SOLUTIONS MANUAL

MECHANICAL
VIBRATION




Solutions Manual©
to accompany
Mechanical Vibration, First Edition
by
William J. Palm III

University of Rhode Island

Solutions to Problems in Chapter Two

©Solutions Manual Copyright 2006 by John Wiley & Sons, Inc. Permission required for
use, reproduction, or display.



Problem 2.1 The tangential velocity component of the cylinder is Ré, and the tangential

velocity component of the contact point is r6. If there is no slipping, these two components
must be equal. Thus R¢ = r6.
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Problem 2.2 The tangential velocity component of the cylinder is Ré, and the tangential

velocity component of the contact point is r6. If there is no slipping, these two components
must be equal. Thus R¢ = r6.
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Problem 2.3 Let 0 be the angle of the line BA measured from the vertical. That is, § = 0
when point A is in contact with the surface. Then w =6 and o = 6.
Let s be the linear displacement of point B. Then

s= R0
UB:Rész
aB:Ré:Roz

Establish an zy coordinate system whose origin is located at the point of contact of point
A with the surface at time ¢ = 0. The coordinate x is positive to the left and y is positive
upward. Then the zy coordinates of point A are

x=5—Rsin § = R(A —sin 0) y=R— R cos 0

& = RO(1 — cos 0) = vg(1 — cos 0) y = RO sin 0 = vp sin 0

So the velocity of point A has the components & and y. The magnitude of the velocity is

vA = \/:t2 +92 = \/v%(l —cos 0)2 +v%sin? 0 = vy /2(1 — cos 0)

To find the acceleration, differentiate again to obtain

&= "p(1—cos ) +vph sin = ap(l — cos 0) + Rw? sin 6

= 'y)sinH—I—UBé cos 6 = agsin 0 + Rw? cos 0

or
# = Ra(1 — cos 0) + Rw? sin 0

ij = Rasin 0 + Rw? cos 0

The acceleration magnitude is

as = \/i2 + 2 = V2R202 4+ R2w* + 2R2aw? — 2R2a2 cos 0
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Problem 2.4 Let x be the horizontal displacement of the vehicle measured to the left from
directly underneath the pulley. Let y be the height of the block above the ground. Let D
be the length of the hypotenuse of the triangle whose sides are  and 3 m. Then, from the
Pythagorean theorem,
D? = g% 4 32 (1)
Differentiate this to obtain
DD = zi (2)

The total cable length is 10 m, so D +3 — y = 10 or

D=y+7 (3)

This gives
??=D?—-9=(y+7)?%-9 (4)
and . .
. Th xE
4 D T7+y 5)

Substituting the given values of y = 2, & = 0.2 into Equations (4) and (5), we obtain

x =472 =62 and

= —0.1885 m/s

61/2(0.2)
9

This is the velocity of the block after it has been raised 2 m.
To obtain the acceleration, differentiate Equations (2) and (5) to obtain

D?>+ DD = 2 ii
j=D
Solve for D:

. 24+ ii—D?  (0.2)2+0— (0.1885)2 2
D= : = =0.02
5 0 183% 0.0237 m/s

Since §j = D, the acceleration of the block after it has been raised 2 m is 0.0237 m/s?.
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Problem 2.5 Only one of the pulleys translates, so vo = v1/2.

Excerpts from this work may be reproduced by instructors for distribution on a not-for-profit basis for testing
or instructional purposes only to students enrolled in courses for which the textbook has been adopted. Any

other reproduction or translation of this work beyond that permitted by Sections 107 or 108 of the 1976
United States Copyright Act without the permission of the copyright owner is unlawful.



Problem 2.6 Let vc denote the velocity of the middle pulley. Then ve = v4/2 and
v = vc /2. Thus, vg = (v4/2)/2 =va/4.
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Problem 2.7 )
Mo = lpa = 1p0
Iop =Ipag + mRL2 + mcL%«

Mo = —mpggL sin 8 — mcgLc sin 0
Thus )

(Ipc + mprL? + mcL%)H = —(mgpL+ m¢cLc)g sin 0
If mp ~ 0 and if IRG ~ 0, then

mcL%«é = —mcLcg sin 0

or

Lo =—gsin 6
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Problem 2.8 The tangential velocity component of the cylinder is Ré, and the tangential
velocity component of the contact point is r6. If there is no slipping, these two components
must be equal. Thus R¢ = rf and R¢ = r6.

