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Lai et al, Introduction to Continuum Mechanics

CHAPTER 2, PART A

2.1 Given
10 2 1
[Si]=|0 1 2|and [a]=|2
303 3

Evaluate (a) S;;, (b) S;Sji, (©) S;iSji, (d) SycSyj (€)apan, () Spnaman, (8) Spmamay,

Ans. (a) S;; =S;; +S5, +S33=1+1+3=5.

(d) S;S; = SH +Sh+ Sk +57 +S5, +57; +55, + S5, +S5; =
1+0+44+0+1+4+9+0+9=28.

(c) $;iS;i=5;S; =28.

(d) SjSyj = SiSki + Sk Ska + S3cSk3

=S511S11 + 512521 + 513531 + S31S13 + 522555 + 523535 + 53153 + 535593 + 533533
=(1)(1)+(0)(0)+(2)(3)+(0)(0)+(1)(1) +(2)(0) +(3)(2) +(0)(2) +(3)(3) = 23.
(e) aya, =al +a5 +a; =1+4+9=14.

®) Synama, =Siaa, + Sypasa, +S3,a3a, =

511818y + Spp@ @, + 5138183 + 5188 + Spy88) + 53883 + 531838 + S3p838, + 5338383
=()M®)+(0)(1)(2)+(2)(1)(B3)+(0)(2)(1)+(1)(2)(2)+(2)(2)(3)+(3)(3)(1)
+(0)(3)(2)+(3)(3)(3)=1+0+6+0+4+12+9+0+27=59.

(8) Snm@m@n = Spnama, =59.

2.2 Determine which of these equations have an identical meaning with g = Q;;aj .

(a) ap :mea;n > (b) ap :quaéh (C) an = ah an .

Ans. (a) and (c)

2.3 Given the following matrices
1 230
[a]=|0][B;]=|0 5 1
2 0 2 1

Demonstrate the equivalence of the subscripted equations and corresponding matrix equations in
the following two problems.

(a) by =Bya; and [b]=[B][a], (b) s=B;aa; ands=[a]' [B][a]

Ans. (a)
bi = B,Jaj _)bl = B”-aj = Bllal + 812612 + Bl3a3 2(2)(1)+(3)(0)+(0)(2) =2
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2 3 0]1 2
[b]=[B][a]=|0 5 1]/ 0|=|2]|. Thus, b =B;a; gives the same results as [b]=[B][a]
0 2 1]|2 2

(b)

S= Bijaiaj =By +Bj,aa, + Bzaa5 ++B,,2,8 + Byya,a, + Bysa,as
+By 338, + By,83a, + Byzazas = (2) (1) +(3)(1)(0)+(0) (1)(2) +(0) (0)(1)
+(5)(0)(0) + (1)(0)(2) + (0)(2)(1) + (2)(2)(0) + (1)(2)(2) =2+4=6.

2 3 0]1 2
and s=[a] [B][a]=[t 0 2]j0 5 1| 0[=[1 0 2]|2|=2+4=6.
02 1)2 2

24 Write in indicial notation the matrix equation (a) [A] = [ B][C] , (b) [D] = [B]T [C] and (c)

[E]=[B]'[C][F].

Ans. (a) [A]=[B][C] = Aj =BinCnj> (®)[D]=[B]'[C]-> Aj=BnC

mj *

(©) [E]=[B]"[C][F]~ Ejj = BmiCmFi

U . . 2 a2 2 0’9 3’ 04
2.5 Write in indicial notation the equation (a) s=A" + A; + Ay and (b) —-+—+—=0.
oX;  0Xy 0X3
o’ ¢ 0% 0%
Ans. (a) s=AZ+AZ+AZ=AA. (b L 99.99 o _
@s=A+h+rA=Ak. © o oG X3 %0,

2.6 Giventhat S;;=8,a;and S;=a/a, where 8/=Q;a,and a;=Q,;a,,and Q,Q, =J;.
Show that S;=S,,.

Ans. S|; :Qmiaanjan :Qmianaman - SI’I :QmiQniaman :5mnaman :amam = Smm =S;.

2.7 Write & = %+ Vj sv—' in long form.

]

Ans
| ov, 0oV ov, ov, ov,
I=l->a = HVj =V — V3 —.
ot oxj ot X 0%y 0X3
|=2—>a2=%+vj%=%+v1%+v2%+v3%
ot oxj ot X 0%y 0X3
|=3—)3.3=%+V18v3=% 1%+V2% V3%
ot ox; ot 0% 0%y 0X3

Copyright 2010, Elsevier Inc
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2.8 Given that le = 2,UEU + ;i’Ekké‘"

ij » show that

2 2

Ans. (a)

TiEyy = QuEjj + AEy5)Eyy = 2uE;Eyj + AE 5y = 2uEy Eyj + AE Eyy = 2uE; Eyj + A(E )’
(b)

Ti Ty = QUE;; + A 5y )2uE;j + AE ) = 41 B4y + 2UAE;Ey 5 + 2pAE 55 E;

2 2

+A% (B )" 06 =447 By Byj + 2uAE; Eyye + 2pAEG By + A7 (B ) 6
2

=41 BB + (B )" (4ud+327).

29 Given that a.i :lebj . and a;:T”’b] , where 4 :Qima;n and le :QimanTn’wn .

(a) Show that Qian'wnbr; = leQJnTn[me and (b) if Qiinm :§km , then Tk’n (b;] - anbj) =0.

Ans. (a) Since 8=Qjnay and T;;=QinQj Ty, therefore, a=Tj;b; —.

Qimam =QimQjnTmnbj (1), Now, a=Tbj — ap=Ty;bj =Ty,by, therefore, Eq. (1) becomes
QimTmabh =QimQjnTmabj - (2)

(b) To remove Q,, from Eq. (2), we make use of Q, Q, =0,,, by multiplying the above equation,
Eq.(2) withQ, . That is,

Qi QinTrnbr = Qi Qi Qi Trnbj = G Tabh = 61, Qi TPy = Ty = Q; Ty b;

— Ty, (b, — Qb)) =0.

1 0
2.10  Given [a]=|2|and [b]=| 2| Evaluate [d;], if d, = &ij3ib; and show that this result is
0 3

the same as d, =(axb)-e,.

Ans. dy =gijkaibj -

dy = &ij1aibj = 63318005 + £331a30, = ayby —a3h, =(2)(3) - (0)(2) =6
d, = gijjraibj = 310830 + &38405 = a3by —ayby = (0)(0) - (1)(3) =-3
dy = gjzab; = 15310, +&5138,b =aib, —a,by =(1)(2) - (2)(0) =2
Next, (axb)=(e, +2e,)x(2e, +3e;)=06e, —3e, +2e;.

d, =(axb)-e,=6, d,=(axb)-e,=-3, d;=(axb)-e;=2.

211 (a) If &Tj; =0, show that T; =T;;, and (b) show that &;&; =0

jiv

Copyright 2010, Elsevier Inc
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Ans. (a) for k=1, ;T =06y T3 +&3 T3 =0Ty3 = T3, > T3 =T;,.
for k=2, ;T =0 &3,T3 + 63,713 =0T =Tj3 > T3, =Ty5.

for k=3, &j3Tj =0 &3T, + 651375 =0T, =T > Ty =Ty

(b) Sj&ij = dn111k + Fanéani +I33¢33¢ =(1)(0)+(1)(0)+(1)(0)=0.

2.12 Verify the following equation: &;jm&qm = G — %O -
(Hint): there are 6 cases to be considered (i) i=j,(2) i=k,(3) i=1,4) j=k,(5) j=I,and (6)
k=I.

Ans. There are 4 free indices in the equation. Therefore, there are the following 6 cases to consider:
@Oi=j,Qi=k,3)i=1,4) j=k,(5) j=I,and (6) k=1. We consider each case below
where we use LS for left side, RS for right side and repeated indices with parenthesis are not sum:
(1) For i= j, LS:g(i)(i)mgklm = 0, RS = 5(i)k5(i)| _5(i)|5(i)k =0.

(2) For i=k, LS=¢gjigiy +&iyjaiyz + €0y jzéins> RS =840 = dindja

0 if j=I

LS=RS =40 if j=I=i.
1ifj=1=i

(3) For i=I, LS=¢j)iméiym> RS =3« — %iyi)Oik
0 if j=k

LS=RS =1 0 if j=k =i
1 ifj=k i

(4) For j=K, LS=&i(jmé(jm: RS =di(jdj —%djyi)
0 if izl

LS=RS =10 if i=I= j
Sl ifi=l#

(S) For j=1, LS=&jmekm> RS =6ud(jyj) =iy
0 if i=k

LS=RS =10 if i=k = |
1ifizkj

(6) For k =1 , LS:gijmg(k)(k)m :O, RS = é‘l(k)é‘J(k) _5i(k)5j(k) =0

2.13  Use the identity &j,&4m = O j1 — 9 jk as a short cut to obtain the following results:
(@) €imejim =26 and (b) & &k =6.

ANs. (a) &im&jim = 0 jOn = 60y =30} — G =26,

(b) &ijsijk = G5idjj — 60

j .

ji=(3)3)-8;=9-3=6.

