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2 CHAPTER 0. GENERAL ADVICE

This manual contains solutions to the Class Activities as well as my advice and
recommendations on teaching the material. I hope the manual will help you teach
successful, enjoyable courses using my book. Teaching prospective elementary teach-
ers can be extremely satisfying work. I look forward to going to class every day and
hope that you will too!

0.1 General Advice on Teaching Courses for Ele-
mentary Teachers

It’s almost too obvious to say, but it helps me to keep the following key point in
mind when developing and teaching mathematics courses for prospective teachers:
These courses should help prepare teachers to teach mathematics. Therefore such
courses should be designed and taught to “travel into the classroom.” In other words,
teachers should be able to draw on what they have learned in their mathematics
courses (including mathematics content courses, not just methods courses) to teach
mathematics effectively. Thus mathematics courses for prospective teachers should
focus on the mathematics that the teachers will teach, but should also help teachers
understand how this mathematics will develop and be built upon in subsequent grades.

I wrote this book for use in courses that focus on explaining and making sense
of the mathematics that teachers will teach, therefore I encourage this focus in your
courses. Most prospective elementary teachers entering my courses do not know that
procedures such as the standard longhand multiplication procedure can actually be
explained. They often seem to view the procedures and formulas of math as “given.”
So expecting students to explain why these procedures and formulas work in terms
of fundamental principles and concepts requires a shift in students’ thinking about
math. The payoff is that students will develop a more coherent understanding of math
because they will know how to link procedures and formulas to underlying concepts.

Students will need time and practice to help them learn what qualifies as a math-
ematical explanation. If you ask students to explain why a formula or a procedure
is valid, many will give mnemonic or other devices for remembering the formula, or
they will describe the procedure instead of explaining why it is valid. For example,
to explain why we place the decimal point where we do when we multiply decimals, a
student might say that we “took out” some decimal places so we have to “put back”
the same number of decimal places. Such a statement is not sufficiently specific or
complete to qualify as a valid mathematical explanation. You will need to keep press-
ing students to seek logical explanations that draw on central mathematical ideas.
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0.1. GENERAL ADVICE ON TEACHING COURSES FOR ELEMENTARY TEACHERS3

In the decimal multiplication example you might ask what we do mathematically in
order to “take out” a decimal point (we multiply by 10 a suitable number of times to
move the decimal point or to shift the digits of the number).

The ideas of elementary school math are surprisingly deep and subtle. It is there-
fore likely that you and your students will encounter some mathematics in the book
that you will find surprising, unfamiliar, and in fact, difficult. A natural reaction to
such an encounter is to say “if this is hard for me, then it’s too hard for my students.”
Such a reaction can be followed by the dreaded question, “why do we need to know
this?”. This is a legitimate question, so I urge you to take it seriously and treat it
respectfully. (I actually rarely get this question any more.) It might also help to com-
ment that young students are just as smart as we are, they are just less experienced.
Therefore young students’ ways of thinking about mathematical ideas may actually
be less rigid than ours.

To help your students see the relevance of what they are learning to their future
work, you may wish to point them to the mathematics standards in your state. Many
states are now expecting students to make sense of math and to discuss, reason about,
and explain mathematical ideas rather than simply carry out procedures without
understanding.

Some students may have their heart set on teaching a certain grade and may
resist thinking about material that is taught at other grade levels. If so, remind the
students that they will be certified to teach a range of grades and that they must be
prepared to teach the math at all of those grade levels. Also, to teach 5th grade, say,
one must be thinking ahead to the material students will be learning at 6th and 7th
grades.

Even if you do not have experience with elementary school teaching, you can refer
to the carefully thought out recommendations of respected national organizations.
The National Council of Teachers of Mathematics (NCTM) has developed principles
and standards for the teaching of mathematics in schools (Pre-K - 12) and Curriculum
Focal Points for Prekindergarten through Grade 8 Mathematics. The Conference
Board of the Mathematical Sciences (CBMS) has developed recommendations for the
preparations of teachers. If we take these recommendations seriously, then teachers
will need to develop a much deeper understanding of elementary school mathematics
than has been traditional.
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0.2 Comments and Advice on the Class Activities

The Class Activities were developed in tandem with the text as a means to help
students engage actively with the ideas during class. They are intended to be used
flexibly to meet the needs of your students and to give you a choice of things to do in
class. I also hope they will inspire your own inventiveness and enthusiasm for teaching
the material.

It is unlikely that you will have time to do all the Class Activities in the sections
you cover, so most likely, you will have to pick and choose. I have labeled the activities
that I view as most central and important with the “core” symbol to help you. Even
so, please don’t feel that you must use all these core activities. It’s also fine not to do
all the problems in a Class Activity. In many cases, there will be more problems in
an activity than you have time for, especially if you have vigorous class discussions.
Also, the Class Activities are not all of the same length. Some will be quick and
won’t require a lot of discussion, others will require more thought and discussion and
therefore more time.

It usually makes sense to precede a Class Activity with a short lecture on the
underlying principles or concepts that will be addressed in the activity. After a short
introduction, have the students begin to work on one or several problems in the Class
Activity.

My favorite way to use the Class Activities is with a “think, pair, share” approach.
First ask students to think individually about a problem in an activity (or perhaps
the activity as a whole), then, when the students are ready, or after a predetermined
amount of time, ask students to share their results or questions with a neighbor.
Finally, have a whole-class discussion about the problem. I like to proceed through
the activities one or two problems at a time rather than having students do the whole
activity before we discuss it. By proceeding a problem or two at a time, students are
less likely to get bogged down and are more likely to spend class time productively.
At the end of the activity, summarize the findings and draw students’ attention to
key points.

How can you lead a discussion on a problem? You can begin such a discussion by
asking for a volunteer to present a solution (either at the board or orally). Rather
than stating whether the solution is correct or not, you can ask the other students
if they have any questions or comments about the presentation. Or you can have
several students put their solutions on the board (especially if you believe they have
somewhat different approaches) and then ask the class to discuss the collection of
solutions. In my experience, some of the most fruitful discussions occur when several
different explanations can be examined, compared, and contrasted.
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It will be important for you to set a classroom climate in which students are
expected and encouraged to discuss and critique each other’s work and feel comfort-
able doing so. You will need to actively promote and encourage such discussion, for
example, by stating that in class, initial correctness is not important, and that the
opportunity to discuss proposed solutions and to deliberate whether or not they are
correct offers valuable learning opportunities. (It’s a good idea to warn students that
you do expect to see correct arguments on tests.) Explain that teachers must be good
at discussing mathematics and at evaluating solutions proposed by their students, so
that for students who intend to become teachers, active participation in class discus-
sions and careful listening to proposed solutions is especially important. Regularly
encourage your students to think carefully about whether proposed arguments make
sense or not and give them time to think, decide, and comment.

Needless to say, it’s important never to belittle students’ understanding of math-
ematics and to assure students that it’s ok to make errors during class discussions.
When students have finished asking questions and making comments about a pro-
posed solution, you can either ask your own questions and make your own comments,
or you might first ask if anyone had a different way of solving the problem or explain-
ing their solution. A major benefit of class discussions is that you will learn a lot
about how your students are thinking about the material and you will be better able
to gauge how you might push their thinking further.

A word of warning: even if your class has had an excellent discussion and you
pulled the activity together at the end by summarizing the findings and drawing
students’ attention to key points, do not assume that everything is crystal clear in all
the students’ minds. In my experience, follow-up reading, written homework, periodic
quizzes or tests, and a comprehensive final exam are invaluable in helping students to
solidify their understanding. Should you assign the reading before or after you do the
related activities? I think that you can do it either way, but I prefer to have students
do the activities before I assign the related reading. For this reason I have generally
placed the activities before the related portions of the text. I think the text is best
used to help students solidify their ideas after they have begun to explore the ideas
in class.