KE = %IG& + %M (= R)é}2
PE=Mg[(r—R)— (r—R)cos 0] = Mg(r—R) (1 —cos 0)
Because KFE + PE = constant, then d(KE + PE)/dt = 0 and
Igdo + M(r — R)?60 + Mg(r — R)sin 0 =0
But R¢ = rf and ¢ = r6/R. Thus

2 . e . e .
I (%) 66 + M(r — R)200 + Mg(r — R)sin 06 =0

Cancel 6 and collect terms to obtain

2 .
lIG (%) + M(r—R)*| 64+ Mg(r— R)sinf =0
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Problem 2.9 The tangential velocity component of the cylinder is R, and the tangential
velocity component of the contact point is r6. If there is no slipping, these two components
must be equal. Thus R = 0 and R¢ = 6.

The energy method is easier than the force- moment method here because 1) the motions
of the link and cylinder are directly coupled (i.e. if we know the position and velocity of one,
we know the position and velocity of the other), 2) the only external force is conservative
(gravity), and 3) we need not compute the reaction forces between the link and the cylinder.

2
Io—l—m(§> ]92

PE = Mg(r— R) (1 —cos 6) + mg(r — g)(l — cos )

1,1 a2 1 (LA\? 1

Because KFE + PE = constant, then d(KE + PE)/dt = 0, and

L 2

But ¢ = 7"0/ Rand ¢ =16 /R. Substitute these expressions, cancel 0, and collect terms to
obtain

. ... I2 ..
Icpp+M (r—R)200+mZ00+

) L )
00+Mg(r—R) sin 0 0+myg (r — 5) sin 86 =0

2 2

2 L L?] . L
lIG(L> +M(r—R?*+m—+1Io+m— 0-1-[Mg(r—R)+mg(r—§>]sin9:0

R 4 4
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Problem 2.10 a) Let point O be the pivot point and G be the center of mass. Let L be
the distance from O to G. Treat the pendulum as being composed of three masses:
1) mq, the rod mass above point O, whose center of mass is 0.03 m above point O;
2) ma, the rod mass below point O, whose center of mass is 0.045 m below point O, and
3) mg, the mass of the 4.5 kg block.
Then, summing moments about G gives

m1g(L + 0.03) — mag(0.045 — L) — m3g(0.09 + 0.015— L) = 0

where 0.06
=—"—"1.4=0.56k
™= 0515 &
0.09
=—14=0.84%k
2= 515 &
ms = 4.5 kg

The factor g cancels out of the equation to give
0.56(L + 0.03) — 0.84(0.045 — L) — 4.5(0.105— L) =0

which gives L = 0.084 m.
b) Summing moments about the pivot point O gives

Io0 = —mgL sin 0

where m is the total mass. From the parallel-axis theorem, treating the rod as a slender
rod, we obtain

1
Io = — (1.4) (0.06 + 0.09)2 + (1.4) (0.015)% + (4.5) (0.09 + 0.015)2 = 0.0525 kg - m?

and mgL = (1.4+ 4.5)(9.81)(0.084) = 4.862 N-m. Thus the equation of motion is
0.05250 = —4.862 sin §

or )
0 +92.61sin6=0
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Problem 2.11 See the figure for the coordinate definitions and the definition of the reaction
force R. Let P be the point on the axle. Note that yp = 0. The coordinates of the mass
center of the rod are z¢ = xp — (L/2) sin 0 and yg = —(L/2) cos 6. Thus

L. L.
g =ip— —0 cos O + =62 sin 0
2 2
L. L.
g = 59 sin 0 + 592 cos 0
Let m be the mass of the rod. Summing forces in the x direction:
L. L.
mig = f or m (:ip - 59 cos 0 + 592 sin 0) =f (1)
Summing forces in the y direction:

L. L.
mijc = R —mg or m(EH sin0—|—§92 cos 0) =R-mg (2)

Summing moments about the mass center: Igf = (fL/2) cos §—(RL/2) sin . Substituting
for R from (2) and using the fact that I = mL?/12, we obtain

1 9; fL mgL . mL? 5 . mL? ., .
EmLe—TCOSQ— 5 sin 6 — 1 sin HH—TH sin § cos (3)

The model consists of (1) and (3) with m =20 kg and L = 1.4 m.

i Pl
B S

Figure : for Problem 2.11
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Problem 2.12 a) 2kx = mg, so x = mg/2k.
b)
1
Ty =0 L@:EMQ%P

1 1
T = gmv’ Vi = 5k[0.06 +2(0.09)}* — mg(0.09)

From conservation of energy,

To+Vo=T1+W
Thus

1 1
§mﬁzﬂb+wrwﬁ:§MQ%P—§HQ%+2m0%P+mm0m)
Solve for v using m = 30 and k = 600 to obtain v = 0.828 m/s.
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Problem 2.13 a) From conservation of energy,
To+VW—"Wn=T1+W"

Thus 1
0 4+ mgd sin 0 — umgd cos 0§ = §mv2 +0

Thus

v = \/2gd(sin 0 —pcos @) =2.04 m/s

b) From conservation of energy,
Th+Vi—Wia=T+V

Thus

1 1
§mv% + mgx sin 0 — umgz cos 6 = 0+ §k‘:172

This gives
6.2421 + 20.807z — 8.3228x = 500>

which has the roots x = 0.1249 and x = —0.0999. Choosing the positive root, we see that
the spring is compressed by 0.1249 m.
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Problem 2.14

1
W = fo— §k [(:1: + 20)? —:173] — mgx sin 0
or

W = 400(2) — %44 [(2.5)2 - (0.5)2] — 11(9.81)2(0.5) = 560.09 N -m
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Problem 2.15 Let x1 be the initial stretch in the spring from its free length. Then
(L+21)*> = (Dy —7r)? + D3

where r is the radius of the cylinder. This gives x1 = 1.828 m.
From conservation of energy,

Th+Vi=T2+ Vs

or
1 1 1 1
0+ Ek‘:nf = Emv2 + §Iw2 + Ek‘:ng
where v = Rw and z9 = D1 —r — L = 1 m. This gives

1 1
04 41.77 = 510(0.25@2 + 50.4w2 +12.5

or w = 7.56 rad/s.

Excerpts from this work may be reproduced by instructors for distribution on a not-for-profit basis for testing
or instructional purposes only to students enrolled in courses for which the textbook has been adopted. Any
other reproduction or translation of this work beyond that permitted by Sections 107 or 108 of the 1976
United States Copyright Act without the permission of the copyright owner is unlawful.



Problem 2.16 The velocity of the mass is zero initially and also when the maximum
compression is attained. Therefore AT = 0 and we have AT + AV = AT+ AV, + AV, =0
or AV, 4+ AV, = 0. That is, if the mass is dropped from a height h above the middle
spring and if we choose the gravitational potential energy to be zero at that height, then
the maximum spring compression x can be found by adding the change in the gravitational
potential energy 0 — W(h + ) = —W(h + x) to the change in potential energy stored in
the springs. Thus, letting W = mg,

%k1($2—0)+ 0—-W(h+z)] ifz<d

where d is the difference in the spring lengths (d = 0.1 m). This gives the following quadratic
equation to solve for x:

%klﬁ—W:U—Wh:o ife<d (1)
If x > d, AV, + AV, = 0 gives
%k1($2—0)+%(2k2) (e =) 0] +[0-W(h+2)=0 ifa>d
which gives the following quadratic equation to solve for x.
(ky + 2ko)az® — (2W + 4kod)x + 2kod* —2Wh =0 ifz >d (2)
For the given values, equation (1) becomes
10122 — 200(9.81)z — 200(9.81)(0.75) =0  if z < 0.1

which has the roots x = 0.494, which is greater than 0.1, and z = —0.2978, which is not
feasible. Thus, since there is no solution for which z < 0.1, the side springs will also be
compressed. From equation (2)