2.14 Use the ldentlty 8ijm‘9klm = 5”(5“ — 5”5“( to show that ax (b X C) = (a. . C)b — (a. . b)C .

Copyright 2010, Elsevier Inc
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Ans. ax(bxc)=apen x (&jb;c&) = &ijanbjcy ey X €))

= &ijk8mD;Cy (&nmi€n) = Eijk €nmi8mPjCk€n = € jkiEnmiBmbDjCien

= (5jn§km _5jm5kn)ambjcken = 6jn§kmambjcken - 5jm5knambjcken
= ab,ce, —a;bjce, =(a-c)b—(a-byc.

2.15 (a) Show that if le :_Tji . Tijaiaj =0 and (b) if TIJ ==1ji» and SIJ = SJI , then TIJSIJ =0

Ans. Since Tja;a; =Tj;@;a; (switching the original dummy index i to j and the original index

] =)

j toi), therefore Tja;a; =T
(b) TSy =T;Sji
therefore, T;S;; =T

(switching the original dummy index i to j and the original index j toi),

jivji = T lijvji

R =-R;

2.16 Let T” Z(Sij +Sj|)/2 and RIJ :(Sij _SJI)/2 , show that le :Tji’ ij ji»

and SI] =Tij +Rij .

Ans. Ty =(Sj+S5)/2> Tji=(S;i+8)/2=Ty.

R =(s-j —Sji)/2—>Rji =(sji —sij)/2=—(sij —Sji)/2=—Rij.

T +Rij=(Sij + sji)/2+(sij —sji)/z =S;.

2.17  Let f(X,X;,X;) be a function of X;,X,,and X; and V;(X;,X,,X;) be three functions of
X;,X;,and X5 . Express the total differential df and dv; in indicial notation.

Ans. df = idxl Jridx2 +idx3 = ﬁdxi .
0%, 0%y 0X3 OX;
dv; = %dxl + %dxz +%dx3 = ﬁdxm .
X 0%, 0X3 X

2.18  Let ‘Aij ‘ denote that determinant of the matrix [AJ— J . Show that ‘AJ-‘ = &ij A Aj2 Acs

Ans. i AT ARAG =€k AT AR AG T €2k P A As T &3k A1 A2 A
=13 1A A3 + E130 A A Aoy + 6031 Ao Ay A + 8313 A0 1 A Ass + &30 A5 1 A Ay + 6301 Ay Agy A
= A1 AR A = A AR A + Ay A Ay — Ay A Ay + Ay A Avs — Ay A Ayg

A Ay A
=1A An Ay
Ay Ay Ay

Copyright 2010, Elsevier Inc
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CHAPTER 2, PART B

2.19 A transformation T operate on any vector ato give Ta=a/ |a

, where |a| is the magnitude

of a. Show that T is not a linear transformation.

b

a for any a, therefore T(a+b) = ﬂ .Now Ta+Thb :i+_
4 ja+b 2" |b|

therefore T(a+b)=Ta+ Tb and T is not a linear transformation.

Ans. Since Ta=

2.20  (a) A tensor T transforms every vector ainto a vector Ta=mxa where m is a specified
vector. Show that T is a linear transformation and (b) If m =e, +e,, find the matrix of the
tensor T .

Ans. (a) T(ea+ pb)=mx(cea+ pb)=mxca+mx pgb=amxa+ pmxb=aTa+ STb. Thus,
the given T is a linear transformation.

(b) Te, =mxe, =(e; +e,)xe, =—€3, Te,=mxe, =(e; +€,)xe, =¢€5,

Te; =mxe; =(e, +e,)xe; =—e, +¢€,. Thus,

0 0 1
[T]=| 0 0 -1|.
-1 1 0

2.21  Attensor T transforms the base vectors €, and e, such that Te; =e, +e, and Te, =¢, —¢,.
If a=2e, +3e, and b =3e, + 2e,, use the linear property of T to find (a) Ta ,(b) Tb, and (c)
T(a+b).

Ans.
(a)Ta=T(2e, +3e,)=2Te, +3Te, =2(e, +e,)+3(e; —€, ) =5€, —e,.
(c)T(a+b)=Ta+Th=(5e, —e,)+(5e, +e,)=10g,.

2.22  Obtain the matrix for the tensor T which transforms the base vectors as follows:
Te, =2e, +e;, Te, =e, +3e;, Te; =—¢ +3e,.

-1
Ans. [T]=

— O N
w - O

3
0

2.23  Find the matrix of the tensor T which transforms any vector ainto a vector b =m(a-n)

where m=(v2/2)(e, +e,)and n=(2/2)(-¢, +e3).

Ans. Te, =m(e;- n)=nm =(—\/§/2)[(x/§/2)(e1 +e2)J=—(e1 +e,)/2.

Copyright 2010, Elsevier Inc
2-6



Lai et al, Introduction to Continuum Mechanics

Te, =m(e,- n)=n,m=0m=0.
Te; =m(e;- n)=n3m=(x/§/2)[(x/§/2)(el+e2)}=(e1+e2)/2.
-1/2 0 1/2

Thus, [T]=|-1/2 0 1/2].
0 0 0

2.24  (a) A tensor T transforms every vector into its mirror image with respect to the plane whose
normal is€, . Find the matrix of T . (b) Do part (a) if the plane has a normal in the e; direction.

1 0 O
Ans. (a) Te, =e;, Te,=—e,, Te;=e;,thus, [T]=|0 -1 0].
0 0 1
1 0 0
(b) Te,=e;, Te,=e,, Te;=-e;,thus, [T|=|0 1 0
0 0 -1

2.25 (a) Let Rcorrespond to a right-hand rotation of angle & about the X, -axis. Find the matrix
of R. (b) do part (a) if the rotation is about the X, -axis. The coordinates are right-handed.

Ans.(a) Re, =e;, Re, =0e, +cosfe, +sinde;, Re;=0e —sinfe, +cosde;. Thus,

1 0 0
[R]=|0 cos® —sind]|.
|0 sind cosd |
(b) Re; =—sinfe; +cosde;, Re, =e,, Re;=cosfe; +sinde,. Thus,
[ cos@ 0 sind]
[R]=] 0 1 0
| —sin€ 0 cosd |

2.26  Consider a plane of reflection which passes through the origin. Let n be a unit normal
vector to the plane and let r be the position vector for a point in space. (a) Show that the reflected
vector for ris given by Tr=r —2(r-n)n, where T is the transformation that corresponds to the

reflection. (b) Let n=(g, +e, +€;5)/ V3, find the matrix of T. (c) Use this linear transformation to
find the mirror image of the vector a =e,; +2e, +3e;.

Ans. (a) Let the vector r be decomposed into two vectors I, and I; , where I, is in the direction of
n and r;is in a direction perpendicular ton . That is, I, is normal to the plane of reflection and r; is
on the plane of reflection and r =r; +r,,. In the reflection given by T, we have,

Tr,=-r,and Tr, =1, sothat Tr=Tr,+Tr, =1, -1, =(r—r,)—r, =r=2r, =r=2(r-n)n.

(b)y n=(e,+e, +e;)//3>e,-n=e,-n=e;-n=1/-3.

Copyright 2010, Elsevier Inc
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Te, =€, —2(e;-nN)n=¢g, —2(1/«/5)[@1 +e, +e3)/\/§]=(el —2e,-2e;)/3.
Te, =e2—2(e2-n)n=e2—2(1/\/§)[(el +e, +e3)/\/§}:(—2e1+e2—2e3)/3.
Tey =€, —2(e;-N)n =g, —2(1/\5)[(e1 +e, +e3)/\/§]=(—2e1 ~2e,+65)/3.

1 -2 =2
[T]z% 21 2.
-2 2 1

1 =2 =21] [-3
(c) [T][a]:% -2 1 -2|2|=|-2|>Ta=—(3e +2e,+e;).
-2 -2 1]3] |1

2.27  Knowing that the reflected vector for ris given by Tr =r —2(r-n)n (see the previous

problem), where T is the transformation that corresponds to the reflection and n is the normal to the
mirror, show that in dyadic notation, the reflection tensor is given by T =1 —2nn and find the

matrix of T if the normal of the mirror is given by n = (e, +e, +€;5)/ NE) ,

Ans. From the definition of dyadic product, we have ,
Tr=r=-2(r-n)n=r=-2(nN)r =(Ir=2(nn)r)=(1-2nn)r > T=1-2nn.

1 111
For n:(e1+e2+e3)/\@—>[2nn]=%1[1 1 1]:31 1 1.
34 IR
1 2 =2
—[T]=[1]-[2nn]==|—2 1 =2
2 2 1

2.28  Arrotation tensor Ris defined by the relation Re; =e,, Re, =e;, Re; =g, (a) Find the

matrix of R and verify that RTR=1 and detR =1and (b) find a unit vector in the direction of the
axis of rotation that could have been used to effect this particular rotation.

001 0 1 0]fo 0 1] [1 0 0 001
Ans.(a) [R]=|1 0 0|>[R]'[R]=|0 0 1|[1 0 0|=|0 1 0}, det[R]=[1 0 0=1.
010 1 0 0JJ0 1 0] |00 1 010

(b) Let the axis of rotation be n = ¢, + a,€, + a3€5, then
-1 0 1| 0

Rn =n—>[R—I][n]:[O]—> 1 -1 0o, |=|0|>-a+a3=0, oq—0a,=0, a,—a3=0 .
0 1 -l|o 0

Thus, a; = a, = az, so that a unit vector in the direction of the axis of rotation is

n=(e +e, +e3)/\/§.