Although my colleagues and I never took mathematics classes that used “think,
pair, share” work on class activities, we have been successful in teaching this way by
using these Class Activities. If you are used to lecturing (as I had been), then it may
take some time to get used to “think, pair, share” and class discussions. But I think
you will agree with me that discussing mathematics helps students learn mathematics,
and that class discussions and the opportunity for students to express their thinking
will help you monitor your students’ progress.

Copyright © 2011 Pearson Education Inc. Publishing as Addison-Wesley.



6 CHAPTER 0. GENERAL ADVICE

One final comment about the Class Activities: please don’t be a slave to them!
You are welcome to modify them, to use them as a starting point in your instruction,
or as an inspiration for something different. The goal is to help the students learn
the material, not to “cover” activities. I think it’s important for instructors to be
actively engaged in their teaching and to be thinking about how to make the course
material interesting for their students and themselves. No set of activities, no matter
how good, can substitute for your active engagement in and enthusiasm for helping
your students learn!

0.3 Comments and Advice on the Practice Exer-
cises and Problems

Most students have little or no experience explaining why math problems are solved
the way they are, and therefore require time, patience, and effort to learn to do this.
As the instructor, you must be patient and perservere. I think it works well to give
frequent (e.g., daily) small assignments with prompt feedback. You may need to
assign fewer problems to be turned in as homework than you are used to, otherwise
the grading can become overwhelming. I like to hold students responsible for doing
the practice problems by giving closed-book quizzes and tests with similar problems.
Remind students that the answers to the practice problems provide them with many
examples of good explanations of the sort they should learn to write, so that studying
these explanations will help them improve their own.

0.4 Grading

Recently I've been grading students’ work on a 10 point scale. I give extra points for
truly exemplary work. I describe the scores to my students as follows:
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‘ # of points ‘ description ‘ characteristics

10.5 exemplary | work that could serve as a model for other students

10 very good | correct work that is carefully thought out and thorough
9 work that contains only a minor flaw

8 competent | good, solid work that is largely correct

7 work that has merit but also has some shortcomings

6 basic work that has merit but also has significant shortcomings
4 emerging work that shows effort but is seriously flawed

0 no credit no work submitted or no serious effort shown

I determine the score on assignments and tests by the extent to which the work
meets the following criteria, which I give to students:

e The work is factually correct, or nearly so, with only minor, inconsequential
flaws.

e The work addresses the specific question or problem that was posed. It is fo-
cused, detailed, and precise. Key points are emphasized. There are no irrelevant
or distracting points.

e The work could be used to teach a student: either a child or another college
student, whichever is most appropriate. Thus points that are difficult or likely

to be confusing are attended to with sufficient care and elaboration.

e The work is clear, convincing, and logical. An explanation should be convincing
to a skeptic and should not require the reader to make a leap of faith.

e (lear, complete sentences are used.
e Mathematical terms and symbols are used correctly and as needed.

e [f applicable, supporting pictures, diagrams, or equations are used appropriately
and as needed.

e The work is coherent.

I'm a firm believer in the importance of a comprehensive final exam, which I think
is essential for helping students to solidify their understanding.
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0.5 Sample Syllabi

A Three Semester Sequence

At the University of Georgia, we use this book for a 3 semester sequence:

Semester 1 A course on numbers and operations covering chapters 1 — 5 and sections
6.1 — 6.3. This is a lot of material and I find I have to go more quickly than I
would like to.

Semester 2 A course on geometry and geometric measurement covering chapters 10
- 14.

Semester 3 A course on algebra, number theory, probability and statistics covering
sections 6.4 — 6.6, chapter 7, most of chapter 8 (usually omitting section 8.6,
except for Class Activity 12U on Pattern Tiles and the Irrationality of the
Square Root of 3), chapter 9, and chapters 15, 16.

A Four Semester Sequence

If you have 4 semesters, you will have time to cover numbers and operations to the
depth they deserve and you will have more time for problem solving. I suggest the
following;:

Semester 1 Course 1 on numbers and operations covering chapters 1 — 5.
Semester 2 Course 2 on numbers and operations covering chapters 6 — 8.

Semester 3 A course on geometry and geometric measurement covering chapters 10
- 14.

Semester 4 A course on algebra, probability, and statistics covering chapters 9, 15,
and 16.

A One Semester Course in Numbers and Operations

If you only have one semester in which you must cover the material of chapters 1 — 8§,
then the first thing I recommend is to lobby for an additional course! One semester is
not enough for all this important material, which elementary teachers need to know
well. Here is what I recommend:
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Chapter 1: Do sections 1.1 and 1.2 only.

Chapter 2

Chapter 3: Skip section 3.5 on adding and subtracting negative numbers.
Chapter 4

Chapter 5: Do section 5.1 only.

Chapter 6: Do sections 6.1 — 6.3 only.

Chapter 7: Do sections 7.1, 7.2 only.

Skip chapter 8.

A Course on Proportional Reasoning

If you want to teach a course that focuses on ratios and proportions as they apply in
a range of settings, consider using the following sections:

Section 2.5, Percent

If time: Section 5.1, Multiplying Fractions, preceded by a brief discussion of the
(general) definition of multiplication in Section 4.1

If time: Sections 6.4, 6.5 on Dividing Fractions, preceded by a brief discussion
of the (general) definitions of division in Section 6.1.

If there is not time for Sections 5.1 and 6.4, then discuss the definitions of
multiplication and division in sections 4.1 and 6.1 briefly. It is essential to
understand how to reason with these definitions since “proportional reasoning”
is essentially reasoning about multiplication and division.

Chapter 7
Section 14.4 on Similarity.
If time: Section 14.5, Areas, Volumes, and Scaling

The part of Section 15.1 on using random samples.
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Whole Number Arithmetic First, Then Fraction Arithmetic

If you prefer doing whole number arithmetic before you get into fractions, I suggest
the following sequence. It’s too much material for one semester, but can be turned
into a two semester sequence by adding material from chapters 9, 15, and 16 or by
spending more time on problem solving or on pedagogy.

1. Whole number arithmetic and number theory:

e Chapter 1, Numbers and the Decimal System: Section 1.1.
Chapter 3, Addition and Subtraction: Sections 3.1 — 3.3.
Chapter 4, Multiplication: All sections, 4.1 — 4.6.

Chapter 6, Division: Sections 6.1 and 6.3.

If time: Chapter 8, Number Theory: Sections 8.1 — 8.5.

2. Fraction and decimal arithmetic:

e Chapter 1, Numbers and the Decimal System: Sections 1.2 and 1.3. In-
clude section 1.4 if there will be time.

e Chapter 2, Fractions: All sections.

e Chapter 3, Addition and Subtraction: Section 3.4.

e Chapter 5, Multiplying Fractions and Decimals: Sections 5.1 and 5.2.
e Chapter 6, Division: Sections 6.4 — 6.6.

e If time: Chapter 7 on Proportional Reasoning.

0.6 Advice to Give Students Who Are Struggling

Some students who are used to simply following and memorizing step by step processes
in math have a hard time learning to give explanations. Here are some things you
might discuss with these students.

