31. (a) CovaX,bY) = Hax.by — HaxHby = Habxy — akxbpy = abpxy — abpxpy
= ab(uxy — UxHy) = abCov(X,Y).

(b) Pax,by = Cov(aX, bY)/(Oax0by) = abCov(X,Y)/(abcxoy) = COV(X,Y)/(OxCI\() = PxX,Y-

32 CoMX+Y,Z) = Wxyiv)z—Hx+vhz
= MUxzryz— (Ux + Hy)Hz
Hxz + Hyz — UxHz — Ky Hz

Uxz — UxMz + Hyz — Ky Kz
= Cov(X,Z)+CovY,Z)

33. (@)V(X — (ox/oy)Y) = 0%+ (ox/ov)?0% —2(ox/oy)Cov(X,Y)
= 20% —2(ox/oy)Cov(X,Y)

(b) V(X —(ox/ov)Y)
20% — 2(ox /oy )Cov(X,Y)

20% — 2(0x /0y ) Px Yy Ox Oy

20>2< — 2px,yc>2<

1-pxy

Px.y

IN IV IV IV IV IV
H O O O o o

(c) V(X + (ox/0ov)Y)
20% + 2(0ox /oy)Cov(X,Y)

20% + 2(0x /Oy ) Px.y Ox Oy

20% + 2px 0%

1+pxy

Px.y

vV IV IV IV IV IV
O O o oo
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87

34. @ =

H1.12c+2.69N+0—0.21Fe

1.12uc + 2.69uN -+ o — 0.21pke
1.12(0.0247) + 2.69(0.0255) + 0.1668— 0.21(0.0597)

0.2505

(b) CoMC,N) = pcNOcON = —0.44(0.0131)(0.0194 = —1.118x 104
CoVv(C,0) = pc.o0c0o = 0.58(0.0131)(0.0340 = 2.583x 104
CoVv(C,Fe) = pcredcOre = 0.39(0.0131)(0.0413 = 2.110x 10~ *
Cov(N,0) = pn,oONTo = —0.32(0.0194)(0.0340 = —2.111x 10°*
CoVv(N,Fe) = pn FeONOFe = 0.09(0.0194)(0.0413 = 7.211x 10°°
CoVv(O,Fe) = po Fe0o0Fe = —0.35(0.0340)(0.0413 = —4.915x 104

© oy =

0%.1ZC+2.69N+070.21Fe

1.12%02 + 2.69%0% + 03 + 0.21202,+ 2(1.12)(2.69)CoMC, N) + 2(1.12)Cov(C, O) — 2(1.12)(0.21)Cov(C, Fe)
+2(2.69)CoV(N, O) — 2(2.69)(0.21)CoN, Fe) — 2(0.21)CoV(O, Fe)

1.12%(0.0131)2+ 2.69%(0.0194)2 4 0.034CF + 0.21%(0.04132 + 2(1.12)(2.69)(—0.0001118
+2(1.12)(0.0002583 — 2(1.12)(0.21)(0.0002110 + 2(2.69)(—0.0002111 — 2(2.69)(0.21)(0.0000721}
—2(0.21)(0.0004915

0.0029648

0 =+/0.0029648= 0.05445

35. by =

H7.84C+11.44N+0—1.58Fe

7.84uc + 1144 + o — 1.580re
7.84(0.0247) + 11.44(0.0255) + 0.1668— 1.58(0.0597)

0.5578

0%.84C+11.44N+071.58Fe

7.8420% + 11.44%0%, + 03 + 1.58%02, + 2(7.84)(11.44)CoMC, N) + 2(7.84)Cov(C, O) — 2(7.84)(1.58)CoV(C, Fe)
+2(11.44)CoVv(N, O) — 2(11.44)(1.58)ComN, Fe) — 2(1.58)CoV(O, Fe)

7.84%(0.0131)? + 11.44%(0.0194)% + 0.034F + 1.58%(0.0413? + 2(7.84)(11.44)(—0.0001118
+2(7.84)(0.0002583 — 2(7.84)(1.58)(0.0002110 + 2(11.44)(—0.0002111 — 2(11.44)(1.58)(0.00007211
—2(1.58)(0.0004915

0.038100
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0 =+/0.038100= 0.1952

36. (a) Letc= [ h(y)dy.

Now fx (x) = [, f(x,y) dy = ", g(x)h(y) dy = g(x) /7 h(y) dy = cg(x).
fr(y) = /% f(xy) dx= [Z, g(x)h(y) dx= h(y) %, g(x)dx= (1/c)h(y) /%, cg(x)
= (1/0)h(y) /%, fx () dx= (1/c)h(y)(1) = (1/c)h(y).

