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CHAPTER 2 THE BASIC CONCEPTS OF SET THEORY

2.1 EXERCISES

10.

11.

12.

13.

14.

15.

16.

{2, 4, 6, 8} matches C, the set of even positive
integers less than 10.

{z|x is an even integer greater than 4 and less than 6}

matches G, the empty set, since there is no even
integer larger than 4 and smaller than 6.

{...,—4,—3,—2, —1} matches E, the set of all
negative integers.

{...,—6,—4,-2,0,2,4,6, ... } matches A, the
set of all even integers.

{2,4, 8,16, 32} matches B, the set of the five least
positive integer powers of 2, since each element rep-
resents a successive power of 2 beginning with 21.

{...,—5,-3,—-1,1,3,5,... } matches D, the set
of all odd integers.

{2,4,6,8,10} matches H, the set of the five least
positive integer multiples of 2, since this set
represents the first five positive even integers.
Remember that all even numbers are multiples of 2.

{1,3,5,7, 9} matches F, the set of odd positive
integers less than 10.

The set of all counting numbers less than or equal
to 6 can be expressed as {1,2,3,4,5,6}.

The set of all whole numbers greater than 8 and
less than 18 can be expressed as
{9,10,11,12,13,14,15,16,17}.

The set of all whole numbers not greater than 4
can be expressed as {0, 1,2, 3, 4}.

The set of all counting numbers between 4 and 14
can be expressed as {5,6,7,8,9,10,11,12,13}.

In the set {6,7,8,...,14}, the ellipsis (three dots)
indicates a continuation of the pattern. A complete
listing of this setis {6,7,8,9,10,11,12,13,14}.

The set {3,6,9,12,...,30} contains all multiples
of 3 from 3 to 30 inclusive. A complete listing of
this setis {3,6,9,12,15,18,21, 24,27, 30}.

The set {—15, —13,—11,..., —1} contains all
integers from —15 to —1 inclusive. Each member
is two larger than its predecessor. A complete
listing of this set is

{-15,-13,—-11,-9, -7, -5, -3, —1}.

The set {—4,—3,—2,...,4} contains all integers
from —4 to 4. Each member is one larger than its
predecessor. A complete listing of this set is
{-4,-3,-2,-1,0,1,2,3,4}.

17.

18.

19.

20.

21.

22

23.

24.

25.

26.

27.

28.

The set {2,4,8, ...,256} contains all powers of
two from 2 to 256 inclusive. A complete listing of
this setis {2,4, 8,16, 32, 64,128,256}.

In the set {90,87,84, ...,69}, each member after
the first is found by subtracting 3 from the
previous member. The set contains multiples of 3
in decreasing order, from 90 to 69 inclusive. A
complete listing is {90, 87, 84,81, 78,75,72,69}.

A complete listing of the set {x | x is an even
whole number less than 11} is {0,2,4,6,8,10}.
Remember that 0 is the first whole number.

The set {z | = is an odd integer between —8 and 7}
can be represented as {—7,—5,—3,—1,1,3,5}.

The set of all counting numbers greater than 20 is
represented by the listing {21, 22,23, ... }.

The set of all integers between —200 and 500 is
represented by the listing
{-199,-198,-197, ..., 499}.

The set of Great Lakes is represented by {Lake
Erie, Lake Huron, Lake Michigan, Lake Ontario,
Lake Superior}.

The set of United States presidents who served
after Lyndon Johnson and before George W. Bush
is represented by {William Clinton, George H.W.
Bush, Ronald Reagan, Jimmy Carter, Gerald Ford,
Richard Nixon}.

The set {z | = is a positive multiple of 5} is
represented by the listing {5, 10, 15, 20, ... }.

The set {z | x is a negative multiple of 6} is
represented by the listing
{—6,—12, —18, 24,30, ...}

The set
{x | x is the reciprocal of a natural number} is

represented by the listing
{1,1/2,1/3,1/4, 1/5, ... }.

The set {x | x is a positive integer power of 4} is
represented by the listing

{4,16,64,256,1024, ... } since

4' = 4, 4% = 16, and so forth.

Note that in Exercises 29-32, there are other ways to
describe the sets.

29.

30.

The set of all rational numbers may be represented
using set-builder notation as
{z | z is a rational number}.

The set of all even natural numbers may be
represented using set-builder notation as {x | x is
an even natural number }.
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

The set {1, 3,5, ..., 75} may be represented using
set-builder notation as {x | x is an odd natural
number less than 76}.

The set {35, 40, 45, ... , 95} may be represented
using set-builder notation as {« | x is a multiple of
5 between 30 and 100}.

The set {2,4,6,...,32} is finite since the cardinal
number associated with this set is a whole number.

The set {6, 12, 18} is finite since the cardinal
number is a whole number.

The set {1/2, 2/3, 3/4, ... } is infinite since there is
no last element, and we would be unable to count
all of the elements.

The set {—10, —8, —6, ... } is infinite since there
is no last element, and therefore its cardinal
number is not a whole number.

The set {« | x is a natural number greater than 50}
is infinite since there is no last element, and
therefore its cardinal number is not a whole
number.

The set {x | x is a natural number less than 50} is
finite since there are a countable number of
elements in the set.

The set {x | x is a rational number} is infinite
since there is no last element, and therefore its
cardinal number is not a whole number.

The set {x | x is a rational number between 0 and 1}
is an infinite set. One could never finish counting the
elements of this set because between every two
rational numbers, we can always find another
rational number.

For any set A, n(A) represents the cardinal
number of the set, that is, the number of elements
in the set. The set A = {0, 1, 2,3,4,5,6,7}
contains 8 elements. Thus, n(A) = 8.

Theset A = {-3, —1,1,3,5,7,9} contains 7

elements. Thus, n(A) = 7.

The set A = {2,4,6, ..., 1000} contains 500
elements. Thus, n(A) = 500.

The set A = {0, 1,2,3, ... ,3000} contains

3001 elements. Thus, n(A) = 3001.

The set A = {a, b, c, ... , z} has 26 elements
(letters of the alphabet). Thus, n(A) = 26.

The set {x | x is a vowel in the English alphabet}
has 5 members since there are 5 vowels, a, €, i, 0,
and u. Thus, n(A) =5.

47.

48.

49.

50.

51.
52.
53.

54.

56.

57.

58.

59.
60.

61.

62.

63.
64.

The set A = the set of integers between —20 and
20 has 39 members. The set can be indicated as
{-19, —18, ..., 18, 19}, or 19 negative integers,
19 positive integers, and 0. Thus, n(A) = 39.

The set A = set of current US senators has 100
members (two from each state). Thus,

n(A) = 100.
The set A = {1/3, 2/4, 3/5, 4/6, ..., 27/29, 28/30}
has 28 elements. Thus, n(A) = 28.

The set A = {1/2, —1/2, 1/3, —1/3, ..., 1/10, —1/10}
has 18 (nine negative and nine positive) elements.
Thus, n(A) = 18.

Writing exercise; answers will vary.
Writing exercise; answers will vary.

The set {x | x is a real number} is well defined
since we can always tell if a number is real and
belongs to this set.

The set {z | x is a negative number} is well
defined since we can tell whether a particular
number belongs to this set by observing its sign.

The set {x | x is good athlete} is not well defined
since set membership, in this case, is a value
judgment, and there is no clear-cut way to
determine whether a particular athlete is “good.”

The set {x |  is skillful typist} is not well defined
since set membership is a value judgment

The set {x | x is a difficult course} is not well
defined since set membership is a value judgment,
and there is no clear-cut way to determine whether
a particular course is “difficult.”

The set {z | z is a counting number less than 2} is
well defined since we can always tell if a number
satisfies the conditions and, hence, belongs to this
set. Note that there is only one element, 1, in the
set.

5 {2,4, 5,7} since 5 is a member of the set.

8 {3, =2, 5,7, 8} since 8 is a member of the
set.

—4 {4,7, 8, 12} since —4 is not contained in
the set.

—-12 {3, 8, 12, 18} because —12 is not a
member of the set.

0 {-2,0, 5, 9} since 0 is a member of the set.

0 {3,4, 6,8, 10} since 0 in not a member of
the set.



