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2.1 EXERCISES

1. , , ,  matches C, the set of even positivee f# % ' )
integers less than 10.

2.  is an even integer greater than 4 and less than 6e fBlB
matches G, the empty set, since there is no even
integer larger than 4 and smaller than 6.

3.  matches E, the set of alle fáß%ß$ß#ß"
negative integers.

4. ,  matches A, thee fáß'ß%ß#ß !ß #ß %ß ' á
set of all even integers.

5.  matches B, the set of the five leaste f#ß %ß )ß "'ß $#
positive integer powers of 2, since each element rep-
resents a successive power of 2 beginning with 2 ."

6.  matches D, the sete fáß&ß$ß"ß "ß $ß &ßá
of all odd integers.

7.  matches H, the set of the five leaste f#ß %ß 'ß )ß "!
positive integer multiples of 2, since this set
represents the first five positive even integers.
Remember that all even numbers are multiples of 2.

8. ,  matches F, the set of odd positivee f"ß $ß &ß ( *
integers less than 10.

9. The set of all counting numbers less than or equal
to 6 can be expressed as .e f"ß #ß $ß %ß &ß '

10. The set of all whole numbers greater than 8 and
less than 18 can be expressed ase f*ß "!ß ""ß "#ß "$ß "%ß "&ß "'ß "( .

11. The set of all whole numbers not greater than 4
can be expressed as .e f!ß "ß #ß $ß %

12. The set of all counting numbers between 4 and 14
can be expressed as .e f&ß 'ß (ß )ß *ß "!ß ""ß "#ß "$

13. In the set , the ellipsis (three dots)e f'ß (ß )ßá ß "%
indicates a continuation of the pattern. A complete
listing of this set is .e f'ß (ß )ß *ß "!ß ""ß "#ß "$ß "%

14. The set  contains all multiplese f$ß 'ß *ß "#ßá ß $!
of 3 from 3 to 30 inclusive. A complete listing of
this set is .e f$ß 'ß *ß "#ß "&ß ")ß #"ß #%ß #(ß $!

15. The set  ,  contains alle f"&ß "$ß""ßá "
integers from 15 to 1 inclusive.  Each member 
is two larger than its predecessor.  A complete
listing of this set ise f"&ß"$ß""ß* (ß&ß$ß", .

16. The set  contains all integerse f%ß$ß#ßá ß %
from 4 to 4.  Each member is one larger than its
predecessor.  A complete listing of this set ise f%ß$ß#ß"ß !ß "ß #ß $ß % .

17. The set ,  contains all powers ofe f#ß %ß ) á ß #&'
two from 2 to 256 inclusive.  A complete listing of
this set is .e f#ß %ß )ß "'ß $#ß '%ß "#)ß #&'

18. In the set  , each member aftere f*!ß )(ß )%ß á ß '*
the first is found by subtracting 3 from the
previous member.  The set contains multiples of 3
in decreasing order, from 90 to 69 inclusive.  A
complete listing is .e*!ß )(ß )%ß )"ß ()ß (&ß (#ß '*×

19. A complete listing of the set  is an evenÖB ± B
whole number less than 11  is .× !ß #ß %ß 'ß )ß "!e f
Remember that 0 is the first whole number.

20. The set  is an odd integer between 8 and 7ÖB ± B  ×
can be represented as .e f(ß&ß$ß"ß "ß $ß &

21. The set of all counting numbers greater than 20 is
represented by the listing .e f#"ß ##ß #$ßá

22 The set of all integers between 200 and 500 is
represented by the listinge f"**ß"*)ß"*(ßá %**, .

23. The set of Great Lakes is represented by Lakee
Erie, Lake Huron, Lake Michigan, Lake Ontario,
Lake Superior .f

24. The set of United States presidents who served
after Lyndon Johnson and before George W. Bush
is represented by William Clinton, George H.W.e
Bush, Ronald Reagan, Jimmy Carter, Gerald Ford,
Richard Nixon .f

25. The set  is a positive multiple of 5  ise fB ± B
represented by the listing .e f&ß "!ß "&ß #!ßá

26. The set  is a negative multiple of 6  ise fB ± B
represented by the listinge f'ß"#ß")ß#%ß$!ß á .

27. The sete fB ± B is the reciprocal of a natural number  is
represented by the listinge f" " # " $ " % " & á, / , / , / , / , .

28. The set  is a positive integer power of 4  ise fB ± B
represented by the listinge f%ß "'ß '%ß #&'ß "!#%ßá  since
% œ %ß % œ "'ß" # and so forth.

Note that in Exercises 29-32, there are other ways to
describe the sets.

29. The set of all rational numbers may be represented
using set-builder notation ase fB ± B is a rational number .

30. The set of all even natural numbers may be
represented using set-builder notation as  isÖB ± B
an even natural number .×
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31. The set  may be represented usinge f"ß $ß &ßá ß (&
set-builder notation as  is an odd naturalÖB ± B
number less than 76 .×

32. The set 35, 40, 45,   , 95  may be representede fá
using set-builder notation as  is a multiple ofÖB ± B
5 between 30 and 100 . ×

33. The set  is finite since the cardinale f#ß %ß 'ßá ß $#
number associated with this set is a whole number.

34. The set  is finite since the cardinale f'ß "#ß ")
number is a whole number.

35. The set / , / , / ,  is infinite since there ise f" # # $ $ % á
no last element, and we would be unable to count
all of the elements.

36. The set  is infinite since theree f"!ß)ß'ßá
is no last element, and therefore its cardinal
number is not a whole number.

37. The set  is a natural number greater than 50e fB ± B
is infinite since there is no last element, and
therefore its cardinal number is not a whole
number.

38. The set  is a natural number less than 50  ise fB ± B
finite since there are a countable number of
elements in the set.

39.  The set  is a rational number  is infinitee fB ± B
since there is no last element, and therefore its
cardinal number is not a whole number.

40. The set  is a rational number  between 0 and 1e fB ± B
is an infinite set. One could never finish counting the
elements of this set because between every two
rational numbers, we can always find another
rational number.

41. For any set ,  represents the cardinalE 8 Ea b
number of the set, that is, the number of elements
in the set. The set 0, 1, 2, 3, 4, 5, 6, 7E œ e f
contains 8 elements.  Thus, .8 E œ )a b

42. The set 3,  1, 1, 3, 5, 7, 9  contains 7E œ  e f
elements.  Thus, 8 E œ (Þa b

43. The set 2, 4, 6,   , 1000  contains 500E œ áe f
elements. Thus, 500.8 E œa b

44. The set 0, 1, 2, 3,   , 3000  containsE œ áe f
3001 elements. Thus, 3001.8 E œa b

45.  The set a, b, c,  , z  has 26 elementsE œ áe f
(letters of the alphabet). Thus, 26.8 E œa b

46. The set  is a vowel in the English alphabete fB ± B
has 5 members since there are 5 vowels, a, e, i, o,
and u.  Thus, 5.8 E œa b

47. The set the set of integers between 20 andE œ 
20 has 39 members. The set can be indicated ase f  á19, 18, , 18, 19 , or 19 negative integers,
19 positive integers, and 0.  Thus, 39.8 E œa b

48. The set set of current US senators has 100E œ
members (two from each state).  Thus,
8 E œa b 100.

49. The set 1/3, 2/4, 3/5, 4/6, , 27/29, 28/30E œ áe f
has 28 elements.  Thus, 28.8 E œa b

50. The set 1/2, 1/2, 1/3, 1/3, , 1/10, 1/10E œ   á e f
has 18 (nine negative and nine positive) elements.
Thus, 18.8 E œa b

51. Writing exercise; answers will vary.

52. Writing exercise; answers will vary.

53.  The set  is a real number  is well definede fB ± B
since we can always tell if a number is real and
belongs to this set.

54. The set  is a negative number  is welle fB ± B
defined since we can tell whether a particular
number belongs to this set by observing its sign.

55.  The set  is good athlete  is not well definede fB ± B
since set membership, in this case, is a value
judgment, and there is no clear-cut way to
determine whether a particular athlete is good.”“

56. The set  is skillful typist  is not well definede fB ± B
since set membership is a value judgment

57.  The set  is a difficult course  is not welle fB ± B
defined since set membership is a value judgment,
and there is no clear-cut way to determine whether
a particular course is difficult.”“

58. The set  is a counting number less than 2  ise fB ± B
well defined since we can always tell if a number
satisfies the conditions and, hence, belongs to this
set.  Note that there is only one element, 1, in the
set.

59.  5  2, 4, 5, 7  since 5 is a member of the set.− e f
60. 8  3, 2, 5, 7, 8  since 8 is a member of the− e f

set.

61.  4  4, 7, 8, 12  since 4 is not contained in Â e f
the set.

62. 12  3, 8, 12, 18  because 12 is not a Â e f
member of the set.

63.  0  2, 0, 5, 9  since 0 is a member of the set.− e f
64. 0  3, 4, 6, 8, 10  since 0 in not a member ofÂ e f

the set.
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65.  3   2, 3, 4, 6  since the elements are note f e fÂ

sets themselves.

66.   3, 4, 5, 6, 7  (which is equivalent to thee f e f' Â

original set) because the set  is not a membere f'
of the second set even though the number 6 is.

67.  2, , ,  since) − "" "! # * # ) #e f
) œ "! #.

68. Writing exercise; answers will vary.

69. The statement 2, 5, ,  is false since the$ − ' )e f
element 3 is not a member of the set.

70. The statement 6 2, 5, 8, 9  is false since the− e f
element 6 is not a member of the set.

71.  The statement b h, c, d, a, b  is true since b is− e f
contained in the set.

72. The statement m l, m, n, o, p  is true since m− e f
is contained in the set.

73.  The statement 9 6, 3, 4, 8  is true since 9 isÂ e f
not a member of the set.

74. The statement 2 7, 6, 5, 4 is true since 2 is notÂ e f
a member of the set.

75.  The statement k, c, r, a k, c, a, r  is truee f e fœ
since both sets contain exactly the same elements.

76. The statement e, h, a, n a, h, e, n  is truee f e fœ
since both sets contain exactly the same elements.

77.  The statement 5, 8, 9 5, 8, 9, 0  is falsee f e fœ
because the second set contains a different
element from the first set, 0.

78. The statement 3, 7, 12, 14 3, 7, 12, 14, 0  ise f e fœ
false because the second set contains a different
element from the first set, 0.

79. The statement , , 5  is true sincee f e fe f e f e f% − $ %
the element, , is a member of the set.e f%

80. The statement , , 5  is false since% − $ %e fe f e f e f
the element, , is not a member of the set.  Rather%e f%  is a member.

81.  The statement  is a natural number less than 3e fB ± B
œ e f1, 2  is true since both represent sets with  

exactly the same elements.