(b) f(x,y) =g(x)h(y) = cg(x)(1/c)h(y) = fx(x)gy(y). ThereforeX andY are independent.

37. (8) [% S5 T y) dxdy= [ [Pkdxdy=k [ [; dxdy=k(d —c)(b—a) =

Thereforek =

1
(b-ajd—o’

d-c 1

(b) fx(x) :fcdkdy: (b—a)(d—c) = b—a

b—a 1

(C) fY(Y) :fabkdx: (b—a)(d—c) = d—c

@109 = —ara—g ~ (52a) (g3 = KON

Supplementary Exercises for Chapter 2

1.

LetA be the event that component A functions Bdie the event that component B functionsQdie the event
that component C functions, and [Btbe the event that component D functions. TiRA) =1—0.1=0.9,
P(B)=1-0.2=0.8,P(C) =1-0.05=0.95, andP(D) = 1— 0.3=0.7. The event that the system functions

is (AUB)U (CuUD).

P(AUB) =P(A)+P(B) — P(ANB) = P(A) + P(B) — P(A)P(B) = 0.9+ 0.8 — (0.9)(0.8) = 0.98.
P(CuUD)=P(C)+P(D)—P(CND) =P(C)+P(D) — P(C)P(D) = 0.95+ 0.7 — (0.95)(0.7) = 0.985.
P[(AUB)U(CUD)] =P(AUB)+P(CUD) — P(AUB)P(CUD) = 0.98+ 0.985— (0.98)(0.985) = 0.9997.
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SUPPLEMENTARY EXERCISES FOR CHAPTER 2 89

: 5\°
2. P(more than 5 rolls necessary P(first 5 rolls are not 5= <é> =0.4019.

3. LetAdenote the event that the resistance is above specificatidrietB denote the event that the resistance is
below specification. TheA andB are mutually exclusive.

(a) P(doesn’t meet specification)R(AUB) = P(A) + P(B) = 0.05+0.10= 0.15

_P[(BN(AUB)] _ P(B) _ 010 _
(b) PIBI(AUB)] = P(AUB) ~ P(AUB) 015 0.6667

4.  LetD denote the event that the bag is defectivel letienote the event that the bag came from line 1, and let
L, denote them event that the bag came from line 2. T®{(@nL;) = 1/100 andP(D|L;) = 3/100.

@P(L) = 2

(b) P(D) = P(D[L1)P(L1) +P(D|L2)P(L2) = (1/100)(2/3) + (3/100)(1/3) = 6—10

() P(L1|D) = P(DIPL(lt))S’(Ll) _ (1/1;)/023&2/3) _ %

¢y PD|L1)P(Ly) [1-P(D[Ly)P(L1) (1-1/100)(2/3) 198
(d) P(L1|D%) = P9 P(D°) = 59/60 = 595 = 06712

5. LetR be the event that the shipment is returned. Rebe the event that the first fuse chosen is defective, let
D> be the event that the second fuse chosen is defective, abd let the event that the third fuse chosen is
defective. Since the sample size of 3 is a small proportidh@population size of 10,000, it is reasonable to
treat these events as independent, each with probability 0.

P(R)=1-P(R°) = 1-P(D{NDSNDS) = 1 (0.9)° = 0.271.
(If dependence is taken into account, the answer to sixfgignt digits is 0.271024.)
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6.

7.

8.

(a) (0.99)1° = 0.904

(b) Let p be the required probability. Thest® = 0.95. Solving forp, p = 0.9949.

Let A be the event that the bit is reversed at the first relay, anB le# the event that the bit is reversed at

the second relay. TheR(bit received is the same as the bit geatP(A° N B°) + P(AN B) = P(A®)P(B°) +
P(A)P(B) = 0.9 +0.1% = 0.82.

1 1 1 x3 4 3
(a)/ K(1— %) dx— k/ (1—x®) dx=1. Since/ (1—2) dx= (x——) _ 2 k=2_07s.
9 » ) 3)| 734
1 33 1
(b)/ 0.75(1— %) dx= 0.75 (x— §> —05
0
0
025 N
(c)/ 0.75(1—x?) dx= 0.75 (x— —) —0.3672
—0.25 3
-0.25
1 2 1
(d)u:/ O.75x(1—x2)dx:0.75<x——£) —0
. 2" 1)|
Xm X3 Xm
(e) The mediarnxy, solves 0.75(1— xz)dx: 0.5. Therefore 0’5 <x— §> =0.5,s0%n=0
-1
1

(f o*

1
/ 0.75¢%(1 — %) dx— 2
1

1

Il

o

\'

gl
N
w| %,

|
ol %5
N———

= 02
0=+0.2=0.4472
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SUPPLEMENTARY EXERCISES FOR CHAPTER 2 91

10.