24 CHAPTER 2 THE BASIC CONCEPTS OF SET THEORY
65. {3} {2, 3, 4, 6} since the elements are not 84. The statement 8 € B is true since 8 is a member
sets themselves. of set B.
66. {6} {3,4,5,6,7} (which is equivalent to the 85. The statement 4 ¢ C is false since 4 is a member
original set) because the set {6} is not a member of the set C.
of the second set even though the number 6 is. 86. The statement 8 ¢ B is false since 8 is a member
67. S[E]{11—2,10 —2,9— 2,8 — 2} since of the set 3.
8=10—2. 87. Every element of C is also an element of A is true
68. Writing exercise; answers will vary since the members, 4, 10, and 12 of set C, are also
’ ’ ’ members of set A.
69. The statement 3 € {2, 5, 6, 8} is false since the .
element 3 is not a r;{lember of}tlie set ! 88. The statement, every element of C' is also an
) element of B, is false since the element, 12, of set
70. The statement 6 € {—2, 5, 8, 9} is false since the C is not also an element of set B.
element 6 is not a member of the set. .. . .
89. Writing exercise; answers will vary.
71. The statement b € {h, c, d, a, b} is true since b is . . .
contained in the set. 90. Writing exercise; answers will vary.
. . 91. An example of two sets that are not equivalent and
72. The stat t 1 t
s fofl; ;r:c?iln?;leesit’ m, n, 0, p} is true since m not equal would be {3} and {c, f}. Other
’ examples are possible.
3. ng asiizenlieg (?f fhii,ef, 4,8} is true since 9 is 92. An example of two sets that are equal but not
' equivalent is impossible. If they are equal, they
74. The statement 2 ¢ {7, 6, 5, 4}is true since 2 is not have the same number of elements and must be
a member of the set. equivalent.
75. The statement {k, ¢, 1, a} = {k, c, a, r} is true 93. An example of two sets that are equivalent but not
since both sets contain exactly the same elements. equal would be {a, b} and {a, c}. Other examples
76. The statement {e, h, a, n} = {a, h, e, n} is true are possible.
since both sets contain exactly the same elements. 94. Two sets that are both equal and equivalent would
77. The statement {5, 8,9} = {5, 8,9, 0} is false bzss{iﬁeand {4+ 1}. Other examples are
because the second set contains a different P )
element from the first set, 0. 95. (a) The stocks with share volumes > 4118.5 million
78. The statement {3,7, 12, 14} = {3,7, 12, 14, 0} is are those listed in the set {LU, NT, PFE, GE}.
false because the second set contains a different (b) The stocks with share volumes < 4118.5
element from the first set, 0. million are those listed in the set { GE, MOT,
79. The statement {4} € {{3}, {4}, {5}} is true since TWX, C, TXN, EMC, AWE}.
the element, {4}, is a member of the set. 96. (a) Since there are 220 calories in the candy bars
80. The statement 4 € {{3}, {4}, {5}} is false since that Alex1s likes, she.must bqrn 9ff3 ~ 2.29.: 660
the element. 4. is not a member of the set. Rather calories. The following sets indicate activities that
{4} isa me;nb,er ’ will burn off the required number of calories and
’ will take no more that two hours: {r}, {g, s},
81. The statement {x | x is a natural number less than 3} {c,s}, {v,1}, {g,1}, {c,1}, and {s,r}.
ejaitII’ 2;16185::1’112 legiez(t)sth represent sets with (b) The required number of calories to burn off is
y ' 5 x 220 = 1100 calories. The following sets
82. The statement {x | x is a natural number greater indicate activities taking less than or equal to three
than 10} = {11, 12, 13, ... } is true since both hours and burning off the required number of
represent sets with exactly the same elements. calories: {v, g, r}, {v, ¢, r}, {v, s, r}, {g, c, r},
83. The statement 4 € A is true since 4 is a member {g.s. 1}, and {c, 5. 1}.

of set A.
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2.2 EXERCISES

A

10.
11.

12.

13.

14.

15.

16.
17.
18.

19.
20.
21.

22.

{r}, {a}, {p, q}, ¥ matches F, the subsets of
{p. a}-

{r}, {q}, ¥ matches B, the proper subsets of
{p, q}. Note that the set {p, q}, itself, though a
subset, is not a proper subset.

{a, b} matches C, the complement of {c, d}, if
U ={a,b,c,d}

() matches D, the complement of U.

U matches A, the complement of (J.

{a} matches E, the complement of {b}, if U = {a, b}.

{-2,0,2} {-2,-1,1,2}

{M, W, F} {S, M, T, W, Th} since the
element “F” is not a member of the second set.
{2,5} {0,1,5,3,4,2}

{a,n, d} {r,a,n,d,y}

0 {a, b, c, d, e}, since the empty set is
considered a subset of any given set.

0 (), since the empty set is considered a subset
of every set including itself.

{~7.4,9} {x | x is an odd integer} since
the element “4” is not an element of the second
set.

{2,1/3,5/9} the set of rational numbers since
2, 1/3, and 5/9 are rational numbers.

{B,C,D} {B, C,D, F} and
{B,C,D}[C |{B.C,D,F}i.e. both.

{red, blue, yellow} {yellow, blue, red}.
{9,1,7,3,5} {1,3,5,7,9}

{S,M, T, W, Th} {M, W, Th, S}, therefore,
neither.

0 {0} or () {0}, i.e., both.

0 () only.

{-1,0,1,2,3} {0, 1,2, 3, 4}; therefore,

neither. Note that if a set is not a subset of
another set, it cannot be a proper subset either.

{516, 9/8} {6/5, 8/9} since either member of
the first set is not a member of the second. Thus,
neither is the correct answer.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

A C U is true since all sets must be subsets of the
universal set by definition, and U contains at least
one more element than A.

C C U is true since all sets must be subsets of the
universal set by definition, and U contains at least
one more element than C'.

D C B is false since the element “d” in set D is
not also a member of set B.

D C A is false since the element “d” in set D is
not also a member of set A.

A C Bistrue. All members of A are also
members of B, and there are elements in set B not
contained in set A.

[T

B C (' is false since the elements “a” and “e” in
set B are not also members of set C.

() C A is true since the empty set, (J, is considered
a subset of all sets. It is a proper subset since
there are elements in A not contained in §).

() C D is true since the empty set, {J, is considered
a subset of all sets.

() C 0 is true since the empty set, @, is considered
a subset of all sets including itself. Note that all
sets are subsets of themselves.

D C Bis false. The element “d”, though a
member of set D, is not also a member of set B.

D ¢ Bistrue. Set D is not a subset of B because
the element “d”, though a member of set D, is
not also a member of set B.

A ¢ Bis false. Set A is a subset of set B since
all of the elements in set A are also in set B.

There are exactly 6 subsets of C'is false. Since
there are 3 elements in set C, there are 23 = 8
subsets.

There are exactly 31 subsets of B is false. Since
there 5 elements in set B, there are 2° = 32
subsets.

There are exactly 3 subsets of A is false. Since
there are 2 elements in set A, there are 22 = 4
subsets.

There are exactly 4 subsets of D is true. Since
there are 2 elements in set D, there are 2% = 4
subsets.

There is exactly one subset of ) is true. The only
subset of () is () itself.
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40. There are exactly 127 proper subsets of U is true. 55. In order to contain all of the indicated
Since there are 7 elements in set U, there are characteristics, the universal set U = {Higher
27 = 128 subsets of U. Since the set U, itself, is cost, Lower cost, Educational, More time to see
not a proper subset, there is one less or 127 proper the sights, Less time to see the sights, Cannot visit
subsets. relatives along the way, Can visit relatives along
41. The Venn diagram does not represent the correct the way}.
relationships among the sets since C' is not a 56. Since I contains the characteristics of the flying
subset of A. Thus, the answer is false. option, F' = {Lower cost, Less time to see the
42. The Venn diagram shows that C'is a subset of B sights, Can visit relatives along the way}.
and that B is a subset of U. This is a correct 57. Since D contains the set of characteristics of the
relationship since all members of set C' are also driving option, D’ = {Higher cost, More time to
members of set B, and B is a subset of U. Thus, see the sights, Cannot visit relatives along the
the answer is true. way}.
43. Since the given set has 3 elements, there are 58. The set of element(s) common to set F' and D is
(a) 2° = 8 subsets and (b) 2* — 1 = 7 proper {Educational }.
subsets. 59. The set of element(s) common to F’ and D' is (),
44. Since the given set has 4 elements, there are the empty set, since there are no common
(a) 2% = 16 subsets and (b) 2* — 1 = 15 proper elements.
subsets. .
60. The set of element(s) common to F' and D’ is
45. Since the given set has 6 elements, there are (a) {Higher cost, More time to see the sights, Cannot
26 = 64 subsets and (b) 2° — 1 = 63 proper visit relatives along the way}.
subsets. . .
61. The only possible setis {A, B,C, D, E'}. (All are
46. Since the given set has 7 elements, which are the present.)
days of the week, there are (a) 27 = 128 subsets 62. The possible subsets of four people would include
7 _ .
and (b) 2’ — 1 = 127 proper subsets. {A.B,C,DV.{A. B,C, E}.{A, B, D, E},
47. The set {z | x is an odd integer between —7and 4} {A,C,D,E},and {B,C, D, E}.
={-5,-3,-1,1,3}. Since the set contains 5 .
elements, there are (a) 2° — 32 subsets and (b) 63. Thelt 1210551ble subsets of three people would
5 _ _ include
2 1 =32 — 1 = 31 proper subsets. (A, B,C},{A, B, D}, {A, B, E}, {A,C, D},
48. The set {z | x is an odd whole number less than 4} {A,C,E},{A,D,E}, {B,C,D},{B,C,E},
= {1, 3}. Since the set contains 2 elements, there are {B,D,E},and {C, D, E}.
(a) 2% = 4 subsets and (b) 2> — 1 = 3 proper subsets. ) .
64. The possible subsets of two people would include
49. The complement of {1, 4, 6,8} is {2, 3,5, 7,9, 10}, {A,B},{A,C},{A, D}, {A E},{B,C},{B, D},
that is, all of the elements in U not also in the given {37 E}, {C, D}, {C, E}7 and {D7 E}
et 65. The possible subsets consisting of one person
50. The complement of {2,5,7,9, 10} is {1, 3,4, 6, 8}. would include {A}, {B},{C},{D} and {E}.
51. The complement of {1, 3,4,5,6,7,8,9,10}is {2}.  66. The set indicating that no people get together (no
52. The complement of {1,2,3,4,6,7,8,9,10}is {5}. one shows up) is 0.
53. The complement of {, the empty set, is 67. Adding the number of subsets in Exercises
{1,2,3,4,5,6,7,8,9, 10}, the universal set. 61 —66,wehave 1 +5+10+10+5+1 = 32
ways that the group can gather.
54. The complement of the universal set, U, is the ) B
68. They are the same: 32 = 2°. The number of ways

empty set, (.

that people, from a group of five, can gather is
the same as the number of subsets there are of a
set of five elements.
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69.