It’s important for prospective teachers to realize that today’s expectations for
math in elementary school and for teaching to today’s standards call for a focus on
reasoning and sense-making in math and for communicating that reasoning. Teachers
will be responsible not just for showing students how to carry out mathematical
procedures but also for helping students understand the underlying mathematical
ideas and why the procedures make sense. There is a much greater conceptual focus
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and teachers will need to be able to lead discussions about the ideas and reasoning
that is involved in math. It’s this same kind of conceptual focus on reasoning and
sense making that we are after in math courses for teachers. Students need to realize
that their old approaches to math may no longer be adequate if they had previously
only focused on copying what the teacher did rather than trying to really understand
the ideas. Such students need the recognition, willingness, and patience to do the hard
work it takes to learn the reasoning behind the math and to focus on understanding.

Here are some specific steps I recommend for students:

e The student must take responsibility for his or her own learning. She has to
convincer herself that she’s the one who has to actually understand the ideas.
There are no shortcuts to this. It takes work, time, commitment, and patience!

e The student must actively engage in the class discussions and class work and
should use class time to think about the ideas and the reasoning being discussed.
Most instructors who use this book structure the class time so that students
will spend time thinking through how to solve a problem and discussing their
ideas with a small group or one other student. This provides a valuable learning
opportunity—if students take it. Some students make the mistake of not taking
advantage of this time to really think, but instead they wait for someone to tell
them the answer. This will not lead to success in understanding the ideas. And
the student then feels they haven’t been taught the material.

e The student should read the relevant sections of the textbook in depth for
understanding and monitor comprehension. He might look into ” comprehension
monitoring” strategies. One that might help is to repeatedly ask ”"why?” while
reading.

e The student should do all the practice exercises at the end of the relevant
sections. After working out the problem, the student should then look at the
solutions and compare critically.

e When writing up homework, the student should write a draft, read it critically,
and revise. Repeat if necessary!
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0.7 What Should Be the Focus of Mathematics
Content Courses for Prospective Elementary
School Teachers?

As mathematics teacher educators, we want teachers to develop a deep understanding
of the mathematics they will teach. But what does this deep understanding consist
of and how do we help teachers acquire it?

First, we should recognize that pre-service teacher education cannot hope to pro-
vide teachers with a fully mature understanding of the mathematics they will teach or
with fully mature teaching abilities. But teacher education should provide a strong
foundation upon which this maturity can develop. Teacher education should take
into account the current knowledge and views of prospective teachers and use these
to look for points of high leverage. In my experience, the more we focus on ideas,
problems, and activities that are clearly linked and obviously applicable to teachers’
future teaching, the greater the leverage. So it makes sense to focus squarely on the
mathematics prospective teachers will (or may) teach and related mathematics a few
years beyond. But even if we settle on these topics, there are different ways to study
them. What should we focus on when we study elementary mathematics? I think
we should focus on examining why this mathematics works the way it does. Not
only can teachers use this in their own instruction, but it also emphasizes that rules
and formulas in mathematics have reasons behind them, and that sense-making is of
prime importance in mathematics.

What are the key mathematical topics on which mathematics courses for prospec-
tive elementary teachers should focus? The National Council of Teachers of Mathe-
matics (NCTM) has published Curriculum Focal Points for Prekindergarten through
Grade 8 Mathematics (Focal Points), which describes focal topics for PreK through
grade 8. The Focal Points recommend a focus on numbers and operations and geo-
metric measurement, and in the later grades, also on algebra. The Focal Points make
clear that school children should understand the meanings of numbers and operations
and the key concepts which underlie calculation methods, namely place value and the
properties of operations. Repeatedly, the Focal Points ask students to develop pro-
cedures and formulas, understand why these procedures and formulas work (in terms
of fundamental underlying ideas and concepts), develop fluency in using procedures
and formulas, and use procedures and formulas to solve a wide range of problems.

So I think it makes sense for mathematics content courses for prospective elemen-
tary school teachers to focus on arithmetic, how arithmetic is connected with and
leads into algebra, and on geometric measurement. I think prospective elementary
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school teachers should learn to explain why the standard procedures and formulas of
elementary mathematics are valid, why nonstandard methods can also be valid, and
why other seemingly plausible ways of reasoning are not correct. In doing so, teachers
should draw on key concepts and principles, such as place value, what fractions stand
for, the meanings of the operations, the properties of arithmetic, the meanings of
length, area, volume, and angle, and the additivity of these geometric quantities and
their invariance under rigid transformations.

Although the “how” of of elementary mathematics is usually quite familiar to
prospective teachers, the “why” is not, and the view that the familiar procedures and
formulas can be explained in terms of more fundamental ideas is especially unfamiliar.
I have found that “using key ideas and concepts to explain why” is productive terrain
to work on with prospective elementary teachers. This focus on “explaining why”
builds on and extends prospective teachers’ existing knowledge. Prospective teachers
engage enthusiastically in learning this material since they see it as valuable to their
future teaching. This focus allows prospective teachers to discuss their mathematical
ideas and to represent them in a variety of ways while engaging in logical reasoning.
It helps prospective teachers connect ideas, such as connecting area to multiplication
and the distributive property in explaining multiplication algorithms. It also naturally
incorporates some problem solving because the meanings of the four operations of
arithmetic and the meanings of length, area, volume, and angle and what kinds of
problems these operations and concepts are useful for are essential in explanations for
why procedures and formulas work. Additional multi-step problem solving is easily
added (which is a good idea).

I believe that these recommendations fit with those of the Conference Board of
the Mathematical Sciences regarding the mathematical preparation of teachers. I also
believe that these recommendations are a sensible foundation for working toward the
vision of NCTM’s Principles and Standards for School Mathematics.

0.8 How Is Teaching from this Book Different from
Teaching Standard Math Major Courses?

If you are used to teaching standard math major courses, teaching a math course for
prospective elementary teachers will probably require some adjustments on your part.
I think that it is more valuable for prospective teachers to learn to give clear “ex-
planatory arguments” as opposed to fully rigorous, complete proofs that fit within
an axiomatic development. For example, whereas in more advanced mathematical
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treatments we usually take the standard procedure for fraction multiplication as a
definition, and we check that this definition makes sense because it agrees with mul-
tiplication for the integers and turns the rational numbers into a field, a different
treatment of fraction multiplication will be more useful for prospective elementary
teachers. These teachers should be able to give examples of story problems for a
given fraction multiplication problem, and they should be able to explain, in the
context of a story, why the answer provided by the standard fraction multiplication
procedure agrees with what one expects. Thus the focus here is on giving legiti-
mate mathematical arguments that focus on sense-making rather than on a rigorous
axiomatic development of the mathematics.

Another difference between the explanations that this book intends to encourage
and proofs developed in more advanced math courses is that teachers should ideally
know several different kinds of explanations. Teachers should know multiple expla-
nations because they are charged with bringing diverse students to high levels of
learning. A teacher who only knows one way to think about the material will not be
well prepared for this difficult task.
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CHAPTER 1. NUMBERS AND THE DECIMAL SYSTEM

Please note that many of the solutions to the class activities given here are only
sketches and do not provide full, detailed solutions, which you should press students
to develop.

1.1 The Counting Numbers

Class Activity 1A: The Counting Numbers as a List

1.

2.

Common errors that children make (and are shown here) are: putting numbers
in the wrong order, skipping one or more numbers, repeating numbers.

In the correct list each counting number appears exactly once and in the correct
order.

You could use this question as a lead in to the next activity, which answers it.

Class Activity 1B: Connecting Counting Numbers as a List
with Cardinality

1.

2.

& 6.

No, see the next two parts.

You can introduce the terminology “one-to-one correspondence” when you dis-
cuss this part. When objects are counted correctly, a one-to-one correspondence
is made between the objects and the relevant part of the list of counting num-
bers.

Although we don’t know for sure, Child 2 may not understand that the last
number word said also indicates how many objects there are. It’s usually sur-
prising to adults that this is a separate piece of knowledge!