Let A be the event that two different numbers come up, an@ le¢ the event that one of the dice comes up
6. ThenA contains 30 equally likely outcomes (6 ways to choose thebmurfor the first die times 5 ways to
choose the number for the second die). Of these 30 outcodxeldng toB, specifically (1,6), (2,6), (3,6),
(4,6), (5,6), (6,1), (6,2), (6,3), (6,4), and (6,5). TherefP(B|A) = 10/30=1/3.

LetA be the event that the first component is defective an@ leé the event that the second component is
defective.

() P(X = 0) = P(ANES) — P(A)P(BS|AC) — (%) (g) 06222

(b)P(X=1) = P(ANB°)+P(A°NB)
P(A)P(BC|A) + P(A%)P(B|A°)

(10) (5) (x0) (&)

= 0.3556

() P(X = 2) = P(ANB) = P(A)P(BJA) — (%) (%) 00222

(d) px (0) = 0.6222,px (1) = 0.3556,px (2) = 0.0222,px (X) = 0 if x# 0,1, or 2.

(€) ix = OpX(0) + 1px(1) + 2px (2) = 0(0.6222) + 1(0.3556) + 2(0.0222) = 0.4

() ox = \/OZpX(O) +12px (1) + 22px (2) — & = /0?(0.6222) + 12(0.3556) + 22(0.0222 — 0.42 = 0.5333

2 r3
11, (@)P(X <2andY <3) — / / %e*x/zfyﬁdydx
0 JO

3
_ / 21 w2 _gv3| ) gx
0 2 0

2
/ }e”‘/z(l— e 1)dx
0 2

2

= (el-1)eX?

0

Page 91

PROPRIETARY MATERIAL. (© The McGraw-Hill Companies, Inc. All rights reserveNo part of this Manual

may be displayed reproducedr distributedin any form or by any meanswithout the prior written permissionof

the publisher,or usedbeyondthe limited distribution to teachersand educatorgpermittedby McGraw-Hill for their

individual coursepreparationlf you areastudentusingthis Manual,you areusingit without permission.
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= (1-e1?
= 0.3996

(b) P(X > 3 andY > 3)

/0O /°° }efx/zf)’/:gdydx

3 J3 6

— /w %e*X/Z (—ey/3 ) dx
3 3

*1 xp21
= — d
/3 2¢ ¢

- _eglgx?

e5/2

= 0.0821

(c) Ifx<0, f(x,y) =0forallysofx(x) =0.

If x>0, fx () :/ }efx/ny/3dy: }efx/z _e V3 — }efx/z'
o 6 2 o 2
1 —X/2
Thereforefy (x) ={ 2 x>0
0 x<0
(d) Ify<0, f(x,y) =0forallxso fy(y) =0.
If y> 0, fY(y) :/ }e*X/27Y/3dXZ }e*y/:‘; _e—x/z — }e*)’/3.
3 6 3 0 3

1
e V3
Thereforefy (y) = 3e y>0
0 y<0

(e) Yes,f(x,y) = fx(X) fy (y).

12. (a)A andB are mutually exclusive IP(ANB) = 0, or equivalently, ifP(AUB) = P(A) + P(B).
So if P(B) = P(AUB) — P(A) = 0.7 — 0.3 = 0.4, thenA andB are mutually exclusive.
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SUPPLEMENTARY EXERCISES FOR CHAPTER 2 93

(b) AandB are independent P(ANB) = P(A)P(B). Now P(AUB) = P(A) + P(B) — P(ANB).

SoAandB are independent R(AUB) = P(A) + P(B) — P(A)P(B), that s, if 07 = 0.3+ P(B) — 0.3P(B). This
equation is satisfied P(B) = 4/7.

13. LetD denote the event that a snowboard is defectiveElelenote the event that a snowboard is made in
the eastern United States, WWtdenote the event that a snowboard is made in the westerndJsigtes, and
let C denote the event that a snowboard is made in Canada. F{ien= P(W) = 10/28, P(C) = 8/28,
P(D|E) = 3/100,P(D|W) = 6/100, andP(D|C) = 4/100.

