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Chapter 2

2.1

12
) =14...0,=,2.1,1,1,1,0,...
o) = {0,330 }

Refer to fig 2.1-1.
(b) After folding s(n) we have

2/3

Figure 2.1-1:

wl o
Wl
=
—

z(—n) = { ..0,1,1,1,1,
T
After delaying the folded signal by 4 samples, we have
21
— 4)=14...0,0,1,1,1,1,=,=,0,... 7.
x( nJr ) { 7(1)7 ) ) ) ’37 37 ) }

On the other hand, if we delay x(n) by 4 samples we have

W =

2
x(n4)_{...9,o, ,3,1,1,1,1,0,...}.

Now, if we fold z(n — 4) we have

1
=,0,0,...
737 7?’ }

W N

z(—n—4) = {...0,1,1,1,1,
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()
2 1
—n44)=14...0,1,1,1,1,,2,0,...
x( n+) { 97777737377 }

(d) To obtain xz(—n + k), first we fold x(n). This yields #(—n). Then, we shift z(—n) by k
samples to the right if £ > 0, or k samples to the left if & < 0.

(e) Yes.
z(n) = é(;(n —-2)+ gé(n +1)4+uln) —u(n—4)
2.2
(n) = 0,1,1,1,1 11 0
r\n - ) 7T7 ) 72727 b
(a)
11
‘r(nZ){"'07?717171715272707 }
(b)
11
2(4—n) = 0,5 5L L1LL0,...
T
(see 2.1(d))
(c)
(n+2) = 01111110
xr\n - A ) ) ) 7’]"272, )
(d)
x(n)u(?n){...0,1,1,1,1,0,0,...}
T
(e)
x(n—l)é(n—?)):{...0,0,1,0,...}
T
(f)
x(n2) = { 0,2(4),z(1),z(0), z(1),z(4),0, }
1
= {...0,2,1,%,1,2,0,..}
()
xe(n) — .T(?’L) + .T(—?’L)’
2
11
.CL'(*TL) = {...072,2,1,1,%,1,0,. }
_ ot Ll 11ty
- AR 747472’ ) b 7274’4’ b
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Zo(n) = 5
1 1 1 111
= { Oa TRV 270707035a171707 }
2.3
(a)
0, n<0
un)—un—1)=4dén)=<¢ 1, n=0
0, n>0
(b)
~ 0, n<0
k_z_ooé(k:) =u(n) = { 1 n>0
> 0, n<0
kz_oé(n—k):{ 1 n>0
2.4
Let
1
reln) = 3le(n) + ()]
7o) = 3le(n) — 2(-n)
Since
ZTe(—n) = ze(n)
and

it follows that

The decomposition is unique. For

we have

and
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2.5

First, we prove that

Z ze(n)zo(n) =0
Z Te(n)xzo(n) = Z Te(—m)x,(—m)
= - Z Ze(m)xz,(m)
= — Z Ze(n)xo(n)
= Z Ze(n)zo(n)
= O_
Then,
Yo ) = Y [we(n) + zo(n))?
= Z ;Lg(n)—i- Z :E?)(TL)-I- Z 2xe(n)z0(02)
= E7e + Eo ) )
2.6
(a) No, the system is time variant. Proof: If
wn) > y(n) = o(n?)
z(n—k) = ypn) = z[(n—k)’
= a(n®+ Kk — 2nk)
# yln—k)

yn—2) = {...,0,?,1,1,1,0,...}

18
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(5)
ya(n) =Tlx(n —2)] = { .., 0, 170,9,0, 1,0,.. }
(6)
ya2(n) # y(n — 2) = system is time variant.
(c) (1)
z(n) = {%, 1,1,1}
(2)
y(n) = {%,0,0,0,0,—1}
(3)
y@l—2)=={%O,LOJLOJL—1}
(4)
ﬂn—%:{%QLLLL%
(5)

yQ(n) = {9707 1,0, 07 07 0, _1}

(6)

y2(n) = y(n - 2).
The system is time invariant, but this example alone does not constitute a proof.
(d) (1)

y(n) = nxz(n),

z(n) = {.-.,0,1,171,1,0,...}
T

y(n) = {...7?,1,2,3,...}

Mn%{”w%QQLZ&”}

Mn—@—{HWQQQLLLL”}
T

19
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ya(n) =T[x(n—2)] ={...,0,0,2,3,4,5,...}

(6)

y2(n) # y(n — 2) = the system is time variant.