To be fully fluent, as demonstrated by Child 3, children must be able to go back
and forth between the “list view” of the counting numbers and cardinality. After
establishing that there were 6 bears initially, the child must be able to think
about the number 6 in the list, realize that the next number in the list is 7, then
go back to the cardinality point of view to understand that there are 7 bears.
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Class Activity 1C: How Many Are There?

Includes IMAP video opportunity

I recommend leading into this activity by raising the issue about how to represent
ever larger numbers as discussed in the text.

Students should gradually come to see that we can determine how many toothpicks
there are by bundling them into tens, and then bundling bundles of 10 into hundreds
(and perhaps even bundling bundles of hundreds into thousands). Most students find
it interesting to “rediscover” the decimal system.

Instead of working through parts 1 through 4 step by step, you can just pass out
a bunch of toothpicks and ask the students to come up with ways of determining
how many toothpicks there are without counting them one by one. You might let
them discuss their ideas in pairs first, then ask them to discuss as whole group. Let
them present all their ideas, then gradually steer the students toward grouping the
toothpicks. When the time seems right, give a short lecture on the decimal system
and place value.

Parts 5 and 6 might be best done after a brief lecture on the decimal system. For
5, it’s better to say “2 tens” because that draws attention to a ten as a single unit and
that the digit 2 really does stand for 2 of something (just not 2 individual counters,
but 2 bundles of ten counters). Then you might like to show and discuss IMAP video
number 5, Zenaida, who answers questions on how many ones and tens there are in
various numbers. In particular, she notes, correctly, that there are 32 ones in 32. So
asking “how many ones are in 327”7 is different from asking “what is in the ones place
of 3277,

For part 6, students should show 1 bundle of 100, 3 bundles of 10, and 7 individual
toothpicks. Although their pictures may not show this detail, a bundle of 100 should
be thought of as 10 bundles of 10, in keeping with the structure of the decimal system.

At this point, you could watch a segment of the IMAP video number 7, Talecia,
to emphasize the importance of understanding the value of each place as 10 of the
previous place’s value. The video shows a student trying to add two 3-digit numbers.
The student is confused about what 10 hundred is. To save time, you might want to
start watching the video at time 2:24, when the student adds 600 and 400 and gets
“10 hundred.”

For part 7, the problem is that there are more than 9 items in each “place”. We
must bundle 10 of the individual toothpicks to make another bundle of 10 and then
bundle 10 of the bundles of 10 to make a bundle of 100, making a total of 1 bundle
of 100, 3 bundles of 10, and 5 individual toothpicks, which is 135 toothpicks.

Follow this activity with a discussion of the place value drawings shown in the
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text. Perhaps also show some drawings such as the ones in Figure 1.1.
For 2-digit

numbers:
OR: OR:

e
°

{71

@
e® o

o These two types of representations have
Th's Is too cumbersome, but helped first graders learn to add and subtract
it is a natural starting place. with regrouping.

For numbers with 2 or more digits:

{71
100 \\

Figure 1.1: Simple Drawings to Represent Numbers in the Decimal System

Class Activity 1D: Showing the Values of Places in the Deci-
mal System

This won’t take long since the calculations are straightforward. You might want to
have the whole class do it together.

Use this activity to make the point that powers of ten grow very quickly, so the
decimal system displays numbers compactly. Even though it’s easy to write numbers
such as one million, 1,000,000, and one billion,1, 000,000,000, showing that many
things is not so easy.
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There are problems in later chapters that return to the issue of showing large
numbers.

1. To show 100,000 stars, 20 pieces of paper are needed.
To show 1,000,000 stars, 200 pieces of paper are needed.
2. To show one billion stars, 1000 times 200, or 200,000 pieces of paper are needed.

This would require 200, 000 - 500 = 400 packages of paper. It’s not realistic for
Mrs. Kubrick to show one billion stars.

1.2 Decimals and Negative Numbers

Class Activity 1E: Representing Decimals with Bundled Ob-
jects

IMAP Video opportunity

In the second half of IMAP video 9, starting at around 1:04, Megan and Donna
are asked to let a “long” base ten block (ten cubes joined together lengthwise) stand
for 1 and are asked to represent 1.8. They do so by using a small cube to represent
a decimal point and use 8 more longs to represent the 8 tenths. This representation
does not fit with or show the structure of the decimal system, because tenths are not
represented in a way that 10 of them make 1.

1. For 0.034 draw 4 individual paper clips and 3 bundles of 10.
For 0.134 add a bundle of 100.
For 0.13 drop the 4 individual paper clips.

2. For 0.0028 draw 8 individual beads and 2 bundles of 10.
For 0.012 drop the 8 individual beads and add a bundle of 100.

3. 137 if a single toothpick represents 1 (note that whole numbers are also “deci-
mals”)

13.7 if a single toothpick represents %.

L

1.37 if a single toothpick represents 155 -

1370 if a single toothpick represents 10. Other answers are possible, of course.
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20 CHAPTER 1. NUMBERS AND THE DECIMAL SYSTEM

Class Activity 1F: Representing Decimals as Lengths

The idea behind this activity is that the number 1.234 can be physically represented
by one 1 unit strip, two 0.1 unit strips, three 0.01 unit strips, and four 0.001 unit
strips. The remaining numbers are represented in a similiar manner. Emphasize that
the value of each place in a decimal number is ten times the value of the place to its
right and that we can see this relationship in the lengths of the strips.

Instead of having students cut the strips out of the back of the manual, you might
prefer to make sets of strips out of card stock that students could use in pairs. You
could also make a large set to stick up on the board (with tacky clay). Or you could
have lengths of plastic tubing cut (and use washers for the thousandths) as described
in the reference given in the text.

Class Activity 1G: Zooming In on Number Lines

The issues on saying and writing decimals that are discussed next in the text will be
good ones to bring up in the context of this and the next activity, or perhaps even
before starting these activities. In particular, it will be good to remind students that
they can always put extra zeros after numbers to the right of the decimal point. For
example, 3.2 = 3.20 = 3.200.

1. See Figure 1.2.

2. When observing the location of 3.2996 on each number line, point out that every
number line has lots and lots of decimals on it, including those with many digits
down to small decimal places, even if we don’t see the relevant tick marks on
the particular number line.

The number 3.2996 lies between the whole numbers 3 and 4, between the tenths
3.2 and 3.3, between the hundredths 3.29 and 3.30, between the thousandths
3.299 and 3.300. Discuss with the students that the decimal places farther
and farther to the right give more and more detail about where, specifically, a
number is located.

3. See Figure 1.3. If students get stuck, tell them to think about “zooming in”.
Students may make the error shown in the next problem.

4. The problem with this labeling is that to fit with the structure of the decimal
system, if the short tick marks are tenths, then the long tick marks should be
whole numbers, or if the long tick marks are tenths, then the short tick marks
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]
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Figure 1.2: Zooming In
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| I I I I I I I I I |
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agog 48991 48992 48993 etc. 48999 49

Figure 1.3: Labeled Number Lines
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should be hundredths. The long and short tick marks should fit with the way
the value of each decimal place is divided into 10 equal parts in the decimal
system.

. See Figure 1.4.

| | | | | | | | |
| | | | | | | | |

o 491 492 493 etc 499 5H
—t————————+——+——

9o 4901 4902 4.903 etc. 4909 49,
——t—t————————+——+——

Figure 1.4: Labeled Number Lines

Class Activity 1H: Numbers Plotted on Number Lines

1. The point labeled A was positioned by the computer to be at 1.4263. Of course

it’s not possible to tell by eye, or even by measuring that the point is exactly
at this location. Students should be able to tell the the decimal representation
begins 1.4 because it is between 1 and 2 and less than 1.5. They might even be
able to tell that it’s roughly 1.42 or 1.43, but in any case less than 1.45. The
number 1.18 is too small to be A. The numbers 1.8, 1.861, and 1.6 are too large
to be A.