(a) P(D)

P(D|IE)P(E) + P(D|W)P(W) + P(D|C)P(C)

(28) (s00) * () (10) * (z8) (520

122
= 2800~ 0.0436

(b) P(DNC) = P(DIC)P(C) — (%) (%)) 2230 0.0114

(c) LetU be the event that a snowboard was made in the United States.

122 32 90
ThenP(DNU)=P(D)—P(DNC) = 800 2800 2800

P(DNU)  90/2800 90
PD) 1222800 122 07377

PUID) =

14. (a) Discrete. The possible values are 10, 60, and 80.
(b) px = 10px(10) + 60px(60) + 80px (80) = 10(0.40) 4+ 60(0.50) + 80(0.10) = 42

(c) 0% = 10%px (10) + 60Ppx (60) + 80Ppx (80) — & = 107(0.40) + 60%(0.50) + 80%(0.10) — 42° = 716
ox = V/716=26.76

(d) P(X > 50) = P(X = 60) + P(X = 80) = 0.5+ 0.1= 0.6
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15.  The total number of pairs of cubicles(@) = % = 15. Each is equally likely to be chosen. Of these pairs,
five are adjacent (1 and 2, 2 and 3, 3 and 4, 4 and 5, 5 and 6). fohetke probability that an adjacent pair of
cubicles is selected is/85, or /3.

16.  The total number of combinations of four shoes that casetbected from eight iéﬁ) = & = 70. The four
shoes will contain no pair if exactly one shoe is selectethfeach pair. Since each pair contains two shoes,
the number of ways to select exactly one shoe from each p2fi=is16. Therefore the probability that the four
shoes contain no pair is 180, or 8/35.

17. (@)pax = 3ux = 3(2) =6, 0% =320% = (3%)(1%)=9
(b) Ux+y =px +Hy =2+2=4, 0%,y =05+05=12+3>=10
(©) Ux—y =px —py =2-2=0, 0%  =0%+05=12+32=10

(d) Maxov = 2Ux + By = 2(2) +6(2) = 16, 03y gy = 2°0% + 6707 = (2%)(1?) + (6%)(3?) = 328
+

18. CO\(X7Y) = Px,yOx0Oy = (0.5)(2)(1) =1

@ Mxiy =Wx+Hy =1+3=4, 0%,y =0%+07+2CoUX,Y)=22+12+2(1)=7
D) px—y =pPx — Wy =1-3=-2, 0% y=0%+0%—2CouX,Y)=22+12-2(1)=3

(C) Hax+2y = 3ux + 21y = 3(1) +2(3) =9,
03y 2y = 370% + 2705 4+ 2(3)(2)Cov(X,Y) = (3%)(2%) + (2%)(1%) +2(3)(2)(1) = 52

(d) Usy_2x = Sy — 2ux = 5(3) — 2(1) = 13,
0%, oy = 520% + (—2)20% +2(5)(—2)CovX,Y) = 52(12) + (—2)2(2?) + 2(5)(—2)(1) = 21

Page 94
PROPRIETARY MATERIAL. (© The McGraw-Hill Companies, Inc. All rights reserveNo part of this Manual
may be displayed reproducedr distributedin any form or by any meanswithout the prior written permissionof
the publisher,or usedbeyondthe limited distribution to teachersand educatorgpermittedby McGraw-Hill for their
individual coursepreparationlf you areastudentusingthis Manual,you areusingit without permission.




SUPPLEMENTARY EXERCISES FOR CHAPTER 2 95

19.  The marginal probability mass functigg (x) is found by summing along the rows of the joint probability
mass function.

y
X 100 150 200| px(x)

0.02 [ 0.05 0.06 0.11] 0.22
0.04 [ 0.01 0.08 0.10 0.19
0.06 [ 0.04 0.08 0.17 0.29
0.08 [ 0.04 0.14 0.12 0.30
py(y) | 014 0.36 0.50

(a) For additive concentratiofX): px(0.02) = 0.22, px(0.04) = 0.19, px(0.06) = 0.29, px(0.08) = 0.30, and
px (X) = 0 for x # 0.02, 0.04, 0.06, or 0.08.

For tensile strengttl): The marginal probability mass functign (y) is found by summing down the columns
of the joint probability mass function. Therefopy (100) = 0.14, py(150) = 0.36, py(200) = 0.50, and
py(y) =0 fory # 100, 150, or 200.

(b) No, X andY are not independent. For exampleX = 0.02NY = 100) = 0.05, but
P(X =0.02)P(Y = 100) = (0.22)(0.14) = 0.0308.