82.  The statement  is a natural number greatereB ± B
than 10  11, 12, 13,  is true since bothf e fœ á
represent sets with exactly the same elements.

83. The statement 4  is true since 4 is a member− E
of set EÞ

84.  The statement 8  is true since 8 is a member− F
of set FÞ

85. The statement 4  is false since 4 is a memberÂ G
of the set .G

86. The statement 8  is false since 8 is a memberÂ F
of the set .F

87. Every element of  is also an element of  is trueG E
since the members, 4, 10, and 12 of set , are alsoG
members of  set .E

88. The statement, every element of  is also anG
element of , is false since the element, 12, of setF
G F is not also an element of set .

89. Writing exercise; answers will vary.

90. Writing exercise; answers will vary.

91. An example of two sets that are not equivalent and
not equal would be 3  and c, f .  Othere f e f
examples are possible.

92. An example of two sets that are equal but not
equivalent  is impossible.  If they are equal, they
have the same number of elements and must be
equivalent.

93. An example of two sets that are equivalent but not
equal would be a, b  and a, c .  Other examplese f e f
are possible.

94. Two sets that are both equal and equivalent would
be  5  and 4 1 .  Other examples aree f e f
possible.

95. (a) The stocks with share volumes 4118.5 million 
are those listed in the set LU, NT, PFE, GE .Ö ×

 (b) The stocks with share volumes 4118.5Ÿ
million are those listed in the set GE, MOT,Ö
TWX, C, TXN, EMC, AWE .×

96. (a)  Since there are  220 calories in the candy bars
that Alexis likes, she must burn off $ ‚ ##! œ ''!
calories.  The following sets indicate activities that
will burn off the required number of calories and
will take no more that two hours: r , g s ,e f e fße f e f e f e f e fc s , v r , g r , c r , and s r .ß ß ß ß ß

 (b)  The required number of calories to burn off is
& ‚ ##! œ ""!! calories. The following sets
indicate activities taking less than or equal to three
hours and  burning off the required number of
calories: v, g, r , v, c, r , v, s, r , g, c, r ,e f e f e f e fe f e fg, s, r , and c, s, r .
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2.2 EXERCISES

1. p , q , p, q ,  matches F, the subsets ofe f e f e f ge fp, q .

2. p , q ,  matches B, the proper subsets ofe f e f ge f e fp, q .  Note that the set p, q , itself, though a
subset, is not a proper subset.

3. a, b  matches C, the complement of c, d , ife × Ö ×
Y œ ×ea, b, c, d .

4.  matches D, the complement of .g Y

5.  matches A, the complement of .Y g

6. a  matches E, the complement of b , if a, b .e f e f Y œ Ö ×

7. 2, 0, 2   2, 1, 1, 2/e × © Ö  ×

8. M, W, F    S, M, T, W, Th  since the/Ö × © Ö ×

element F” is not a member of the second set.“

9. 2, 5   0, 1, 5, 3, 4, 2Ö × © Ö ×

10. a, n, d   r, a, n, d, yÖ × © Ö ×

11.   a, b, c, d, e , since the empty set isg © Ö ×

considered a subset of any given set.

12.   , since the empty set is considered a subsetg © g

of every set including itself.

13. 7, 4, 9     is an odd integer  since/Ö × © ÖB ± B ×

the element 4” is not an element of the second“
set.

14. 2, 1/3, 5/9   the set of rational numbers sinceÖ × ©

2, 1/3, and 5/9 are rational numbers.

15. B, C, D   B, C, D, F  andÖ × § Ö ×
Ö × © Ö ×B, C, D   B, C, D, F , i.e., both.

16. red,  blue, yellow   yellow, blue, red .Ö × © Ö ×

17. 9, 1, 7, 3, 5   1, 3, 5, 7, 9Ö × © Ö ×

18. S, M, T, W, Th    M, W, Th, S ; therefore,/Ö × © Ö ×

neither.

19.   0   or   0 ,  i.e., both.g § Ö × g © Ö ×

20.    only.g © g

21. 1, 0, 1, 2, 3   0, 1, 2, 3, 4 ; therefore,/Ö × © Ö ×

neither.  Note that if a set is not a subset of
another set, it cannot be a proper subset either.

22. 5/6, 9/8    6/5, 8/9  since either member of/Ö × © Ö ×

the first set is not a member of the second. Thus,
neither is the correct answer.

23.  is true since all sets must be subsets of theE § Y
universal set by definition, and  contains at leastY
one more element than A.

24.  is true since all sets must be subsets of theG § Y
universal set by definition, and  contains at leastY
one more element than .G

25.  is false since the element d” in set  isH © F H“
not also a member of set .F

26.  is false since the element d” in set  isH © E H“
not also a member of set .E

27.  is true.  All members of  are alsoE § F E
members of , and there are elements in set  notF F
contained in set .E

28.  is false since the elements a” and e” inF © G “ “
set  are not also members of set .F G

29.  is true since the empty set, , is consideredg § E g
a subset of all sets.  It is a proper subset since
there are elements in  not contained in .E g

30.  is true since the empty set, , is consideredg © H g
a subset of all sets.

31.  is true since the empty set, , is consideredg © g g
a subset of all sets including itself.  Note that all
sets are subsets of themselves.

32.  is false.  The element d”, though aH § F “
member of set  is not also a member of set .Hß F

33.  is true.  Set  is not a subset of  becauseH ©Î F H F
the  element d”, though a member of set  is“ Hß
not also a member of set .F

34.  is false.  Set  is a subset of set  sinceE ©Î F E F
all of the elements in set  are also in set .E F

35. There are exactly 6 subsets of  is false.  SinceG
there are 3 elements in set , there are  2 8G œ3

subsets.

36. There are exactly 31 subsets of  is false.  SinceF
there 5 elements in set , there are 2 32F œ5

subsets.

37. There are exactly 3 subsets of  is false.  SinceE
there are 2 elements in set , there are 2 4E œ2

subsets.

38. There are exactly 4 subsets of  is true.  SinceH
there are 2 elements in set , there are 2 4H œ2

subsets.

39. There is exactly one subset of  is true.  The onlyg
subset of  is  itself.g g
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40. There are exactly 127 proper subsets of  is true.Y
Since there are 7 elements in set , there areY
2 128 subsets of .  Since the set , itself, is7 œ Y Y
not a proper subset, there is one less or 127 proper
subsets.

41. The Venn diagram does not represent the correct
relationships among the sets since  is not aG
subset of .  Thus, the answer is false.E

42. The Venn diagram shows that  is a subset of G F
and that  is a subset of . This is a correctF Y
relationship since all members of set  are alsoG
members of set , and  is a subset of   ThusF F YÞ ß
the answer is true.

43. Since the given set has 3 elements, there are
(a) 2 8 subsets and (b) 2 1 7 proper$ $œ  œ
subsets.

44. Since the given set has 4 elements, there are
(a) 2 16 subsets and (b) 2 1 15 proper4 4œ  œ
subsets.

45. Since the given set has 6 elements, there are (a)
2 64 subsets and (b) 2 1 63 proper' 'œ  œ
subsets.

46. Since the given set has 7 elements, which are the
days of the week, there are (a) 2 128 subsets7 œ
and (b) 2 1 127 proper subsets.7  œ

47. The set  is an odd integer between and ÖB ± B ( %×
œ Ö  $ß"ß "ß $× 5, .  Since the set contains 5

elements, there are (a) 2 32 subsets and  (b)& œ
2 1 32 1 31 proper subsets.&  œ  œ

48. The set  is an odd whole number less than 4ÖB ± B ×
œ Ö ×1, 3 .  Since the set contains 2 elements, there are

(a) 2 4 subsets and (b) 2 1 3 proper subsets.2 2œ  œ

49. The complement of 1, 4, 6, 8  is 2, 3, 5, 7, 9, 10 ,Ö × Ö ×
that is, all of the elements in  not also in the givenY
set.

50. The complement of 2, 5, 7, 9, 10  is 1, 3, 4, 6, 8 .Ö × Ö ×

51. The complement of 1, 3, 4, 5, 6, 7, 8, 9, 10  is 2 .Ö × Ö ×

52. The complement of 1, 2, 3, 4, 6, 7, 8, 9, 10  is 5 .e f e f
53. The complement of , the empty set, is   ge f1, 2, 3, 4, 5, 6, 7, 8, 9, 10 , the universal set.

54. The complement of the universal set, , is theY
empty set, .g

55. In order to contain all of the indicated
characteristics, the universal set HigherY œ Ö
cost, Lower cost, Educational, More time to see
the sights, Less time to see the sights, Cannot visit
relatives along the way, Can visit relatives along
the way .×

56. Since  contains the characteristics of the flyingJ
option, Lower cost, Less time to see theJ œ Öw

sights, Can visit relatives along the way .×

57. Since  contains the set of characteristics of theH
driving option, Higher cost, More time toH œ Öw

see the sights, Cannot visit relatives along the
way×Þ

58. The set of element s  common to set  and  isÐ Ñ J H
Ö ×ÞEducational

59. The set of element(s) common to  and  is ,J H gw w

the empty set, since there are no common
elements.

60. The set of element(s) common to  and  isJ Hw

ÖHigher cost, More time to see the sights, Cannot
visit relatives along the way .×

61. The only possible set is   (All areÖEßFßGßHßI×Þ
present.)

62. The possible subsets of four people would include
ÖEßFßGßH×ß ÖEßFßGßI×ß ÖEßFßHßI×ß
ÖEßGßHßI×ß ÖFßGßHßI×and .

63. The possible subsets of three people would
include
ÖEßFßG×ß ÖEßFßH×ß ÖEßFßI×ß ÖEßGßH×ß
ÖEßGßI×ß ÖEßHßI×ß ÖFßGßH×ß ÖFßGßI×ß 
ÖFßHßI×ß ÖGßHßI×and .

64. The possible subsets of two people would include
ÖEßF×ß ÖEßG×ß ÖEßH×ß ÖEßI×ß ÖFßG×ß ÖFßH×ß
ÖFßI×ß ÖGßH×ß ÖGßI×ß ÖHßI×and .

65. The possible subsets consisting of one person
would include   and .ÖE×ß ÖF×ß ÖG×ß ÖH× ÖI×

66. The set indicating that no people get together (no
one shows up) is .g

67. Adding the number of subsets in Exercises
61 66, we have  " & "! "! & " œ $#
ways that the group can gather.

68. They are the same:  32 2 .  The number of waysœ &

that people  from a group of five  can gather isß ß
the same as the number of subsets there are of a
set of five elements. 
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69. (a)  Consider all possible subsets of a set with four
elements (the number of bills).  The number of
subsets would be .  Since 16 includes also# œ "'4

the empty set (and we must choose one bill), we
will subtract one from this or "' " œ "&
possible sums of money.