Copyright 2010, Elsevier Inc
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2.29  Arigid body undergoes a right hand rotation of angle & about an axis which is in the
direction of the unit vectorm . Let the origin of the coordinates be on the axis of rotation and I be
the position vector for a typical point in the body. (a) show that the rotated vector of r is given by:
Rr = (1 - cosH)(m . r)m +cosér + siné’(m X r) , where R is the rotation tensor. (b) Let

m=(e +e, +e3)/\/§, find the matrix for R.

Ans. (a) Let the vector r be decomposed into two vectors Iy, and I, where Iy, is in the direction

of mand r, is in a direction perpendicular to m, thatis, r =rp +r,.Let p=r, /‘rp‘ be the unit

p
vector in the direction of r,, and let g=mxp. Then, (m,p, q) forms an orthonormal set of

vectors which rotates an angle of & about the unit vectorm . Thus,

Rry, =1y and Rry =‘rp‘(cosﬁp+sin6'q). From r=r, +r,, we have,

Rr=Rr, +Rr, =‘rp‘(cosﬂp+sin€q)+ I ={cosH‘rp‘p+sin9‘rp‘(mxp)}-l—rm
={cost9rp +sin6’(mxrp)}+rm ={cosa9(r—rm)+sin9(mx(r—rm))}+rm
=rcos@+ry, (1-cos@)+sindmx(r—ry,)=rcosf+r, (1-cosd)+sindmxr

We note that I, =(r-m)m, so that Rr=rc0s6’+(r-m)m(l—cosH)Jrsinmer.
(b) Use the result of (a), that is, Rr =rcos@+(r - m)(l —cos 0) +sindmxr , we have,
Re, =, cos @+ (e, -m)m(1-cos)+sindmxe,,

Re, =e, cos &+ (e, -m)m(1—-cosd)+sinfdmxe,,

Re; =e;cosf+(e; -m)m(1—cos@)+sindmxe;.

Now, M= (e, +e, +e;)/~/3, therefore, m-e, =m-e, =m-e, =1//3

mxe, :(1/\5)(—e3 +e,), mxe, :(1/\/§)(e3 —e)), mxe, :(1/\5)(—e2 +e,). Thus,
Re, =, cos @+ (e, -m)m(1—cos)+sindmxe,

=g cosO+(1/3)(e, +e, +e3)(1—c0s0)+sin0(l/\/§)(—e3 +e,)

—(1/3){1+2c0s0}e, +&,{(1/3)(1-cos0) + sin0(1//3 )} +&; {(1/3)(1-cos6) ~sin6(1/ 3}
Re, =e, cosd + (e, -m)m(1—cosf)+sindmxe,

=e,c0s0+(1/3)(e; +e, +e5)(1-cos0) +sinO(1/3)(e; -e))
:{(1/3)(1_cose)_(1/ﬁ)sme}el+(1/3)(1+zcose)e2+{(1/3)(1_cose)+sme(1/ﬁ)}e3
Re; =e;cosf+(e;-m)m(1—cosd)+sindmxe,

=e;cos0+(1/3)(e; +e, +e)(1-cos) +sin0(1/3)(-e, +¢))

= {(1/3)(1—cos9)+(1/\/§)sin¢9}e1 +{(1/3)(1—0050)—sin9(1/\/§)}e2 +(1/3)(1+2cos8)e,
Thus,

Copyright 2010, Elsevier Inc
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1+2cosé (l—cosﬁ)—x/gsinﬁ (1—cosf)+~/3sin6
[T]:% (l—cos€)+\/§sin9 (1+2cos8) (l—cosH)—\/gsinH )
(l—cosﬁ)—\/gsinﬁ (I—cos@)+~/3sind (1+2cos8)

2.30  For the rotation about an arbitrary axis m by an angle &, (a) show that the rotation tensor is
given by R = (1-cosd)(mm)+ cosfl +sin fE , where mm denotes that dyadic product of m and

E is the antisymmetric tensor whose dual vector (or axial vector) is m, (b) find the R” | the
antisymmetric part of R and (c) show that the dual vector for R is given by (sind)m . Hint,
Rr=(1—cos@)(m-r)m+cosdr +sind(mxr) (see previous problem).

Ans. (a) We have, from the previous problem, Rr = (1 —COoS 9)(m . r)m +cos Or + sinH(m X r) .
Now, by the definition of dyadic product, we have (m . r) m = (mm)r, and by the definition of dual
vector we have, mxr =Er, thus Rr= (l —cos 9)(mm)r +cosér +sinOEr

= {(1 —cos 9)(mm) +cosdl + sinHE} r, from which, R = (1 —cos 9)(mm) +cosél +sin GE .

b) R*=(R-R")/2>

2RA = {(1—cos€)(mm)+cos€l +sin¢9E} —{(l—cos@)(mm)T +cos Ol +sin0ET} . Now

[mm]= [mimj ] = [mjmi ] = [mm]T , and the tensor E, being antisymmetric, E =—E", therefore,

2R™ =2sin@E , thatis, R™ =sin6E.
(¢) dual vector of RA = (sin @)(dual vector of E) =sin&m .

2.31  (a) Given a mirror whose normal is in the direction of €, . Find the matrix of the tensor S

which first transforms every vector into its mirror image and then transforms them by a 45° right-
hand rotation about the e;-axis. (b) Find the matrix of the tensor T which first transforms every

vector by a 45° right-hand rotation about the e, -axis, and then transforms them by a reflection with

respect to the mirror (whose normal is €, ). (¢) Consider the vector a = (e, + 2e, +3e;), find the

transformed vector by using the transformation S .
(d) For the same vector a = (e, +2e, +3e;), find the transformed vector by using the
transformation T .

Ans. Let T, and T, correspond to the reflection and the rotation respectively. We have

1 0 0
0 0 1

1 0 0
Toe =¢e, Tzezzi(ez‘*‘%), Tze3=L(—ez+e3)—>[T2]= 0 1/\/5 —1/\/5 .

V2 V2 0 1/:2 1/42

Copyright 2010, Elsevier Inc
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10 0 1 o o] [t 0 0

@) [S]=[T][T]=|0 /N2 -1/42|0 -1 o|=]0 -1/v2 -1/42].
0 /52 13210 0 1] jo -1/42 142
1 o ol 0 0 1 0 0

®) [T]=[T][T]=|0 -1 of|0o 1/v2 -1/V2|=|0 -1/N2 1/42].
0 0 1o 1/v2 142 ] [0 N2 142

1 0 0 1 1]

(©) [b]=[S][a]=|0 -1/N2 -1/v2||2|=]-5/32].

0 —1/42 142 |13) [ 142

1 0 0 1M 1

@ [c]=[T][a]=|0 -1/v2 1/N2]2|=|1/V2 .

0 /N2 12 13] |52

2.32  Let Rcorrespond to a right-hand rotation of angle 6 about the X; -axis (a) find the matrix

of R?. (b) Show that R? corresponds to a rotation of angle 26 about the same axis (c) Find the

matrix of R" for any integer n.

cosd —sind 0
Ans. (a) [R]= sinf cos@ O0].
0 0 1

cosd —sinf 0} cosd —sind 0 cos’ @—sin’@ —2sinfcosd 0

—)[Rz]z sin@ cos® 0] sin@ cos® 0|=| 2sinfcosd cos>O—sin’6 0].
0 0 1 0 0 1 0 0 1

()
cos>@—sin’@ —2sinfcosd 0O cos26 —sin26 0
[Rsz 2sinfcos® cos’@—sin’@ 0|=|sin20 cos20 0].
0 0 1 0 0 1

Thus, R? corresponds to a rotation of angle 26 about the same axis
cosnd —sinnd 0

(©) [Rng sinnd coshd O0].
0 0 1

2.33  Rigid body rotations that are small can be described by an orthogonal

transformation R = | + éR™ where & — 0as the rotation angle approaches zero. Consider two
successive small rotations R;and R, , show that the final result does not depend on the order of
rotations.

Copyright 2010, Elsevier Inc
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Ans. RyR, = (1+2R; )(1+2R]) =1+ 2R3 +2R; +£°R3R; =1 +5(Ry +R} )+ £R3R]

As £0, RyR ~1+2(Ry+R])=RR;.

2.34  Let T andS be any two tensors. Show that (a) T'is a tensor, (b) Th+sT = (T+ S)T and (c)
(TS)T =sT1T.

Ans. Let a,b,c be three arbitrary vectors and « S be any two scalars, then

(@) a-T'(ab+ fBc)=(ab+ fc)-Ta=ab-Ta+fc-Ta=aa-T'b+pa-Tlc

=a- (aTTb + ﬂTTC) —> T (ab+ pc)= (aTTb + ﬁ’TTC) . Thus, T"is a linear transformation, i.e.,
tensor.

(b)a-(T+S)'b=b-(T+S)a=b-Ta+b-Sa=a-T'b+a-S'b

—a-(TT+SHb > (T+S)T =TT +5T.