2.7

(a) Static, nonlinear, time invariant, causal, stable.
(b) Dynamic, linear, time invariant, noncausal and unstable. The latter is easily proved.
For the bounded input (k) = u(k), the output becomes

fasy 0 n<-—1
y(n) = Z u(k):{ n’+2 n>-—1

k=—o0

since y(n) — oo as n — oo, the system is unstable.

c¢) Static, linear, timevariant, causal, stable.

) Dynamic, linear, time invariant, noncausal, stable.

e) Static, nonlinear, time invariant, causal, stable.

f) Static, nonlinear, time invariant, causal, stable.

g) Static, nonlinear, time invariant, causal, stable.

h) Static, linear, time invariant, causal, stable.

i) Dynamic, linear, time variant, noncausal, unstable. Note that the bounded input
z(n) = u(n) produces an unbounded output.

(j) Dynamic, linear, time variant, noncausal, stable.

(k) Static, nonlinear, time invariant, causal, stable.

(1) Dynamic, linear, time invariant, noncausal, stable.

(

(

NN N N N N

m) Static, nonlinear, time invariant, causal, stable.
n) Static, linear, time invariant, causal, stable.

2.8
(a) True. If
v1(n) = T1[xz1(n)] and
v2(n) = Tilza(n)],
then
a121(n) + agxa(n)
yields

av1(n) + agva(n)

by the linearity property of 77. Similarly, if
y1(n) = T3[v1(n)] and
y2(n) = Tafvz(n)],

then
Brvi(n) + Bava(n) — y(n) = Bryi(n) + Bay2(n)

by the linearity property of 7. Since
v1(n) = Ty[x1(n)] and

20
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va(n) = Ta[z2(n)],
it follows that
Alel(TL) + Ag(EQ(TL)

yields the output
AlT[xl(n)] + AQT[(EQ(TL)L

where 7 = 7;75. Hence 7 is linear.
(b) True. For Ty, if

x(n) — v(n) and
z(n—k) - v(n—k),
For 715, if
v(n) — y(n)
andv(n — k) — y(n — k).
Hence, For 7:75, if
z(n) — y(n) and
z(n—k) = yn—k)

Therefore, 7 = 7775 is time invariant.
(c) True. 7y is causal = v(n) depends only on x(k) for k < n. 73 is causal = y(n) depends only on v(k) for k <
n. Therefore, y(n) depends only on z(k) for £ < n. Hence, T is causal.
(d) True. Combine (a) and (b).
(e) True. This follows from hi(n) * ha(n) = ha(n) * hi(n)
(f) False. For example, consider
71 : y(n) = nz(n) and

T :y(n) =nz(n+1).

Then,
B[L[(n)]] = T2(0)=0.
T[T[6(n)] = Ti[d(n+1)]
= —i(n+1)
£ 0

(g) False. For example, consider
71 :y(n) = z(n) + b and

To :y(n) = x(n) — b, where b # 0.
Then,
T[z(n)] = To[Ti[z(n)]] = To[z(n) 4+ b] = z(n).

Hence 7 is linear.
(h) True.

T, is stable = v(n) is bounded if x(n) is bounded.

T, is stable = y(n) is bounded if v(n) is bounded .

21
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Hence, y(n) is bounded if x(n) is bounded = T = 7773 is stable.
(i) Inverse of (¢). 73 and for 75 are noncausal = 7 is noncausal. Example:

7i:y(n) = z(n+1)and
Toyn) = o(n—2)
=7:y(n) = z(n-1),

which is causal. Hence, the inverse of (c) is false.
Inverse of (h): 77 and/or 73 is unstable, implies 7 is unstable. Example:

T: : y(n) = "™, stable and 75 : y(n) = Infz(n)], which is unstable.

But 7 : y(n) = z(n), which is stable. Hence, the inverse of (h) is false.

2.9
(a)

n

y(n) = > h(k)z(n—k),z(n) =0,n<0
k=—o0
n+N n+N
yn+N) = > hE)zn+N—k)= > h(k)zn-Fk)
k=—00 k=—o00
n n+N
= > hk)zn-k)+ > hk)zn-—k)
k=—00 k=n-+1
n+N
= y(m)+ D h(k)z(n—Fk)
k=n-+1

For a BIBO system, lim,,,o|h(n)| = 0. Therefore,

n+N
limy oo Y h(k)z(n—k)=0and

k=n-+1

lim,,_ooy(n + N) = y(N).