 (b)  Removing the condition says, in effect, that
we may also choose no bills.  Thus, there are
# œ "4 6 subsets or possible sums of money; It is
now possible to select no bills.

70. (a)  Consider all possible subsets of a set with five
elements (the number of coins).  The number of
subsets would be .  But the 32 includes# œ $#5

also the empty set, and we must select at least one
coin.  Thus, there are  sums of$# " œ $"
money.

 (b)  Removing the condition says, in effect, that
we may also choose no coins.  Thus, there are
# œ5 32 subsets or possible sums of coins
including  no coins.

71. (a)  There are  subsets of  that do not contain = F /Þ
These are the subsets of the original set EÞ

 (b)  There is one subset of  for each of theF
original subsets of set , which is formed byE
including  as the element of that subset of / EÞ
Thus,  has  subsets which do contain F = /Þ

 (c)  The total number of subsets of  is the sum ofF
the numbers of subsets containing  and of those/
not containing .  This number is  or / = = #=Þ

 (d)  Adding one more element will always double
the number of subsets, so we conclude that the
formula  is true in general.#8

72. Writing exercise; answers will vary.

2.3 EXERCISES

1. The intersection of A and , A , matches B,F F
the set of elements common to both  and E FÞ

2. The union of  and , , matches F, the set ofE F E F
elements that are in  or in  or in both  and E F E FÞ

3. The difference of  and ,  matches A,E F EFß
the set of elements in  that are not in E FÞ

4. The complement of , , matches C, the set ofE Ew

elements in the universe that are not in EÞ

5. The Cartesian product of  and  E Fß E ‚ Fß
matches E, the set of ordered pairs such that each
first element is from  and each second element isE
from , with every element of  paired withF E
every element of FÞ

6. The difference of  and ,  matches D,F E F Eß
the set of elements of  that are not in F EÞ

7. a, c  since these are the elements that\  ] œ Ö ×
are common to both  and .\ ]

8. a, b, c, e, g  since these are the\  ] œ Ö ×
elements that are contained in  or  (or both).\ ]

9. a, b, c, d e, f  since these are the]  ^ œ Ö ×
elements that are contained in or  (or both).] ^

10. b, c  since these are the elements that]  ^ œ Ö ×
are common to both  and .] ^

11. a, b, c, d, e, f, g .  Observe that\  Y œ Ö × œ Y
any set union with the universal set will give the
universal set.

12. a, b, c  since these are the]  Y œ Ö × œ ]
elements that are common to both  and .  Note] Y
that any set intersected with the universal set will
give the original set.

13. b, d, f  since these are the only elements in\ œ Ö ×w

Y \ not contained in .

14. d, e, f, g  since these are the only elements] œ Ö ×w

in  not contained in .Y ]

15. b, d, f d, e, f, g d, f\  ] œ Ö ×  Ö × œ Ö ×w w

16. Z b, d, f b, c, d, e, f b, d, f\  œ Ö ×  Ö × œ Ö ×w

17. a, c, e, g b, c a, b, c, e, g .\  ]  ^ œ Ö ×  Ö × œ Ö ×a b
Observe that the intersection must be done first.

18. a, b c a, b, c, d, e, f, g]  \  ^ œ Ö ß ×  Ö ×a b
œ Ö ×a, b, c .  Observe that the union must be done

first.

19. a, b, c a, g a, c, e, ga b a b]  ^ \ œ Ö ×  Ö ×  Ö ×w

œ Ö ×  Ö × œ Ö × œ \a a, c, e, g a, c, e, g   

20. a b\  ]  ^w w

œ Ö ×  Ö ×  Ö ×a bb, d, f d, e, f, g b, c, d, e, f
œ Ö ×  Ö ×b, d, e, f, g b, c, d, e, f   
œ Ö ß ×b, c d, e, f, g

21. a b^ \  ]w w

œ Ö ×  Ö ×  Ö ×a bb, c, d, e, f b, d, f a, b, c   w

œ Ö ×  Ö ×b, c, d, e, f a, b, c    w

œ Ö ×  Ö × œ Ö ×a, g a, b, c a
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22.  a b] \  ^w ww

œ Ö ×  Ö ×  Ö ×a ba, b, c b, d, f a, g   w

œ Ö ×  Ö × œ Ö ×  Ö ×b a, g a, c, d, e, f, g a, g  w

œ Ö ×a, c, d, e, f, g

23. e, g   Since these are the only two\  ] œ Ö ×
elements that belong to  and not to .\ ]

24. b .  Since this is the only element that] \ œ Ö ×
belongs to  and not to .] \

25. a, c, e, g e, g e, g .\  \  ] œ Ö ×  Ö × œ Ö ×a b
Observe that we must find  first.\  ]

26. a, b c b a, b, c]  ] \ œ Ö ß ×  Ö × œ Ö ×a b
27. b, d, f a, b c d, f .  Observe\  ] œ Ö × Ö ß × œ Ö ×w

that we must find  first.\w

28. d, e, f, g a, c, e, g d, f .] \ œ Ö × Ö × œ Ö ×w

Observe that we must find  first.] w

29.  a b a b\  ]  ] \ œw w

a b a bÖ ×  Ö ×  Ö ×  Ö ×a, c, e, g d, e, f, g a, b, c, b, d, f
œ  Ö ×  Ö × œ Ö, ×e, g b , e, g

30.     a b a b\  ]  ] \ œw w

a b a bÖ ×  Ö ×  Ö ×  Ö ×a, c, e, g d, e, f, g a, b, c, b, d, f
œ Ö ×  Ö × œ g e, g b

31.  is the set of all elements that are inE  F Ga bw w

E F G, or are not in  and not in .

32.  is the set of all elements thata b a bE F  F Ew w

are in  but not in , or in  but not in .E F F E

33.  is the set of all elements that are ina bG F E
G F E but not in , or they are in .

34.  is the set ofF  E  G œ F  E Ga b a bw w w

elements that are in  and are not in  and not in .F E G

35.  is the set of all elements thata b a bE G  F  G
are in  but not , or are in  but not in .E G F G

36.  is the set of all elements that area bE F Gw w w

not in  and not in , or are not in .E F G

37. The smallest set representing the universal set Y
is .Ö/ß 2ß -ß 6ß ,×

38. , the complement of , is the set of all effects inE Ew

Y  that are not adverse effects of alcohol use:
E œ Ö/ß -×Þw

39. , the complement of , is the set of  effects in X X Yw

that are not adverse effects of tobacco use:
X œ Ö6ß ×w  b .

40.  is the set of adverse effects of both tobaccoX E
and alcohol use:  X E œ Ö2×Þ

41.  is the set of all adverse effects that areX E
either tobacco related or alcohol related:
X E œ Ö × œ Ye, h, c, l, b .

42.  is the set of adverse tobacco related effectsX Ew

that are not alcohol related:  X E œ Ö/ß -×Þw

43.  is the set of all tax returns showingF G
business income or filed in 2005.

44.  is the set of all tax returns with itemizedE H
deductions and selected for audit.

45.  is the set of all tax returns filed in 2005G E
without itemized deductions.

46.  is the set of all tax returns selected forH Ew

audit or without itemized deductions.

47.  is the set of all tax returns witha bE F H
itemized deductions or showing business income,
but not selected for audit.

48.  is the set of all tax returns filed ina bG E Fw

2005 and with itemized deductions but not
showing business income.

49.  is always true since  willE © E F E Fa b
contain all of the elements of .E

50.  is not always true since  mayE © E F E Fa b
not contain all the elements of .E

51.  is always true since the elements ofa bE F © E
E F E must be in .

52.  is not always true since the elementsa bE F © E
of  may contain elements not in E F EÞ

53.  is not always true.  If8 E F œ 8 E  8 Fa b a b a b
there are any common elements to  and , theyE F
will be counted twice.

54.   is always8 E F œ 8 E  8 F  8 E Fa b a b a b a b
true, since any elements common to sets  and E F
which are counted twice by  are8 E  8 Fa b a b
returned to a single count by the subtraction of
8 E Fa b.

55.   (a)  1, 2, 3, 5 .\  ] œ e f
 (b)  1, 2, 3, 5 .] \ œ e f
 (c)  For any sets  and ,\ ]

\  ] œ ] \.

This conjecture indicates that set union is a
commutative operation.
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56. (a)  1, 3 .\  ] œ e f
 (b)  1, 3 .] \ œ e f
 (c)  For any sets  and ,\ ]

\  ] œ ] \.

This conjecture indicates that set intersection is a
commutative operation.

57. (a)  \  ]  ^ œ "ß $ß &  "ß #ß $  $ß %ß &

œ "ß $ß &  "ß #ß $ß %ß &

œ "ß $ß &ß #ß %

a b e f a be f e fe f e fe f.

 (b) a b a b e fe f e fe f e fe f
\  ]  ^ œ "ß $ß &  "ß #ß $  $ß %ß &

œ "ß $ß &ß #  $ß %ß &

œ "ß $ß &ß #ß % .

 (c)  For any sets , , and ,\ ] ^

\  ]  ^ œ \  ]  ^a b a b .

This conjecture indicates that set union is an
associative operation.

58. (a)  \  ]  ^ œ Ö" $ß &×  Ö" # $×  Ö$ % &× ×

œ Ö" $ß &×  Ö$×

œ Ö$×

a b a b, , , , , 
, 

.

 (b)  a b a b\  ]  ^ œ Ö" $ &×  Ö" # $×  Ö$ % &×

œ Ö"ß $×  Ö$ß %ß &×

œ Ö$×

, , , , , , 

.

 (c)  For any sets , , and ,\ ] ^

\  ]  ^ œ \  ]  ^a b a b .

This conjecture indicates that set intersection is an
associative operation.

59. (a) 1, 3, 5, 2 4 .a b\  ] œ Ö × œ Ö ×w w

 (b) 2, 4 4, 5 4 .\  ] œ Ö ×  Ö × œ Ö ×w w

 (c) For any sets  and ,\ ]

a b\  ] œ \  ]w w w.

Observe that this conjecture is one form of
DeMorgan's Laws.

60. (a)  1, 3 2, 4, 5 . a b\  ] œ Ö × œ Ö ×w w

 (b)  2, 4 4, 5 2, 4, 5 .\  ] œ Ö ×  Ö × œ Ö ×w w

 (c)  For any sets  and ,\ ]

a b\  ] œ \  ]w w w.

Observe that this conjecture is the other form of
De Morgan's Laws.

61. For example, N, A, M, E  \  g œ Ö ×  g
œ Ö × œ \N, A, M, E ;    

For any set ,\

\  g œ \.

62. For example, N, A, M, E ;  \  g œ Ö ×  g œ g
For any set ,\

\  g œ g.

63.  The statement  ,  is  true.a b a b$ß # œ & # " "

64. The statement 7 ,  is  true.a b a b"!ß % œ  $ & "

65. The statement , ,  is false.  Thea b a b' $ œ $ '
parentheses indicate an ordered pair (where order
is important) and corresponding elements in the
ordered pairs must be equal.