(c) a-(TS)'b=b-(TS)a=b-T(Sa)=(Sa)- T'b=a-STTTh > (TS)T =s'TT.

2.35  For arbitrary tensors T and S, without relying on the component form, prove that (a)
T H =T and (b) (TS) ' =57'T!

Ans. (@) TT ' =1 > TTH =15 TH' T =15@H =TH "
®) (TS IT H=T6ESHT ' =TT =1, thus, (TS) ! =577,

236 Let {e;}and{e]}be two Rectangular Cartesian base vectors. (a) Show that if €] = Qe
then &; =Qiney, and (b) verify QuiQu; = Jjj = QinQjm -

Ans. (a) ei’ =Qmiem —)e{ ‘ej :Qmiem 'ej =Qmi§mj =jS —)ej :Qjme;n —)ei =Qime;n .
(b) We haVe, ei' . e’j = é‘” = ei . ej , thus,

é‘ij zei’ 'e'j =Qnmi€m 'an n :Qmianem € :Qmiané‘mn sziQmj . And

é‘ij =€ -€;= Qimem an n= Qimanem €h = Qiman5mn = QimQjm'

2.37  The basis {]} is obtained by a 30° counterclockwise rotation of the {e; } basis about the e;
axis. (a) Find the transformation matrix [Q] relating the two sets of basis, (b) by using the vector

transformation law, find the components of a = \/§e1 + e, in the primed basis, i.e., find & and (c)
do part (b) geometrically.

Ans. (a) ej =cos30%, +sin30°¢e,, €, =—sin30°e, +cos30°e,, €; =e;. Thus,
c0s30° —sin30° 0

[Q], =|sin30° cos30° 0.
0 0 1

Copyright 2010, Elsevier Inc
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a | (V372 172 0|[y3] 2
®) [a], =[Q]'[a], —| & |=|-1/2 ~3/2 0| 1 |=|0|>a=2e
a, 0 0 1f o] [0

(¢) Clearly a= \/gel + €, is a vector in the same direction as €] and has a length of 2. See figure
below

30° |
e,

2.38 Do the previous problem with the {e} } basis obtained by a 30° clockwise rotation of the
{ei } basis about the e;axis.

Ans.
(a) e] =cos30°e, —sin30°e,, €, =sin30°¢e, +cos30°e,, €5 =e;. Thus,
cos30° sin30° 0
[Q]ei =| —sin30° co0s30° 0].
0 0 1

a | (V372 -172 of[y3] [1
®) [a], =[Q]'[a], —|a [=| 1/2 VB3/2 0| 1 |=|+3|>a=¢]+/3e)
a, 0 o 1o |o

(c) See figure below

239 The matrix of a tensor T with respect to the basis {e; | is

Copyright 2010, Elsevier Inc
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1 5 -5
[T]=|5 0 o
-5 0 1

Find T/}, T/, and T, with respect to a right-handed basis {e{ } where €] is in the direction of

—e, +2e; and € is in the direction of ¢, .

Ans. The basis {e]} is given by:
e =(-e,+2e5)//5, ey =e,, e;=e|xe)=(2e,+e5)//5.

(15 5] 0
Th=e-Tei=[0 -1/\5 2/45) 5 0 0 |-1/5|=4/5.

5 0 1] 2/45

1 5 -5][1
T{2=e1-Te'2=[o ~1//5 2/\5{5 0 010|=-15/5.

5 0 1][0

15 5] 0
Ti=e;-Tej=[0 2/V5 1/5][5 0 0|-1/35|=2/5.

-5 0 1|l 2/45

2.40  (a) For the tensor of the previous problem, find [Tijf J ,l.e., [T]e._ if {ej} is obtained by a
90° right hand rotation about the e; axis and (b) obtain T;j and the determinant ‘Tijf‘ and compare

them with T;;and [Ty|.

“1
Ans. (a) €] =e,, €y =—¢, ej=e;>[Q]=[1 0
0

S = O

0
0].
1
[T ]=[T] =[QI'[T][Q]=|-1 0 o|[5 0 o1 ol=l-5 1

0
0 0 1)l-s 0 1]o o 1] [0 5

010155{010 0 -5 0

2.41  The dot product of two vectors a = a;¢; and b = b;e; is equal to ab;,. Show that the dot
product is a scalar invariant with respect to orthogonal transformations of coordinates.

Ans. From a =Qqia,and b, = Qb , we have,
ai’bi :Qmiaanibn :QmiQniambn = 5mnambn = ambm = aibi .

Copyright 2010, Elsevier Inc
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242 If T;jare the components of a tensor (a) show that Tj;T;; is a scalar invariant with respect to

orthogonal transformations of coordinates, (b) evaluate T;;Ty; with respect to the basis {e; } for

100 00 1
[T]=]1 2 5| ,(c)find [T],if & =Qe;, where [Q]=|1 0 0| and
12 3] 0 1 0]

(d) verify for the above [T]and[T]' that Ty Ty =T;;T;; -

Ans. (a) Since Tj; are the components of a tensor, Tjj = QniQp Ty, - Thus,

TiiTij = Qumi Qnj Tin (Qpi Qg Tpg ) = (Qmi Qi N Qi Qg YTrnn T pg = Fmp g Tran Tpg = Tron Trnn

O) TyTy =TI +Ta + T3 +T5 + T + T + T + T + Ty =141+ 44 25+1+4+9=45.
01 01 0 0fj0 O 1| (0O 1 0}JO O 1| |2 51

© [T] =[Q]'[T][Q]=|0 0 1|1 2 5|1 0 of|=|0 0 1|2 5 1|=|2 3 1
1 0 01 2 30 1 O (I O Of2 3 1| |0 O 1

(d) TyTjj =4+25+1+4+9+1+1=45.

’

243  Let [T]and[T]l be two matrices of the same tensor T , show that det[T] =det[T]

Ans. [T] =[Q]' [T][Q] - det[ T] =det[Q]" det[Q]det[T] = (1)1 det[ T] = det[ T].

244 (a) If the components of a third order tensor are Ry, , show that Rj are components of a
vector, (b) if the components of a fourth order tensor are Ry, show that Ry are components of a

second order tensor and (c) what are components of Ry, if Rj; _are components of a tensor of

n" order?

Ans. (a) Since Ry are components of a third order tensor, therefore,

i'jk = Qmianka Rmnp — Riix = QmiQnika Rmnp = §anpk Rmnp = ka Rnnp , therefore, Ry are
components of a vector.

(b) Consider a 4™ order tensor Rijui » we have,
i,jkl = QmiankaQqI I:\)mnpq - Ri'ikl = QmiQnikaqu Rmnpq = ankaqI R npq — kaQqI Rnnpq >
therefore, R;;, are components of a second order tensor.

(¢) Rijx_ are components of a tensor of the (n— 2)" order.

2.45  The components of an arbitrary vector aand an arbitrary second tensor T are related by a
triply subscripted quantity R; in the manner & = Ry T for any rectangular Cartesian basis {ei}.

Prove that Ry are the components of a third-order tensor.

Copyright 2010, Elsevier Inc
2-15



Lai et al, Introduction to Continuum Mechanics

Ans. Since & = Ry T} is true for any basis, therefore, aj = Ri'jij'k ; Since ais a vector, therefore,
& =Qpidy and since T is a second order tensor, therefore, Tjj = Qi Qyi Ty - Thus,

& =Qmian = RijTjk = Qmi (RyjkTjk) - Multiply the last equation with Qg and noting that

QsiQmi = Osm » we have,

QuiRij T = Qi Qumi (RmjcTji) = Qsi Rie ik = Som R T = Qui Rije T = Reji T

= Qs Rijk Quj QuicTrmn = RsjkTjk = Qs Rijk Qunj Qe Trnn = Remn Tn - Thus,

(Rsmn - QSiQmj Qnk REjk )Tmn =0. Since this last equation is to be true for all T, , therefore,

Romn = QsiQmjQni Rijk » Which is the transformation law for components of a third order tensor.

2.46  For any vector aand any tensor T, show that (a) a- T*a=0 and (b)a-Ta=a- Ta,

where T*and TS are antisymmetric and symmetric part of T respectively.

Ans. (a) TAis antisymmetric, therefore, (TA )T =-TA , thus,
a-T*a=a-(TM"a=-a-T*a—>2a-T*a=0—>a-T*a=0.

(b) Since T=T5 +TA | therefore, a-Ta=a-(T>+T*)a=a-Ta+a-T*a=a-T"a.

2.47  Any tensor can be decomposed into a symmetric part and an antisymmetric part, that is

T=T5+T". Prove that the decomposition is unique. (Hint, assume that it is not true and show
contradiction).

Ans. Suppose that the decomposition is not unique, then ,we have,

T=T5+TA=5%+5* > (TS - SS) + (TA - SA) =0. Let abe any arbitrary vector, we have,
a-(T5-S%a+a-(TA-S*)a=0—-a-T%a-a-S%a+a-T*a-a-S*a=0.

But a-T*a=a-S*a=0 (see the previous problem). Therefore,
a-TSa-a-SSa=0—-a-(T5-5%)a=0->T5-5%=0- T3 =5S°. It also follows from

(TS - SS) + (TA - SA) =0 that T* =S*. Thus, the decomposition is unique.