70.

71.

72.

(a) Consider all possible subsets of a set with four
elements (the number of bills). The number of
subsets would be 2* = 16. Since 16 includes also
the empty set (and we must choose one bill), we
will subtract one from this or 16 — 1 = 15
possible sums of money.

(b) Removing the condition says, in effect, that
we may also choose no bills. Thus, there are

2% = 16 subsets or possible sums of money; It is
now possible to select no bills.

(a) Consider all possible subsets of a set with five
elements (the number of coins). The number of
subsets would be 2° = 32. But the 32 includes
also the empty set, and we must select at least one
coin. Thus, there are 32 — 1 = 31 sums of
money.

(b) Removing the condition says, in effect, that
we may also choose no coins. Thus, there are
25 = 32 subsets or possible sums of coins
including no coins.

(a) There are s subsets of B that do not contain e.
These are the subsets of the original set A.

(b) There is one subset of B for each of the
original subsets of set A, which is formed by
including e as the element of that subset of A.
Thus, B has s subsets which do contain e.

(c) The total number of subsets of B is the sum of
the numbers of subsets containing e and of those
not containing e. This number is s + s or 2s.

(d) Adding one more element will always double
the number of subsets, so we conclude that the
formula 2" is true in general.

Writing exercise; answers will vary.

2.3 EXERCISES

The intersection of A and B, A N B, matches B,
the set of elements common to both A and B.

The union of A and B, A U B, matches F, the set of
elements that are in A or in B or in both A and B.

The difference of A and B, A — B, matches A,
the set of elements in A that are not in B.

The complement of A, A’, matches C, the set of
elements in the universe that are not in A.

10.

11.

12.

13.

14.

15.
16.
17.

18.

19.

20.

21.

The Cartesian product of A and B, A x B,
matches E, the set of ordered pairs such that each
first element is from A and each second element is
from B, with every element of A paired with
every element of B.

The difference of B and A, B — A, matches D,
the set of elements of B that are not in A.

X NY = {a, c} since these are the elements that
are common to both X and Y.

XUY ={a,b,c,e, g} since these are the
elements that are contained in X or Y (or both).

Y UZ ={a,b,c,de, f} since these are the
elements that are contained in Y or Z (or both).

Y N Z = {b, c} since these are the elements that
are common to both Y and Z.

XUU={ab,c,d,e,f, g} =U. Observe that
any set union with the universal set will give the
universal set.

Y NU = {a, b, c} =Y since these are the
elements that are common to both Y and U. Note
that any set intersected with the universal set will
give the original set.

X' = {b, d, f} since these are the only elements in
U not contained in X.

Y’ ={d, e, f, g} since these are the only elements
in U not contained in Y.

X'NnY' ={b,d f}n{def g ={df}
X'NZ={b.d f}n{b,cdef}={bdf}

XUl nZ)={ac,egtU{bc} ={ab,ce,g}

Observe that the intersection must be done first.

YN(XUZ)={ab,c}N{ab,cde,f g}
= {a, b, c}. Observe that the union must be done
first.

YNZ)HYUuX=({ab,c}n{a g})U{ac,e, g}
={a}U{a,c,e,gt ={ace g} = X
(X'uyhuz

= ({b,d, f}U{d, e, f, g})U{b,c,d,e, f}
={b,d, e, f, g} U{b,c,d,e,f}

={b,c,d,e,f, g}

(ZuX)nYy

= ({b,c,d,e, fy U {b,d, f})' N {a,b,c}
={b,c,d,e, f}' N{a, b, c}

={a, g} n{a,b,c} = {a}
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22. (YnX)uZz 41. T U Ais the set of all adverse effects that are
= ({a,b,c} N {b,d, f}) U {a, g} either tobacco related or alcohol related:
={b}U{a g} ={a,c,d,ef gtU{a g} TUA={e,h,c,,b}=U.
={acdef g} 42. TN A is the set of adverse tobacco related effects
23. X —Y = {e, g} Since these are the only two that are not alcohol related: 7N A" = {e, c}.
elements that belong to X and not to Y. 43. BUC( is the set of all tax returns showing
24. Y — X = {b}. Since this is the only element that business income or filed in 2005.
belongs to ¥" and not to X. 44. AN D is the set of all tax returns with itemized
25. XN(X-Y)={a,ce gtn{e g} =e g} deductions and selected for audit.
Observe that we must find X — " first. 45. C — Ais the set of all tax returns filed in 2005
26. YU(Y —X)={a,b,c} U{b} ={a,b,c} without itemized deductions.
27. X' =Y =1{b,d,f} — {a,b,c} = {d, f}. Observe 46. DU A’ is the set of all tax returns selected for
that we must find X first. audit or without itemized deductions.
28. Y — X ={d,e f,g}—{ac,e g} ={df}. 47. (AU B) — D is the set of all tax returns with
Observe that we must find Y first. itemized deductions or showing business income,
but not selected for audit.
29. (XNnYHu(¥nX)=
({a,c,e, gy n{d,e f,g}) U({a,b,c.} n{b,d,f}) 48 (CNA)N B isthe set of all tax returns filed in
= {e,g} U{b} = {b,e, g} 2005 and with itemized deductions but not
showing business income.
30 (XNnY)Nn(¥YnX')=
({a,c,e, g} Nn{d,e.f, g}) Nn({a,b,c.} N{b,d,f}) 49. A C (AU B) is always true since A U B will
= {e,g} N{b} =10 contain all of the elements of A.
31. AU (B'N (") is the set of all elements that are in 50. A C (AN B)is not always true since A N B may
A, or are notin B and not in C. not contain all the elements of A.
32. (ANB)U (BN A') is the set of all elements that 51. (AnB)CA is always true since the elements of
are in A but not in B, or in B but not in A. AN B must be in A.
33. (C — B) U Ais the set of all elements that are in 52. (AU B) C Ais not always true since the elements
C but not in B, or they are in A. of A U B may contain elements not in A.
34. BN(A' —C)=Bn (A NC") is the set of 53. n(AUB) =n(A) + n(B) is not always true. If
elements that are in B and are not in A and not in C'. there are any common elements to A and B, they
. will be counted twice.
35. (A—C)U(B— C)is the set of all elements that
are in A but not C, or are in B but not in C. 54. n(AUB) =n(A) +n(B) —n(AN B) is always
, , . true, since any elements common to sets A and B
36. (A N BHYUuC is the set of all elf?ments that are which are counted twice by n.(A) + n(B) are
not in A and not in B, or are not in C' returned to a single count by the subtraction of
37. The smallest set representing the universal set U n(AN B).
is {e, h,c,1,b}. 55. (a) XUY ={1,2,3,5}.
38. A, the complement of A, is the set of all effects in b YUX ={1,2,3,5.
U that are not adverse effects of alcohol use:
A = {e,c}. (c) Forany sets X and Y,
39. T, the complement of T', is the set of effects in U XUY=YUX.
th,at are not adverse effects of tobacco use: This conjecture indicates that set union is a
T'={l, b}. commutative operation.
40. T N A is the set of adverse effects of both tobacco

and alcohol use: TN A = {h}.
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56.

57.

58.

59.

60.

(@ XNnY ={I1,3}.

(b) YNX=/{1,3}.

(c) For any sets X and Y,
XNY=YnNX.

This conjecture indicates that set intersection is a
commutative operation.

(@) XU(Yuz)={1,3,51U({1,2,3} U{3,4,5})
={1,3,5} U{1,2,3,4,5}
={1,3,5,2,4}.

b)) (XuY)uZ=({1,3,5}U{1,2,3})U{3,4,5}
={1,3,5,2} U {3,4,5}
={1,3,5,2,4}.

(c) For any sets X, Y, and Z,
XUlYuz)=(XuY)uZz.

This conjecture indicates that set union is an
associative operation.

(@) XNn¥YnZz)={1,3,5}n({1,2,3}n{3,4,5})}
={1,3,5}n{3}
= {3}.

b)) XNnY)nZ=({1,3,5}n{1,2,3})N{3,4,5}
={1,3} Nn{3,4,5}
= {3}.
(c) For any sets X, Y, and Z,
XN¥nzZ)y=(XNnY)NnZ.

This conjecture indicates that set intersection is an
associative operation.

(@) (XUY) ={1,3,5,2} = {4}.
(b)) X'NY' ={2,4}Nn{4,5} = {4}.
(c) For any sets X and Y,
(XUuY)=X'nY".
Observe that this conjecture is one form of
DeMorgan's Laws.
(@ (XNY) ={1,3}) ={2,4,5}.
(b) X'UY' ={2,4}U{4,5} ={2,4,5}.
(c) Foranysets X and Y,
(XNnY) =X'uY’.

Observe that this conjecture is the other form of
De Morgan's Laws.

61.

62.

63.
64.
65.

66.

67.

68.

70.

71.

72.

For example, X U = {N, A, M, E} U ()
= {N, A, M, B} = X;
For any set X,

XUup=X.

For example, X N = {N, A, M,E} N = ;
For any set X,

XNnp=0.

The statement (3,2) = (5—2,141) is true.
The statement (10,4) = (7+ 3,5 — 1) is true.

