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CHAPTER 1

1.1to 1.41 - part of text

1.42

.43

(a) Periodic:
Fundamental period = 0.5s

(b) Nonperiodic

(c) Periodic
Fundamental period = 3s

(d) Periodic
Fundamental period = 2 samples

(e) Nonperiodic

() Periodic:
Fundamental period = 10 samples

(g) Nonperiodic
(h) Nonperiodic

(i) Periodic:
Fundamental period = 1 sample

y(t) = %‘%cos%oa + (T—;Elg

2
LN
9cos %OG + 60

g[costOOt + 7—3%1}

(a) DC component :g

N 9 s
(b) Sinusoidal component Ecos%lOOt + 30
9

Amplitude =



Fundamental frequency g=-@Hz

1.44 The RMS value of sinusoiddl) is A/ /2. Hence, the average powex@) in a 1-ohm
resistor is(A/ /2)° A2,

1.45 LetN denote the fundamental periodxpiN]. which is defined by

N

Tt

N:b—

The average power @fn] is therefore

1N_12
P = NZX [n]
N-1

= N ZA cosE27Tn cp%

n=0

Zcos[glnﬂpg

1.46 The energy of the raised cosine pulse is

E =" Licoget) + 1)t
.[—n/oo4
1 Vow 2
= ifo (cos (wt) + 2cos(wt) + 1)dt
_1mwoerd 1
= Zfo EEcos(Zwt) + 5 + 2cog(wt) + 1%&

_ 13amo _
= SO0 - 34w

1.47 The signak(t) is even; its total energy is therefore

5 2
E = ZIOX (t)dt



= 20 (D%t + 2 (5- 1)t
- 20 of 5

= 21, + 2[—%(5 —t)ﬂ5

2 _26
3 3

t=4

= 8+

1.48 (a) The differentiator output is

E 1 for -5<t<-4
y(t) = 0-1 for 4<t<5
E 0 otherwise
(b) The energy of(t) is
E = J’_4(1)2dt+ J’S(—l)zdt
-5 4

=1+1=2

1.49 The output of the integrator is
t
y(t) = AIOTdT = At forO<t<T

Hence the energy oft) is

T 2.2 AZT3
E = Atdt = —
Io 3
1.50 (a)
x(5t)
1.0
1 -08 0 08 1
(b) X(0.20)
1.0
25 -20 0 20 25



1.51

X(10t - 5)
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1.52
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x(2y(1/2t + 1)
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1.53 We may represerift) as the superposition of 4 rectangular pulses as follows:
g1(t)

To generat@;(t) from the prescribed(t), we let

9,(t) = g(at—b)
wherea andb are to be determined. The width of pulg8 is 2, whereas the width of
pulseg;(t) is 4. We therefore need to expagft) by a factor of 2, which, in turn, requires

that we choose

a=:
2

The mid-point ofg(t) is att = 0, whereas the mid-point of(t) is att = 2. Hence, we must
chooseb to satisfy the condition

a(2)-b =0

or

_ _ o0 _
b—2a—2E2D—1

- ot _ 40
Hence,g,(t) = g[Qt_lm

Proceeding in a similar manner, we find that
2, _50

gz(t) = g[B 30

93(t) = g(t-3)

9u(t) = 9(2t-7)
Accordingly, we may express the staircase siglin terms of the rectangular pulgé)
as follows:



1.54

x(t) = gfft- 10+ gkt~ 2+ g(t-3) +g(2t-7)

(@)

(b)

(€)

(d)

(e)

X(t) = u(t) - u(t - 2)

X(t) = u(t + 1) - Au(t) + u(t - 1)

-2 0 1 2
| | t

-1 3

X(t) = -u(t + 3) + Ut +1) -2u(t - 1) +u(t - 3)

1 2 3
1 | t

X®)=rt+1)-r(t) +r(t-2)




1.55 We may generaiét) as the superposition of 3 rectangular pulses as follows:

1.56

01(t)

| | | | | | L t
-4 -2 0 2 4

All three pulsesg(t), go(t), andgs(t), are symmetrically positioned around the origin:
1. g(t) is exactly the same agt).