1 23
2.48  Given that a tensor T has the matrix [T] =4 5 6/, (a)find the symmetric part and the
7 8 9

anti-symmetric part of T and (b) find the dual vector (or axial vector) of the anti-symmetric part of
T.

1 23 ra) [2 o6 0] 13

S| _ T

Ans.(a)[T]—E{[T]+[T]}=§456+258:—610 14|=[3 5 7|.
7809 (3609 10 14 18] |5 7 9

Copyright 2010, Elsevier Inc
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12311 4 7 0 2 -4] [0 -1 -2

TAzl[T]—[T]T:l456—258=120—2=1 0 -1|.
2 2 2

7 8 9/ 1(3 6 9 4 2 18| |2 1 0

(b) t* =—(ThHe, +The, +Tres) =—(~le, +2e, —le;) =€, —2e, +e;.

2.49  Prove that the only possible real eigenvalues of an orthogonal tensor Q are 4 =+1. Explain

the direction of the eigenvectors corresponding to them for a proper orthogonal(rotation) tensor and
for an improper orthogonal (reflection) tensor.

Ans. Since Q is orthogonal, therefore, for any vector n, we have,Qn-Qn=n-n. Let n be an
eigenvector, then Qn = An, so that Qn-Qn=n-n -
22M-m=Mn-n)—>A2=-1)Nn-nN)=0>12-1=0—>A==1.

The eigenvalue 4 =1 (Qn =n) corresponds to an eigenvector parallel to the axis of rotation for a
proper orthogonal tensor (rotation tensor); Or, it corresponds to an eigenvector parallel to the plane
of reflection for an improper orthogonal tensor (reflection tensor). The eigenvalue 4 =-1,

(Qn =-n) corresponds to an eigenvector perpendicular to the axis of rotation for an 180° rotation;
or, it corresponds to an eigenvector perpendicular to the plane of reflection.

1 -2 =2
2.50  Given the improper orthogonal tensor [Q] =% -2 1 =2].(a) Verify that det [Q] =-1.
-2 2 1

(b) Verify that the eigenvalues are 4 =1 and —1 (c¢) Find the normal to the plane of reflection (i.e.,
eigenvectors corresponding to 4 =—1) and (d) find the eigenvectors corresponding A =1 (vectors
parallel to the plane of reflection).

Ans. (a) det[Q]=(1/3)’ (1-8—-8—4—4—4)=(-27)/27=—1.
b) 1,=3/3=1, L=(1/3{(1-4H+(1-4)+(1-4)}=-1, L;=-1->

=2 2+1=05UA-DA*-1)=0>1=1,1-1
(c) For A=-1,
1 2 2 2 1 2 2 2 1
—+1l|loy——a,——a;=0, ——a;+|—+1|a,——a;=0, ——a;——a,+| —+1|ay; =0. That
(Fet)a-2a-2a=0 -Sae(Jetfe-2a -0 -2a-Zay (31
is, 20—, —a3 =0, —o+2a,-03=0, —o—a,+2a;=0,thus, a =a, = a;, therefore,
n=x(e +e,+e3)/ \/3, this is the normal to the plane of reflection.
(d) For 1=1,
1 2 2 2 1 2 2 2 1
——1llogy—=a,——o3=0,——o+| =-1|ay ——o3=0,——oa;——a, +| =—1|a; =0
(3-1)a-2a-2as=0-2a s [1-1)ar - 2o =020 -2y 4 -1
All three equations lead to o) + o, + a3 =0 —> a3 =-a; —a, . Thus,

1

1
N=—[x€ + %6, —(; + 2,)e3], e.g., N=—=(g; +e, —2e;)etc. these vectors are all
o +a3 +aj V6

perpendicular to n==x(e, +e, +e3)/ V3 and thus parallel to the plane of reflection.

Copyright 2010, Elsevier Inc
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2.51  Given that tensors R and S have the same eigenvector n and corresponding eigenvalue
I, and s, respectively. Find an eigenvalue and the corresponding eigenvector for the tensor T=RS.

Ans. We have, Rn=rnand Sn=s;n, thus, Tn=RSn = Rs;n =s;Rn =rs;n. Thus, an eigenvalue
for T=RS is rs; with eigenvectorn .

2.52  Show that if nis a real eigenvector of an antisymmetric tensor T, then the corresponding
eigenvalue vanishes.

Ans. Tn=An —->n-Tn=A(n-n). Now, from the definition of transpose, we have n-Tn=n- T'n.

But, since T is antisymmetric, i.e.,TT =-T, therefore, n- T'h=-n-Tn. Thus,
n-Tn=-n-Tn—->2n-Tn=0—->n-Tn=0. Thus, A(n-N)=0—>1=0.

2.53  (a) Show that ais an eigenvector for the dyadic product ab of vectors a and b with
eigenvalue a-b, (b) find the first principal scalar invariant of the dyadic product ab and (c) show
that the second and the third principal scalar invariants of the dyadic product ab vanish, and that
zero is a double eigenvalue of ab.

Ans. (a) From the definition of dyadic product, we have, (ab)a=a(b-a), thus ais an eigenvector
for the dyadic productab with eigenvaluea-b.
(b) Let T=ab, then Tj; =ajb; and the first scalar invariant of abis T;; =a;jb; =a-b.

© 1, = ab ab,| |ab, aybs N ab,  ab; 0404020,
by ahy| |ash, ashs| jash sy
ab, ab, abs by b, by
Iy =laby @b, abs|=aaaz b b, bs=0.
ashy  ash, asb; by b, b

Thus, the characteristic equation is
P12 =0>A-1DA* =054 =1, 4 =4=0.

2.54  For any rotation tensor, a set of basis {ei'} may be chosen with €5 along the axis of rotation
so that Re| =cosée] +sinde);, Re, =—sinfe| +cosde,, Re;=e;, where @ is the angle of right
hand rotation. (a) Find the antisymmetric part of R with respect to the basis {e{} , 1.e., find [RA]eir .

(b) Show that the dual vector of RA is given by t* =sin 0e; and (c) show that the first scalar
invariant of R is given by 1+ 2cosé. That is, for any given rotation tensor R , its axis of rotation

and the angle of rotation can be obtained from the dual vector of R” and the first scalar invariant of
R.

Ans. (a) From Re| =cos@e; +sinde,, Re, =-sinfe| +cosde,, Re;=¢e}, we have,

cos@ -—sind O 0 -—sind O
[R]e._ =|sinfd cosd 0 —>[RA] =|sind 0 0
1 ei
0 0 1 " 0 0 0 "

(b) the dual vector (or axial vector) of R* is given by
Copyright 2010, Elsevier Inc
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th = —(Ty5e] +T3,85 + T)5e5) = —(0€] + 0}, —sin Oe}) = sin Ge} .
(c) The first scalar invariant of R is |, =cos@+cos@+1=1+2cosf.

2.55  The rotation of a rigid body is described by Re; =e,, Re, =e;, Re;=e,. Find the axis
of rotation and the angle of rotation. Use the result of the previous problem.

Ans From the result of the previous problem, we have, the dual vector of R is given by
t* =sinfe;, where €} is in the direction of axis of rotation and @ is the angle of rotation. Thus, we
can obtain the direction of axis of rotation and the angle of rotation & by obtaining the dual vector
of R*. From Re, =e,, Re,=e;, Re;=¢;, we have,

0 0 1 0 -1 1
[R]=|1 0 0 —>[RA]=% 10 1|t :%(e1 +e,+6;). Thus,

010 -1 1 0

tA:ﬁ(el+e2+e3) V3

=——e,, where e; =——(€, +€, + &, ) is in the direction of the axis of
> 5 e 3 ( 176 3)

NE

rotation and the angle of rotation is given bysind = V372, which gives @=60° or 120°. On the
other hand, the first scalar invariant of R is 0. Thus, from the result in (c) of the previous problem,

we have, |, =1+2cos@ =0, so that cos®=—1/2which gives 8 =120°r 240°. We therefore
conclude that 8 =120°.

-1 0 0
2.56  Given the tensor [Q] =| 0 -1 0].(a) Show that the given tensor is a rotation tensor. (b)
0 0 1

Verify that the eigenvalues are 4 =1 and —1. (¢) Find the direction for the axis of rotation (i.e.,
eigenvectors corresponding to A =1). (d) Find the eigenvectors corresponding A =—1and (¢) obtain
the angle of rotation using the formula |, =1+2cos@ (see Prob. 2.54), where |, is the first scalar
invariant of the rotation tensor.

Ans. (a) det[Q]=+1, and [Q][Q]I =[1]therefore it is a rotation tensor.

(b) The principal scalar invariants are: |, =-1, 1, =-1, |5 =1-— characteristic equation is
AP+at-a-1= (A+ l)(/12 - 1) =0 —> the eigenvalues are: A =—1,1,1.

(c) For =1, clearly, the eigenvector are: n = €5, which gives the axis of rotation.