66. The statement  is false.  Ð#ß "$Ñ œ Ð"$ß #Ñ
Corresponding elements in ordered pairs must be equal.

67. The statement , ,  is true since orderÖ' $× œ Ö$ '×
is not important when listing elements in sets.

68. The statement , ,  is true since  Ö# "$× œ Ö"$ #×
order is not important when listing elements in sets.

69. The statement , , , , , ,  isÖ " # $ % × œ Ö $ % " # ×a b a b a b a b
true. Each set contains the same two elements, the
order of which is unimportant.

70. The statement 5, 9 , 4, 8 , 4, 2 4, 8 ,Ö × œ Öa b a b a b a ba b a b5, 9 , 4, 2  is true. Each set contains the same×
three elements, the order of which is unimportant.

71. To form the Cartesian product list all ordered  E‚Fß
pairs in which the first element belongs to  and theE
second element belongs to :F
With 2, 8, 12  and 4, 9 ,E œ Ö × F œ Ö ×
E ‚ F œ Ö ×a b a b a b a b a b a b2, 4 , 2, 9 , 8, 4 , 8, 9 , 12, 4 , 12, 9 .

 To form the Cartesian product list all orderedF ‚Eß
pairs in which the first element belongs to  and theF
second element belongs to :E

F ‚E œ Ö % # % ) % "# * # * ) * "# ×a b a b a b a b a b a b, , , , , , , , , , , .

72. For  and E œ Ö$ß 'ß *ß "#× F œ Ö'ß )×ß
 E‚F œe fÐ$ß 'Ñß Ð$ß )Ñß Ð'ß 'Ñß Ð'ß )Ñß Ð*ß 'Ñß Ð*ß )Ñß Ð"#ß 'Ñß Ð"#ß )Ñ ;
 F ‚E œe fÐ'ß $Ñß Ð'ß 'Ñß Ð'ß *Ñß Ð'ß "#Ñß Ð)ß $Ñß Ð)ß 'Ñß Ð)ß *Ñß Ð)ß "#Ñ Þ
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73. For d, o, g  and p, i, g ,E œ F œe f e f
E‚F œ ß ß ß ß ß ßea b a b a b a b a b a bd, p d, i d, g o, p o, i o, ga b a b a bfg, p g, i g, g ;ß ß
F ‚ E œ ß ß ßea b a b a b a b a b a bp d p o , p, g , i, d , i, o , i, g ,a b a b a bfg, d , g, o , g, g .

74. For b, l, u, e  and r, e, dE œ F œ ße f e f
E‚F œ ea b a b a b a b a b a bb, r , b, e , b, d , l, r , l, e , l, d ,a b a b a b a b a b a bfu, r , u, e , u, d , e, r , e, e , e, d à
F ‚ E œ ea b a b a b a b a b a br, b , r, l , r, u , r, e , e, b , e, l ,a b a b a b a b a b a bfe, u , e, e , d, b , d, l , d, u , d, e Þ

75. For , ,  and , ,E œ # ) "# F œ % *e f e f
8 E ‚F œ 8 E ‚ 8 F œ $ ‚ # œ 'a b a b a b , or by
counting the generated elements in Exercise 71 we
also arrive at 6.  In the same manner,
8 F ‚ E œ # ‚ $ œ 'a b .

76. For d, o, g  and p, i, g ,E œ F œe f e f
8 E ‚F œ 8 E ‚ 8 F œ $ ‚ $ œ *a b a b a b , or by
counting the generated elements in Exercise 73 we
also arrive at 9.  In the same manner,
8 F ‚ E œ $ ‚ $ œ *a b .

77. For 35 and 6,8 E œ 8 F œa b a b
8 E ‚F œ 8 E ‚ 8 F œ $& ‚ ' œ #"!a b a b a b .
8 F ‚ E œ 8 F ‚ 8 E œ ' ‚ $& œ #"!a b a b a b .

78. For 13 and 5,8 E œ 8 F œa b a b
8 E ‚F œ 8 E ‚ 8 F œ "$ ‚ & œ '&a b a b a b .
8 F ‚ E œ 8 F ‚ 8 E œ & ‚ "$ œ '&a b a b a b .

79. To find  when  and 12,8 F 8 E ‚F œ (# 8 E œa b a b a b
we have:

8 E ‚F œ 8 E ‚ 8 F

(# œ "# ‚ 8 F

' œ 8 F Þ

a b a b a ba ba b
80. To find  when  and8ÐEÑ 8ÐE ‚ FÑ œ $!!

8ÐFÑ œ $!ßwe have:
8 E ‚F œ 8 E ‚ 8 F

$!! œ 8ÐEÑ ‚ $!

"! œ 8 E Þ

a b a b a b
a b

81. Let a, b, c, d, e, f, gY œ ße f
E œ ß ß F œe f e fb, d, f g  and a, b, d, e, g .

82. Let Y œ &ß 'ß (ß )ß *ß "!ß ""ß "#ß "$ ße f
Q œ &ß )ß "!ß "" ß R œ &ß 'ß (ß *ß "!e f e f and .

83. The set operations for  indicate those elementsF Ew

in  and not in .F E

84. The set operation for  indicates those elementsE F
in  or in E FÞ

85. The set operations for  indicate those elementsE Fw

not in  or in E FÞ

86  The set operations for B  indicate those elementsÞ E w w

not in  and, at the same time, not in E FÞ
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87. The set operations for  indicate thoseF Ew

elements not in  or in .F E

88. The set operations for  indicate all elementsE Ew

not in  along with those in , that is, the universalE E
set, YÞ

89.  The set operations  indicate those elementsF Fw

not in  and in  at the same time, and since thereF F
are no elements that can satisfy both conditions, we
get the null set (empty set), .g

90. The set operation  indicate all elements in E F Ew

which are not in FÞ
 

91. The indicated set operations mean those elements
not in  or those not in  as long as they are alsoF E
not in .  It is a help to shade the regionF
representing “not in ” first, then that regionE
representing “not in .”  Identify the intersection ofF
these regions (covered by both shadings).  As in
algebra, the general strategy when deciding which
order to do operations is to begin inside parentheses
and work out.

 Finally,  the region of interest will be that “not in
F” along with (union of) the above intersection—a bE Fw w .  That is, the final region of interest is
given by

92. The set operations  indicate all thosea bE F F
elements in  and  at the same time or those in E F FÞ
This is the same set as  itself.F

93. The complement of , , is the set of all elementsY Yw

not in .  But by definition, there can be noY
elements outside the universal set.  Thus, we get the
null (or empty) set, , when we complement .g Y

94. The complement of the empty set, , is the set ofgw

all elements outside of .  But this is the universalg
set, .Y
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95. Let m, n, o, p, q, r, s, t, u, v, w ,Y œ e f
E œ e fm, n, p, q, r, t ,
F œ e fm, o, p, q, s, u , and
G œ e fm, o, p, r, s, t, u, v .

 Placing the elements of these sets in the proper
location on a Venn diagram will yield the following
diagram.

 It helps to  identify those elements in the intersection
of , , and  first, then those elements not in thisE F G
intersection but in each of the two set intersections
(e.g., , etc.), next, followed by elements that lieE F
in only one set, etc.

96. Let ,Y œ "ß #ß $ß %ß &ß 'ß (ß )ß *e f
E œ "ß $ß &ß (e f,
F œ "ß $ß %ß 'ß )e f, and
G œ "ß %ß &ß 'ß (ß * Þe f

 Placing the elements of these sets in the proper
location on a Venn diagram will yield the following
diagram.

97. The set operations  indicate thosea bE F G
elements common to all three sets.

98.  The set operations  indicate thosea bE G Fw

elements which are in  and outside , or are foundE G
in .F

99. The set operations  indicate thosea bE F Gw

elements in  and  at the same time along withE F
those outside of .G

100. The set operations  indicate thoseÐE FÑ Gw

elements not in  but which are in  and also in .E F G

101. The set operations  indicate thosea bE F Gw w

elements that are in  while simultaneously outside ofG
both  and .E F
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102. The set operations  indicate all elementsÐE FÑ G
in  or in  or in , that is, all elements in each ofE F G
the three sets.

103. The set operations  indicate thosea bE F Gw

elements that are in  and at the same time outside ofE
F G, along with those in .

104. The set operations  indicate thosea bE G Fw

elements which are in  and outside of  while at theE G
same time, inside .F

105. The set operations   indicate the regiona bE F Gw w

in  and outside  and at the same time outside .E F G

106. The set operations  indicate thosea bE F Gw w

elements outside of A and outside of  at the sameF
time, along with all elements of .G

107. The set operations  indicate the regiona bE F Gw w w

that is both outside  and at the same time outside ,E F
along with the region outside .G

108. The set operations  indicate thosea bE F Gw

elements not common to  and , along with allE F
elements of .G
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109. The shaded area indicates the region  ora bE F w

E Fw w.

110. Since only  is unshaded, we get the shadedEF
region by .  This may also be indicated bya bEF w

the set A B  or, using one form of  De Morgan'sa b w w

law, as .a bE Fw

111. Since this is the region in  or in  but, at the sameE F
time, outside of  and , we have the setE Fa b a b a b a bE F  E F E F  E Fw or .

112. Since this region represents all elements in  whichE
are outside of , the area can be indicated by the setF
E F EFÞw or 

113. The shaded area may be represented by the seta b a bE F  E G ; that is, the region in the
intersection of  and  along with the region inE F
the intersection of  and  or, by the distributiveE G
property, .E  F Ga b

114. The shaded area is in  and, at the same time, outsideE
the union of  with .  This region can be representedF G
by the set  or E  ÐF GÑ E  F G Þw w wa b

115. The region is represented by the set ,a bE F Gw

that is, the region outside of  but inside both G E
and , or .F E F  Ga b

116. The shaded area is the part of  which isF G
outside of   This set is  orEÞ F G Ea b w

a bF G E .

117. If , then  and  must not have anyE œ EF E F
common elements, or .E F œ g

118.  is true only if .E œ F E E œ F œ g

119.  is true for any set .E œ E g E

120.  is true only if  has no elements, orE œ gE E
E œ g.

121.  is true only if  has no elements, orE  g œ g E
E œ g.

122.  is true for any set .E  g œ g E

123.  is true only if  has no elements, orE  g œ E E
E œ g.

124.  is true for any set E  g œ E EÞ

125.  is true only if  has no elements, orE E œ g E
E œ g.

126. Since , for ,  must be theE E œ E E E œ g E
empty set, or .E œ g

127  only if  is a subset of , or Þ E F œ E F E F © EÞ

128.  only if  is a subset of , or E F œ F F E F © EÞ

129.  .E E œ gw

        

 Thus, by the Venn diagrams, the statement is
always true.