2.6 x 10%2? — (1962 + 3200)z + 160 — 1471.5 =0

which has the solutions: z = 0.344 and x = —0.146. We discard the second solution because
it is negative. So the outer springs will be compressed by 0.344 — 0.1 = 0.244 m and the
middle spring will be compressed 0.344 m.
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Problem 2.17 From conservation of angular momentum,

Ho1 = Hoz
or
mo1(0.5) = [Ig +ma(1)? + mi(0.5)] w
or 1
0.8(10)v1(0.5) = [5(4)(1)2 +4+ 0.8(0.5)2] w
Solve for w:

w=0.882 rad/s
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Problem 2.18 From the figure,
vp1 = 10 cos 30°

_va2—vpy  0.6w—wvpy

e:l_ g
UB1 — VA1 v — 0

Thus
vy = 10 cos 30° = 0.6w — VB2

and
vpe = 0.6w — 8.66

From conservation of momentum,

Ho1 = Ho2
or
myvp1(0.6) = Iow + myvp2(0.6)
where ]
Io = Ig + my(0.6)%> = Em2(0.8)2 + 4(0.36) = 1.653
Thus
0.8(8.66)(0.6) = 1.653w + 0.8(0.6)(0.6w — 8.66)
This gives

w=4.28 rad/s
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Problem 2.19 From conservation of angular momentum,

Ho1 = Hoz

or

muvy(2L) = [IG + moL? + m1(2L)2} w
where ] )

Ig = —my(2L0)% = —4.5(2.4)> =2.1

G 12m2( ) 12 5(2.4) 6
Thus

0.005(365)(2.4) = [2.16 + 4.5(1.2)2 + 0.005(2.4)?| w

Solve for w:

w=0.505 rad/s
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Problem 2.20 Let f, be the reaction force on the pendulum from the pivot in the normal
direction. When 6 = 7 /2, f,, is vertical and is positive upward. Let f; be the reaction force
on the pendulum from the pivot in the tangential direction. When 6 = 7/2, f; is horizontal
and is positive to the right.

Summing moments about the pivot at point O gives the equation of motion of the
pendulum.

. L
1ol = mg - cos 0

Summing moments about the mass center gives
. L

Ig0 = fi—

a0 = fi 5

Comparing these two expressions, we find that

I
ft = MG cos 6
Io

Thus the tangential reaction force is f; = 0 when 6 = 7 /2.
To compute the normal reaction force, sum forces in the vertical direction to obtain

man = fn —myg
where the normal acceleration is given by the following expression for circular motion.

L
= _w2

an, 5

Thus
L ,
fn = mg + may, :mg—l—me

We can compute w either from energy conservation or by integrating the equation of
motion. With the energy method we use the fact that the kinetic energy at 8 = 90° equals
the original potential energy at & = 0. Thus

1

L
ZIhw? = -
glow” =mg3

Since Ip = mL?/3 for a slender rod, this gives w? = 3g/L.

(Continued on the next page)
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Problem 2.20 (continued)
To integrate the equation of motion, note that

jde _dedd  do
dt dOdt  db

Thus
wd—w _ mgl s 0
o 2Ip
or I
__mg
wdw = 500 cos 6do

Integrating gives

w mgL [™/2 mgL . ™ mglL
dw = _/ 0df = —2= gin — = —2~
/0 wdw 5o Jo cos 51, sin 5 205

This gives
w? mglL

2 2Ip

Thus the normal reaction force is

L mgL?
fn:mg—l—m—wzzm(g—l- g )