. The first number line should be labeled 23 = 23.0, 23.1, 23.2, ...24 = 24.0.
The second should be labeled 0.03 = 0.030, 0.031, 0.032, ...0.039, 0.04 = 0.040.
The third should be labeled 0.0 = 0.00, 0.01, 0.02, ...0.09, 0.1 = 0.10.

The last should be labeled 7 = 7.0, 7.1, 7.2, ...7.9, 8 = 8.0. Note that on the
last number line, 7.0095 will be almost indistinguishable from 7.

. First number line: the long tick marks are 9.6 and 9.7.

Second number line: the long tick marks are 9.616 and 9.617.
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Third number line: the long tick marks are 9.61 and 9.62.
Fourth number line: the long tick marks are 9 and 10.

Fifth number line: the long tick marks are 9.6163 and 9.6164.

Class Activity 1I: Negative Numbers on Number Lines

1. Katie’s and Matt’s numbers are decreasing to the right, not increasing. A
negative number such as —7 is 7 units away from 0, but to the left of 0. So
—8 and —7.2 have to be farther away from 0 than —7. It might help to review
the location of numbers such as —1 and —2 on a number line that also shows
0 on it. Parna’s labeling does show —8 as farther from 0 than —7, but her
labeling doesn’t fit with the decimal structure that is indicated by the heavier
and lighter tick marks. The left-most tick mark could be labeled as —8 or as
—7.1 (or as —7.01 or —7.001 etc.). In the latter cases, it would make sense to
rewrite —7 as —7.0 (or as —7.00 or —7.000 etc.).

2. The heavy tick mark on the far left is —1. The numbers between 0 and 1 are
all of the form 0. % % % % ... and the numbers between 0 and —1 are all of the
form —O0. % % % % % .. ..

1.3 Comparing Numbers in the Decimal System

Class Activity 1J: Places of Larger Value Count More than
Lower Places Combined

2. 99 is the largest. 100 is the smallest.
3. 999 is the largest. 1000 is the smallest.

4. If in the place of largest value one number has a larger entry than the other,
then that number is greater no matter the entries in the lower place values. This
is because the value of a decimal place is larger than any amount formed by all
the smaller places combined. We can see this when counting: we get a digit in
a higher place value after we “fill up” all the lower (whole number) place values
with Os.
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24 CHAPTER 1. NUMBERS AND THE DECIMAL SYSTEM

Class Activity 1K: Misconceptions in Comparing Decimals

IMAP Video opportunity

In IMAP video 9, up to about time 0:45 on the clip, Megan and Donna seem to
know how to compare decimals at first, saying that 4.7 and 4.70 are equal because
you can add a 0 to 4.7. But then, when they are told it’s “you can’t add a zero day,”
they think 4.70 is bigger than 4.7.

See also IMAP video 8, in which a third grader and a fifth grader add decimals
and also compare decimals. Both children seem to have the “whole number thinking”
misconception about comparing decimals.

1. correct order: 3.05, 3.25, 3.251, 3.3, 3.4
Whole number thinking: 3.3, 3.4, 3.05, 3.25, 3.251
Column overflow thinking: 3.05, 3.3, 3.4, 3.25, 3.251
Denominator focused: 3.251, 3.05, 3.25, 3.3, 3.4
Reciprocal thinking: 3.251, 3.25, 3.05, 3.4, 3.3
Money thinking: Either 3.05, 3.251, 3.25, 3.3, 3.4 or 3.05, 3.25, 3.251, 3.3, 3.4

2. Answers will vary. Notice that including pairs like the following can be useful:
3.25 and 3.3
3.05 and 3.3
3.05 and 3.25
3.251 and 3.05
3.26 and 3.251

Students who get the first and second one wrong may be using whole number
thinking.

Students who get the first one wrong and the second one right may be using
column overflow thinking.

Students who get the first two right and the third and fourth one wrong may
be using reciprocal thinking.

Students who get the first three right and the fourth one wrong may be using
denominator focused thinking.

Students who get the first four right and the fifth one wrong maybe be using
money thinking.
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Class Activity 1L: Finding Smaller and Smaller Decimals

Students should come to see that no matter what decimal is listed that is greater
than 2, there is always another decimal that is smaller than it. We can find such a
decimal simply by putting Os out beyond the first non-zero digit that occurs in the
candidate decimal and then putting a 1 in some place after that.

Expect some students to come up with the description given in part 4. This does
not describe a decimal because there is no specific decimal place in which the digit 1
occurs.

Class Activity 1M: Finding Decimals Between Decimals

If students are stumped by a pair such as 1.2 and 1.3 ask them to consider hundredths.
Hopefully they will see that they can write these as 1.20 and 1.30. If not, remind
them of this.

Students should come to see that no matter what pair of decimals is given, there
is always another decimal in between.

Be prepared for the question: “What about 0.9999999...and 17”7 The fact that
these numbers are equal is explained in the chapter on number theory. You may wish
to discuss that material if there is time.

Be prepared for someone to talk about a number that is “right next to” another
number (e.g., the number that is “right next to 1.1.” Ask what “right next to” would
mean. The number would have to have some decimal representation. What would
that be?

Class Activity 1N: Decimals Between Decimals on Number
Lines

You might want to remind students that they can always put extra zeros after numbers
to the right of the decimal point. For example, 3.4 = 3.40 = 3.400.

1. See Figure 1.5.

B T e B A SR T T

1.
1.6 05 1.7

Figure 1.5: A Labeled Number Line
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26 CHAPTER 1. NUMBERS AND THE DECIMAL SYSTEM

We can think of 1.6 and 1.7 as represented by $1.60 and $1.70 respectively.
$1.65 is in between.

2. See Figure 1.6.

B B S S IR IRT P

12.5405
12.540 12.541

Figure 1.6: A Labeled Number Line

3. See Figure 1.7.

ﬁjh%%%w
2.74 2.75 2.76 2.77 2.78

Figure 1.7: A Labeled Number Line

4. See Figure 1.8.
23.995

e B

23.99 24 =
24.00

Figure 1.8: A Labeled Number Line

Class Activity 10: “Greater Than” and “Less Than” with
Negative Numbers

1. For one explanation you can use a number line, for another, view negative
numbers as amounts owed.

2. Use a number line or view the negative numbers as amounts owed.

1.4 Rounding Numbers
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Class Activity 1P: Why Do We Round

This is a quick activity to get students thinking about rounding.
Often we round because we do not know the exact value. Other times we round
because the exact value is not important. Quite often both of these statements are

true.

Class Activity 1Q: Explaining Rounding

1.

The entries on the first number line: 34600, 34610, ..., 34700.
The entries on the second number line: 34000, 34100, ..., 35000
The entries on the third number line: 30000, 31000, ..., 40000

27

. Press students to explain why the number line they use to help them round is

useful. To explain rounding with the aid of a number line, students should look
for a number line on which the number to be rounded is plotted in between tick
marks that are labeled with numbers that have consecutive digits in the places
they are rounding to and only zeros in places of lower value. For example, if
they are rounding a number to the nearest ten, they should focus on tick marks
in the tens; if they are rounding to the nearest hundred, they should focus on
tick marks in the hundreds. Then it’s just a matter of determining which tick

mark the number is closest to.

34617 rounded to the nearest ten equals 34620.
34617 rounded to the nearest hundred equals 34600.
34617 rounded to the nearest thousand equals 35000.