P(Y > 150 andX = 0.04)

(c)P(Y >150|X =0.04) =

P(X = 0.04)
~ P(Y =150 andX = 0.04) + P(Y = 200 andX = 0.04)
B P(X = 0.04)
~ 0.08+0.10
B 0.19
= 0.947

P(Y > 125 andX = 0.08)

(d) P(Y > 125X = 0.08)

P(X = 0.08)
_ P(Y =150 andX = 0.08) + P(Y = 200 andX = 0.08)
B P(X = 0.08)
0144012
~ 7030
= 0.867

(e) The tensile strength is greater than 17% i# 200. Now
P(Y =200andX =0.02) 0.11

P(Y =200/ X =0.02) = P(X = 0.02) =933

= 0.500,
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P(Y = 200X = 0.04) =
P(Y = 200|X = 0.06) =

P(Y = 200/ X = 0.08) =

The additive concentration should be 0.06.

P(Y =200 andX = 0.04)  0.10
P(X = 0.04) =019 0°%
P(Y =200 andX = 0.06)  0.17
=0.586,
P(X = 0.06) "~ 0.29
P(Y =200 andX = 0.08) 0.12
P(X = 0.08) =030~ 2400

20. (@)ux = 0.02px(0.02) + 0.04px(0.04) 4 0.06py(0.06) 4 0.08pyx (0.08)
= 0.02(0.22) 4 0.04(0.19) -+ 0.06(0.29) + 0.08(0.30)
0.0534
(b) py = 100py (100) + 150py(150) 4 200py(200) = 100(0.14) 4 150(0.36) 4 200(0.50) = 168
(c)oz = 0.022px(0.02)+0.04°px (0.04) + 0.06%px (0.06) + 0.08%px (0.08) — &
= 0.02%(0.22) +0.04%(0.19) + 0.06%(0.29) + 0.08%(0.30) — 0.0534
= 0.00050444
ox = 1/0.00050444= 0.02246
(d)o? = 100°py(100) + 15C°py(150) +200%py (200) — 13
= 1007(0.14) 4+ 150%(0.36) + 200%(0.50) — 168’
1276
oy = v/1276=35.721
(e) CouX,Y) = pixy — KxHy-
xy = (0.02)(100)P(X = 0.02 andY = 100) + (0.02)(150)P(X = 0.02and¥ = 150)
+ (0.02)(200)P(X = 0.02 andY = 200) + (0.04)(100)P(X = 0.04 andY = 100)
+ (0.04)(150)P(X = 0.04 andY = 150) + (0.04)(200)P(X = 0.04 andY = 200)
+ (0.06)(100)P(X = 0.06 andY = 100) + (0.06)(150)P(X = 0.06 andY = 150)
+ (0.06)(200)P(X = 0.06 andY = 200) + (0.08)(100)P(X = 0.08 andY = 100)
+ (0.08)(150)P(X = 0.08 andY = 150) + (0.08)(200)P(X = 0.08 andY = 200)
= (0.02)(100)(0.05) + (0.02)(150)(0.06) + (0.02)(200)(0.11) + (0.04)(100)(0.01)
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SUPPLEMENTARY EXERCISES FOR CHAPTER 2 97

+ (0.04)(150)(0.08) + (0.04)(200)(0.10) + (0.06)(100) (0.04) + (0.06)(150)(0.08)
+ (0.06)(200)(0.17) + (0.08)(100)(0.04) + (0.08)(150)(0.14) + (0.08)(200)(0.12)
— 896

Cov(X,Y) = 8.96— (0.0534)(168) = —0.0112
Cov(X,Y) ~0.0112

M Pxy=—5 o ~ (00224635721 ~ 0139

p(0.06,1000 0.04 4

21. (@) x(100]0.06) = P e — e = 56 = 0138
Byjx (150] 0.06) = % - % _ % 0276

By}x (200]0.06) = % _ 8:_;; _ ;_; 0586

(b) Py (0.02/100) = % — 82—(132 _ 1—54 —0.357

px v (0.04]100) = % _ 8:_(1)31 _ 1_14 0071

bx v (0.06/100) = % _ 8%1 _ 1% —0.286

oy (0.08]100) — P008100) 004 _ 4 _ 500

py(1000 014 14

(c)E(Y|X=0.06) = 100pyx(100|0.06) + 150pyx (150] 0.06) + 200pyx (200]0.06)
= 100(4/29) + 150(8/29) +200(17/29)
= 1724

(d) E(X|Y=100) = 0.02pxy(0.02]100)+0.04px y(0.04| 100) + 0.06pyy (0.06| 100) + 0.08pxy(0.08| 100)
—  0.02(5/14) + 0.04(1/14) +0.06(4/14) 4 0.08(4/14)
= 0.0500
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22. LetD denote the event that an item is defectiveSedenote the event that an item is produced on the first shift,
let S denote the event that an item is produced on the secondaifietS; denote the event that an item is
produced on the third shift. Thé¥(S;) = 0.50,P(S;) = 0.30,P(S3) = 0.20,P(D|S;) = 0.01,P(D|S;) = 0.02,
andP(D|S3) = 0.03.