2 Io

For a slender rod,
1
Ip = gmL2
Thus

3
fn=m (g—l— 7“(}) = 2.5mg

which is 2.5 times the weight of the rod.
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Problem 2.21 The equivalent mass is m, = my, + I,/ R* = 80+3/(0.3)> = 113.33 kg. The
equation of motion is m.0 = 400 — my,g sin 25° = 68.33 or ¥ = 0.603. Thus v(¢) = 0.603¢
and v(60) = 36.18 m/s. In addition, w(60) = v(60)/R = 36.18/0.3 = 120.6 rad/s.
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Problem 2.22 The equivalent mass is m. = 30 4+ 0.23(15) = 33.45 kg. From statics,
k(0.003) = 30(9.81), or k = 9.81 x 10* N/m.
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Problem 2.23 The equivalent mass is m, = 10 + 0.38(2) = 10.76 kg. From statics,
5(0.02) = 10(9.81) or k = 4905 N/m.
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Problem 2.24 Equate the kinetic energies of m and the fictitious inertia I, and note that
T = R0.

.\ 2
Izm(f) = mR?
0

1 1_.
kinetic energy = §m:i72 = 5[02
Thus
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Problem 2.25 Let ro be the radius of pulley 2. The equivalent inertia felt on shaft 1 is

1

N2

I.=1+ szz + N2m27"§ +

mg’r'%

With N = 2,

1
I.=1+ 1 (12 + mars +m3r§)

The equation of motion is

. magra msgra gra
Tew =Ty — N N 1—7(m3—m2)

Excerpts from this work may be reproduced by instructors for distribution on a not-for-profit basis for testing
or instructional purposes only to students enrolled in courses for which the textbook has been adopted. Any

other reproduction or translation of this work beyond that permitted by Sections 107 or 108 of the 1976
United States Copyright Act without the permission of the copyright owner is unlawful.



Problem 2.26 With I; = Iy = I3 = 0, the total kinetic energy is
1 1
KE = §I4w% + §I5w§

Substituting we = 1.4w3 and w; = 1.4wy = (1.4)%w3 = 1.96ws, and I; = 0.02, I5 = 0.1, we
obtain

1
KE = 5(0.177)w§

and the equivalent inertia is I, = 0.177 kg-m?.
The equation of motion is I.ws = (1.4)2T, or 0.177w3 = 1.96T
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Problem 2.27 Note that y = z/2. Assuming that z and y are measured from the equi-

librium positions, the static spring forces will cancel the gravity force mg. Let T be the
dynamic tension in the cable. Then

mi = —-T
and 2T = ky = kx/2. Thus
k
mx = —Z$
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Problem 2.28 Assume that = and y are measured from the equilibrium positions. Note
that the simultaneous translation and rotation of the pulley reduces the stretch in spring
ko by 2y; that is, by the pulley translation distance y and the cable motion y due to the
rotation. Thus the dynamic stretch in spring kg is z — 2y.

Let T be the tension force in the cable, which must equal the force in spring k3. Thus

T = kao(z — 2y)
The dynamic force balance on the massless pulley gives

kiy = ko(x — 2y) + T = 2ko(x — 2y)

Thus
2k .
v= k1 + 4ko
Also -
mi ko(z — 2y) k‘1 —|—4I<:2$
The equation of motion is
mI + ka2 T =
ki +4ke”
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Problem 2.29 Assuming that z is measured from the equilibrium position, the static spring
force will cancel the gravity force mg sin 6. Let T be the dynamic tension force in the lower
cable that is attached to the cart, and let T5 be the dynamic spring force.

From the massless-pulley relation, 77 = 275. From Newton’s law applied to the cart,

mx = —T1 — T2 = —3T2

Because only one of the pulleys translates, the dynamic spring stretch is z —z/2 = z/2 and
the dynamic spring force is Ty = kz:/2. Thus

3
mi = _§k$
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Problem 2.30 Assuming that x is measured from the equilibrium position, the moment
about the pivot due to the static spring force will cancel the gravity moment mgD;. Sum-
ming the dynamic moments about the pivot point, we obtain

where 6 = x/D;. Thus
mD3i = —kD3z
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Problem 2.31 Assuming that x is measured from the equilibrium position, the moment
about the pulley center due to the static spring force will cancel the gravity moment mgR;.
Treating the entire system as a single mass and summing the dynamic moments about the
pulley center, we obtain
mR20 = —k(Ry0)Ry = —kR36
where 6 = z/R;. Thus
mR3i = —kR3x
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Problem 2.32 a) Newton’s law for rotation applied to a fictitious inertia I located at the
pivot gives )
10 = fL1 — k1(L20) Lo — k(L3t) L3