(b) Let x(n) = z,(n) + au(n), where a is a constant and
Zo(n) is a bounded signal with lim z,(n) = 0.

n— oo

Then,

h(k) + yo(n)

clearly, >, 2%(n) < 0o = Y, y2(n) < oo (from (c) below) Hence,
lim,, oo |yo(n)| = 0.

22
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and, thus, lim,,y(n) =a ) ,_, h(k) = constant.

()
y(n) = > hk)x(n—k)
k
S = Y [Z hk)a(n - k>]
— 00 —o00 k
= > > kA1) w(n—k)zn-1)
koo n
But
Zaz(n —k)z(n—1) < ng(”) = By
Therefore,

For a BIBO stable system,

> (k)| < M.
k
Hence,
E, < M*E,, so that
E,<0if B, <0.
2.10

The system is nonlinear. This is evident from observation of the pairs
z3(n) < ys(n) and xa(n) < ya(n).

If the system were linear, y2(n) would be of the form

yQ(n) = {3> 6, 3}

because the system is time-invariant. However, this is not the case.

2.11

z1(n) + z2(n) = 4(n)

and the system is linear, the impulse response of the system is

y1(n) +y2(n) = {0,:{),—1,2,1}.

If the system were time invariant, the response to zs(n) would be

{3,2,1,3,1}.
3

23

But this is not the case.
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2.12

(a) Any weighted linear combination of the signals z;(n),i = 1,2,..., N.
(b) Any z;(n — k), where k is any integer and i = 1,2,..., N.

2.13

A system is BIBO stable if and only if a bounded input produces a bounded output.
y(n) = Z h(k)a(n —
ly(n)] Z\h )z (n — k)|
M, " |h(k
k

where |z(n — k)| < M,. Therefore, |y(n)| < oo for all n, if and only if

Z|h )| < oc.

IN

IN

2.14

(a) A system is causal < the output becomes nonzero after the input becomes non-zero. Hence,

z(n) =0 for n < n, = y(n) =0 for n < n,.

(b) )
n) =Y h(k)x(n— k), where z(n) = 0 for n < 0.

If h(k) =0 for k < 0, then
y(n) = Z h(k)x(n — k), and hence, y(n) = 0 for n < 0.
0

On the other hand, if y(n) = 0 for n < 0, then

Zh k) = h(k) =0,k <O0.
2.15
(a)
N
Forazl,Za" = N-M+1
n=M
fora;él,Za" = aM 4+t 4+ aV
n=M
N
(1—a) a” = a4 oMM N — N — VT
n=M
— gM _ N
24
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(b) For M =0,|a|] <1, and N — oo,

2.16

Nt 1

g a" = Jal < 1.
1—a
n=0

y(n) = h(n) * z(n) = {1,3,7,7,7,6,4}
Soyn) =35, S hk)=5 S alk)=T
n k

k

y(n) = {1747 27 74; 1}

4, > hk)y=2 > wx(k)=2

k

(]

<

g
Il

1 13 5
=0, 5=y, =2,0,—=, =2
y(n) { 727 272) ) ) 27 }

y(n) - {17 27 334a 5}

dyn)=15 > hn)=1, > z(n)=15

n

y(n) = {07()’ la _17 27 27 1a 3}

dyn)=8, D hn)=4, > x(n)=2

n

y(n) = {0707 ]-a _1a 27 27 ]-7 3}

Yoy =8, Y hm)=2 ) a(n)=4

n

y(n) = {Oa 1747 _47 _55 _17 3}

25
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Zy(”) = -2, Zh(n) =1, Zx(n) =9

n n

(8)
y(n) =uln) +uln —1) 4+ 2u(n — 2)
STym)=o0, Y hn)=o0, Y a(n)=4
(9)
y(n) ={1,-1,-5,2,3,-5,1,4}
Sum =0, Y hm=0 Y am=1
(10)
y(n) ={1,4,4,4,10,4,4,4,1}
d oy =36, Y hn)=6 Y a(n)=6
(11)
y(n) = [203)" ~ (3)"Ju(n)
Z?J(n) = g Zh(n) = % Zx(n) =2
2.17
(a)
z(n) = {%,1,1,1}
h(n) = {?’,5,473,2, 1}
y(n) = Y a(k)h(n—k)
k=0
y(0) = x(0)h(0) = 6,
y(1) = =z(0)h(1) +=z(1)h(0) =11
y(2) = z(0)h(2) +x(1)h(1) + x2(2)h(0) =15
y(3) = z(0)h(3)+ xz(1)h(2) + 2(2)h(1) + z(3)h(0) = 18
y(4) = z(0)h(4)+ z(1)h(3) + z(2)h(2) + z(3)h(1) + z(4)h(0) = 14
y(5) = z(0)h(5) +x(1)h(4) + z(2)h(3) + x(3)h(2) + x(4)h(1) + 2(5)R(0) = 10
y(6) = z(1)h(5)+ xz(2)h(4) + z(3)h(2) =6
y(7) = x(2)h(5)+x(3)h(4) =3
y(8) = a(3)h(5) =1
y(n) = 0,n>9
y(n) .11,15,18,14,10,6, 3, 1}