2. 0go(t) is an expanded version gft) by a factor of 3.

3. gz(t) is an expanded version gft) by a factor of 4.

Hence, it follows that
g,(t) = g(t)

go(t) = ngt

gs(t) = ga}tg

That is,
X(9) = o(t) + grEtT+ g tE
()
x[2n]
)
Bl n
-1 0 1
(b)
X[3n - 1]
2]l o
1
o) n
-1 0 1
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1.56 (c)

(d)
Y2 - 2]
E FZ r o 2 3 4 5
TTATT
(e)
X[n-2]+y[n+ 2]
o 14 )
93 0
12 0
2 -1 01 2 3 4 5 6 7
()

X[2n] + y[n - 4]

11



1.56 (9)

(h)

(i)

)

x[n+ 2}y[n - 2]

o
o

H2

X(3 - n]y[-n]

3

he

AP
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156 (k)
x{n + 2]y[6-n]

1.57 (a) Periodic
Fundamental period = 15 samples

(b) Periodic
Fundamental period = 30 samples

(c) Nonperiodic

(d) Periodic
Fundamental period = 2 samples

(e) Nonperiodic
(f) Nonperiodic

(g) Periodic
Fundamental period =r&seconds

(h) Nonperiodic
(i) Periodic

Fundamental period = 15 samples

1.58 The fundamental period of the sinusoidal sigklal] is N = 10. Hence the angular
frequency of[n] is

Q = Z%m m: integer

The smallest value d@ is attained wittF 1. Hence,
_2m _ T .

Q = 0" & radians/cycle
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1.59

1.60

1.61

The amplitude of complex signdt) is defined by

«/Azcosz(oot +@) + AzSinz(OOt + @)

JXE() +X(1)

A«/cosz(oot + @) + Sihz(oot + @)
A

Real part ok(t) is
Re[x(1)} = Ae" cog(wt)

Imaginary part ok(t) is
Im{x(t)} = Ae"'sin(wt)

We are given

=

1]
o o o o o

~ Dl

A
< —
2 for t >

The waveform ok(t) is as follows

14



The output of a differentiator in response(t) has the corresponding waveform:
y(t)

1/A

Yz 0 A2 t

v
1 A
> ot +7)

y(t) consists of the following components:

1. Rectangular pulse of duratiah and amplitude ¥ centred on the origin; the area
under this pulse is unity.

2. An impulse of strength 1/2 at A/2.

3. Animpulse of strength -1/2 &t -A/2.

As the duratio\ is permitted to approach zero, the impulses §{{2y/2) and

-(1/2)0(t+A/2) coincide and therefore cancel each other. At the same time, the rectangular
pulse of unit area (i.e., component 1) approaches a unit imputse@tWe may thus state

that in the limit:

lim y(t) = lim gx(t)
A-0 Ao dt
= 3(t)
1.62 We are given a triangular pulse of total durattband unit area, which is symmetrical

about the origin:
x(t)

2/IA
slope = 482 slope = -4?
area=1
t
-N\/2 0 A2

15



(a) Applyingx(t) to a differentiator, we get an outpft) depicted as follows:
y(t)

area = 24 4/p?
\\‘

A2

-N?2
<-—area=24

-4pN?

(b) As the triangular pulse duratiodA approaches zero, the differentiator output
approaches the combination of two impulse functions described as follows:

* Animpulse of positive infinite strengthtat 0.
« Animpulse of negative infinite strengthtat 0"

(c) The total area under the differentiator outy(titis equal to (24) + (-2/A) = 0.

In light of the results presented in parts (a), (b), and (c) of this problem, we may now make
the following statement:
When the unit impulsé(t) is differentiated with respect to tintethe resulting output

consists of a pair of impulses locatedtat 0" andt = 0", whose respective strengths
are +eo and «o.