The statement (6, 3) = (3, 6) is false. The
parentheses indicate an ordered pair (where order
is important) and corresponding elements in the
ordered pairs must be equal.

The statement (2, 13) = (13, 2) is false.
Corresponding elements in ordered pairs must be equal.

The statement {6, 3} = {3, 6} is true since order
is not important when listing elements in sets.

The statement {2, 13} = {13, 2} is true since
order is not important when listing elements in sets.

The statement {(1, 2), (3,4)} = {(3,4), (1,2)} is
true. Each set contains the same two elements, the
order of which is unimportant.

The statement {(5, 9), (4, 8), (4,2)} = {(4, 8),
(5,9), (4, 2)} is true. Each set contains the same
three elements, the order of which is unimportant.

To form the Cartesian product A x B, list all ordered
pairs in which the first element belongs to A and the
second element belongs to B:

With A ={2,8, 12} and B = {4, 9},
AxB={(2,4),(2,9),(8,4),(8,9),(12,4), (12,9)}.

To form the Cartesian product B x A, list all ordered
pairs in which the first element belongs to B and the
second element belongs to A:

Bx A=1{(4,2),(4,8),(4,12),(9,2), (9, 8), (9, 12)}.

For A = {3,6,9,12} and B = {6, 8},

Ax B=

{(3,6),(3,8),(6,6),(6,8),(9,6), (9,8), (12,6), (12,8)};
Bx A=

{(6,3),(6,6),(6,9), (6,12), (8, 3), (8,6), (8,9), (8,12)}.
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73.

74.

75.

76.

77.

78.

79.

80.

81.

For A ={d, 0, g} and B = {p, i, g},

Ax B= {(d’ p)7 (d’ i)7 (d’ g)7 (O’ p)> (0’ i)> (0’ g)>
(& p); (g1), (2 8)}

Bx A={(p,d),(p,0). (p. g). (i, d), (i, 0), (i, g),
(g, d), (g.0). (2 8)}-

For A ={b,1,u,e} and B = {r, e, d},

A x B={(b,1), (b,e), (b,d), (1,1),(1,e), (I, d),
(u.1), (u,e), (u, d), (e 1), (e, 0), (e )}

Bx A={(,b), (r,1), (r,u), (r, e), (e, b), (e, 1),
(e u). (e 0), (db), (d. 1), (d, w). (d. e)}.

For A = {2, 8,12} and B = {4, 9},
n(A x B) =n(A) x n(B) =3 x 2 =6, or by
counting the generated elements in Exercise 71 we

also arrive at 6. In the same manner,
n(Bx A)=2x3=6.

For A ={d, 0, g} and B = {p, i, g},
n(Ax B) =n(A) xn(B)=3x3=09,orby
counting the generated elements in Exercise 73 we
also arrive at 9. In the same manner,
n(Bx A)=3x3=0.
For n(A) =35 and n(B) = 6,
n(A x B) =n(A) x n(B) = 35 x 6 = 210.
n(B x A) = n(B) x n(A) = 6 x 35 = 210.
For n(A) = 13 and n(B) =5,
n(A x B) =n(A) x n(B) =13 x 5 = 65.
n(B x A) =n(B) xn(A) =5 x 13 = 65.
To find n(B) when n(A x B) = 72 and n(A) = 12,
we have:
n(A x B) = n(A) x n(B)
72 =12 x n(B)
6 = n(B).
To find n(A) when n(A x B) = 300 and
n(B) = 30, we have:
n(A x B) = n(A) x n(B)
300 = n(A) x 30
10 =n(A).
LetU = {a,b,c,d,e,f, g},
A={b,d,f,g}, and B={a,b,d,e, g}.

82.

84.

86.

LetU = {5,6,7,8,9,10,11,12, 13},
M = {5,8,10,11}, and N = {5,6,7,9, 10}.

12

e

U 13

The set operations for B N A’ indicate those elements
in B and not in A.

3

BN A’

The set operation for A U B indicates those elements
in Aorin B.

8

AUB

The set operations for A’ U B indicate those elements
notin A orin B.

3

U

A'UB
The set operations for A’ N B’ indicate those elements
not in A and, at the same time, not in B.

D

A'NB

U
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87. The set operations for B’ U A indicate those
elements not in B or in A.

Q0

B'UA

88. The set operations for A’ U A indicate all elements
not in A along with those in A, that is, the universal

set, U.
U

AUA=U

89. The set operations B’ N B indicate those elements
not in B and in B at the same time, and since there
are no elements that can satisfy both conditions, we

get the null set (empty set), §.

)

BNB=9

U

90. The set operation A N B’ indicate all elements in A
which are not in B.

@

ANnB

91. The indicated set operations mean those elements
not in B or those not in A as long as they are also
not in B. Itis a help to shade the region
representing “not in A” first, then that region
representing “not in B.” Identify the intersection of
these regions (covered by both shadings). As in
algebra, the general strategy when deciding which
order to do operations is to begin inside parentheses
and work out.

e

A'nB
Finally, the region of interest will be that “not in
B” along with (union of) the above intersection—

(A’ N B’). That s, the final region of interest is
given by

3

BuU@NB)

92. The set operations (A N B) U B indicate all those
elements in A and B at the same time or those in B.
This is the same set as B itself.

8

(ANnB)UB

93. The complement of U, U’, is the set of all elements
not in U. But by definition, there can be no
elements outside the universal set. Thus, we get the

null (or empty) set, (), when we complement U.

3

%

U=9

94. The complement of the empty set, (', is the set of
all elements outside of (). But this is the universal

set, U.

1%
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95. LetU ={m,n,0,p,q,1,s,t,u, v, w}, 98. The set operations (A N C’) U B indicate those
A={m,n,p,q,r,t}, elements which are in A and outside C, or are found
B={m,o0,p,q,s,u},and in B.
C={m,o0,p,1,5,tu, v}
Placing the elements of these sets in the proper
location on a Venn diagram will yield the following ‘
diagram. '
() ;
AP
99. The set operations (A N B) U C’ indicate those
elements in A and B at the same time along with
U w those outside of C.
It helps to identify those elements in the intersection
of A, B, and C first, then those elements not in this
intersection but in each of the two set intersections
(e.g., AN B, etc.), next, followed by elements that lie ‘
in only one set, etc. |.
96. LetU ={1,2,3,4,5,6,7,8,9},
A={1,3,5T},
B=1{1,3,4,6,8}, and
C ={1,4,5,6,7,9}. U
ANnBuUC
Placing the elements of these sets in the proper 100. Th . A AB AC indi h
location on a Venn diagram will yield the following - Ihe set op era.tlons (A'n : )N .1n 1cate ¢ OS(?
di elements not in A but which are in B and also in C'.
iagram.
oY A
A7 av%a
U 2 U
A'NnBNC
97. The set operations (A N B) N C indicate those

elements common to all three sets.

a
4%
o/

ANnBNC

101. The set operations (A’ N B') N C indicate those
elements that are in C' while simultaneously outside of
both A and B.

&

A'NnBYNC
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102. The set operations (A U B) U C indicate all elements  105. The set operations (A N B') N C’ indicate the region
in A or in B or in C, that is, all elements in each of in A and outside B and at the same time outside C'.
the three sets.

6

A
ava
O U

(AuBUC 106. The set operations (A’ N B") U C indicate those
elements outside of A and outside of B at the same
time, along with all elements of C'.

ANnBYNC

103. The set operations (A N B") U C indicate those
elements that are in A and at the same time outside of
B, along with those in C'.

®

A
4%
O U

ANnB)uC 107. The set operations (A’ N B') U C’ indicate the region
that is both outside A and at the same time outside B,
along with the region outside C'.

A'NBYyucC

104. The set operations (A N C") N B indicate those
elements which are in A and outside of C' while at the
same time, inside B.

A
ava
O, U

ANnCHNB 108. The set operations (A N B)" U C indicate those
elements not common to A and B, along with all
elements of C.

65

A'nNnByYyuc

(P

AnB'uC
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109. The shaded area indicates the region (A U B)’ or 129. ANA' =10.
A'NB.
110. Since only A — B is unshaded, we get the shaded
region by (A — B)'. This may also be indicated by
the set (A N B’)’ or, using one form of De Morgan's
law, as (A’ U B).
111. Since this is the region in A or in B but, at the same g YT g >
time, outside of A and B, we have the set n
(AUB)N(ANB) or (AUB) — (AN B). Thus, by the Venn diagrams, the statement is
. ) ) . . always true.
112. Since this region represents all elements in A which
are outside of B, the area can be indicated by the set ~ 130. AUA"=U
ANBorA-B.
113. The shaded area may be represented by the set
(AN B)U (ANC); that is, the region in the
intersection of A and B along with the region in
the intersection of A and C or, by the distributive
property, AN (BUC). U U
114. The shaded area is in A and, at the same time, outside AV . 'U
the union of B with C. This region can be represented Thus, by the Venn diagrams, the statement is always true.
bytheset AN(BUC) or AN (B NnC’). 131. (AN B) C A.
115. The region is represented by the set (AN B)NC’,
that is, the region outside of C but inside both A
and B,or (ANB)—C.
116. The shaded area is the part of B U C' which is ‘
outside of A. This setis (BUC)N A’ or
(B U C) — A. U U
ANB
117. If A = A — B, then A and B must not have any o A
common elements, or A N B = (). Thus, by the Venn diagrams, the shaded region is
) ) in A; therefore, the statement is always true.
118. A= B— Aistrue onlyif A = B = .
] 132. (AU B) C A.
119. A= A — 0 is true for any set A.
120. A = () — A is true only if A has no elements, or
A=0.
121. AU D = ( is true only if A has no elements, or ‘
A=0.
U U
122. AN( = () is true for any set A. aoB .
123. ﬁ rl (7)@ A is true only if A has no elements, or Thus, the statement is not always true.
133. If A C B, then AU B = A.
124. AUQ = A is true for any set A. - en
125. AU A = () is true only if A has no elements, or
A=0.
126. Since AN A = A, for AN A = (), A must be the B @
empty set, or A = (.
127. AU B = Aonly if B is a subset of A, or B C A. g g
ACB AUB
128. AN B = Bonlyif Bisasubsetof A,or B C A.