(d) For A=-1, with eigenvector N = o€, + @€, + 3€3, we have

0c; =0, Oa, =0, 2a53=0.Thus, ¢ =arbitrary,a, = arbitrary, a3 =0. The eigenvectors are:
n =o€, + a,e,, alz + a22 =1. That is, all vectors perpendicular to the axis of rotation are

eigenvectors.
(e) The first scalar invariant of Q is I, =—1. Thus, 14+2cosf=-1—>cos@=-1—->0=7.(We

note that for this problem, the antisymmetric part of Q =0, so that t* =0=sind n, of which
6 = is a solution).

Copyright 2010, Elsevier Inc
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2.57 Let F be an arbitrary tensor. (a) Show that F'Fand FFT are both symmetric tensors. (b) If
F=QU =VQ, where Q is orthogonal and U and V are symmetric, show that U? =F'Fand

V2 =FFT (c) If Aand n are eigenvalue and the corresponding eigenvector for U, find the
eigenvalue and eigenvector for V. [note corrections for text]

Ans. (a) (FTFH)T =FT(FHT =FTF, thus F'Fis symmetric. Also (FF)T =(F)TFT =FFT,
therefore, FF is also symmetric.

(b) F=QUF' =U'Q" »F'F=UTQ'"QU=UTU>F'F=U".

F=VQ-F =Q"VI 5 FF' =vQQ'V' =w' 5 FFT =Vv2,

(¢) Since F=QU =VQ, and Un=/4n, therefore, VQn =QUn=Q(4in) —> V(Qn)=4(Qn),
therefore, Qnis an eigenvector for V with the eigenvalue A .

2.58  Verify that the second principal scalar invariant of a tensor T can be written:

1, =(T“Tjj —TijTji)/Z.

TiT;i =T Tj + 1o Tjo + T35 =T121 + 15T +TisT3 + Ty Ty +T222 + T3l + T3 Tj3 + T35 T3 +T323~

Thus, TyT; —TyTji = (T +To +T53 + 2T Ty +2T5, T3 + 2T33Ty)
2, T2 2
—(Ty1+ T3 + T3+ 2T Ty +2Ty5T5y + 2Tp5T55) =2(T) Ty =Ty Toy + Top T = TosTay + T35y = TisTsy)
Thus,
(TiiTjj _TijTji)/2 =T Toy = TiaToy +TopTs3 = TosTyp + TasTyy —TisT3y)
T T T T
L2 ' 1 3

Tll T12
T21 T22 T32 T33 T31 T33

=1,.

2.59 A tensor has a matrix [T] given below. (a) Write the characteristic equation and find the
principal values and their corresponding principal directions. (b) Find the principal scalar
invariants. (¢) If n;,n,,n; are the principal directions, write [T]n_ . (d) Could the following matrix

[S] represent the same tensor T with respect to some basis.

5 40 720
[T]=|4 -1 0|, [S]=|2 1 ©
0 0 3 00 -1

Ans.
(a) The characteristic equation is:
5-4 4 0

4 -1-4 0 =0—>(3—/1)[(5—/1)(—1—/1)—16]=(3—/1)(/12—4/1—21)=(3—/1)(/1+3)(/1—7)=0
0 0 3-4

Thus, 4, =3,4, =-3, 4 =7.

For 4 =3, clearly, n; =+e;.
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For 4, =-3

(5+3)a; +4a, =0, 4oy +(-1+3)a, =0, 3+3)a3=0, af +aj3 +aj =1

—>8a; +4a, =0, 4oy +2a, =0, 603 =0—>a, =—2a;, a3 =0.—>n, =%(e, —2e,)//5.
For 4; =7

(5-Tay +4a, =0, 4oy +(-1-T)ay =0, 3-Tz =0, af+aj+aj=1

—2a; +4a, =0, 4a;—8a, =0, —4ay=0—>a =2a,, a3=0.->N;=%(2e +e,)/5.
(b) The principal scalar invariants are:
[ =5-1+3=7, I, =(-5-16)+(-3-0)+(15-0)=-9, I3 =-15-48=—-63. We note that

A3 =T72%-92+63=0—(1-7)A* =9(1-7)=0—(1-7)(A* =9) =0, same as obtained in (a)

3 0 0 7 2 0
©[T], =|0 -3 0 . (d)det|2 1 0 |=-3%#-63,therefore, the answer is NO. Or,
0o 0 7 0 0 -1

{n.ny.n3}
clearly one of the eigenvalue for [S] is —1, which is not an eigenvalue for [T] , therefore the

answer is NO.

2.60 Do the previous problem for the following matrix:

[T]=

S O W
B~ O O
S bk~ O

Ans. (a) The characteristic equation is:
3-4 0 0

0 0-42 4 [=053B-D)A*-16)=B-D)(A-4)(A+4)=0
0 4 0-2
Thus, 4, =3, A, =4, A =-4.
For A, =3, clearly, n, =te,, because Te, =3e,.
For 4, =4
B-4a =0, (0-Ha, +4a;=0, 4a,+(0-Na; =0, af+a3+aj=1
-, =0, —4a,+4a;=0, 4, —4a3;=0—> 0, =0, a2=a3,—>n2=i(e2+e3)/x/§.
For 4; =—4
BG+da =0, (0+d)a, +4a;=0, 4a, +(0+4)a; =0, af +a3 +ai =1
—70,=0, 40, +4a;=0, 4a, +40;,=0—> 0, =0, a2=—a3,—>n3=i(ez—e3)/\/§

(b)
I, =3, 1,=(0-0)+(0—16)+(0—0)=-16, I =-48.

A3 =327 -164+48=0—(1-3)2*-16(1-3)=0-(1-3)(4* -16)=0, same as in (a) .

30 0
©[T], =[0 4 o0
00 —4

{nn,.ns}
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7 2 0
(d)det[S]=det|2 1 0 |=—(7—-4)=-3#-48, therefore, the answer is NO.
0 0 -1

Or, clearly one of the eigenvalue for [S] is —1, which is not an eigenvalue for [T], therefore the
answer is NO.

2.61  Atensor T has a matrix given below. Find the principal values and three mutually
1 10

perpendicular principal directions: [T]z 1 10
0 0 2

Ans. The characteristic equation is:
-4 1 0

L= 0 |=05(2-2) -2 -1]=(2-2)(-22+ ") ==2(2- )" =0.
0 0 2-4
Thus, 4, =0, A, =4 =2.Thatis, there is a double root A, =4; =2.
For 4 =0,
1-0)a + @, =0, a+(1-0)a, =0, 2-0)a; =0, af+aj+ai=1
—a+a,=0, 203=0->0a=-0,, a3=0,->n==%(g —ez)/\/i.
For A, =43 =2, one eigenvector is clearly n;. There are infinitely many others all lie on the plane
whose normal is N, =+(e; —e,)/ 2 . In fact, we have,
(1-2)a; +a, =0, oy +(1-2)ay =0, 2-2)a3=0, af +a3+a; =1
—>-o+a,=0, 03=0->0=0,=a, o =~1-2a* —>nN=x(ae +ae, +a3e3),
which include the case where =0, a3 =*1—->n=xe;.

CHAPTER 2, PART C

2.62  Prove the identity %(T + S) = c:j—-{ + Z—f , using the definition of derivative of a tensor.
Ans.
i(T N S) _ im {T{A+A)+S(t+ A} —{T()+S(t)}  lim {T{A+A)=T()}+{S(t+At)-S(1)}
dt At—0 At At—0 At
lim {T(t+At)-T(t)} + lim {{S(t + At) - S(1)} :d_T+d_S' -
At—0 At At—>0 At dt dt
) . d ds dT : .. .
2.63  Prove the identity E(TS) = TE + ES using the definition of derivative of a tensor.
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d

Ans. —(TS) - lim T(t+ At)S(t + At) - T(1)S(1)

dt At—0 At
lim T(t+AD)S(t+ At) — T(t+ AD)S() + T(t + At)S(t) — T(t)S(t)
At—0 At
lim T(t+A){S(t + At) - S(t)} + lim {T(t+At)-T()}S(t)
At—0 At At—0 At
“T(t) lim {S(t+At)— S(t)} {T(t +At)-T(t)} sty=TE dS dT are
At—0 At At»o At dt dt
dar™ (dT) . . . . I
2.64  Prove that = Y by differentiating the definition a- Tb=b-T a, where

aand b are constant arbitrary vectors.

Ans. a-Tb=b-TTa—a-(dT/dt)b=b-(dT"' /dt)a. Now, the definition of transpose also gives
a-(dT/dt)p=b-(dT/dt) a. Thus, b-(dT/dt) a=b-(dT" /dt)a.

T T
Since aand b arbitrary vectors, therefore, (Z—-{j = [%J

2.65  Consider the scalar field ¢ = X’ +3X,X, + 2X; . (a) Find the unit vector normal to the surface
of constant ¢ at the origin (0,0,0) and at (1,0,1) . (b) what is the maximum value of the directional
derivative of ¢ at the origin? At (1,0,1)? (c) Evaluate d¢/ dr at the origin if dr =ds(e, +e;3).

Ans. (a) Vg =(2x, +3X;)e, +3xe, +2e;3,

at (0,0,0), Vg=2e; >n=e;, at(1,0,1), Vg=2e, +3e, +2e;,—>n=(2e, +3e, +26;)//17 .
(b) At(0,0,0), (dg/dr),,, =|V¢|=2 in the direction of n=e;.