1.63 From Fig. P.1.63 we observe the following:
X(1) = X,(t) = X5(t) = x(t)
X,(t) = ys(t)

Hence, we may write

y1(t) = x()x(t-1) (1)
Yo(t) = [x(1)] (2)
ya(t) = cos(ys(t)) = cos( 1+ X(1)) 3)

The overall system output is
Y(1) = yi(t) +yo(t) —y,(t) (4)

Substituting Egs. (1) to (3) into (4):
y(1) = x()x(t—1) + |x(t)| — cos(1 + 2x(1)) 5)

Equation (5) describes the operakbthat defines the outpy(t) in terms of the inpuk(t).

16



1.64 Memoryless Stable Causal Linear Time-invariant
(a)
(b)
()
(d)
(e)
®
(9)
(h)
(i)
()
(k)
{)

OOoOOX X OX x X OOO
o o o o o R Y o R
OOo0OXOXOXgoOodod
X OogooOoXogooXxoXx
o o o o R Y o R

1.65 We are given
y[n] = agx[n] + a;x[n—1] + a,x[n—2] + agx[n—3] Q)

Let
SUx(n} = x(n—K)

We may then rewrite Eq. (1) in the equivalent form
yInl = agx(n] +a,S{X[n]} +a,S{x[n]} +a;S{x[nl}

(ag+ als1 + a282 + a3S3){ X[ n]}
H{x[n]}

where

H = a0+a181+a282+a383

(a) Cascade implementation of operdator

X[n]

17



1.66

1.67

1.68

(b) Parallel implementation of operatedr

[
Xn] yin]

Using the given input-output relation:
y[n] = agx[n] +a;x[n—1] + a,x[n—2] +agx[n-3]
we may write
ly[n]l = |agx[n] + a;x[n—1] + a,x[n—2] +azx[n-3]|
< |[agx[n]| + [a;x[n—1]| +|ayx[n—2]| + [agx[n-3]|
< |ag| My + [ag| My + |ay| M, +|ag| M,
= (Jag * |ag] +[ag] +[ag) )My
where M, = [x(n)| . Hence, provided thi, is finite, the absolute value of the output
will always be finite. This assumes that the coefficiemis, a,, a;, have finite values of

their own. It follows therefore that the system described by the opdtradbiProblem 1.65
is stable.

The memory of the discrete-time described in Problem 1.65 extends 3 time units into the
past.

It is indeed possible for a noncausal system to possess memory. Consider, for example, the
system illustrated below:

X[n] x(n-1)

x(n +K)

yin]
That is, With§{x[n]} = X[n - 1], we have the input-output relation

y[n] = agx[n] +a,x[n+ K +ax[n—1]

This system is noncausal by virtue of the teagx[n + k]. The system has memory by
virtue of the terngx[n - 1].

18



1.69 (a) The operatdt relating the outpug[n] to the inputx[n] is

H=1+S+S

where
Sk{ X[n]} = x[n=K for integek

(b) The inverse operat(bfi”"is correspondingly defined by

H

inv _ 1
1+S'+S
Cascade implementation of the operaktbis described in Fig. 1. Correspondingly,

feedback implementation of the inverse operIaljBYis described in Fig. 2
X[n]

Fig. 1
OperatoH

X[n]

Fig. 2 .
Inverse Operatad™

Figure 2 follows directly from the relation:
X[n] = y[n]-X[n-=1] —x[n-2]

1.70 For the discrete-time system (i.e., the operbfodescribed in Problem 1.65 to be time-
invariant, the following relation must hold

S®H = HS® for integeng (1)
where

S°{x[n]} = x[n—ny]

and

H=1+S+¢

We first note that
S°H = S°(1+S" +S)

No+1

=S°+S
Next we note that

HS® = (1+S'+S)S"®

ng+2

+S (2)

19



Ny 2+n,

=gb+s "My s 3)
From Egs. (2) and (3) we immediately see that Eq. (1) is indeed satisfied. Hence, the
system described in Problem 1.65 is time-invariant.

1.71 (@) Itis indeed possible for a time-variant system to be linear.
(b) Consider, for example, the resistance-capacitance circuit where the resistive
component is time variant, as described here:

i 1RO
I_H__/\' (®) | M ,_r_¢_l 0+
vi(t) @ | c— Volt)
| |

This circuit, consisting of the series combination of the resiB{¢y and capacitoC, is
time variant because &(t).