Thus, the statement is not always true.
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134. If AC B,then AN B = B.

135.

136.
137.

138.

'@

ANB B

Thus, the statement is not always true.

(AU B)" = A'N B’ (De Morgan's second law).

y y

(AuB) ANnB

Thus, by the Venn diagrams, the statement is
always true.

Writing exercise; answers will vary.

No, since there may be elements in A and in B at
the same time.

(@) QU H = {z | = is a real number}, since the
real numbers are made up of all rational and all
irrational numbers.

(b) @ N H = (, since there are no common
elements.

2.4 EXERCISES

1.

(a) n(AN B) =6 since A and B have 6 elements
in common.

(b) n(A U B) = 8 since there are a total of 8
elements in A or in B.

(¢) n(AN B’") = 0 since there are 0 elements
which are in A and, at the same time, outside B.

(d) n(A’ N B) = 2 since there are 2 elements
which are in B and, at the same time, outside A.

(e) n(A’N B') = 9 since there are 9 elements
which are outside of A and, at the same time,
outside of B.

(a) n(AN B) = 1since A and B share only one
element.

(b) n(AU B) =9, since there are a total of 9
elements in A or in B.

(¢) n(AN B') = 6 since there are 6 elements
which are in A and, at the same time, outside B.

(d) n(A’ N B) = 2 since there are 2 elements
which are in B and, at the same time, outside A.

(e) n(A’ N B') = 5 since there are 5 elements
which are outside of A and, at the same time,
outside of B.

(@) n(AN BN C) =1 since there is only one
element shared by all three sets.

(b) n(AN BN C’) = 3 since there are 3 elements
in A and B while, at the same time, outside of C'.

(c) n(ANB'NC) = 4 since there are 4 elements
in A and C while, at the same time, outside of B.

(d) n(A'NnBNC) =0 since there are 0 elements
which are outside of A while, at the same time, in
Band C.

(e) n(A'N B NC) = 2 since there are 2
elements outside of A and outside of B while, at
the same time, in C'.

() n(AN B'NC") = 10 since there are 10
elements in A which, at the same time, are outside
of B and outside of C.

(g) n(A'NnBNC") =2 since there are 2
elements outside of A and, at the same time,
outside of C' but inside of B.

(h) n(A’'NB'NC") = 5 since there are 5
elements which are outside all three sets at the
same time.

(@) n(AN BN C) =1 since there is only one
element shared by all three sets.

(b) n(AN BN C’) = 2 since there are 2 elements
in A and B while, at the same time, outside of C'.

(c) n(ANB'NC) = 6 since there are 6 elements
in A and C while, at the same time, outside of B.

(d) n(A'NnBNC) =7 since there are 7 elements
which are outside of A while, at the same time, in
Band C.

(e) n(A'N B’ 'NC) = 8 since there are 8
elements outside of A and outside of B while, at
the same time, inside of C'.

(f) n(AN B'NC") = 3 since there are 3 elements
in A which, at the same time, are outside of B and
outside of C'.

(g) n(A'NnBNC") = 4 since there are 4
elements outside of A and, at the same time,
outside of C' but inside of B.
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(h) n(A’' N B'NC") = 5 since there are 5
elements which are outside all three sets at the
same time.

5. Using the Cardinal Number Formula,
n(AUB) =n(A) +n(B) — n(AN B), we have
n(AUB)=8+14—-5=17.

6. Using the Cardinal Number Formula,
n(AUB) =n(A) +n(B) — n(AN B), we have
n(AUB) =16 + 28 — 9 = 35.

7. Using the Cardinal Number Formula,
n(AUB) =n(A) +n(B) — n(AN B), we have
25 =15+ 12 — n(A N B). Solving for
n(AN B), we getn(ANB) = 2.

8.  Using the Cardinal Number Formula,
n(AUB) = n(A) + n(B) — n(AN B), we have
30 =20+ 14 — n(A N B). Solving for
n(AN B), we getn(ANB) = 4.

9.  Using the Cardinal Number Formula,
n(AUB) = n(A) + n(B) — n(AN B), we have
55 = n(A) + 35 — 15. Solving for n(A), we get
n(A) = 35.

10. Using the Cardinal Number Formula,
n(AUB) =n(A) + n(B) — n(AN B), we have
30 =20 + n(B) — 6. Solving for n(B), we get
n(B) = 16.

11. Using the Cardinal Number Formula, we find that

n(AUB) =n(A)+n(B) —n(ANB)
25 =19+ 13 — n(AN B)
n(ANB)=19+13 - 25

=17
Thenn(ANB')=19—7=12and

n(BNA)=13—7=6.
Since  n(A’) =11 and

n(BNA’) =6, we have

n(AUB) =n(A'NB)=11-6=5.

Completing the cardinalities for each region, we
arrive at the following Venn diagram.

'S

12.

13.

14.

Use deduction to complete the cardinalities of the
unknown regions. For example since n(B’) = 30,
there are 13 elements in B

[n(U) —n(B') =43 — 30]; therefore, 8 elements
are in B that are not in A

[n(B) —n(ANB) =13 —5]. Since thereisa
total of 25 elements in A and 5 are accounted for
in A N B, there must be 20 elements in A that are
not in B. This leaves a total of 33 elements in the
regions formed by A along with B. Thus, there
are 10 elements left in U that are not in A or in B.
Completing the cardinalities for each region, we
arrive at the following Venn diagram.

()¢

Since n(B) = 28 and n(A N B) = 10, we have
n(BNA') =28 —10 = 18. Since n(A’) =25
and n(B N A’) = 18, it follows that
n(A'NB)="1.

By De Morgan's laws, A’ U B’ = (AN B)".
So, n[(AN B)'] = 40.

Thus, n(ANB') =40 — (18 +7) = 15.
Completing the cardinalities for each region, we
arrive at the following Venn diagram.

B
18

Use deduction to complete the cardinalities of
each region outside of A N B. Since there is a
total of 13 elements in A and 8 accounted for in
the intersection of A and B, there must be 5
elements in A outside of B. Since there is a total
of 15 elements in the union of A and B with 13
accounted for in A, there must be 2 elements in B
which are not in A. The region A’ U B’ is
equivalent (by De Morgan's law) to (A N B)', or
the elements outside the intersection. Since this
totals 11, we must have 4 [11 — 7] elements
outside the union but inside U'.

10
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15.

16.

Completing the cardinalities for each region, we
arrive at the following Venn diagram.

4'5)

Fill in the cardinal numbers of the regions,
beginning with (AN BN C). Since
n(ANBNC)=15and n(AN B) = 35, we
have n(ANBNC’) = 35— 15 = 20. Since
n(ANC) =21, we have
n(ANCNB)=21-15=6. Since
n(BNC) = 25, we have
n(BNCNA")=25-15=10. Since
n(C) = 49, we have

n(CNA NB') =49 — (6 + 15+ 10) = 18.
Since n(A) = 57, we have

n(ANB' NC') =57—-(20+ 15+ 6) = 16.
Since n(B') = 52, we have

n(AUBUC) =n(ANB' NC') =

52 — (16 4+ 6 + 18) = 12.

Completing the cardinalities for each region, we
arrive at the following Venn diagram.

[
N

Fill in the cardinal numbers of the regions,
beginning with the (A N BN C). Since there is a
total of 15 elements in A N C of which 6 are
accounted for in A N BN C, we conclude that
there are 9 elements in A N C but outside of B.
Similarly, there must be 2 elements in B N C but
outside A and 4 elements in A N B but outside of
C'. Since there are 26 elements in C of which we
have accounted for 17 [9 4 6 + 2], there must be 9
elements in C but outside of A or B. Similarly,
there are 12 elements in B outside of A or C' and
5 elements in A outside of B or C. And finally,
adding the elements in the regions of A, B, and C
gives a total of 47. Thus, the number of elements
outside of A, B, and C is n(U) — 47 or

50 — 47 = 3.

17.

18.

Completing the cardinalities for each region, we
arrive at the following Venn diagram.

A
6%
O

Fill in the cardinal numbers of the regions,
beginning with the (AN BN C).
n(ANBNC)=5andn(ANC)=13,s0
n(ANCNB)=13-5=8. n(BNC)=8,s0
n(BNCNA)Y=8-5=3. n(ANB')=9,s0
n(ANB'NC')=9-8=1. n(4) =15, s0
(
(

n(ANBNC')=15—-(1+8+5)=1.
n(BNC')=3,son(BNA'NC")=3-1=2.
n(ANBNC)=n(AUBUC) =21.
Completing the cardinalities for each region, we
arrive at the following Venn diagram.