130. .E E œ Yw

        

 Thus, by the Venn diagrams, the statement is always true.

131. .a bE F © E
       

 Thus, by the Venn diagrams, the shaded region is
in ; therefore, the statement is always true.E

132. .a bE F © E
     

 Thus, the statement is not always true.

133. If , then E © F E F œ EÞ
      

 Thus, the statement is not always true.



2.4   SURVEYS AND CARDINAL NUMBERS     35

134. If , then .E © F E F œ F
   

 Thus, the statement is not always true.

135.  (De Morgan's second law).a bE F œ E Fw w w

   

 Thus, by the Venn diagrams, the statement is
always true.

136. Writing exercise; answers will vary.

137. No, since there may be elements in  and in  atE F
the same time.

138. (a)   is a real number , since theU L œ B ± Be f
real numbers are made up of all rational and all
irrational numbers.

 (b)  , since there are no commonU L œ g
elements.

2.4 EXERCISES
1. (a)   since  and  have 6 elements8ÐE FÑ œ ' E F

in common.

 (b)   since there are a total of 88ÐE FÑ œ )
elements in  or in .E F

 (c)   since there are 0 elements8ÐE F Ñ œ !w

which are in  and, at the same time, outside .E F

 (d)   since there are 2 elements8ÐE FÑ œ #w

which are in  and, at the same time, outside .F E

 (e)   since there are 9 elements8ÐE F Ñ œ *w w

which are outside of  and, at the same time,E
outside of .F

2. (a)   since  and  share only one8ÐE FÑ œ " E F
element.

 (b)  , since there are a total of 98ÐE FÑ œ *
elements in  or in .E F

 (c)   since there are  elements8ÐE F Ñ œ ' 'w

which are in  and, at the same time, outside .E F

 (d)   since there are 2 elements8ÐE FÑ œ #w

which are in  and, at the same time, outside .F E

 (e)   since there are 5 elements8ÐE F Ñ œ &w w

which are outside of  and, at the same time,E
outside of .  F

3. (a)   since there is only one8ÐE F GÑ œ "
element shared by all three sets.

 (b)   since there are 3 elements8ÐE F G Ñ œ $w

in  and  while, at the same time, outside of .E F G

 (c)   since there are 4 elements8ÐE F GÑ œ %w

in  and  while, at the same time, outside of .E G F

 (d)   since there are 0 elements8ÐE F GÑ œ !w

which are outside of  while, at the same time, inE
F G and .

 (e)   since there are 28ÐE F GÑ œ #w w

elements outside of  and outside of  while, atE F
the same time, in .G

 (f)  10 since there are 8ÐE F G Ñ œ "!w w

elements in  which, at the same time, are outsideE
of  and outside of .F G

 (g)   since there are 28ÐE F G Ñ œ #w w

elements outside of  and, at the same time,E
outside of  but inside of .G F

 (h)   since there are 58ÐE F G Ñ œ &w w w

elements which are outside all three sets at the
same time.

4. (a)   since there is only one8ÐE F GÑ œ "
element shared by all three sets.

 (b)   since there are 2 elements8ÐE F G Ñ œ #w

in  and  while, at the same time, outside of .E F G

 (c)   since there are 6 elements8ÐE F GÑ œ 'w

in  and  while, at the same time, outside of .E G F

 (d)   since there are 7 elements8ÐE F GÑ œ (w

which are outside of  while, at the same time, inE
F G and .

 (e)   since there are 88ÐE F GÑ œ )w w

elements outside of  and outside of  while, atE F
the same time, inside of .G

 (f)   since there are 3 elements8ÐE F G Ñ œ $w w

in  which, at the same time, are outside of  andE F
outside of .G

 (g)   since there are 48ÐE F G Ñ œ %w w

elements outside of  and, at the same time,E
outside of  but inside of .G F
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 (h)   since there are 58ÐE F G Ñ œ &w w w

elements which are outside all three sets at the
same time.

5. Using the Cardinal Number Formula,
8 E F œ 8 E  8 F  8 E Fa b a b a b a b, we have
8 E F œ ) "% & œ "(a b .

6. Using the Cardinal Number Formula,
8 E F œ 8 E  8 F  8 E Fa b a b a b a b, we have
8 E F œ "' #) * œ $&a b .

7. Using the Cardinal Number Formula,
8 E F œ 8 E  8 F  8 E Fa b a b a b a b, we have
#& œ "& "# 8ÐE FÑ.  Solving for
8ÐE FÑ 8ÐE FÑ œ #Þ, we get 

8. Using the Cardinal Number Formula,
8 E F œ 8 E  8 F  8 E Fa b a b a b a b, we have
$! œ #! "% 8ÐE FÑ.  Solving for
8ÐE FÑ 8ÐE FÑ œ %Þ, we get 

9  Using the Cardinal Number Formula,Þ
8 E F œ 8 E  8 F  8 E Fa b a b a b a b, we have
&& œ 8 E  $& "& 8 Ea b a b.  Solving for , we get
8 E œ $&a b .

10. Using the Cardinal Number Formula,
8 E F œ 8 E  8 F  8 E Fa b a b a b a b, we have
$! œ #! 8 F  ' 8 F .  Solving for , we geta b a b
8 F œ "'a b .

11  Using the Cardinal Number Formula, we find thatÞ

         8 E F œ 8 E  8 F  8 E F

#& œ "* "$ 8ÐE FÑ

8ÐE FÑ œ "* "$ #&

œ (Þ

a b a b a b a b

Then  and

Since       and
 , we have

.

8 E F œ "* ( œ "#

8 F E œ "$ ( œ 'Þ

8 E œ ""

8 F E œ '

8 E F œ 8 E F œ "" ' œ &

a ba ba ba ba b a b

w

w

w

w

w w w

 Completing the cardinalities for each region, we
arrive at the following Venn diagram.

12. Use deduction to complete the cardinalities of the
unknown regions.  For example since ,8 F œ $!a bw
there are 13 elements in Fc da b a b8 Y  8 F œ %$ $!w ;  therefore, 8 elements
are in  that are not in F Ec da b a b8 F  8 E F œ "$ & .  Since there is a
total of 25 elements in  and 5 are accounted forE
in , there must be 20 elements in  that areE F E
not in .  This leaves a total of 33 elements in theF
regions formed by  along with .  Thus, thereE F
are 10 elements left in  that are not in  or in .Y E F
Completing the cardinalities for each region, we
arrive at the following Venn diagram.

13. Since  and , we have8ÐFÑ œ #) 8ÐE FÑ œ "!
8 F E œ #) "! œ ")Þ 8 E œ #&a b a bw w  Since 
and it follows that8 F E œ ")ßa bw
8ÐE F Ñ œ (Þw w

By  De Morgan's laws, .E F œ ÐE FÑw w w

So  ß 8 ÐE FÑ œ %!Þc dw
Thus, 8 E F œ %! Ð") (Ñ œ "&Þa bw
Completing the cardinalities for each region, we
arrive at the following Venn diagram.

14. Use deduction to complete the cardinalities of
each region outside of .  Since there is aE F
total of 13 elements in  and 8 accounted for inE
the intersection of  and , there must be 5E F
elements in  outside of .  Since there is a totalE F
of 15 elements in the union of  and  with 13E F
accounted for in , there must be 2 elements in E F
which are not in .  The region  isE E Fw w

equivalent (by De Morgan's law) to , ora bE F w

the elements outside the intersection.  Since this
totals 11, we must have 4  elementsÒ"" (Ó
outside the union but inside .Y
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 Completing the cardinalities for each region, we
arrive at the following Venn diagram.

 

15. Fill in the cardinal numbers of the regions,
beginning with .  Sincea bE F G
8 E F G œ "& 8 E F œ $&a b a b and , we
have   Since8 E F G œ $& "& œ #!Þa bw
8 E G œ #"a b , we have
8 E G F œ #" "& œ 'Þa bw   Since
8 F G œ #&ßa b  we have
8 F G E œ #& "& œ "!Þa bw   Since
8 G œ %*a b , we have
8 G E  œ %* Ð' "& "!Ñ œ ")Þa bw wB
Since , we have8 E œ &(a b
8 E F G œ &( Ð#! "& 'Ñ œ "'Þa bw w

Since , we have8 F œ &#a bw
8 E F G œ 8 E F G œa b a bw w w w

&# Ð"' ' ")Ñ œ "#Þ
Completing the cardinalities for each region, we
arrive at the following Venn diagram.

 

16.  Fill in the cardinal numbers of the regions,
beginning with the   Since there is aÐE F GÑÞ
total of 15 elements in  of which 6 areE G
accounted for in , we conclude thatE F G
there are 9 elements in  but outside of .E G F
Similarly, there must be 2 elements in  butF G
outside  and 4 elements in  but outside ofE E F
G G.  Since there are 26 elements in  of which we
have accounted for 17 9 6 2 , there must be 9c d 
elements in  but outside of  or .  Similarly,G E F
there are 12 elements in  outside of  or  andF E G
5 elements in  outside of  or .  And finally,E F G
adding the elements in the regions of , , and E F G
gives a total of 47.  Thus, the number of elements
outside of , , and  is  orE F G 8 Y  %(a b
&! %( œ $.     

Completing the cardinalities for each region, we
arrive at the following Venn diagram.

  

 

17.   Fill in the cardinal numbers of the regions,
beginning with the ÐE F GÑÞ
8ÐE F GÑ œ & 8ÐE GÑ œ "$ and , so
8ÐE   Ñ œ "$ & œ )Þ 8ÐF GÑ œ )C B   , sow

8ÐF G E Ñ œ ) & œ $Þ 8ÐE F Ñ œ *w w  , so
8ÐE F G Ñ œ * ) œ "Þ 8ÐEÑ œ "&w w   , so
8ÐE F G Ñ œ "& Ð" ) &Ñ œ "w .
8ÐF G Ñ œ $ 8Ð E G Ñ œ $ " œ #w w w, so B .
8ÐE F G Ñ œ 8ÐE F GÑ œ #"w w w w .  
Completing the cardinalities for each region, we
arrive at the following Venn diagram.

 

 

18. Fill in the cardinal numbers of the regions,
beginning with   Since there8 E F G œ 'Þa b
are 21 elements in  and  and 6 elements in allE F
three sets, the number of elements in  and  butE F
not in  is given byG
8 E F G œ #" ' œ "&Þa bw   Since
8 E G œ #'ß Ea b we have those elements in  and
G F 8 E G F œ #' ' œ #!Þ but not in  as a bw
Since B ,8 G œ (a b
8 F G E œ ( ' œ "a bw .  Since
8 E G œ #! Ea bw , we have those elements in  but
not in either  or  asF G
8 E  F G œ #! "& œ &Þˆ ‰a bw   Since
8 F G œ #& Fa bw , we have those elements in  but
not in  or  asE G
8 F  E G œ #& "& œ "!Þˆ ‰a bw   Since
8 G œ %! Ga b , we have those elements in  but not
in  or  asE F
8 G  E F œ %! Ð#! ' "Ñ œ "$Þˆ ‰a bw
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Observe that  8 E F G œ 8 E F Ga b a bw w w w

(by De Morgan's).  That is, there are 2 elements
outside the union of the three sets.