The entries on the first number line: 99.25, 99.251, ..., 99.26
The entries on the second number line: 99.2, 99.21, ..., 99.3
The entries on the third number line: 99, 99.1, ..., 100
The entries on the fourth number line: 90, 91, ..., 100

99.253 rounded to the nearest hundredth equals 99.25.
99.253 rounded to the nearest tenth equals 99.3.
99.253 rounded to the nearest one equals 99.

99.253 rounded to the nearest ten equals 100.

Copyright © 2011 Pearson Education Inc. Publishing as Addison-Wesley.



28

CHAPTER 1. NUMBERS AND THE DECIMAL SYSTEM

Class Activity 1R: Rounding with Number Lines

1.

The number 3872 is between 3800 and 3900 and closer to 3900, so rounds to
3900.

The number 3872 is between 3870 and 3880 and closer to 3870, so rounds to
3870.

The number 2.349 is between 2.34 and 2.35 and closer to 2.35, so rounds to
2.35.

The number 2.349 is between 2.3 and 2.4 and closer to 2.3, so rounds to 2.3.
Label the tick marks 100, 200, 300, ..., 54700, 54800, 54900.

Label the tick marks 0.01, 0.02, 0.03, ...16.92, 16.93, 16.94.

Label the tick marks 0.1, 0.2, 0.3, ..., 16.8, 16.9, 17.0.

Class Activity 1S: Can We Round This Way?

Maureen’s method is not a valid way to round even though it does give the correct
answer in this case. If Maureen used her method to round 1.2487 to the nearest tenth
she would give the answer 1.3. But the correct answer is 1.2 since 1.2487 is closer to
1.2 than to 1.3 because it is less than 1.25.

As an extension, you might ask students to determine when Maureen’s method
will give the correct answer and when it won't.
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Please note that many of the solutions to the class activities given here are only
sketches and do not provide full, detailed solutions, which you should press students
to develop.

I have purposely put fractions and percents at the beginning of the book because
it’s so easy to leave these important and difficult topics to the tail end of a course
and have to rush through them.

2.1 The Meaning of Fractions

You might like to begin to weave in a discussion of the next section on solving problems
and explaining solutions into this section.

Class Activity 2A: Fractions of Objects

1. Show % of the piece of paper because you want to show 3 parts, given that the
piece of paper is 4 parts.

2. Benton should use % of his dough, which he can get by cutting the dough into
3 equal parts either horizontally or vertically. He needs % of the dough because
the % cup of butter consists of 3 parts (each of which is i cup) but he only
wants 1 of those parts.

The issue of “what’s the whole?” will come up in this activity because a given
amount represents a different fraction, depending on what the whole is taken to be.
This is a natural lead in to the next activity.

Class Activity 2B: The Whole Associated With a Fraction
IMAP Video opportunity

1. It’s true that % of the longer rectangle has a larger area than % of the shorter
rectangle. But the two fractions each refer to different sized wholes.

2. Kayla might be confused because there are different wholes we can use here. If
we take the whole to be the full collection of 12 circles, then the 3 circles form
i of this whole. If we take the whole to be 1 circle, then it’s not appropriate to
describe these circles as representing i.
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3. 4 is the number of equal parts into which the whole is to be divided, or that
make up the whole. The whole could consist of 24 objects, for example, in
which case it is misleading to say that the “whole is 4”.

In your discussions, start encouraging students to talk about fractions as “of a
whole” rather than “parts out of parts.” For example, encourage them to say “% of
the bar is shaded” rather than “2 out of 3 parts are shaded.” One problem with the
“out of” language is that it doesn’t draw attention to the associated whole. Also,
it seems to cause some students to focus on the remaining part of the whole when
the fractional part is “taken out of the whole,” i.e., removed from the whole. This
misconception is discussed in IMAP Video 12. In particular, the discussion at the
end explains why the “out of” language may cause problems for students.

Identifying the whole that a fraction is “of” will be especially important in ana-
lyzing fraction multiplication and division (in chapters 5 and 6) because in fraction
multiplication and division story problems, different fractions in a problem can refer
to different wholes. So you might want to tell students that they will be encountering
the “what’s the whole?” question later on as well.

We also have to specify the whole in order to interpret unambiguously pictures that
represent fractional amounts. This is especially important when it comes to improper
fractions and mixed numbers. In your class discussions, you might encourage students
to draw a separate picture of the whole and to label the whole as such.

Class Activity 2C: Relating a Fraction to its Whole

IMAP Video opportunity

1. The swing area consists of 1—12 of the park. The whole for this 1—12 and for the %
is the area of the entire neighborhood park. The whole for i is the area of the
playground.

You don’t need to bring this up now, but the swing problem is a story problem
for 1.1
13

2. Ben should use % of the oil in the bottle. The whole for this % is the amount of
oil in the bottle. But the whole for the % and the % is a cup of oil.

You don’t need to bring this up now, but the oil problem is a story problem for

1.2
37 3"
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Encourage students to talk about fractions as “of a whole” rather than “parts out
of parts.” For example, encourage them to say “% of the park” rather than “1 out of
12 parts.” See the comments from the previous activity, and in particular, note that
there is a relevant IMAP video for this discussion.

Class Activity 2D: Comparing Quantities with Fractions

1. Nate raised % as much as Tyler. The whole for this % is the amount Tyler raised.

Tyler raised % as much as Nate. The whole for this % is the amount Nate raised.
It is also correct to say that Tyler raised 1% times as much as Nate, or even
that Tyler raised 50% more than Nate (although the latter answer doesn’t fit

with the “as much as” wording).

2. The strip for Company A will consist of 4 equal pieces and the one for Company
B will consist of 5 equal pieces of the same size. Company B sells % as much as
Company A. It is also correct to say that Company B sells 1% times as much
as Company A and even that Company B sells 25 % more than Company A.

3. Students should notice that in each case, the two fractions we use to describe the
relationship between two quantities are inverses of each other. This previews

the relationship % . % =1

Class Activity 2E: Fractions of Non-Contiguous Wholes
IMAP Video opportunity

2. Mariah’s method is not correct because the 10 parts are not equal in area. If
the two plots did have the same area, then her reasoning would be correct.

3. Yes, Aysah’s picture can be used. It shows that the shaded portion is % of
Peter’s garden because 5 copies of the shaded portion can be joined to make
the whole garden. Or in other words, picture shows that the garden is divided
into 5 parts and one of those parts is shaded (note that a “part” can consist of

several distinct pieces).

4. Matt’s reasoning is not valid because the two é each refer to a different whole

and the question is about Peter’s entire garden.
If the two plots were each 1 acre, then the shaded pieces would in fact be

two parts, each of which is % of an acre, and therefore the two parts together
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would be % of an acre. So yes, Matt’s reasoning can be used to make a correct
statement. As always, attending to the whole is crucial when working with
fractions!

At this point, you might like to show IMAP video 14, in which Felisha divides 2
cookies equally among 5 people. There is some confusion about how to describe
each person’s share. Is it % or %? The answer depends on what we take the
whole to be. (This video is an even better fit for the discussion of the relationship
between division and fractions in chapter 6.)

Class Activity 2F: Is the Meaning of Equal Parts Always
Clear?

1. In most situations, it’s clear what “equal parts” means. But when we have

different sized objects like these, it’s not clear if all the marbles can be considered
equal.

. Arianna did divide the shape into 4 parts of equal area even though the 4 parts

are not congruent.

. See parts 1 and 2 of this activity and the discussion in the text.