A
8%
O

Fill in the cardinal numbers of the regions,
beginning with n(AN BN C) = 6. Since there
are 21 elements in A and B and 6 elements in all
three sets, the number of elements in A and B but
not in C' is given by
n(ANBNC')=21—-6=15. Since

n(ANC) = 26, we have those elements in A and
C butnotin Basn(ANCNB')=26—6=20.
Sincen(BNC) =7,
n(BNCNA")=T7-6=1. Since

n(ANC") = 20, we have those elements in A but
not in either B or C' as

n(AN(BUC)) =20—15=75. Since

n(B N C") = 25, we have those elements in B but
notin A or C' as

n(BN(AUC)') =25—15=10. Since

n(C') = 40, we have those elements in C' but not
in A or B as

n(CN(AUB)) =40—(20+6+ 1) = 13.

21
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19.

20.

Observe that n(A'NB'NC') =n(AUBUC)
(by De Morgan's). That is, there are 2 elements
outside the union of the three sets.

A
2%
T

Complete a Venn diagram showing the cardinality
for each region. Let W = set of projects Bob
Gandio writes. Let P = set of projects Bob
Gandio produces.

Begin with (W N P). n(W N P) = 2. Since
n(W)=5 n(WnP)=5—-2=3. Since
n(P)=17, n(PNW')=7-2=5.

;

Interpreting the resulting cardinalities we see that:

U

(a) He wrote but did not produce n(W N P') = 3
projects.

(b) He produced but did not write n(PNW') =5
projects.

Complete a Venn diagram showing the cardinality
for each region. Let S = the set of CDs featuring
Paul Simon, G = the set of CDs featuring Art
Garfunkel.

Beginning with n(S N G) = 5 and n(S) = 8, we
conclude that n(SNG’) =8 — 5 = 3. Since
n(G) = 7, we conclude that
n(S'NG)=7-5=2.

There are 12 CDs on which neither sing, so
n(SUG) = 12.

21.

)

U 12

Interpreting the resulting cardinalities we see that:

(a) There are 3 CDs which feature only Paul
Simon.

(b) There are 2 CDs which feature only Art
Garfunkel.

(c) There are 10 CDs which feature at least one of
these two artists.

Construct a Venn diagram and label the number of
elements in each region. If we arbitrarily let K
represent those who saw The Lion King, set S
represent those who saw Shrek, and set N represent
those who saw Finding Nemo we can diagram as
follows: Begin with the region indicating the
intersection of all three sets, n(KNSNN) = 2.
Since n(KNS) =6,n(KNSNN')=6—-2=4.
Since n(KNN) =8, n(KNNNS')=8—-2=6.
Since n(SNN) =10,n(SNANNK')=10—-2 = 8.
Since n(K) = 17, the number of elements inside K
andnotin Sor Nis 17 — (6 +2 +4) = 5. Since
n(S) = 17, the number of elements inside S and not in
KorNis 17— (44 2+ 8) = 3. Since n(N) = 23,
the number of elements inside N and not in K or S is
23 — (6424 8) = 7. Since n(U) = 55, there are
55— (5+44+3+6+2+8+7)=55—-35=20
elements outside the three sets. That is,
n(KUSUN)" = 20.

The completed Venn diagram is as follows.

A
AN
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22.

(a) There are 4 4+ 8 + 6 = 18 that have seen
exactly two of these movies.

(b) There are 5 + 3 4+ 7 = 15 that have seen
exactly one of these movies.

(c) There are n(KUSUN) = 20 that have seen
none of these movies.

(d) There are n(KNS"NN') = 5 children who
have seen The Lion King but neither of the others.

Let U be the set of mathematics majors receiving
federal aid. Since half of the 48 mathematics
majors receive federal aid, n(U) = 1(48) = 24.
Let P, W, and T be the sets of students receiving
Pell Grants, participating in Work Study, and
receiving TOPS scholarships, respectively.

Construct a Venn diagram and label the number of
elements in each region. Since the 5 with Pell
Grants had no other federal aid, 5 goes in set P,
which does not intersect the other regions. The
most manageable data remaining are the 2 who
had TOPS scholarships and participated in Work
Study. Place 2 in the intersection of W and T'.
Then since 14 altogether participated in Work
Study, 14 — 2 = 12 is the number who
participated in Work Study but did not have
TOPS scholarships or Pell Grants; in symbols,
n(WNT' NP). Also, 4 — 2 = 2is the number
who had TOPS scholarships, but did not
participate in Work Study nor had Pell Grants,
n(TNW’'N P’). Finally,

n(PPAwW'NT)=nPUuwuT)
=24—(5+12+2+2)
=3.

is the number in the region not included in the sets
P,W, and T. The completed Venn diagram is as

follows.
(5
&,
O

(a) Since half of the 48 mathematics majors
received federal aid, the other half, 24 math
majors, received no federal aid.

3

U

(b) There were only 2 students who received
more than one of these three forms of aid. This is
shown by the number in the region T'N W

23.

24.

(c) Since 24 students received federal aid, but
only 21 are accounted for in the given information
(the sum of the numbers in the three circles), there
were 3 math majors who received other kinds of
federal aid.

(d) The number of students receiving a TOPS
scholarship or participating in Work Study is
12+2+2=16.

Let U be the set of people interviewed, and let
M, E,and G represent the sets of people using
microwave ovens, electric ranges, and gas ranges,
respectively.

Construct a Venn diagram and label the cardinal
number of each region, beginning with the region
(MNENG). n(MNENG)=1. Since
n(MNE)=19,n(MNENG)=19—-1=18.
Sincen(M N G) = 17,
n(MNGNE')=17—-1=16. Since
n(GNE)=4,n(GNENM')=4—-1=3.
Since n(M) =58, n(MNG'NE') =
n(MN(GUE)) =58 — (184 16 + 1) = 23.
Since n(FE) = 63,
n(ENMNG)=63—(18+3+1) =41.
Since n(G) = 58,

n(GNM' NE)=n(GN(MUE)) =

58 — (16 +3+ 1) = 38. Also,

n(M UEUG)" = 2 (these are the people who
cook with only solar energy).

[
8%
.

The sum of the numbers in all the regions is 142,
while only 140 people were interviewed. Therefore,
Robert's data is incorrect and he should be
reassigned again.

U

Let S = {people who like Spafiada},
R = {people who like Ripple}, and
B = {people who like Boone's Farm Apple wine}.

Construct a Venn diagram to represent the survey
data beginning with the region representing the
intersection of S, R, and B. Rather than
representing each region as a combination of sets
and set operations, we will label the regions a—h.
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25.

Since 93 like all three, place 93 in region d. Since
96 like Spafiada and Boone's with region d
accounting for 93 of the 96, place 96 — 93 = 3 in
region e. Similarly, place 94 — 93 = 1 in region
g, and 95 — 93 = 2 in region c. The 99 people
who like Boone's are in regions d, e, f, and g, and
regions d, e, and g account for 93 +3 + 1 =97
people. Thus, region f represents 2 people.
Similarly, region b represents 1 person, and region
h represents 0 people. Adding the values placed
in regions b—h gives 102, which is the total
number of people surveyed, so region a represents
0 people.

A
(N
N

(a) Region a represents people preferring none of
the three. There are 0 people in region a.

U

(b) SN R’ contains regions b and e, which
represent a total of 4 people.

(¢) B’ contains regions a, b, ¢, and h, which
account for 3 people.

(d RNS'NB = RN(SUB) is region h,
which represents O people.

(e) Regions c, e, and g contain 6 people who
prefer exactly two kinds of wine.

Construct a Venn diagram as indicated in the
textbook hint—a set for fat (£), for male (M),
and for red (R). Observe that anything outside the
F circle is thin, anything outside the M (rooster)
circle is a hen, and anything outside the R (red)
circle is brown.

The associated regions and cardinalities are as
given as follows:

Fat red roosters— n(FN RN M) =9,
Fatred hens—n(FNRNM') =2,

Fat roosters—n(F N M) = 26,

Fat chickens—n/(F') = 37,

Thin brown hens—n(F' N R' N M') =7,
Thin brown roosters—n(F' N R' N M) = 18,
Thin red roosters—n(F' N RN M) = 6,
Thin red hens—n(F' N RN M') = 5.

26.

i
8%
U

Therefore, by observation and deduction, there are
(a) n(F') = 37 fat chickens,
(b) n(R) = 22 red chickens,
(¢) n(M) = 50 male chickens,
(F

U

@ n
(e) n(R' N F’) = 25 brown, but not fat chickens,
(f) n(RN F) = 11 red and fat chickens.

N M') = 11 fat, but not male chickens,

Construct a Venn diagram and label the cardinal
number of each region beginning with the
intersection of all three sets,
n(WNFNE)=80. Sincen(ENF) =90,
n(ENFNW') =90 —80 = 10.

Since n(W N F) = 95,
n(WNFNE')=95—-80=15.

Since n(E N F) = 90,

n(ENFNW') =90 - 80 = 10.

Since n(F') = 140,

n(FNW' NE) =140 — (15 + 10 + 80) = 35.
n(WNF NE)=nWUFUE) = 10.
Since n(W N E) is not given, it is not obvious
how to label the three remaining regions. We
need to use the information that n(E’) = 95. The
only region not yet labeled that is outside of E is
(WNE'NEFE'). Since

n(E') =95, n(WNE NF) = 95— (10 + 35 + 15)

= 35. Since

n(W) =160,n(WNENF') =160 — (35 + 15 + 80)
= 30. Since

n(E) =130,n(ENW’' N F') =130 — (30 + 10 + 80)
= 10.