P(D|SP(S)
@PEID) = BEE)PE) PSP + POSPS)
- (0.01)(0.50)
(0.01)(0.50) + (0.02)(0.30) + (0.03)(0.20)
= 0.294
. P(D°|:)P(Ss)
OIPSID) = Boeg)pE) 1 PSP T PSP
) 1— P(D|Ss)JP(S: >
T- PSP+ 1-PDIS)PS) + 1-POSPE)
B (1-0.03)(0.20)
~ (1-001)(0.50) + (1—0.02)(0.30) + (1—0.03)(0.20)

= 0.197

23. (a) Under scenario A:
p=0(0.65) +5(0.2) + 15(0.1) 4+ 25(0.05) = 3.75
0 = /0%(0.65) +52(0.2) + 152(0.1) + 25%(0.05) — 3.7%* = 6.68

(b) Under scenario B:
p=0(0.65) + 5(0.24) + 15(0.1) 4+ 20(0.01) = 2.90
0 = 1/02(0.65) +52(0.24) + 15%(0.1) + 207(0.01) — 2.90%2 = 4.91

(c) Under scenario C:
p=0(0.65) + 2(0.24) +5(0.1) + 10(0.01) = 1.08
0 = 1/02(0.65) +22(0.24) + 52(0.1) + 10%(0.01) — 1.082 = 1.81

(d) LetL denote the loss.
Under scenario AP(L < 10) = P(L =0) + P(L =5) = 0.65+0.2= 0.85.
Under scenario BR(L < 10) = P(L = 0) + P(L = 5) = 0.65+ 0.24= 0.89.
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Under scenario (R(L < 10) = P(L =0) + P(L = 2) + P(L = 5) = 0.65+ 0.24+ 0.1= 0.99.

24. LetL denote the loss.

(8) P(ANL = 5) = P(L = 5/A)P(A) = (0.20)(0.20) = 0.040

(b)P(L=5) = P(L=5/A)P(A)+P(L=5|B)P(B)~+P(L=5|C)P(C)
= (0.20)(0.20) + (0.30)(0.24) + (0.50)(0.1)
0.162
() PAL—5— PAOL=5 0040 .

PL=5) 0162

25. (a)p(0,0) = P(X =0andY =0) = (%) (g) = 1—15 =0.0667
4 3 3 4 4
p(1,0) =P(X=1andY =0) = (f)) <§) + <f)> (5) =15= 0.2667
4 3 2
p(2,0) =P(X=2andY =0) = (f)) (5) == 0.1333
3 3 3 3 3
4 3 3 4 4
3 2 1
p(0,2) =P(X =0andY =2) = (f)) <§) == 0.0667
p(x,y) = 0 for all other pairgx,y).
y
x| 0 1 2
0| 0.0667 0.2000 0.0667
The joint probability mass functionis1 | 0.2667 0.2667 0
2| 0.1333 0 0

(b) The marginal probability density function Xfis:
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100 CHAPTER 2

( )—i+3+i—}
15 15 15 3
4, 4_38

Px(0) = p(0,0) + p(0,1) +

(1) = P(L,0) + P(L.1) = 72+ 7 = 75

p(1
x(2) = P(2.0) = =

lix = Opx (0) + 1px (1) + 2px(2) = 0 (;) +1 <185> +2 <125> = i—; ~0.8

(&)

(c) The marginal probability density function ¥fis:

1 4 2 7
Pv(0) =p(0,0)+p(1,0)+p(2.0) = T+ 1 T 1 = 1=

_8,4_7

pr(2) = p(0.2) = %
Ky = Opy (0) +1pv(1) +2py(2) _O<175> +1<175> +2(115) %:0.6

V02x(0) + 12px (1) + 220x(2) — 1
V/O?(1/3) + 12(8/15) + 22(2/15) - (12/15)?

v/ 96/225=0.6532

(d) ox

€0y = /0Py (0)+12py(1) +22py(2) — 1
\/02(7/15) + 12(7/15) + 22(1/15) - (9/15)?