The input of the circuity,(t), is defined in terms of the outpuyit) by
dv,(t)
ar TV

Doubling the inputv,(t) results in doubling the output,(t). Hence, the property of
homogeneity is satisfied.

vy(t) = R(HC

Moreover, if

N
vy(t) = ZVL k(1)
k=1
then
N
Vy(t) = ZVZ k(1)
k=1
where
dv2’ k(1)

Vi (1) = ROC—45= + v, (1), k=12,.N

Hence, the property of superposition is also satisfied.

We therefore conclude that the time-varying circuit of Fig. P1.71 is indeed linear.

1.72 We are given thgth power law device:
y(t) = x°(t) (1)

20



1.73

1.74

1.75

Let y;(t) andy,(t) be the outputs of this system produced by the inpyi(§ and x,(t),
respectively. Lek(t) = x;(t) + X5(t), and lety(t) be the corresponding output. We then note
that

y(1) = (X (1) + %,(1))P £y, (1) + y,(1) forpz0, 1
Hence the system described by Eg. (1) is nonlinear.

Consider a discrete-time system described by the opErator

Hi: y[n] = agx[n] + ax[n—K]

This system is both linear and time invariant. Consider another discrete-time system
described by the operatbip:

H,: y[n] = byx[n] +bx[n+ K]

which is also both linear and time invariant. The systemis causal, but the second
systemH, is noncausal.

The system configuration shown in Fig. 1.56(a) is simpler than the system configuration
shown in Fig. 1.56(b). They both involve the same number of multipliers and summer.
however, Fig. 1.56(b) requirdéreplicas of the operatdt, whereas Fig. 1.56(a) requires a
single operatoH for its implementation.

(a) All three systems
* have memory because of an integrating action performed on the input,
» are causal because (in each case) the output does not appear before the input, and
» are time-invariant.

(b) H; is noncausal because the output appears before the input. The input-output relation

of H; is representative of a differentiating action, which by itself is memoryless.

However, the duration of the output is twice as long as that of the input. This suggests
thatH,; may consist of a differentiator in parallel with a storage device, followed by a

combiner. On this basibl; may be viewed as a time-invariant system with memory.

SystemH, is causal because the output does not appear before the input. The duration
of the output is longer than that of the input. This suggestsHhahust have memory.
It is time-invariant.

SystenmH; is noncausal because the output appears before the input. Part of the output,
extending fromt = -1 tot = +1, is due to a differentiating action performed on the
input; this action is memoryless. The rectangular pulse, appearing in the output from
t=+1tot=+3, may be due to a pulse generator that is triggered by the termination of
the input. On this basisiz would have to be viewed as time-varying.

21



Finally, the output oH, is exactly the same as the input, except for an attenuation by a
factor of 1/2. Hencesl, is a causal, memoryless, and time-invariant system.

1.76 H, is representative of an integrator, and therefore has memory. It is causal because the
output does not appear before the input. It is time-invariant.

H, is noncausal because the output appeatrs &, one time unit before the delayed input

att = +1. It has memory because of the integrating action performed on the input. But,
how do we explain the constant level of +1 at the front end of the output, extending from
t=0tot=+17? Since the system is noncausal, and therefore operating in a non real-time
fashion, this constant level of duration 1 time unit may be inserted into the output by
artificial means. On this basld, may be viewed as time-varying.