A
A

Add the cardinal numbers of all the regions to find
that the total number of students interviewed was 225.
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27. Construct a Venn diagram to represent the survey

28.

data beginning with the region representing the
intersection of S, B, and C'. Rather than
representing each region as a combination of sets
and set operations, we will label the regions a—h.
There are 21 patients in Nadine's survey that are in
the intersection of all three sets, i.e., in region d.
Since there are 31 patients in B N C, we can
deduce that there must be 10 patients in region c.
Similarly since there are 33 patients in BN S,
there must be 12 patients in region e. From the
given information, there is a total of 51 patients in
regions ¢, d, e, and g. Thus, there are

51 — (10 + 21 + 12) = 8 patients in region g.
Since there are 52 patients in .S, we can deduce
that there are 52 — (12 + 21 4+ 8) = 11 patients in
region f. Similarly, there are 4 patients in region
b, and 7 patients in region h. There is a total of 73
patients found in regions b—h. Thus, there must
be 2 patients in region a.

(a) The number of these patients who had either
high blood pressure or high cholesterol levels, but
not both is represented by regions b, e, g, and h
for atotal of 31 patients.

(b) The number of these patients who had fewer
than two of the indications listed are found in
regions a, b, f, and h for a total of 24 patients.

(c) The number of these patients who were
smokers but had neither high blood pressure nor
high cholesterol levels are found in region f,
which has 11 members.

(d) The number of these patients who did not
have exactly two of the indications listed would be
those excluded from regions ¢, e, and g
(representing patients with exactly two of the
indications). We arrive at a total of 45 patients.

Let L, P, and T represent the sets of songs about
love, prison, and trucks, respectively.

Construct a Venn diagram and label the cardinal
number of each region.

29.

30.

n(TNLNP)=12.

Since n(P N L) = 13,
n(PNLNT)=13—12=1. Since
n(TNL)=18,n(TNLNP)=18—-12=6.

Wehaven(TNPNL') =3,
n(PNL'NT)=2andn(P" NL' NT") =8.
Since n(L) = 28,
n(LAP'NT)=28—(1+12+6)=9. Since
n(TNP)=16,n(T NP NL)=16—6 = 10.

A
3%
7

(a) The total in all eight regions is 51, the total
number of songs.

(b) n(T) =6+ 12+3+10 = 31.

©nP)=1+2+12+3=18.

@ n(TNP)=12+3 = 15.

(e) n(P")=n(U) —n(P)=51—18 = 33.
) n(L')=n(U) —n(L) =51 — 28 = 23.

(a) Theset AN BNC N D isregion 1 (in text).

(b) The set AU BU C U D includes the regions
1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, and 15.

(c) The set (AN B) U (C N D) includes the set of
regions {1,3,9,11} U {1, 2, 4, 5} or the regions
1,2,3,4,5,9,and 11.

(d) Theset (A’ N B’) N (C U D) includes the set
of regions {5, 13,8, 16} N {1,2,3,4,5,6,7,8,9,
10, 12, 13}, which is represented by regions 5, 8,
and 13.

Let I, B, T, and G represent the sets of those
who watch football, basketball, tennis, and golf,
respectively. Construct a Venn diagram, similar to
the figure in Exercise 29 in the text, with the four
sets. Be careful to indicate the number of
elements in each region. Begin at the bottom of
the list and work upwards.
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(¢) n(R'UW') =n(RNW)" = 835, which is
the number of army personnel outside of the
intersection of the second column (R) with the
second row (W) or 840 — 5.
@ n((CUW)N(BUR))=12+29+4+5 = 50.
This comes from adding the numbers in the first two
rows (representing C' U W) that are also in the first
two columns (representing B U R).
(e) Using the cardinal number formula,
(a) The region which represents those who watch
football, basketball, and tennis, but not golf, is in n((CNB)U(ENO))
the north central portion of the diagram and has 0 =n(CNB)+n(ENO)—n(CNBNENO)
elements. Thus, the answer is none. =12+ 285 -0 = 297.
(b)'Adding cardipalities associated with the 0 n(B nWu R)') — (BN (W’ N R’))
regions representing exactly one of these four , ,
sports, we get 8 4+ 10 + 14 + 20 = 52 viewers. =n(BNW'N R
: - , , =n(BNW’)
(c) 'Addmg cardlpahtles associated with the — n(B) - n(BNW)
regions representing exactly two of these four —390_4
sports, we get6 +9 +5+ 8+ 12 +4 =44
viewers. = 386.
33. Writing exercise; answers will vary.
31. (a) n(J NG) = 9, coming from the intersection 34. Writing exercise; answers will vary.
of the first row with the first column.
(b) n(SNN) =9, coming from the intersection 2.5 EXERCISES
of second row and the third column.
(©) n(N U (SN F)) = 20 since there are 20 1. The set {6} has the same cardinality as B, {26}.
players who are in either N (total of 15) orin S The cardinal number is 1.
and F (just 5), at the same time. 2. The cardinality of {—16, 14, 3} is the same as
(d) n(S'N(GUN)) = 20 since there are D, {z,y, z}. The cardinal number is 3.
9+ 4 +5+2 = 20 players who are not in .S, but 3. Theset {z | xis a natural number} has the same
arein G orin V. cardinality as A, R,.
(&) n((SNN')U(C'NG")) =27 There are 27 4. The set {z | zis areal number} has the same
players who are in .S but not in NV (12 + 5), or cardinality, ¢, as C.
who are in C but not in G (8 + 2).
5. The set {a: | zis an integer between 5 and 6} has
(H n(N'N(5"NC")) = 15. There are 15 the same cardinality, 0, as F since there are no
(9 + 6) players who are not in N and at the same members in either set.
time are not in S and not in C'.
6. The set {x | zis an integer that satisfies
= 100} has the same cardinality, 2, as E.
32. (a) n(WnNO) =6, coming from the intersection Note z = =+ 5.

of second row with the third column.

(b) n(C U B) = 473, coming from the union of
the first row along with the first column and is
given by 95 + 390 — 12. Observe that the 12 are
counted twice when adding the totals for the
respective row and column and hence must be
subtracted (once).

7. One correspondence is:

{1, 1, 11}
T 1 1
{z. u  zh

Other correspondences are possible.
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10.

11.

12.

13.
14.
15.

16.

17.

18.

19.

It is not possible to place the sets {a, b, ¢, d} and
{2, 4, 6} in a one-to-one correspondence because
the two sets do not have the same cardinal
number. In other words, the two sets are not
equivalent.

One correspondence is:

{a, d, i, t o, nj}

1 1 1 1 1

{a, n, s, w, e 1}
Other correspondences are possible.

One correspondence, pairing each president with
his wife, is:

{Reagan, Clinton Bush}
! ! !
{Nancy, Hillary, Laura}.

Other correspondences are possible.

n({a,b,c,d, ... ,k}) = 11. By counting the
number of letters a through k, we establish the
cardinality to be 11.

n({9,12,15,...,36}) = 10. By counting the
multiples of 3 from 9 to 36, we see that the
cardinality is 10.

n(0) = 0 since there are no members.
n({0}) = 1 since there is 1 element.

n({300, 400, 500, ... }) = R since this set can be
placed in a one-to-one correspondence with the
counting numbers (i.e., is a countable infinite set}.

n({—35,—28,—21,...,56}) = 14 because a
complete listing of this set would show 14
elements where each element after the first is
found by adding 7. Another way to evaluate the
cardinality is to find the difference between the
largest and smallest, 56 — (—35) = 91. Divide 91
by 7 to find how many times 7 has been added to
the first element: % = 13. Since 7 has been
added 13 times to the first element to get to 91, we
have 13 numbers plus the first number, or 14 in
total, which is the cardinal number for the set.

n({—1/4, —=1/8, —1/12, ... }) = N since this set
can be placed in a one-to-one correspondence with
the counting numbers.

n({x | z is an even integer}) = Ny since this set
can be placed in a one-to-one correspondence with
the counting numbers.

n({z | z is an odd counting number}) = ¥, since
this set can be placed in a one-to-one
correspondence with the counting numbers.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

n({b,a,1,1,a,d}) =n({b, a,1,d}) = 4 since
there are only 4 distinct elements in the set.

n({Jan, Feb, Mar, ... , Dec}) = 12 since there
are twelve months indicated in the set.

n({Alabama, Alaska, Arizona, ... ,Wisconsin, Wyoming})
= 50, since there are fifty states of the United States.

“No bottles of beer on the wall, X bottles of beer,
take one down and pass it around, bottles of

beer on the wall.” This is true because
Ng — 1 = Ny.

(a) Let {a, b, c} represent the set of three actors
and {d, e, f} represent the set of three roles played
by the actors. As we can see, there are 6 different
correspondences that can be shown.

{a, b, c} {a, b, c}
I 1 ! I 1 !
{d, e, f} {d, f, e}
{a, b, c} {a, b, c}
1 ! 11 !
{e, d, f} {e, f, d}
{a, b, c} {a, b, c}
I 1 ! I 1 !
{f, e, d} {f, d, e}
(b) {Jamie Foxx, = Mike Myers, Madonna}

) 1 1

{Ray Charles, Austin Powers,  Evita Peron}.

The answer is both. Since the sets {u, v, w} and
{v, u, w} are equal sets (same elements), they
must then have the same number of elements and
thus are equivalent.

The sets {48, 6} and {4, 86} are equivalent
because they contain the same number of elements
(same cardinality) but not the same elements.