\/84/225=0.6110

(f) Cov(X,Y) = pxy — KxHy-

ixy = (0)(0)p(0,0) +(1)(0)p(1,0) + (2)(0)p(2,0) + (0)(1)p(0, 1) + (1)(1) p(1, 1) + (0)(2)p(0,2)

4 (12\ (9 48
Cov(X,Y ) (L) =28~ 02133
ovVX.Y) =15 (15) (15> 225
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_ Cov(X,Y)  —48/225

(@) pxy = oxOy  /96/225,/84/225

= —0.5345

26. (a) The constaru:tsolves/ / c(x+y)?dxdy=1.

Smce// (X+y) dxdy—z :g.

3|t 2
(b) For 0< x < 1, fx(x / 5 (x+y)2dy= 2(x+y)° | _ 6x +6x+2.

7 o B 7
Forx<0orx>1f(x,y)=0forally, sofx(x) =0.
6x2 + 6x + 2 0 1
Thereforefx (x) = 7 X<
0 otherwise

(©) fyix(y[x) = ff X&? If x<0o0rx>1 fx(x) =0, sofyx(y|x) is undefined.
X

Now assume & x < 1. If y <0 ory > 1 thenf(x,y) = 0 for all x so fyx (y|X) =

If0 <y<1then
(6/T)(x+y)* _ 3(x+y)?

W0 = GaText2/7 3+l
3(x+Y)?
—F— 0 1
Thereforefyx (y|x) = ¢ 3x2+3x+1 Y=
0 otherwise

@EVIX=04) = [ yix(yloady

B / 3y04+y) d
N 3(0 +304)+1

0.24y% + 0.8y3 + 0.75y4
2.68

= 0.6679

(e) No, fyx (y[x) # fv(y).

0.
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1
9
i =14 0.6429

0 1 2
27. (a)ux:/ xfx(x)dx:/ XGX%de: 1—14(3x4+4x3+2x2)
—00 0

1 ,6x246x+2 1/6x° 3¢ 23
2 _ 2 R ==
(b) 0% = /0 X dx 7 ( ) 14) 2940

9\2 199
5 g = ettt —(—) = 22 _0.06769

(€) CovUX,Y) = pixy — HxH.
//xy( ) (x+y)?dxdy
16 (¥ 2%y Xy

¥ )o

o P\ \2T 3 T2
16y 2%y
- /07(2+?+4)dy

-S|

Hxy

0

Px = 1—94 computed in part (a). To compufg, note that the joint density is symmetric xnandy, so the
marginal density o¥ is the same as that of. It follows thatpy = px = 3

14
Cov(X,Y) = 17 (3) (3) 5_5 —0.008503.

42 14/ \ 14 88
199
(d) Since the marginal density ¥fis the same as that of, 02 = 0% = 2940
Thereforepyy = CovX,Y) _ —5/588 _ T —0.1256.

oxovy  ,/199/2940,/199/2940 199

28.  Since thecoinisfaiP(H) =P(T) =1/2. Thetossesareindependent.
SoP(HTTHH) =P(H)P(T)P(T)P(H)P(H) = (1/2) =1/32,and
P(HHHHH) = P(H)P(H)P(H)P(H)P(H) = (1/2)° = 1/32 as well.
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29. (a)px(0) = 0.6, px(1) = 0.4, px(x) =0 if x£0or 1.

(b) py(0) =04, py(1) =0.6, py(y)=0if y£0or 1.

(c) Yes. Itis reasonable to assume that knowledge of theomemf one coin will not help predict the outcome of
the other.

(d) P(0,0) = px(0)py (0) = (0.6)(0.4) = 0.24, p(0,1) = px(0)pv (1) = (0.6)(0.6) = 0.36,
P(1,0) = px(1)py (0) = (0.4)(0.4) = 0.16, p(L,1) = px(1)py (L) = (0.4)(0.6) = 0.24,
p(x,y) = 0 for other values ofx,y).

30.  The probability mass function &fis px(x) = 1/6 forx=1,2,3,4,5, or 6, andpx (x) = 0 for other values of.
Thereforeux = 1(1/6) +2(1/6) + 3(1/6) +4(1/6) +5(1/6) + 6(1/6) = 3.5. The probability mass function of
Y is the same as that &f, sopy = px = 3.5. SinceX andY are independengixy = pxpy = (3.5)(3.5) = 12.25.