At (1,0,1), (dg/dr)e =V =17

(c) At (0,0,0), dg/dr =(Vg), -dr/dr=2e;-(e,+e5)/~2=2.

2.66  Consider the ellipsoidal surface defined by the equation x> / a + y* /b* + 2% /¢? =1. Find
the unit vector normal to the surface at a given point (X, Y,Zz).

2 2 2
X z
Ans. Let f(x,y,z)=—2+g—2+—2—1,then
ﬂZE, izﬂ’ ﬂ:z_)Vf:—el 2ye2 e3,thus
ox a’> oy b> o ¢? a’ b? c?

S GRHRE )Mz—ﬁy 2,

QD
o
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2.67  Consider the temperature field given by: ©® =3X;X,. (a) Find the heat flux at the point
A(,1,1), if g=-kV®. (b) Find the heat flux at the same point if = -KV®, where

k 0 0
[K]={0 2k 0
0 0 3k

Ans. O =3xX, > VO =3(X,€, +X€,) > (VO), =3(e; +e,).

(a) q=-kVO =-3k(e; +e,).
k 0 03 3k

(b) [a]=-[KVO]=—0 2k 0 ||3|=—|6k |—>q=—(3ke, +6ke,).
0 0 3k||0 0

2.68  Let ¢(X;,X%y,%3) and w(X,X,,X;) be scalar fields, and let v(X;,X,,X;) and W(X;,X,,X;) be
vector fields. By writing the subscripted components form, verify the following identities.
(a) V(g +yw)=Vé+ Vi, sample solution: [V(¢d+y)]; =M =%+a—l’” =V¢+Vy.
0% 0% OX
(b) div(v+w)=divv +divw, (c) div(¢v) =(V@)- v+ ¢(divw) and (d) div(curlv)=0.

o(y; +Wi)_%+%

Ans. (b) div(v+w)= L=div +divw .
0% 0% 0%

(o) div(gv) =2 _ g N | O\ 4wy + (Vg)-v.

OX; 0% 0%

OV oV 0 ov 0 ov
d) curlv=-¢;, —e =¢ e—>d1 curlv) = —¢; —& = =X
(d) cu ijk X i ijk a0 x J v(curlv) o ik =~ GXJ ik 2 ox, 8X
By changing the dummy indices, (i — j, j —1) we have, & aizv—k Ejik 88 ?’k Thus,

X; OX: Xi OXi

]

0 6Vk 0 8Vk 0 aVk —0 0

OV .
K= K —| & — |=0. Thus, div(curlv)=0.
ox; 0X; i oX; 0% “ ,{ ! axJ

9
Giik 5y ox; OX; OX;

2.69  Consider the vector field v = Xlze1 + X3ze2 + X§e3. For the point (1,1,0), find (a) Vv, (b)
(VV)Vv, (c) divV and curl v and (d) the differential dv for dr = ds(e, +e, +e5)/ V3.

2 0 0 2.0 0

Ans.(a) [Vv]=| 0 0 2x —>[VV]110 000
0 2x, 0 020
2 0 off1] [2

(b) [(VV)V]=|0 0 0] 0[=|0|—>(VV)V=2e.
0 2 0J1] |0

(c) divv=2x+0+0=2x —at (1,1,0), divv=2.

Copyright 2010, Elsevier Inc
2-24



Lai et al, Introduction to Continuum Mechanics

curlv = %_% e + %_% e, + %_% 9322(X2—X3)e1.
O0Xy OXg 0X; 0% X 0%,

At (1,1,0), curlv=2(1-0)e, =2e,.
(d)
2 0 0]/ds/~3] [2ds/4/3
At(1,1,0), dv=(vv)dr —[dv]=[vv][dr]=[0 0 0| ds/3|=| 0 |
0 2 0fds/3| |2ds/+f3

—>dv =2ds(e, +e;)//3

CHAPTER 2, PART D

2.70  Calculate div u for the following vector field in cylindrical coordinates:
(a) U, =u, =0, u,=A+Br’. (b)u, =sind/r, uy=u, =0, and

() Uy =r*sin@/2, uy,=r*cos@/2, u,=0.

Ans.(a) u, =u, =0, uz=A+Br2—>divu=%+l%+u—r+%=0+0+0+0=0.
rog r oz
(b)ur=sin¢9/r,u9=uz=0—>divu=%+l%+u—r+%=—sin0/r2+O+sin<9/r2+0=0
oo rofd r oz
() U, =r’sin@/2, u,=r’cos@/2, u,=0

Lodivu=r 1 Ur Uy s 024 rsing /24 0=rsing.
or r 00 r 0z

2.71  Calculate Vu for the following vector field in cylindrical coordinate:
u =A/r, uy,=Br, u,=0.

[ou, 1(éu, au |l [ A 7
L Ly, =] |- O _
or r(ae gj P z B0
Ans. [Vu]= aaﬁ l(%+u,j aaﬁ =| B Az 0.
ror 7 r
a1, a0 00
| or r oo oz | L J

2.72  Calculate divu for the following vector field in spherical coordinates

U =Ar+B/r’, uy=u,=0

2 i ou
Ans. —>divu =20 1 OWpsind) | 1 ¢
r2  or rsin@ 00 rsiné o¢
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o)

rlaor
2.73  Calculate Vu for the following vector field in spherical coordinates:
U =Ar+B/r*, ug=u,=0.

12

e (Ar3+B)=3A.
r

ou, (lou, U, I ou, Uy
or \rof r rsind o¢ r
u,cotd
Ans. [Vu] = ou, (lou, u I, Ugco
or \rof r rsing og¢ r
My 1M, 1 du, u u,cotd
| or r oo rsing o r r )|
8ur/6l’ 0 0 A—zB/r3 0 0
=| 0 u/r 0 |=| 0  A+B/r' 0
0 0 ur 0 0 A+B/r
2.74

From the definition of the Laplacian of a vector, Viv=vV (diV V) —curlcurl v, derive the
following results in cylindrical coordinates:

2 2 2
e
(Vzv)g

r’ 06
Ans. Let v(r)be a vector field. The Laplacian of vis V?v =V/(divv)-curlcurl v. Now,

R

o —2J and

.
0Ny 100y Oy 1V 20% Yy
o rroee* at ror rrod

r

divV:%+l%+v—r+%,sothat
or rof r oz
V(divv):i %4_1% V_r % er+li %4_1% V_r+% eg
or\er ro68 r oz roé\ or ro0 r oz
2(%+1%+v_r+%jezz O 1%y 1 Qg 1% Ve OV, ),
oz\or ro0 r oz orr roroé r* o6 ror rr oroz

{1 O, 1, 1 ov 10%,

r o6or
Next,

r

curl v = (l%_%

2-26

r’ 06>

00 oz

r2 00

ov, ov,
e, +| ———=leg+
o0z or

r 060z

v, 1%, lov, &%,
=00 _r 2z
ozor rozo6 r oz oz2

2 -

e (%ﬂ_e_l%

e,, so that
o r raﬁj
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roé\ or r roo oz\ 0z or

_{lazvg, Loy 1 azvrj_(azvr 62vZJ

(curlcurl V)r = li(% +V_9_1%J _2(% _%j

rogr r2 o0 r? 962 o2 ozor

(curlcurlv), = i(l% _%j _i[%+v_ﬁ_l%j

¢ oz\reo oz ) arlor r roo
t or\oz or r\oz or rod\r 06 oz
Thus,

— - +
orr roréld r* o060 ror rr oroz
~ 152V9+L%_ 1 8%, s o, %, |_ azvr+iazvr+azvr_ 20v 1ov, v |
rodor r 00 r? 0H*? o0z>  ozor o rr2o0* oz2 o0 ror r?

2 2 2
(V2V) — lﬂ_FLa Ve +i%+l&
0 |roér % o0* %06 roboz

2
(Vzv) z(azvr 0y 1oy 1ov v +6ZVZJ
r

8(18v2 %j 5(‘3V0+V_0_l%]:(lﬁzvr+L52V0+i%+152V2J

—_— —_ +__
r o0 oz or\or r roo roéor % 00* r? o0 roboz

J{_l %V, +62vg}{a2v9 Loy vy ] v, 1 aer

rozo0 oz a2 ror 2 rordd 2 a0

%y, +i82v€+82v9 vy 20 v

o r2 06> > ror (206 %

2.75  From the definition of the Laplacian of a vector, Viv=V (diV V) —curlcurl v, derive the
following result in spherical coordinates:
) 1 8%, 2ar’y, 1%, cotfoy, 1 d%, 2 dvpsind 2 0V
(VV):_z 2 3 te ot ot e 2 2 ) Y
r\r° or r’ or r” 00 r 00 r°sin“@ o4~ r°sind 00 r“sind o¢

Ans.
2
1 @(r Vr) 1 0(vysing) 1 ov
From 5 +— ( o )+ - ¢ , we have,
r or rsind o0 rsiné o¢
o 1 ar’v 1 ov,sind 1 o 1o 1 oy 1 ov,sind 1 o
V(diw)=—| ——L+ - + e 4——| ——L+ : + —2 e,
or\ r? or rsind 06 rsin@ o¢ roo\ r* or rsind 06 rsin@ o¢

1 a[larzvr 1 ov,sind 1 oV,
+ — + + —

——| 5 + : : e,, that is
rsin@ og\ r= or rsind 00 rsin@ O¢

2( 2 2 2. . 2
v (diw) = 19 (rvf)_2a(r Vf)+ I OWysiné 1 Vsin6 1 0V 1 %% e
r* oo’ Pooar rsin@ oro6  r’sing 00 rsind ordg r*sing 0p |
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2( 2
[ 10 (r Vr) 1 62(vgsinc9) 1 & VgsmH 1 (cos& 6v smH 10 1 3\/¢]
+ + et?