6

. = of the shapes used in the design are triangles. i of the area of the design

ils3 made of triangles. For (a) the equal parts were the 13 different shapes that
make up the design. For (b) we can divide each rhombus into two triangles that
are congruent to the triangles in the outer ring of the design. The hexagon can
be divided into six more congruent triangles. The outer six triangles are now i

of the 24 triangles in the design.

Class Activity 2G: Improper Fractions

1. Confusion about what exactly is the whole could arise. To interpret the shaded

region as % we must state that the whole consists of one large rectangle. You

could suggest to students that they draw another rectangle and label it with “1
whole” in order to make clear what the whole is.

2. You might tell Enrico that we can use copies of parts. You could show him that

it makes sense to have % cups of water, or a string of length % of an inch.
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3. Meili might think that the 6 pieces together must make the whole since it is
larger than the 5 pieces that make the strip that is labeled as the whole. Some
questions to ask Meili are why she changed from fifths to sixths and whether
the whole has changed or not.

2.2 Interlude: Solving Problems and Explaining
Solutions

You might like to begin to weave in a discussion of this section into the previous sec-
tion. Although the norms of mathematical reasoning and explanation are certainly
based in our natural capacity for logical thought, these norms are culturally trans-
mitted, and students must learn what qualifies as valid mathematical reasoning. This
takes many examples as well as guidance from instructors.

2.3 Fractions as Numbers

Class Activity 2H: Number Line Errors with Fractions

1. (a) Eric may understand that making fourths involves dividing a unit into 4
pieces, but he may think he can accomplish that by inserting 4 tick marks
between 0 and 1 instead of dividing the interval from 0 to 1 into 4 equal
pieces. Eric has actually divided the interval from 0 to 1 into 5 equal
pieces.

(b) Kristin may simply be counting tick marks. She may not understand that
the interval between 0 and 1 must be divided into 4 equal pieces. Her
number line doesn’t show 0. Although not incorrect, it probably means
she is not attending to the distance from 0.

Students may notice that Kristin didn’t appear to be working on the num-
ber line that was previously labeled with 0 and 1. Perhaps she drew a new
number line to work on.

(c) See text for the idea of circling intervals.

2. Tyler may have thought of % as 3 intervals out of the 4 intervals drawn on the
number line. Clearly he is confused about exactly what is the whole.
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Class Activity 2I: Fractions on Number Lines, Part 1

1.

Be sure students talk about dividing the interval between 0 and 1 into 4 equal-
length segments, and in particular, focus on length. It will be worth noting that
dividing the interval from 0 to 1 does not involve making 4 new tick marks. See
text for full discussion of where to locate fractions on number lines and see the
answer to the practice problem in this section.

The tick marks should be i apart.

. As the tick marks should be i apart, draw 3 equally spaced tick marks between

the tick marks for 0 and 1 (so as to divide the interval between 0 and 1 into 4
equal pieces) and then continue on.

As the tick marks should be % apart, draw 2 equally spaced tick marks between
the tick marks for 0 and %, so as to subdivide the interval between 0 and % into
3 equal pieces, and then continue on. Note that students must recognize that
3

5 consists of 3 pieces, each of length %

As the tick marks should be i apart, draw 2 equally spaced tick marks between
the tick marks for 0 and % and then continue on.

As the tick marks should be % apart, draw 3 equally spaced tick marks between
the tick marks for 0 and % and then continue on.

2.4 Equivalent Fractions

Class Activity 2J: Equivalent Fractions

1.

See text for an explanation using different numbers. Press students to explain

the multiplication of the numerator and denominator and not just to say that
2 _ 8

37 127

The issue addressed in this part may already come up in your discussion of part
1. Note that it makes sense that when we divide each piece into 4 equal pieces
there will be 4 times as many pieces (in all, and shaded). So the pieces become
smaller and to compensate, there are more of them. The pieces themselves are
divided, but the number of pieces is multiplied. In the picture we are working
with the pieces themselves, but in the numerical work we are working with the
number of pieces.
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3. In the picture, each piece should be divided into 5 equal pieces.

4. Repeat the above with % replaced by % and 4 (or 5) replaced by N. If there

isn’t time to work all the way through this, you could instead remark that there
wasn’t anything special about the numbers 2, 3, 4, 5 used in the previous expla-
nations and that the very same reasoning will apply no matter what counting
numbers are involved.

Class Activity 2K: Misconceptions About Fraction Equiva-
lence

1. Even though Anna did “do the same thing to the top and bottom of the frac-

tion,” she doesn’t get equivalent fractions this way, which we can see immedi-
ately by drawing pictures. When we teach about equivalent fractions, we should
be more specific about how to get equivalent fractions than just saying “do the
same thing to the top and the bottom.”

. Both fractions are “one part away from a whole” but 17ths and 12ths are dif-

ferent size parts.

. Both fractions are equal to 1. Peter may not realize that when the whole is

divided into more parts, each part becomes smaller.

A similar issue comes up again in the activity “Can We Reason this Way?” in
the section on comparing fractions.

Class Activity 2L: Common Denominators

1. See Figure 2.1. In terms of the pictures, giving the fraction common denomi-

nators is making like parts.

2. The two smallest common denominators are 12 and 24. When giving these

fractions common denominators we are dividing the strips and number lines
into like parts.
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4/12 9/12 8/24 18/24
440pt 166pt

Figure 2.1: Common Denominators

Class Activity 2M: Solving Problems by Changing Denomina-

tors
1. % of the larger (imagined) piece ofpaper is formed by i of the given piece of
paper. Since % = %, and since we want 1 sixth and we have 4 sixths, we must

show 1 out of 4 equal parts of the given piece of paper. In solving this problem,
% also appears as %. We can make 4 equal parts horizontally or vertically, which
look different.

13

i i 3,1 _9 , 4 13 __ 11
. Using a picture, we can see that Jeremy uses 1 + 3 = 5 + 153 = 15 = 135 cups

butter. The fraction % appears as % and % appears as %. The whole associated
with each fraction is a cup of butter.

Using a picture, we see that Jean needs % = % cups of butter but only has % = %
cups of butter, which means she has 2 of the 3 parts she needs, so she has 2
of what she needs. In solving the problem the fractions appear as equivalent
fractions with denominator 6. The whole associated with % and é is a cup of
butter, but the whole associated with % is the amount of butter Jean needs,

namely the % cup of butter.

w

. Using a picture, we see that Joey should eat % cups of cereal. In the picture,

we turn % into g in order to solve the problem.The whole associated with the %
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in the problem is a cup of cereal. The whole associated with the answer, %, is

also a cup of cereal. But the whole associated with % is a serving of cereal.

Class Activity 2N: Fractions on Number Lines, Part 2

In this activity, students will need to give fractions common denominators to solve
the problems and they will need to focus on the meaning of fractions in terms of
number lines.

. Let the distance between adjacent tick marks equal % and let the leftmost tick

2 _ 4
mark represent 3 = .

. Let the distance between adjacent tick marks equal % and let the leftmost tick

33 _ 99
mark represent 7 = 5.

Let the distance between adjacent tick marks equal 2Lo = 0.05 and let the left-
14

most tick mark represent 0.7 = ;.

Draw seven equally spaced tick marks between the tick marks for 0 and % The
distance between adjacent tick marks equals % If we extend these tick marks

2 . 3. 2
past £ the tick mark for 4 is the first one past %.

. Draw five equally spaced tick marks between the tick marks for 0 and % The

distance between adjacent tick marks equals %. If we extend these tick marks
past % the tick mark for % is the first one past %

Class Activity 20: Simplifying Fractions

1.

2.

See practice problem 9 and its solution for the same type of problem.

See Figure 3.38 in the text and the text discussion.