 

19. Complete a Venn diagram showing the cardinality
for each region.  Let set of projects Bob[ œ
Gandio writes.  Let set of projects BobT œ
Gandio produces.

 Begin with .   Sincea b a b[  T 8 [  T œ #Þ
8 [ œ &ß 8 [  T œ & # œ $Þa b a b   Sincew

8 T œ (ß 8 T [ œ ( # œ &Þa b a b  w

Interpreting the resulting cardinalities we see that:

 (a)  He wrote but did not produce 8 [  T œ $a bw
projects.

  (b)  He produced but did not write 8 T [ œ &a bw
projects.

20. Complete a Venn diagram showing the cardinality
for each region.  Let the set of CDs featuringW œ
Paul Simon, the set of CDs featuring ArtK œ
Garfunkel.
Beginning with  and , we8ÐW KÑ œ & 8ÐWÑ œ )
conclude that   Since8ÐW K Ñ œ ) & œ $Þw

8ÐKÑ œ (, we conclude that
8ÐW KÑ œ ( & œ #w .
There are 12 CDs on which neither sing, so
8ÐW KÑ œw 12.

 Interpreting the resulting cardinalities we see that:

 (a)  There are 3 CDs which feature only Paul
Simon.

 (b)  There are 2 CDs which feature only Art
Garfunkel.

 (c)  There are 10 CDs which feature at least one of
these two artists.

21.  Construct a Venn diagram and label the number of
elements in each region.  If we arbitrarily let K
represent those who saw The Lion King, set S
represent and set  representthose who saw Shrek, N
those who saw  we can diagram asFinding Nemo 
follows:  Begin with the region indicating the
intersection of all three sets,  8Ð   Ñ œ #ÞK S N
Since 8Ð  Ñ œ 'ß 8   œ ' # œ %ÞK KS S Na bw
Since , 8Ð  Ñ œ ) 8   œ ) # œ 'ÞK KN N Sa bw
Since 8Ð  Ñ œ "!ß 8   œ "! # œ )ÞS N S Na bK w

Since , the number of elements inside 8Ð Ñ œ "(K K
and not in  or  is   SinceS N "( Ð' # %Ñ œ &Þ
8Ð Ñ œ "(S S, the number of elements inside  and not in
K or  is   Since 23,N N"( Ð% # )Ñ œ $Þ 8Ð Ñ œ
the number of elements inside  and not in  or  isN SK
#$ Ð' # )Ñ œ (Þ 8ÐYÑ œ &&ß  Since there are
&& Ð& %  ' # ) (Ñ œ && $ œ3 5 20
elements outside the three sets.  That is  ß
8Ð   Ñ œ #!K S N w .

 The completed Venn diagram is as follows.
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(a)  There are  that have seen% ) ' œ ")
exactly two of these movies.

 (b)  There are  that have seen& $ ( œ "&
exactly one of these movies.

 (c)  There are  that have seen8Ð   Ñ œ #!K S N w

none of these movies.

 (d)  There are  children who8   œ &a bK S Nw w

have seen  but neither of the others.The Lion King

22. Let  be the set of mathematics majors receivingY
federal aid.  Since half of the 48 mathematics
majors receive federal aid,  8ÐYÑ œ Ð%)Ñ œ #%Þ"

#

Let and  be the sets of students receivingT ß[ß X
Pell Grants, participating in Work Study, and
receiving TOPS scholarships, respectively.

 Construct a Venn diagram and label the number of
elements in each region.  Since the 5 with Pell
Grants had no other federal aid, 5 goes in set ,T
which does not intersect the other regions.  The
most manageable data remaining are the 2 who
had TOPS scholarships and participated in Work
Study.  Place  in the intersection of  and .# [ X
Then since 14 altogether participated in Work
Study,  is the number who"% # œ "#
participated in Work Study but did not have
TOPS scholarships or Pell Grants;  in symbols,
8 [  X  T Þ % # œ #a bw w   Also,  is the number
who had TOPS scholarships, but did not
participate in Work Study nor had Pell Grants,
8 X [  T Þa bw w   Finally,

8 T [  X œ 8 T [  X

œ #% Ð& "# # #Ñ

œ $

a b a bw w w w

.

 is the number in the region not included in the sets
T ß[ß X Þ and   The completed Venn diagram is as

  

 

follows.

 (a)  Since half of the 48 mathematics majors
received federal aid, the other half, 24 math
majors, received no federal aid.

 (b)  There were only 2 students who received
more than one of these three forms of aid.  This is
shown by the number in the region .X [

 (c)  Since 24 students received federal aid, but
only 21 are accounted for in the given information
(the sum of the numbers in the three circles), there
were 3 math majors who received other kinds of
federal aid.

 (d)  The number of students receiving a TOPS
scholarship or participating in Work Study is
"# # # œ "'Þ

23. Let  be the set of people interviewed, and letY
QßIß Kand  represent the sets of people using
microwave ovens, electric ranges, and gas ranges,
respectively.

 Construct a Venn diagram and label the cardinal
number of each region, beginning with the regiona b a bQ I K 8 Q I K œ "Þ.    Since
8 Q I œ "*ß 8 Q I K œ "* " œ ")Þa b a bw
Since ,8 Q K œ "(a b
8 Q K I œ "( " œ "'Þa bw   Since
8 K I œ % 8 K I Q œ % " œ $Þa b a b, w

Since , 8 Q œ &) 8 Q K I œa b a bw w

8 Q  K I œ &) ") "' " œ #$Þˆ ‰a b a bw

Since ,8 I œ '$a b
8 I Q K œ '$ ") $ " œ %"Þa b a bw w

Since ,8ÐKÑ œ &)
8 K Q  œ 8 K  Q  œa b a bˆ ‰w w wE E
&) "' $ " œ $)Þa b   Also,
8 Q I K œ #a bw  (these are the people who
cook with only solar energy).

  

 

 The sum of the numbers in all the regions is 142,
while only 140 people were interviewed.  Therefore,
Robert's data is incorrect and he should be
reassigned again.

24. Let people who like Spanada~W œ ße f
V œ ße fpeople who like Ripple and
F œ e fpeople who like Boone's Farm Apple wine .

 Construct a Venn diagram to represent the survey
data beginning with the region representing the
intersection of   and .  Rather thanWß Vß F
representing each region as a combination of sets
and set operations, we will label the regions – .+ 2
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Since 93 like all three, place 93 in region .  Since.
96 like Spanada and Boone's with region ~ .
accounting for 93 of the 96, place 96 93 3 in œ
region .  Similarly, place 94 93 1 in region/  œ
1  œ -, and 95 93 2 in region .  The 99 people
who like Boone's are in regions , , , and g, and. / 0
regions , , and g account for 93 3 1 97. /   œ
people.  Thus, region  represents 2 people.0
Similarly, region  represents 1 person, and region,
2 represents 0 people.  Adding the values placed
in regions –  gives 102, which is the total, 2
number of people surveyed, so region  represents+
0 people.

  

 

 (a)  Region  represents people preferring none of+
the three.  There are 0 people in region .+

 (b)   contains regions  and , whichW V , /w

represent a total of 4 people.

 (c)   contains regions , , , and , whichF + , - 2w

account for 3 people.

 (d)   is region ,V  W F œ V  W F 2w w wa b
which represents 0 people.

 (e)  Regions , , and g contain 6 people who- /
prefer exactly two kinds of wine.

25. Construct a Venn diagram as indicated in the
textbook hint—a set for fat ( ), for male ( ),J Q
and for red ( ).  Observe that anything outside theV
J  circle is thin, anything outside the M (rooster)
circle is a hen, and anything outside the  (red)V
circle is brown.

 The associated regions and cardinalities are as
given as follows:
Fat red roosters— 8 J V Q œ *ßa b
Fat red hens—8 J V Q œ #ßa bw
Fat roosters—8 J Q œ #'ßa b
Fat chickens—8 J œ $(ßa b
Thin brown hens—8 J V Q œ (ßa bw w w

Thin brown roosters—8 J V Q œ ")ßa bw w

Thin red roosters—8 J V Q œ 'ßa bw

Thin red hens—8 J V Q œ &Þa bw w

  

 

 Therefore, by observation and deduction, there are

 (a)   fat chickens,8 J œ $(a b
 (b)   red chickens,8 V œ ##a b
 (c)   male chickens,8 Q œ &!a b
 (d)   fat, but not male chickens,8 J Q œ ""a bw
 (e)  25 brown, but not fat chickens,8 V  J œa bw w

 (f)  11 red and fat chickens.8 V  J œa b
26. Construct a Venn diagram and label the cardinal

number of each region beginning with the
intersection of all three sets,
8 [  J I œ )!Þ 8 I  J œ *!a b a b  Since ,
8 I  J [ œ *! )! œ "!Þa bw
Since ,8 [  J œ *&a b
8 [  J I œ *& )! œ "&Þa bw
Since ,8 I  J œ *!a b
8 I  J [ œ *! )! œ "!Þa bw
Since ,8 J œ "%!a b
8 J [ I œ "%! Ð"& "! )!Ñ œ $&Þa bw w

8 [  J I œ 8 [  J I œ "!Þa b a bw w w w

Since  is not given, it is not obvious8 [ Ia b
how to label the three remaining regions.  We
need to use the information that   The8 I œ *&Þa bw
only region not yet labeled that is outside of  isIa b[ I  Jw w .  Since 
8 I œ *& 8 [  I  œ *& Ð"! $&  "&Ñ

œ $&Þ

8 [ œ "'!ß 8 [  I  J œ "'! Ð$& "&  )!Ñ

œ $!Þ

8 I œ "$!ß 8 I [  J œ "$! Ð$! "!  )!Ñ

œ "!Þ

a b a b
a b a b
a b a b

w w w

w

w w

, F
  Since

  Since

  

 

   

 Add the cardinal numbers of all the regions to find
that the total number of students interviewed was 225.
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27. Construct a Venn diagram to represent the survey
data beginning with the region representing the
intersection of and .  Rather thanWßFß G
representing each region as a combination of sets
and set operations, we will label the regions – .+ 2
There are 21 patients in Nadine's survey that are in
the intersection of all three sets, i.e., in region ..
Since there are 31 patients in , we canF G
deduce that there must be 10 patients in region .-
Similarly since there are 33 patients in  ,F  W
there must be 12 patients in region .  From the/
given information, there is a total of 51 patients in
regions , , , and .  Thus, there are- . / 1
&" "! #" "# œ ) 1a b  patients in region .
Since there are 52 patients in , we can deduceW
that there are 11 patients in&# Ð"# #" )Ñ œ
region .  Similarly, there are 4 patients in region0
, 2, and 7 patients in region .  There is a total of 73
patients found in regions – .  Thus, there must, 2
be 2 patients in region .+

  

 

 (a)  The number of these patients who had either
high blood pressure or high cholesterol levels, but
not both is represented by regions , , , and , / 1 2
for  a total of 31 patients.