Set I = 0 to obtain the model.
fL1 — k1130 — kL0 =0

Note that the L3 and L3 terms are due to the fact that the translational displacement of
the springs are Lof and L3f. Thus the spring forces are kLo and kL3f. The moments due
to these forces are obtained by multiplying by the moment arms Lo and Ls.

b) From Newton’s law for rotation:

16 = Zmoments about the pivot = fL; — k(L96) Ly — c(Lgé)Lg

or
10+ cL30 + kL30 = fLy

where w = 6. Note that the L3 terms are due to the fact that the translational displacement
of the spring is Lof and the translational velocity of the damper is Lof. Thus the spring
force is k(Lyf) and the damper force is ¢(Lyf). The moments due to these forces are
obtained by multiplying by the moment arm L.
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Problem 2.33 a) Let f. be the force in the cable. Assume that the cable does not slip on
the pulley. Note that for the massless pulley 2, kxo = 2f. and x1 = 2x9. From Newton’s
law,
miiy = f — fe
Substituting for f. and xo, we obtain
k

midy = f — Vi

b) Let f. be the force in the cable on the m; side of pulley 1, and f.o be the force in
the cable on the pulley 2 side of pulley 1. Assume that the cable does not slip on the pulley.
Newton’s law applied to mq gives

miiy = f—fa (1)
Summing moments about the axis of rotation of pulley 1, we obtain

Ipw = (fcl - fc2)R (2)
Note that for the massless pulley 2, kxy = 2f.o and x1 = 2x5. Solve (2) for fe:
k

I, . k I, . I, .
fc1:fc2+£w=§$2+§w21$1+£w

Substitute the above expression for f.; into (1) to obtain

. k I, .
mi, = f — Ziﬂl - Epw (3)

Note that Rw = "1z Thus & = #;/R. Substitute this into (3) to obtain

I, \ . k
(ml—l_R_Z;):El—i_Z:El:f
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Problem 2.34 Assume that x is measured from the equilibrium position. Note that the
total dynamic stretch in the spring is 3xz. To see this, note that if the wheel moves down
a distance z, the spring stretches by 2z, But if the wheel rotates without slipping, the
additional stretch caused by the rotation is R# = z. Thus the total dynamic stretch in the
spring is 2z + = = 3.

Using the energy approach, we have

1 1 1
KE + PE = Emﬁ + 51& + 51<:(33c)2

Since w = * x/,Rhis becomes

1 1 i? 1
KE + PE = -mi* + I = + ~9ka?
+ 2m:17 + 2 B2 + 5 T
Note that gravitational potential energy is not used because x is measured from equilibrium.
Differentiating the previous equation and canceling & gives

I
(m—l-ﬁ):i—l—Qk‘:E:O
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Problem 2.35 Let T be the tension in the cable acting on mass my (positive to the right).
Then, assuming that z1 and z9 are measured from the equilibrium positions, we have

mit, = =T — kx
and
moXg = —2T
Eliminate T" from these equations and use the fact that 1 = —2x2 to obtain
(4mq + mo)Zg + 4dkxe = 0 (1)
Using the energy approach instead, we have (since 1 = —2z9 and 7 = —245)

1 1 1 1 1
KE + PE = Emli:% + §m2:i7§ + §k‘:1:2 =5 (4m1 +my) i3+ §4k:p§

Note that gravitational potential energy is not used because z1 and x2 are measured from
equilibrium. Differentiating the previous equation and canceling 79 gives Equation (1).
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Problem 2.36 Assume that x and y are measured from the equilibrium positions. Note
that £ = —3y, we have

1 1 1 1 1
KE+PE = §mA£t2 + §mBZ)2 + §k‘$2 =3 (mA + %) 5 + §k‘$2

Note that gravitational potential energy is not used because x and y are measured from
equilibrium. Differentiating the previous equation and canceling & gives

(mA+%>:i—|—k‘:E:0