— +
r* o6r  r’sing  06° r’sind 06° sin” 0 20 rsino o

1o a(rzvr)+ 1 O (vysind)
r’sin@ 0 or r’sin@ 0400 r’sin’ @ 6

(1 ovysind 1 o, v, 10V [1 orvg 10V, j
curl v =| — —— et ——————— gy +| — e
rsind 06 rsind o¢ rsm@ ogp r or r or roé

so that

1 of(lorvg 10ov,) . 0 1 oy, 1arv¢
curlcurl v =— —|—————|Sih——| —————— /&,
rsind |06\r or r 06 o\ rsinf op r or

L o[ 1 snd ] %_lir(laﬂ’a_l%je
rsind dg\ rsind 060  rsind g ) ror \r or roo)|°

IO [ v 1) 10 1 sind 1 dvy )|
ror (rsin@og r or | rod\rsind 060  rsind og )| ?

ie.,
curlcurl v =

azrvg %y, +cot«9(larvg_18vrj_ 1 v, 1 2y .
odor 56> r\r o raod) |r’sin®0 o> r’sin@ ogor ||

L1 Ovysind o, _i(@rva _%)_ 10°rv, 1 arv, 13%, LLove |l
r2sin?0| o000 o2 | r2\ar a6) \r o> 2 or rorod r2 o6 )"

ey Also,

Loov, 1 1 oy 16 rv¢ 1arv¢ +L 1 %_arv¢
rsin@ orog r?sind op r or? r2 or r?\sin@ 0¢  or
+ e
¢
v, 8 v, sin@
_Lz , —V,sin@ +sind f— ) + zcosf ¢ _ Ny
r2 sin 06~ 06og | r-sin“0\ 00 o¢

Thus, V?v=V (diVV) —curlcurl v gives:

(Vzv)_ 152(rzvr)_za(rzvr)+ 1 0°(vpsing) 1 G(VgsinB)Jr 1 82v¢_ 1oy,
rolr o r’ o rsind orog r’sing 00 rsind ordgp r2sin@ O

) azrvg 0%, +cot0£l arv, 1ov, 1oy, 1 2y
obor 692 r \r or ro6) (rsin20 04 rsing ogor
1.e.,

(Vzv) B Lazrzvr_£8r2Vr+L62Vr+cot0%+ 1 &%, 2 dvsingd 2 o
rlrr o o rre*  r? 00 r*sin’@ o4 r’sing 00 r’sing 0¢
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2.76  From the equation (divT)-a= diV(TTa) - tr(TTVa) [See Eq. 2.29.3)] verify that in polar
OTgr  10Tgp  Trg +Tor ‘
o r o6 r

coordinates, the @ -component of the vector (divT) is:(divT), =

Ans. (divT)-a=div(T a)—tr(T'Va) - (divT)-ey = div(T ey) — tr(T Vey)
Now,
Te, =T, e, +Ty ey, Teg =T,pe, +Tppey €, - Tleg=ey-Te, =Ty, €T eg=e4-Tey =Ty
aTi + la_rﬂ + Tﬂ . Also
or r 06 r
T

0 -1/r Tor [|O —1/71 0 —T,/r
ey =06, +1ey > [Vey]= - [TTVee} —|m = i
0 0 Ty Twllo 0 | |0 =T, /r

Thus,
(divT), = div(T ey) - tr(T Vey) =

ie,T ey =Tye, +Tyey — div(T ey) =

IMor 1 A n Tor

- - —(O—Tm/r)zaTHr +15T09 +T9r +Tr9'
rr r

or r 00 r

2.77  Calculate div T for the following tensor field in cylindrical coordinates;

B B

Trr = A+r_2, Teg = A TZZ = Constal’lt, Tre :Ter :Trz :Tzr :Tez :ng = 0

-
Ans. (divT), = e 10T  Trr =Top T _ 2B 2B
o r 00 r 0z S
(divT), = Ty, +15T99 " Tro+ Tor N Ty, —0.
or r 06 r oz
(divT), = Mo (1 ap T T g,

or r 060 0z r

2.78  Calculate divT for the following tensor field in cylindrical coordinates;

Az 3Br’z Az Az 3Bz’ Ar 3Brz?
=== Tw="5 Ta="Zt— | e=Ta=-| 3+
R R R RP R R R

Tro=Tor =Tp, =Ty =0, R®=r>+7",

Ans.
. 2 2
(divT), :6’Trr +16Tm +Trr Too +6’TrZ 22 Az 3Br'z| 3Brz o ﬂ+3Brz
or r 06 r oz or|R? R’ R° oaz|\R? R’
:[Azii—mrzziL—L&Erzj—3Brz—(Arii+3—8rizz+38rzziLj
or R? orRrRS R or R’ 0ZR? R oz 0z R?

_+ JEN—

( 3Az8R 15Br’zéR 6Brz) 3Brz [ 3ArdR 6Bzr 15Brz’ 6R
R* oz R’ RS oz

3Arz 15Br’z 6Brz)| 3Brz (3Arz 6Bzr 15Brz°
= - + - - + - +
R’ R’ R> R’ R> R’ R’
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3 3
_ BL15r7z _1522 +15r7z Jz B(ISEZ(rz +Zz)_1522j:[1522 _ISZZJZO'
R R R R R R R

(divT), = OTogr  10Tgp  Tro+Tor  OTo,
o r 06 r 0z

P 3 P
(divT), _OTy 10Ty 0Ty Ty _ O A 3Brz”) OfAz 3Bz | [ A 3Bz
o rof oz r orlR? RS oz\R? R® RP R’

__(A_:SArz | 382 _1SBr222J_( A _3AZ 9BZ _ISBZ4J_[ A +3822j

=0+0+0+0=0

R R® R R’ R R R R’ R R
[ 3A 3A;, 5\ 15Bz* 15Bz®[ ,  ,\| [ 3A 3A 15BZ* 15Bz°)
—{—¥+¥(r +7Z )— RS + R7 (I‘ +Z ) e _¥+¥—?+? =0.

2.79  Calculate divT for the following tensor field in spherical coordinates;

2B B
Trr:A_r_3’ T99:T¢¢:A+r_3, TI‘@:TQF =T9¢=T¢9=Tr¢=T¢r=0

o(r T, o(T,,sin @ oT, T,+T
Ans. (leT)r:i2 ( ) + 1 ( ro 1 )+ 1 rg 60 oy
r or rsin @ 00 rsinf o¢ r

o(r'T,) T,+T
:Lz ( )_ o ¢¢_1£(Ar2_£j_2(é+ij

r or r r? or r ror!

a2 ALB) (28,28 4,8,
r r r r r r r r

18(r3T€r)+ 1 0(Tpsin®) 1 8Ty  Tip—Ty —Tyc0t0

(divT),=— - +—
r or rsiné 06 rsinf o¢ r
_ Ty cot¢9+ —T,, cotd _o.
r r

o(r’T, o(T. sing T T T 4T
(diVT)¢=i3 ( ’ )+ 1 ( oo S )+ 1 g 4 1o g T 9¢C0t‘920
r or rsind 06 rsind o¢ r

2.80  From the equation (divT)-a= diV(TTa) - tr(TTVa) [See Eq. 2.29.3)] verify that in
spherical coordinates, the @ -component of the vector (divT) is:

1o Ty) 1 0Tgsin®) 1 Ty Trg—Tor ~Tyycot®

r*or rsind 00 rsind O¢ r '

(divT), =

Ans. (divT)-a=div(T a)—tr(T'Va) - (divT)-e, = div(T ey) — tr(T ' Vey) . Now,
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, 10(0rTy) 1 d(Tyysing) 1 0Ty
TTe, =T, e +Toeq +Tose, — div(Tley) = —<n o) | & +
0 = lor®r T 196%0 T lap%¢ (T"€) 2 or rsiné 00 rsinf o¢
0 -1/r 0

eg =0e, +1ey + 08, > [Veg]=|0 0 0
0 0 cotd/r

. Also,

To To T [O —1/r 0 0 T /r Tycotd/r
- [TTVee] =|To Togo Ty |0 O 0 =10 —Tp/r Tycotd/r
T Tap Tyy 0 0 cot@/r 0 T, /r Tycotd/r
- tr[TTVee ] = —T%a + Tgp et iow _
(divT), =div(T ey) — tr(T Vey)

_100Ty) 1 0gpsing) 1 OTgy Ty Tyyootd

Thus,

r2 or rsind 06 rsind ogp r r
_1o(CTy) Tor 1 0(gpsin®) 1 gy Ty Typcotd
P or r rsind 00 rsinfd o¢ r ro
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