 (b)  The number of these patients who had fewer
than two of the indications listed are found in
regions , , , and  for a total of 24 patients.+ , 0 2

 (c)  The number of these patients who were
smokers but had neither high blood pressure nor
high cholesterol levels are found in region ,0
which has 11 members.

 (d)  The number of these patients who did not
have exactly two of the indications listed would be
those excluded from regions , , and - / 1
(representing patients with exactly two of the
indications).  We arrive at a total of 45 patients.

28. Let , , and  represent the sets of songs aboutP T X
love, prison, and trucks, respectively.

 Construct a Venn diagram and label the cardinal
number of each region.

 8 X  P  T œ "#Þa b
Since ,8 T  P œ "$a b
8 T  P  X œ "$ "# œ "Þa bw   Since
8 X  P œ ") 8 X  P  T œ ") "# œ 'Þa b a b, w

 We have ,8 X  T  P œ $a bw
8 T  P  œ # 8 T   œ )Þa b a bw w w w wT , and L T
Since ,8 P œ #)a b
8 P  T  œ #) Ð" "# 'Ñ œ *Þa bw wT   Since
8 X  T œ "' 8 X  T  P œ "' ' œ "!Þa b a bw w w, 

  

 

 (a)  The total in all eight regions is 51, the total
number of songs.

 (b)  8 X œ ' "# $ "! œ $"Þa b
 (c) 8 T œ " # "# $ œ ")Þa b
 (d) 8 X  T œ "# $ œ "&Þa b
 (e)  8 T œ 8 Y  8 T œ &" ") œ $$Þa b a b a bw

 (f)  8 P œ 8 Y  8 P œ &" #) œ #$Þa b a b a bw

29. (a)  The set  is region 1 (in text).E F G H

 (b)  The set  includes the regionsE F G H
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, and 15.

 (c)  The set  includes the set ofa b a bE F  G H
regions 1, 2, 4, 5  or the regionsÖ"ß $ß *ß ""×  Ö ×
1, 2, 3, 4, 5, 9, and 11.

 (d)  The set  includes the seta b a bE F  G Hw w

of regions 5, 13, 8, 16 1, 2, 3, 4, 5, 6, 7, 8, 9,Ö ×  Ö
10, 12, 13 , which is represented by regions 5, 8,×
and 13.

30. Let , , and  represent the sets of thoseJ F X ß K
who watch football, basketball, tennis, and golf,
respectively. Construct a Venn diagram, similar to
the figure in Exercise 29 in the text, with the four
sets.  Be careful to indicate the number of
elements in each region.  Begin at the bottom of
the list and work upwards.
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 (a)  The region which represents those who watch
football, basketball, and tennis, but not golf is inß
the north central portion of the diagram and has 0
elements. Thus, the answer is none.

 (b)  Adding cardinalities associated with the
regions representing exactly one of these four
sports, we get 8 10 14 20 52 viewers.   œ

 (c)  Adding cardinalities associated with the
regions representing exactly two of these four
sports, we get 6 9 5 8 12 4 44     œ
viewers.

31. (a)  coming from the intersection8 N K œ *ßa b
of the first row with the first column.

 (b)  coming from the intersection8 W R œ *ßa b
of second row and the third column.

 (c)   since there are 208 R  W  J œ #!a ba b
players who are in either  (total of 15) or in R W
and  just 5) at the same time.J Ð ß

 (d)   since there are8 W  K R œ #!a ba bw

9 4 5 2  20 players who are not in , but   œ W
are in  or in .K R

 (e)  .  There are 278 W R  G K œ #(a ba b a bw w

players who are in  but not in  ( ), orW R "# &
who are in  but not in  (8 2).G K 

 (f)  .  There are 158 R  W G œ "&a ba bw w w

( ) players who are not in  and at the same* ' R
time are not in  and not in . W G

32. (a)  , coming from the intersection8 [ S œ 'a b
of second row with the third column.

 (b)  , coming from the union of8 G F œ %($a b
the first row along with the first column and is
given by   Observe that the 12 are*& $*! "#Þ
counted twice when adding the totals for the
respective row and column and hence must be
subtracted (once).

 (c)  W , which is8 V  œ 8 V [ œ )$&a b a bw w w

the number of army personnel outside of the
intersection of the second column (  with theVÑ
second row  or Ð[Ñ )%! &Þ

 (d)  8 G [  F V œ "# #* % & œ &!Þa ba b a b
This comes from adding the numbers in the first two  
rows representing  that are also in the first  a bG [
two columns representing a bF V Þ

 (e)  Using the cardinal number formula,

8 G F  I S

œ 8 G F  8 I S  8 G F I S

œ "# #)& ! œ #*(Þ

a ba b a ba b a b a b
 (f)  

.

8 F  [ V œ 8 F  [ V

œ 8 F [ V

œ 8 F [

œ 8 F  8 F [

œ $*! %

œ $)'

ˆ ‰a b a ba ba ba ba b a b

w w w

w w

w

33. Writing exercise; answers will vary.

34. Writing exercise; answers will vary.

2.5 EXERCISES

1. The set  has the same cardinality as B 26 .e f e f' ß
The cardinal number is 1.

2. The cardinality of  is the same ase f"'ß "%ß $
D .  The cardinal number is 3.ß Bß Cß De f

3. The set is a natural number  has the samee fB ± B
cardinality as A, i Þ‰

4. The set is a real number  has the same˜ ™B ± B

cardinality, , as C- Þ

5. The set is an integer between  and  has˜ ™B ± B & '

the same cardinality, 0, as F since there are no
members in either set.

6. The set is an integer that satisfies˜B ± B

B œ "!!# ™ has the same cardinality, 2,  as E.
Note B œ „ &Þ

7. One correspondence is:

 I,  II,  III
     

,  ,   .

Ö ×

ÅÆ ÅÆ ÅÆ

ÖB C D×

 Other correspondences are possible.
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8. It is not possible to place the sets a, b, c, d  andÖ ×
Ö ×2, 4, 6  in a one-to-one correspondence because
the two sets do not have the same cardinal
number.  In other words, the two sets are not
equivalent.

9. One correspondence is:

Ö ×

Ö ×

a,  d,   i,   t,  o,  n
 

a,   n,   s,  w,  e,   r .
Î Î Î Î Î Î

 Other correspondences are possible.

10. One correspondence, pairing each president with
his wife, is:

Ö ×

Ö ×

Reagan,  Clinton  Bush
                

Nancy,  Hillary,  Laura .
Î Î Î

 Other correspondences are possible.

11. a, b, c, d,  , k .  By counting the8 á œ ""a be f
number of letters a through k, we establish the
cardinality to be 11.

12. . By counting the8 *ß "#ß "&ßá ß $' œ "!a be f
multiples of 3 from 9 to 36, we see that the
cardinality is 10.

13.  since there are no members.8 g œ !a b
14.  since there is 1 element.8 ! œ "a be f
15. , , ,  since this set can be8 $!! %!! &!! á œ ia be f 0

placed in a one-to-one correspondence with the
counting numbers (i.e., is a countable infinite set .×

16.  because a8 $&ß#)ß#"ßá ß &' œ "%a be f
complete listing of this set would show 14
elements where each element after the first is
found by adding 7.  Another way to evaluate the
cardinality is to find the difference between the
largest and smallest,   Divide 91&' $& œ *"Þa b
by 7 to find how many times 7 has been added to
the first element:   Since 7 has been*"

(
œ "$Þ

added 13 times to the first element to get to 91, we
have 13 numbers plus the first number, or 14 in
total, which is the cardinal number for the set.

17. / , / , / ,  since this set8 " % " ) " "# á œ ia be f 0

can be placed in a one-to-one correspondence with
the counting numbers.

18.  is an even integer  since this set8 B ± B œ ia be f 0

can be placed in a one-to-one correspondence with
the counting numbers.

19.  is an odd counting number  since8 B ± B œ ia be f 0

this set can be placed in a one-to-one
correspondence with the counting numbers.

20.  b, a, l, l, a, d b, a, l, d  since8 œ 8 œ %a b a be f e f
there are only 4 distinct elements in the set.

21. Jan, Feb, Mar,  , Dec 12 since there8 á œa be f
are twelve months indicated in the set.

22. 8 áa be fAlabama, Alaska, Arizona, ,Wisconsin, Wyoming  
œ &!, since there are fifty states of the United States.

23.   “  bottles of beer on the wall,  bottles of beer,i i0 0

take one down and pass it around,   bottles ofi0

beer on the wall.”  This is true because
i  œ i0 01 .

24. (a)  Let a, b, c  represent the set of three actorse f
and d, e, f  represent the set of three roles playede f
by the actors.  As we can see, there are 6 different
correspondences that can be shown.

  a,  b,   c   a,  b,   c
          

d,  e,   f d,  f,   e

Ö × Ö ×

ÅÆ ÅÆ ÅÆ ÅÆ ÅÆ ÅÆ

Ö × Ö ×

Ö × Ö ×

ÅÆ ÅÆ ÅÆ ÅÆ ÅÆ ÅÆ

Ö × Ö ×

a,  b,   c   a,  b,   c
          

e,  d,   f e,  f,   d
Ö × Ö ×

ÅÆ ÅÆ ÅÆ ÅÆ ÅÆ ÅÆ

Ö × Ö ×

a,  b,   c   a,  b,   c
          

f,  e,   d f,  d,   e

 (b)  Ö ×

Ö ×

Jamie Foxx, Mike Myers, Madonna
     

Ray Charles, Austin Powers,   Evita Peron .
Î Î Î

25. The answer is both. Since the sets u, v, w  ande fe fv, u, w  are equal sets (same elements)  theyß
must then have the same number of elements and
thus are equivalent.

26. The sets 48, 6  and 4, 86  are equivalente f e f
because they contain the same number of elements
(same cardinality) but not the same elements.

27.  The sets , ,  and , , are equivalente f e f\ ] ^ B C D
because they contain the same number of elements
(same cardinality) but not the same elements.

28. The sets top  and pot  are equivalent becausee f e f
they contain the same number of elements (one)
but not the same elements.