31. (a) The possible values of the pé¥,Y) are the ordered pairx,y) where each ok andy is equal to 1, 2, or 3.
There are nine such ordered pairs, and each is equally likéiereforepx v(x,y) = 1/9 for x=1,2,3 and
y=1,2,3, andpx v(X,y) = 0 for other values ofx,y).

(b) Both X andY are sampled from the numbelr, 2,3}, with each number being equally likely.
Thereforepx (1) = px(2) = px(3) = 1/3, andpx (x) = 0 for other values of. py is the same.

(€) x = b = 1(1/3) + 2(1/3) + 3(1/3) = 2

133 1
_ <3 3 _ = — =
(d) Ixy = Zx1 Zy-1 XyPey (% y) = 9;: yZ Xy=5(1+2+3)(1+2+3)=4.

Another way to computpxy is to note thaX andY are independent, 3y = uxiy = (2)(2) = 4.

(e) CouX,Y) = pxy —pxpy =4—(2)(2) =0
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32. (a) The values ok andY must both be integers between 1 and 3 inclusive, and may nequ&. There are six
possible values for the ordered pgX,Y), specifically(1,2), (1,3),(2,1),(2,3),(3,1),(3,2). Each of these six
ordered pairs is equally likely.

Thereforepx.y(x,y) = 1/6 for (x,y) = (1,2),(1,3),(2,1),(2,3),(3,1),(3,2), and pxy(x,y) = 0 for other
values of(x,y).

(b) The value o is chosen from the integers 1, 2, 3 with each integer beinglgglikely.
Thereforepx (1) = px(2) = px(3) = 1/3. The marginal probability mass functigg is the same.
To see this, compute
Pr(1) =pxy(21) +pxy(3,1)=1/6+1/6=1/3
Pr(2) = pxy(1,2) + pxv(3,2) =1/6+1/6=1/3
pv(3) = px¥(1,3) + px,v(2,3) =1/6+1/6=1/3

(€) x = by = 1(1/3) + 2(1/3) + 3(1/3) = 2

@ xy = (1)(2)pxy(1,2)+(1)(3)px,y(1,3) +(2)(L)px,v(2,1)
+(2)(3)px.y(2,3) +(3)(L)px.y(3,1) +(3)(2)px.¥(3,2)
= [(D2)+ (1)) +(2)(1)+(2(3) +(3)(1) +(3)(2)](1/6)
11

3

(e) CouX,Y) = hxy — IxHy = %1 —(2)(2) = _%

33. (@)ux = [, xf(x)dx Sincef(x) = 0forx< 0, px = & xf(x)dx
(0) px = [ExF(X)dx> [ExF(x)dx> fkf(x)dx=kP(X > k)
() ix /k > kP(X > k) /k = P(X > K)
() b = Ky 2 = 0%
(&) P(|Y — v > ko) = P((Y — ) > K%)= P(X > K20?)

() P(Y — | > kov) = P(X > K20%) < pux /(K203 = 03/ (KeaF) = 1/Kk2
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SUPPLEMENTARY EXERCISES FOR CHAPTER 2 105

34.  pa = Tze. We now findud.
0% = gz — H&. Substituting, we obtain & pg — 107, Thereforeuz, = 101, andus = 1017

35. (a) If the pooled test is negative, it is the only test perfed, soX = 1. If the pooled test is positive, then
additional tests are carried out, one for each individuaK s= n+ 1. The possible values of are therefore 1
andn+1.

(b) The possible values of are 1 and 5. NowX = 1 if the pooled test is negative. This occurs if hone of the
individuals has the disease. The probability that this odsi(1 — 0.1)* = 0.6561. Thereford(X = 1) =
0.6561. It follows thaP(X = 5) = 0.3439.

Sopx = 1(0.6561) + 5(0.3439 = 2.3756.

(c) The possible values of are 1 and 7. NowK = 1 if the pooled test is negative. This occurs if none of the
individuals has the disease. The probability that this c&@(1 — 0.2)® = 0.262144. Therefor®(X = 1) =
0.262144. It follows thaP(X = 7) = 0.737856.

Sopx = 1(0.262144 + 7(0.737856 = 5.4271.

(d) The possible values of are 1 anch+ 1. Now X = 1 if the pooled test is negative. This occurs if none of the
individuals has the disease. The probability that this cxtsi(1— p)". ThereforeP(X =1) = (1—p)". It
follows thatP(X =n+1)=1—(1—p)".

Sopx =1(1—p)"+(n+1)(1 - (1—p) =n+1—n(1—p)"

(e) The pooled method is more economical if-110(1 — p)*° < 10. Solving forp yields p < 0.2057.
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