H3 is causal because the output does not appear before the input. It has memory because of

the integrating action performed on the input frars 1 tot = 2. The constant level
appearing at the back end of the output, from 2 tot = 3, may be explained by the
presence of a strong device connected in parallel with the integrator. On thishbasss,

time-invariant.
Consider next the inpu(t) depicted in Fig. P1.76b. This input may be decomposed into

the sum of two rectangular pulses, as shown here:

x(t) %a(t) xg(t)

2T 2 2

1 - 1 1

0 1 2t 0 1 2t 0 1 2t
Response dfi; to x(t):
Y1) Y10 ya(t)

2

[EnY
=N
=N

22



Response dfi, to x(t):

Yaa(®) Y2500 vt

2— 2 + 24
\ + 1 | K - h
1 2 2

The rectangular pulse of unit amplitude and unit duration at the front eng(dfis
inserted in an off-line manner by artificial means

[y

—e
]

N P O
—1

[E=Y

'_\

N P O

Response dfi to x(t):

ya(t)
y3al) y3e() 3
2 2 2
+ —_—
1 1 1
| | | |
0 1 2 t 0 1 2 3t 0 1 2 8

1.77 (a) The response of the LTI discrete-time system to the dpu{ is as follows:

yinl
: T
1
SR
-1 1 l 3
_1_
(b) The response of the system to the in@lih- d[n - 2] is as follows
ynl

D

P »

b
=
N
]
—o

(]

Yo
(e)]

N O
=
'
P o
o—
N
w
c— &

23



(c) The input given in Fig. P1.77b may be decomposed into the sum of 3 impulse
functions:d[n + 1], -9[n], and BD[n - 1]. The response of the system to these three
components is given in the following table:

Time | o[n+ 1] -o[n] 20[n - 1] Total
n response
-1 +2 +1
0 -1 -2 -3
1 +1 +1 +4 +6
2 -1 -2 -3
3 +2 2

Thus, the total respongfn] of the system is as shown here:

yin]
64 O

5_
4
3 4
2

[
[a} 8]

N
On
a1
(e}

3 -2 -10 1 3
-1

24

34
0

Advanced Problems

1.78 (a) The energy of the signal x(t) is defined by

E = f e (t)dt

Substituting
X(t) = xg(t) +x,(t)
into this formula yields

E = J’f [x.() + x,(t)]2cl
= [ e+ + 2% () x (1)) et

= J'°° x2(t)dt + f xﬁ(t)dt+2ﬁ° Xo(1) X, () dlt

24

(1)



With x(t) even and,(t) odd, it follows that the produgg(t)x,(t) is odd, as shown by
Xe(_t)xo(_t) = Xe(t)[_xo(t)]
= _Xe(t)xo(t)

Hence,

<) 0 0o
[ OO = [ xe(Ox(0+ [ xo(xo(t)cl

= [} R0 + [ x,(0)a

_Io Xo (1) X, (t)dt +J’O Xo(1) X, (t)dt
=0

Accordingly, Eq. (1) reduces to
E = J’°° X(t)dlt + J'°° x2(t)dt

(b) For a discrete-time sign&ln], —eo < n<co, we may similarly write

[ee]

E = Z x2[n]

n=-c

S [xeln] +x,[n]]°

= 3N+ 3 R0 +2 S xdnlxn] (2)
With
X[—N] X [—N] = =X[n]x,[Nn]
it follows that
00 0 00
S xnlxonl = 5 x[nlxnl + 5 xe[nlxe[n]
n=-o n=-co n=-0

[ee]

0
= 3 x[-nlx[-nl + Y x[nlxy[n]

n=-0
O o]
= =Y xnlxg[nl + 3 xo[n]x,[n]
n=0

n=co

=0

25



Accordingly, Eq. (2) reduces to

[oe]

E= Y XIn + Y xln]

n=-o

1.79 (a) From Fig. P1.79,
i(t) = (1) +ix(t) (1)
d'éit) FRiy(t) = 2 i (D) )

—00

L

Differentiating Eq. (2) with respect to tinte

d%i, (1) diq(t
. ;i)”% 2 = L0 )

Eliminatingi,(t) between Egs. (1) and (2):

d%iy(t) dig(t
L ;i LR ';ﬁ’ = 2l i)

Rearranging terms:
2. .

d’iy() | Ry | 1
dt

L O = el @)

(b) Comparing Egs. (4) with Eq. (1.108) for the MEMS as presented in the text, we may
derive the following analogy:

MEMS of Fig. 1.64 LRC circuit of Fig. P1.79
y(®) i1(t)
@n 1/.JLC
Q ok 1L
R RNC
0 Lig)

26



1.80

1.81

1.82

(a) As the pulse duratiahapproaches zero, the area under the pxiég remains equal
to unity, and the amplitude of the pulse approaches infinity.