12 _ 2

18
12
8 —

% &l
NI OO

win

oy Wi
[\
w

©
@
o

Use pictures like the ones shown at the beginning of the activity or in practice
problem 9.
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2.5 Comparing Fractions

You could begin this section by putting two fractions on the board (such as % and
%) and asking students what methods they know for determining which of those two

fractions is greater.

Class Activity 2P: Can We Compare Fractions This Way?

Use this activity to caution students about comparing fractions by converting to
decimals.

1. The two fractions will appear to be equal when we use a calculator to represent
them as decimal numbers.

2. The second fraction is bigger because when you divide an object into 999,999,999,999
equal pieces, each piece is slightly bigger than if you divided the object into
1,000,000,000,000 equal pieces.

Class Activity 2Q: What is another way to Compare these
Fractions?

Use this activity to discuss the method of comparing fractions that have the same
numerator by considering the denominators. At the end of this activity, you could
mention that even if two fractions don’t have the same numerator to start with, we
can give the fractions common numerators to compare them. In some cases this is
easier than giving fractions common denominators.

1. The second fraction is bigger because when you divide an object into 39 equal
pieces, each piece is slightly bigger than if you divided the object into 49 equal
pieces.

2. Use the same reasoning.
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Class Activity 2R: Comparing Fractions by Reasoning

% > % because 27 > 26 and forty-thirds are greater than forty-fifths.

;—;’ > % because the first fraction is greater than % but the second fraction is less
than %
% < % because each fraction is one piece less than a whole but 20ths are smaller

than 19ths, so the second fraction is closer to a whole than the first.
5—;’ < % because both fractions are 2 pieces less than a whole but sixty-sevenths
are smaller than fifty-thirds, so the second fraction is closer to a whole than the first.
9 _ 12 9 _ 1 _ 12
@<ﬂbecause4—o<z<ﬂ.

% < % because both fractions are just over % but % is one eighth more than

whereas % is half of a twenty-fifth more than %

1
2

Class Activity 2S: Can We Reason this Way?
IMAP Video opportunity

1. Claire reaches the correct conclusion but her reasoning is not valid because even
though 4 pieces is more than 3 pieces, 9ths are smaller than 8ths.

2. Conrad’s conclusion is incorrect, in fact

4 3
11°38

You may wish to show IMAP Video 11 in which Ally talks about changing digits
in order to determine which fraction is larger. It’s not necessarily the same reasoning
that Claire and Conrad are using in this activity, but is in the same style. You could
also show Video 12 where prospective teachers discuss a misconception in comparing
fractions that many noticed when they interviewed students.
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2.6 Percent

You can introduce this section by asking students to jot down what they think “per-
cent” means and why they think we have percents. You could then discuss the
material at the beginning of the section. You could then ask students why we use
100 as the denominator for percentages instead of 10, say, or 1000. The denominator
of 100 allows percentages to be expressed with 2 digits, which is short enough to be
quickly grasped yet provides enough information to distinguish and separate many
cases.

Class Activity 2T: Pictures, Percentages, and Fractions

This activity gives students a chance to see various percentages as arising from com-
bining other common “benchmark” percentages. This will be useful in mental percent
calculations.

1. Diagram 1: 95%
Diagram 2: 80% (viewed as 75% plus 1 of 25%)
Diagram 3: 45%
Diagram 4: 12.5% (half of 25%)
Diagram 5: 87.5% (75% plus half of 25%)

Class Activity 2U: Calculating Percents of Quantities by Using
Benchmark Fractions and Percent Tables

Most students find the “percent tables” to be really helpful for developing a feel for
percentages. (If you used a previous edition of this book, note that I changed the
name from “percent diagram” to “percent table” in order to make clearer later on
that a percent table is really a form of ratio table. And a percent table can also be
viewed as a table for a function.)

1. %o of 80,000 is 8000. So half of 8000, namely 4000, is 5% of 80,000. If we take
4,000 away from 80,000 that will be 95% of 80,000. So the answer is 76,000.
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Percent diagram:
100% — 80,000
10% — 8000
5% — 4000
95% — 76,000

Some students may also calculate 9 times 8000 and then add 4000 to that, so
it’s a good idea to ask for their reasoning, not just their percent diagrams. Have
students recognize that this is another valid way to compute 95% of 80,000.

. % of 6500 is 650. So half of that, namely 325 is 5% of 6500. Since 10% + 5% =

15%, we have that 650 + 325 = 975 is 15% of 6500.

. 1% of $25 is $.25. Hence 7% of $25 is $1.75.
. % of 810 is 405. 10% of 810 is 81. So 60% of 810 is 405 + 81 = 486.
. 20% of 810 is 162. 40% of 810 is 162 + 162 = 324. Hence 60% of 162 is

324 + 162 = 486.

2 of 180 is 90. 10% of that is 9, which is also 5% of 180 (or you can find 5%
of 180 by taking 10% of 180 first and then take half of that). So 55% of 180 is
90 +9 = 99.

Class Activity 2V: Calculating Percentages with Pictures and
Percent Tables

1. As seen in Figure 2.2, last year, 3 out of the 5 parts of normal rainfall fell, so

g = 60% of normal rainfall fell.

1 inch of
rain

<— normal

last year —»

Figure 2.2: Rainfall
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2. Since % cup gives 100% of your full daily value of clacium, % gives you 33%%

of your daily value. Hence % = % of a cup gives you 133%% of your daily value.

Class Activity 2W: Calculating Percentages with Equivalent
Fractions

60 _ 6 _ 3 _ 15 _
L. 400_40_20_100_15%'

225 _ 925 _ 9 _ 45 _
2. 560 = 2 25_20_100_45%’

0-
6 _ 64 _ 24 __
3. 25 — 254 — 100 = 24%
2+

4, 2 =82 24 = 16160

75 75=3 25 100 —

—

5. 42— T —70%

60 10

6. You may need to discuss with students that just as we can have improper

fractions, we can also have percentages that are greater than 100%. % = % =

190 _ 150%.

7. % = % = % = 661'28"' = 66.66...%. Note that this used “going through 1.”

Class Activity 2X: Calculating a Quantity from a Percentage
of It

1. See Figure 2.3 for a picture.

2 boxes are in each of the 3 shaded rectangles,
so there are 20 boxes total

Figure 2.3: Boxes of Paper

2. 30% — 6
10% — 2
100% — 20
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3. The fraction of his order that the 6 boxes represent must equal the fraction that

30% is of 100%. Since % = 25 — % his order must have been 20.
4. 7% — $2.10

1% — $.30

100% — $30

Class Activity 2Y: Percent Problem Solving

1. With a percent diagram:
40% — 30
20% — 15
100% — 75

With equivalent fractions: we want to solve
40 30
100 7

40 4 2 30

100 10 5 75
2. Draw two strips to represent the running distances, making Marcie’s 10 pieces

long and Andrew’s 4 pieces long. From the comparison, we see that Marcie’s
distance is 250% as long as Andrew’s.

3. The 8 extra female bugs are as much as 10% of the male bugs. So there are
10 - 8 = 80 male bugs and 88 female bugs. This makes 168 bugs all together.
Using a percent table we might say

10% — 8
100% — 80

but this 100% refers to 100% of the male bugs. It would be easy to think
incorrectly that this 100% refers to all the bugs.

4. Draw two strips, one for the dogs, one for the cats. Make the dog strip 25%
longer than the cat strip by making the cat strip 4 pieces long and the dog strip
one piece longer, so 5 pieces long. Then the cats and dogs together are “made
of” a total of 9 pieces and the cats are 4 of those 9 pieces. So the percentage of
cats is 3, which is about 44%.
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