29. The sets  is a positive real number  ande fB ± Be fB ± B is a negative real number  are equivalent
because they have the same cardinality, .  They-
are not the equal since they contain different
elements.
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30. The sets  is a positive rational number  hase fB ± B
a cardinality of  while the set  is ai ÖB ± B0

negative real number  has a cardinality of × -Þ
Since the two sets do not contain the same
elements and do not have the same cardinality,
they are not equal nor are they equivalent.

Note that each of the following answers shows only one
possible correspondence.

31.  ,  ,  ,  , , , , ,
 

,  ,  ,  ,  ,  , ,  ,

Ö# % ' ) "! "# á #8 á×

Ö" # $ % & ' á 8 á×

Î Î Î Î Î Î Î

32.  ,  ,  , , , ,
 

,  ,  ,  , ,  ,

Ö"! #! $! %! á "!8 á×

Ö" # $ % á 8 á×

Î Î Î Î Î

33.  Ö" !!! !!! # !!! !!! $ !!! !!! á " !!! !!!8 á×

Ö" # $ á 8 á×

, ,  , ,  , , , , , , ,
 

,  ,  , ,  ,
Î Î Î Î

34. We can establish a one-to-one correspondence
between the set of odd integers and the set of counting
numbers as follows.
Ö" " $ $ & & á + á×

Ö" # $ % & ' á 8 á×

, , , , , , , ,
 

,  ,  ,  , , , ,  ,
Î Î Î Î Î Î Î

Where  if  is odd and  if  is even. + œ 8 8 + œ " 8 8

35. ,  , ,  , , , ,
 

,  ,  ,  , , ,  ,

Ö# % ) "' $# á # á×

Ö" # $ % & á 8 á×

8

Î Î Î Î Î Î

36. , , , , , ,

,  , , , ,  ,

Ö"( ## #( $# á &8 "# á×

Ö " # $ % á 8 á×

Î Î Î Î Î

37. The statement “If  and  are infinite sets, then E F E
is equivalent to ” is not always true.  ForF
example, let the set of counting numbers andE œ
F œ the set of real numbers.  Each has a different
cardinality.

38. The statement, If set  is an infinite set and set “ E F
can be put in one-to-one correspondence with a
proper subset of , then  must be infinite,” isE F
not always true.  For example, let the set ofE œ
counting numbers and     can beF œ +ß ,ß - Þ Fe f
put in a one-to-one correspondence with a proper
subset of  as follows:E

Ö , -×

Ö" #ß $×

a,  ,  
 

,   .
Î Î Î

39. The statement “If set  is an infinite set and  isE E
not equivalent to the set of counting numbers, then
8 E œ - Ea b ” is not always true.  For example, 
could be the set of all subsets of the set of real
numbers.  Then,  would be an infinite8 Ea b
number greater than .-

40. The statement “If  and  are both countableE F
infinite sets, then ” is always true.8 E F œ ia b 0

Set  can be put in a one-to-one correspondenceE
with the set of counting numbers.  By dropping
elements in  that are in , the remainingF E
elements, whether a finite number or not, can be
added to the list of  to produce .  TheE E F
cardinal number of that set is .i0

41. (a)  Use the figure (in the text), where the line
segment between 0 and 1 has been bent into a
semicircle and positioned above the line, to prove
that   is a real number between 0 and 1  ise fB ± B
equivalent to  is a real number .e fB ± B

Rays emanating from point P will establish a
geometric pairing of the points on the semicircle
with the points on the line.

 (b)  The fact part (a) establishes about the set of
real numbers is that the set of real numbers is
infinite, having been placed in a one-to-one
correspondence with a proper subset of itself.

42. Draw a dashed line through the upper endpoints of
the two segments.  Label the point where this line
intersects the base line as   Choose any point T Þ E
on the shorter segment;  draw a line through T
and , intersecting the longer segment at a pointE
we label .  Now choose a point  on the longerE F

w w

segment. Follow the same procedure to find the
corresponding point  on the shorter segment.  InF
this manner, we can set up a one-to-one
correspondence between all the points on the two
given line segments.  This correspondence shows
that the sets of points on the two segments have
the same cardinal number; that is, the segments
have the same number of points.
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43.  ,  , ,  1 , , ,
 

,  ,  ,  , ,  ,

Ö$ ' * # á $8 á×

Ö' * "# "& á $8 $ á×

Î Î Î Î Î

44. ,  , ,  1 , , ,
 

, , ,  , , ,

Ö% ( "! $ á $8 " á×

Ö( "! "$ "' á $8 % á×

Î Î Î Î Î

45. Ö$Î% $Î) $Î"# $Î"' á $Î %8 á×

Ö$Î) $Î"# $Î"' $Î#! á $Î %8 % á×

,  , , , , ,
 

, ,  , , , ,

a b
a bÎ Î Î Î Î

46. , , , , , ,
   

, ,  , , ,  ,

Ö" %Î$ &Î$ # á 8 # Î$ á×

Ö%Î$ &Î$ # (Î$ á 8 $ Î$ á×

a b
a bÎ Î Î Î Î

47.  , , , ,   ,       }
 

, , , ,  , }

Ö"Î* "Î") "Î#( á "Î *8 á

Ö"Î") "Î#( "Î$' á "Î *8 * á

a b
a bÎ Î Î Î

48. Ö$ & * "( á  #  " á×

Ö& * "( $$ á  #  " á×

, , , , , ,
 

, , , , , ,

a b
a b

8

8"

Î Î Î Î Î

49. Writing exercise; answers will vary.

50. Writing exercise; answers will vary.

51. Writing exercise; answers will vary.

52. Writing exercise; answers will vary.

CHAPTER 2 TEST

1. E G œ +ß ,ß -ß .  +ß / œ +ß ,ß -ß .ß / Þe f e f e f
#Þ F E œ ,ß /ß +ß .  +ß ,ß -ß . œ +ß ,ß . Þ e f e f e f
3. F œ ,ß /ß +ß . œ -ß 0 ß 1ß 2 Þw we f e f
4. , , , 

.

E F G œ E ,ß /ß + .  ,ß -ß . 0 ß 1 2

œ +ß ,ß -ß .  ,ß .

œ +ß -

a b a be f e fe f e fe f
w

5.  is true since  is member of set ., − E , E

6.  is false since the element e, which is aG © E
member of set , is not also a member of set G EÞ

7.  is true since all members of set F § E G Fa b
are also members of E GÞ

8.  is true because  is not a member of set - Â G - GÞ

9.  is false.  Because,8Ò E F  GÓ œ %a b
8 E F  G œ 8 +ß ,ß -ß .ß /  +ß /

œ 8 ,ß -ß .

œ $Þ

c d c da b e f e fa be f
10.  is true   The empty set is considered ag § G Þ

subset of any set.   has more elements then G g
which makes  a proper subset of g GÞ

11.  is equivalent to A  is true.a b a bE F F w w

Because,

8 E F œ 8 Ö-× œ "

8 F  œ 8 Ö/× œ "

a b a ba b a b
w

wA .

12.  is true by one of De Morgan's laws.a bE F œ E Fw w w

13. 8 E ‚ G œ 8ÐEÑ ‚ 8ÐGÑ œ % ‚ # œ )a b
14. The number of proper subsets of  isE

#  " œ "' " œ "&Þ%

E8=A/<= 7+C @+<C 09< IB/<-3=/= "& ")Þ     –

15  A word description for  isÞ $ß"ß "ß $ß &ß (ß *e f
the set of all odd integers between 4 and 10.

16. A word description for January, February, March, Ö
á ×, December  is the set of months of the year.

17. Set-builder notation for , e f"ß#ß$ß% á
would be  is a negative integer .e fB ± B

18. Set-builder notation for , e f#%ß $#ß %!ß %) á ß ))
would bee fB ± B is a multiple of 8 between 20 and 90 .

19.   g ©e fB ± B is a counting number between 20 and 21
since the empty set is a subset of any set.

20.  neither   since theÖ%ß *ß "'× %ß &ß 'ß (ß )ß *ß "!e f
element 16 is not a member of the second set.

21. \  ] w
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22. \  ]w w

23. a b\  ]  ^

  

24. Ò \  ]  ]  ^  \  ^ Ó \  ]  ^a b a b a b a b

25. Electric razor, Telegraph, Zipper   E  X œ e fe fElectric razor, Fiber optics, Geiger counter, Radar  
œ e fElectric Razor .

26. a bE  X œwˆe fElectric razor, Telegraph, Zipper   e f‰Electric razor, Fiber optics, Geiger counter, Radar   
w

œ eElectric razor, Fiber optics, Geiger counter,
Radar Telegraph, Zipper Adding machine,ß œf ew

Barometer, Pendulum clock, ThermometerfÞ
27. Electric razor, Telegraph, Zipper  E X œ w e fe fElectric razor, Fiber optics, Geiger counter, Radar  w

œ e fElectric razor, Telegraph, Zipper   eAdding machine, Barometer, Pendulum clock,
Telegraph, Thermometer, Zipper Electric razorf e fœ Þ

28.  Writing exercise; answers will vary.

29. (a)  8 E F œ "# $ ( œ ##Þa b

 (b)    These are the8 E F œ 8 EF œ "#Þa b a bw

elements in  but outside of E FÞ

 (c)  8 E F œ 8 Ö$× œ "# ( * œ #)Þa b a bw w

30. Let set of students who are receivingK œ
government grants.  Let set of students whoW œ
are receiving private scholarships.  Let set ofE œ
students who are receiving aid from the college.
Complete a Venn diagram by inserting the
appropriate cardinal number for each region in the
diagram.  Begin with the intersection of all three
sets:   Since 8 K  W E œ )Þ 8 W E œ #)ßa b a b
8 W E K œ #) ) œ #!Þa bw   Since
8 K E œ ")ß 8 K E  W œ ") ) œ "!Þa b a b  w

Since 8 K  W œ #$ßa b
8 K  W E œ #$ ) œ "&Þa bw

 Since8ÐEÑ œ %$ß
8 E  K  W œ %$ "! ) #!

œ %$ $) œ &Þ

ˆ ‰a b a bw

 
Since 8ÐWÑ œ &&ß
8 W  K E œ && "& ) #!

œ && %$ œ "#Þ

ˆ ‰a b a bw

  
Since8ÐKÑ œ %*ß
8 K  W E œ %* "! ) "&

œ %* $$ œ "'Þ

ˆ ‰a b a bw

 

  

 

Thus,
(a)   have a government8 K  W E œ "'ˆ ‰a bw
grant only.

 (b)  have a private scholarship but8 W K œ $#a bw
not a government grant.

 (c)   receive financial aid from"' "# & œ $$
only one of these sources.

 (d)   receive aid from exactly"! "& #! œ %&
two of these sources.

 (e)   receive no financial aid8 K  W E œ "%a bw
from any of these sources.

 (f)  8 W  E K  8 E K  W œ "# "% œ #'ˆ ‰a b a bw w

received private scholarships or no aid at all.