(b) The limiting form of the pulse,(t) violatesthe even-function property of the unit
impulse:
o(—t) = o(t)

The outpuy(t) is related to the inpu(t) as
y(t) = H{x(1)} 1)

Let Ty denote the fundamental periodxf), assumed to be periodic. Then, by definition,
x(t) = x(t+ Ty) (2)

Substitutingt +T for t into Eq. (1) and then using Eq. (2), we may write

y(t+Tg) = H{x(t+ Ty}

H{x(1)}

y(1) 3

Hence, the outpui(t) is also periodic with the same peridgl

(@) For0D<t<o , we have

XA (1) = 1g

A

At t=A/2, we have
A = x,(A/2)

_ le—A/(zr)

A

Sincex,(t) is even, then

A= x(8/2) = x(-0/2) = &0

(b) The area under the pulsgt) must equal unity for
O(t) = lim x,(t)
A0

The area undety(t) is

27



f x, (1)t = ZI:xA(t)dt

APl 1
= 2.[0 Ae dt

2 —t/T|®
= 20e ]

_ 2
A

For this area to equal unity, we require

I = A
2
(c)
8 T T T T
7k - -A=1 B
A=05
A=0.25
— A=0.125
6k -
5L 4
3]
o
2
Sar 1
S
<
3k -
ok 4
lk -
0 T O] \\\T“¥‘\777¥,
-2 -15 -1 1 15 2

1.83 (a) Let the integral of a continuous-time sigi{gl —o <t < oo, be defined by

y(t) = Ith(T)dT

- Ji, x(t)dt +J’;x(r)dr

28



0
The definite integraJ’ x(t)dt , representing théial condition, is a constant.

With differentiation as the operation of interest, we may also write

x(t) = %

Clearly, the value of(t) is unaffected by the value assumed by the initial condition

0
[ x(at

It would therefore be wrong to say that differentiation and integration are the inverse
of each other. To illustrate the meaning of this statement, consider the two following

two waveforms that differ from each other by a constant valuecfot t < oo

xq(t) Xo(t)

slope =a

0 t 0 I t
dx(t)  dx(t)

= , as illustrated below:
dt dt

Yet, y(t) =

y(t)

(b) For Fig. P1.83(a):
YO+ 5[y = x(t)

ForR/L large, we approximately have

R y(t)dt = x(t)

—00

Equivalently, we have a differentiator described by
<L dx(® R

(1) R W’ L large

29



For Fig. P1.83(b):

v+ D =

For R/L small, we approximately have
L dy(t)_

=

R dt

Equivalently, we have an integrator described by
R

~R( R
y(t) = LLOO x(t)dt 3 small

(c) Consider the following two scenarios describingltRecircuits of Fig. P1.83
» The input x(t) consists of a voltage source with an average value equal to zero.
* The input x(t) includes a dc componé&nfexemplified by a battery).
These are two different input conditions. Yet for lafgé., the differentiator of Fig.
P1.83(a) produces the same output. On the other hand, for Rhzthe integrator of
Fig. P1.83(b) produces different outputs. Clearly, on this basis it would be wrong to
say that these twoR circuits are the inverse of each other.

1.84 (a) The outpuy(t) is defined by
y(t) = Agcos(wgt + @)x(1) (1)

This input-output relation satisfies the following two conditions:

» Homogeneity: If the inpux(t) is scaled by an arbitrary factar the outputy(t) will
be scaled by the same factor.
» Superposition: If the input(t) consists of two additive componentgt) andx,(t),

then

y(t) = yq(t) +y,(t)

where

y(t) = Agcos(wpt + @)%, (t), k=1,2

Hence, the system of Fig. P1.84 is linear.

(b) For the impulse input
x(t) = o(t),

Eq. (1) yields the corresponding output
y'(t) = Apcos(wyt + @)o(t)
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