Il
—o

26
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(b) By following the same procedure as in (a), we obtain

y(n) = {6, 11,15, 1T8, 14, 10,6, 3, 1}

(¢c) By following the same procedure as in (a), we obtain
v = {1.2.2.2.1}
T

(d) By following the same procedure as in (a), we obtain

y(n) = {17272,2, 1}
T

2.18
(a)
12 _ 45
IE(’I’L) = {?737331337372}
h(n) = {171,%,1,1}
y(n) = xz(n)*h(n)
1 10 20 11
= {3, ,2,3,5,3,6,5,3,2}
(b)
z(n) = %n[u(n)—u(n—?)]7
h(n) = u(n+2)—u(n—23)
y(n) = z(n)*h(n)
. %n[u(n)—u(n—?)]*[u(n—l—?)—u(n—B)]
= %n[u(n) xu(n+2) —un)xun—3) —uln—"7) xuln+2)+uln—"7)xu(n — 3)]
yn) = SB(n+ 1)+ 6(n) + 2600 — 1) + L 6(n —2) + 55(n — 3) + 5'6(n —4) + 65(n — 5)
+58(n — 6) + 55(n — 6) + %15(7@ ST+ 6(n—8)
2.19
4
y(n) = Y h(k)z(n—k),
k=0
z(n) = {a_‘n’,a_Q,ofl,%,oz, ,as}
h(n) = {%,1,1,1,1}
27
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4
yin) = > x(n—k),-3<n<9
k=0
= 0, otherwise.

Therefore,
y(=3) = a7’
y(-2) = z(-3)+z(-2)=a3+a?
y(-1) = aP+a?+al,
y(0) = aP+a?4+at+1
y(1) = a3 +a?4+a ' +1+a,
y(2) = aP+a4+al+l4+a+a?
y(3) = al+l+a+a®+a’,
y(4) = a*+aP+at+a+l
y(5) = a+al+ad+at+a’,
y(6) = o?+ad+at+a’
y(7) = o +a*+a’,
y(8) = a*+a’,
y9) = o
2.20

a) 131 x 122 = 15982

b) {11,3,1} * {11,2,2} = {1,5,9,8,2}

c) (14+324+22)(1+224+222) =1+52+ 922 +82% + 224
d) 1.31 x 12.2 = 15.982.

e) These are different ways to perform convolution.

(
(
(
(
(

2.21
(a)
y(n) = zn: dF (k)™ Fu(n — k) = b zn:(azrl)k
k=0 k=0
= { it e 7}
(b)

2

—

2
Il

{1,2,1,1}
T
h(n) = {%,—1,0,0,1,1}

1,1,—%,0,0,3,3,2,1}

<

—

2
Il

28
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8
—
E

I

{17171313170,_1} )
T
{1,2,3,2,1}

T

{17 37 6a ?79787 57 1a _27 _27 _1}

{1,1,171,1} s

T

{0,”,17 1, 1, 17 1, 1}
T

)

n) = N(n)+NW(n-9)
)
)

=
&
[

<

—

S
[

B
=
I

= 4 (n)+y (n—9), where

{0,0, 1,2,3,4,5,5,4,3,2, 1}
7

2.22

yi(n) = o(n)* hin)

z(n) + z(n —1)

= {1,5,6,5,8,8,6,7,9,12,12,15,9}, similarly
{1,6,11,11,13, 16, 14, 13, 15,21, 25, 28, 24,9}
(0.5,2.5,3,2.5,4,4,3,3.5,4.5,6,6,7.5, 4.5}
{0.25,1.5,2.75,2.75, 3.25, 4, 3.5, 3.25, 3.75, 5.25, 6.25, 7, 6, 2.25}

— {0.25,0.5, —1.25,0.75,0.25, —1,0.5,0.25,0,0.25, —0.75, 1, -3, —2.25}

<
=
—~
3
| I

<
w
~—~ Y~
\_/\_/E/\_/
I

y3(n) = —wyi(n), because

hs(n) = =hi(n)

1
ya(n) = Zyg(n)7 because

1

ha(n) = 1h2(”)

(¢) y2(n) and y4(n) are smoother than y; (n), but y4(n) will appear even smoother because of the
smaller scale factor.