The sets {X, Y, Z} and {z, y, z}are equivalent
because they contain the same number of elements
(same cardinality) but not the same elements.

The sets {top} and {pot} are equivalent because
they contain the same number of elements (one)
but not the same elements.

The sets {z | = is a positive real number} and
{x | x is a negative real number} are equivalent
because they have the same cardinality, c. They
are not the equal since they contain different
elements.
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30. The sets {z | x is a positive rational number} has 39. The statement “If set A is an infinite set and A is
a cardinality of Ny while the set {z | z is a not equivalent to the set of counting numbers, then
negative real number} has a cardinality of c. n(A) = ¢ is not always true. For example, A
Since the two sets do not contain the same could be the set of all subsets of the set of real
elements and do not have the same cardinality, numbers. Then, n(A) would be an infinite
they are not equal nor are they equivalent. number greater than c.

Note that each of the following answers shows only one 40. The statement “If A and B are both countable

possible correspondence. infinite sets, then n(A U B) = Ry” is always true.

Set A can be put in a one-to-one correspondence

342 46,8 10, 12, ..., 20, ..} with the set of counting numbers. By dropping
l l l l ! ! ! elements in B that are in A, the remaining
{. 20 3 4 5 6 ... n ..} elements, whether a finite number or not, can be
32. {-10, -20, —30, —40, ..., —10n, ...} added to the list of A to produce AU B. The
1 1 1 1 1 cardinal number of that set is Ny.
{1, 2, 3, 4, ..., n, ...} 41. (a) Use the figure (in the text), where the line

segment between 0 and 1 has been bent into a
33. {1,000,000 2,000,000 3,000,000,...,1,000,0007, ... } semicircle and positioned above the line, to prove
! ! ! ! that {z | x is a real number between 0 and 1} is
{1, 2, 3, e n, o} equivalent to {x | x is a real number}.

34. We can establish a one-to-one correspondence
between the set of odd integers and the set of counting
numbers as follows.

{1, =1, 3, =3, 5 =5 ... a ..}
r1 1 1 1 1 !
{1, 2, 3, 4 5 6, .., m ..} .4 B3 2 < 0o 1 2 3 4

Where a = n ifnis oddand a =1 —n if n is even. Rays emanating from point P will establish a

35. {2, 4, 8, 16, 32, ..., 27, ...} geometric pairing of the points on the semicircle
I 1 1 ] ] 1 with the points on the line.
{L 2 3 4 B s My} (b) The fact part (a) establishes about the set of
36. {—17,-22, —27,-32,...,—5n—12,...} real numbers is that the set of real numbers is
1 1 1 1 1 infinite, having been placed in a one-to-one
(1, 2, 3 4, ’ n. ) correspondence with a proper subset of itself.

42. Draw a dashed line through the upper endpoints of
the two segments. Label the point where this line
intersects the base line as P. Choose any point A
on the shorter segment; draw a line through P
and A, intersecting the longer segment at a point

37. The statement “If A and B are infinite sets, then A
is equivalent to B” is not always true. For
example, let A = the set of counting numbers and
B = the set of real numbers. Each has a different

cardinality. we label A'. Now choose a point B’ on the longer
38. The statement, “If set A is an infinite set and set B segment. Follow the same procedure to find the
can be put in one-to-one correspondence with a corresponding point B on the shorter segment. In
proper subset of A, then B must be infinite,” is this manner, we can set up a one-to-one
not always true. For example, let A = the set of correspondence between all the points on the two
counting numbers and B = {a,b,c}. B canbe given line segments. This correspondence shows
put in a one-to-one correspondence with a proper that the sets of points on the two segments have
subset of A as follows: the same cardinal number; that is, the segments
have the same number of points.
{a, b, ¢}
r1 1
{1, 2, 3}
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8.
9.
43. {3, 6, 9, 12, , 3n, }
1 1 1 ! 10
{6, 9, 12, 15, ..., 3n+3, ...}
44. {4, 7, 10, 13, ..., 3n+1, ...} 1
1 1 1 ! '
{7, 10, 13, 16, ..., 3n+4, ...}
45. {3/4, 3/8, 3/12,3/16,...,3/(4n), .}
r1r 1 1 !
{3/8, 3/12, 3/16,3/20,...,3/(4n+4),...} 12.
46. {1, 4/3,5/3, 2, ...,(n+2)/3, ...} 13.
1 11 ! 14.
{4/3,5/3, 2, 7/3,..., (n+3)/3,...}
47.  {1/9, 1/18, 1/27, ..., 1/(9n), v}
! ! ! !
{1/18, 1/27, 1/36, ..., 1/(9n+9),...}
15.
48. {-3, =5, =9, —17,...,—(2"+1), ...}
it 1 !
{5, =9, =17, =33, ..., —(2"*1 4 1), ...} 16.
49. Writing exercise; answers will vary. 17
50. Writing exercise; answers will vary.
51. Writing exercise; answers will vary. 18.
52. Writing exercise; answers will vary.
19.
CHAPTER 2 TEST
1. AUC ={a,b,c,d} U{a,e} ={a,b,c,d,e}. -0
2. BNA={be,ad n{ab,cd} ={ab,d} '
3. B ={beuad} ={cf gh} 21.
4. Ai(BmC/):Ai({ba67aad}m{bvc7d’f7g7h})
={a,b,c,d} — {b,d}
= {a,c}.
b € A is true since b is member of set A.
6. (C C Ais false since the element e, which is a
member of set C, is not also a member of set A.
7. B C (AUC) is true since all members of set B

are also members of A U C.

¢ ¢ C is true because c is not a member of set C'.
n[(AU B) — C] = 4 s false. Because,
n[(AUB) - C) = nl{a,b,c,d, e} — {a,e}]

=n({b,c,d})
=3.

() C C is true. The empty set is considered a
subset of any set. C' has more elements then ()
which makes ) a proper subset of C'.

(AN B')isequivalent to (BN A') is true.
Because,

n(ANB)=n({c}) =1
n(BNA’) =n({e}) =1.

(AU B) = A’ N B is true by one of De Morgan's laws.
n(AxC)=n(A)xn(C)=4x2=38
The number of proper subsets of A is

22— 1=16-1=15.

Answers may vary for Exercises 15-18.

A word description for {—3,—1,1,3,5,7,9} is
the set of all odd integers between —4 and 10.

A word description for {January, February, March,
..., December} is the set of months of the year.

Set-builder notation for {—1, -2, -3, -4, ...}
would be {z | z is a negative integer}.

Set-builder notation for {24, 32, 40,48, ...,88}
would be
{z | z is a multiple of 8 between 20 and 90}.

0
{z | = is a counting number between 20 and 21}
since the empty set is a subset of any set.

{4,9,16} {4,5,6,7,8,9,10} since the

element 16 is not a member of the second set.

Xuy’

XvuYy’
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22. X'nYy’ (b) n(ANB') =n(A — B) = 12. These are the
elements in A but outside of B.

(©) n(ANB) =n({3}) =12+7+9=28.

30. Let G = set of students who are receiving
government grants. Let S = set of students who
are receiving private scholarships. Let A = set of
students who are receiving aid from the college.
Complete a Venn diagram by inserting the

23, (XUY)—-Z appropriate cardinal number for each region in the

diagram. Begin with the intersection of all three

sets: n(GNSNA)=8. Sincen(SNA) =28,
n(SNANG") =28 —-8=20. Since
n(GNA)=18, n(GNANS)=18—-8=10.

Since n(G N S) = 23,

n(GNSNA)=23-8=15.

xX'ny

U Since n(A) = 43,
XuY)-Z n(AN(GUS)) =43 — (10 + 8 + 20)
=43 -38=5.
Since n(S) = 55,
24, [(XNY)u¥YNZ)Uu(XNnZ))—-(XNYN2Z) n(5 1 (GUAY) = 55— (154 8 + 20)
=55—-43 =12.

Sincen(G) = 49,
n(GN(SUA)) =49 — (10 +8 + 15)

=49 — 33 = 16.
U
[(XNnYHuTnZDH)uXNZD]-XNYNZ) A

25. ANT = {Electric razor, Telegraph, Zipper} N w&

{Electric razor, Fiber optics, Geiger counter, Radar} ﬁ

= {Electric Razor}. ” 1

/

26. (A U T) = . Thus,

({Electric razor, Telegraph, Zipper} U / (@) n(G'N(SUAY) = 16 have a government

{Electric razor, Fiber optics, Geiger counter, Radar}) grant only.

= {Electric razor, Fiber optics, Geiger counter,
Radar, Telegraph, Zipper}' = {Adding machine,
Barometer, Pendulum clock, Thermometer}.

(b) n(S N G’) = 32 have a private scholarship but
not a government grant.

(c) 16 + 12 + 5 = 33 receive financial aid from

27. A —T' = {Electri Tel h, Zi —
{Electric razor, Telegraph, Zipper} only one of these sources.

{Electric razor, Fiber optics, Geiger counter, Radar}/
= {Electric razor, Telegraph, Zipper} — (d) 10 + 15 + 20 = 45 receive aid from exactly
{Adding machine, Barometer, Pendulum clock, two of these sources.

Telegraph, Thermometer, Zipper} = {Electric razor}. (€ n(G'US U A) = 14 receive no financial aid

28. Writing exercise; answers will vary. from any of these sources.

29. (@) n(AUB) =12 +3+ 7 =22. M n(SN(AUG)) +n(AUGUS) =12+ 14 = 26
received private scholarships or no aid at all.