(d) System 4 results in a smoother output. The negative value of hs(0) is responsible for the
non-smooth characteristics of y5(n)
(e)

13 1 11 13 9
=22 1,2,1,-1,0,=,=,1,—=, 2, -~
yﬁ(n) {272a 1o g T Ty gy 2}

y2(n) is smoother than yg(n).

29
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2.23

We can express the unit sample in terms of the unit step function as d(n) = u(n) — u(n — 1).
Then,

h(n) = h

Il
>
—~ o~
2
*
=
3
~—
I
<
—
3
I
—_
N

= h

Using this definition of h(n)

y(n) = hn)a(n)

I
—
VA
—
S
~—
|
Vo)
—~
S
|
—
N
~—
*
8
—~
S
~

2.24
If
yi(n) = nyi(n—1)+x1(n) and
y2(n) = nya2(n—1)+ z2(n) then
z(n) = azi(n)+ bra(n)

produces the output
y(n) =ny(n — 1) + z(n), where

y(n) = ayi(n) + bya(n).
Hence, the system is linear. If the input is z(n — 1), we have
yin—1) = (n—1y(n—2)+x(n—1). But
yln—1) = ny(n—2)+z(n—1).

Hence, the system is time variant. If z(n) = u(n), then |z(n)| < 1. But for this bounded input,
the output is
y(0)=1, y(1)=1+1=2 y2)=2x2+1=5,...

which is unbounded. Hence, the system is unstable.

2.25
(a)
5(n) = y(n)—ay(n—1) and,
dn—k) = ~y(n—k)—ay(n—k—1). Then,
z(n) = > z(k)d(n—k)
k=—o00
= Y w®)h(n—k) —ay(n—k—1)]
k=—o00
30
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z(n)
Thus, cg
(b)
(c)
2.26

With x(n) = 0, we have

4
-1 =
y(n )+3

2.27

oo o0

= Y awk)yyn—k)—a D a(k)y(n—k-1)
k=—o00 k=—o00
= Z z(k)y(n —k) —a Z z(k—1)y(n —k)
k=—o00 k=—o00
— S ak) — azlh - Dy~ k)
k=—oc0
= z(k)—ax(k—1)
y(n) = Tlz(n)]
= 7] Z cxy(n — k)
k=—o0
= Z T [y(n — k)]
k=—o00
=Y e b
k=—oc0
h(n) = T[6(n)]
= T[y(n)—ay(n—1)]
= g(n)—ag(n—1)
yln—1) = 0
Y1) = —3u(-2)
W) = (—3)w(-2)
) = (-3)°%(-2)
y(k) = (,g)kﬁy(,g) «— zero-input response.

Consider the homogeneous equation:

y(n) — %y(n 1)+ éy(n —2) =0.

The characteristic equation is

1
- =0.A
6

5
22— A
At

W =

1
2a

31
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Hence,

The particular solution to
z(n) = 2"u(n) is

yp(n) = k(2")u(n).

Substitute this solution into the difference equation. Then, we obtain

B2 () — ()@ Juln — 1)+ ()" )uln — 2) = 2"u(n)
For n = 2,
5k k 8
dh—Frg=4=k=".

Therefore, the total solution is

y(n) =yp(n) + yn(n) = 2(2”)71(11) + cl(%)"u(n) + cﬂ%)”u(n)

To determine ¢; and ¢y, assume that y(—2) = y(—1) = 0. Then,

y(0) =1 and
5 17
1)=-y(0)+2=—
y(1) = Zy(0) +2 =
Thus,
§+c +cg = 1=c¢+c ,7%
5 1 2 = 1 2= Tk
E%—lc +lc = E:>3c +2 S
5 12T 3%2 T 5 1T =Ty
and, therefore,
2
Cl—_1,02:5.
The total solution is . ) 5 1
— [ 22" — (=" “ro\n
yn) = | = G+ 2G)" v
32
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2.28

Fig. 2.28-1 shows the transient response, y.;(n), for y(—1) = 1 and the steady state response,
Yzs (n)

1
©
08| @ i
o)
®
0.6 i
0.4 1
lii *
0 TTTTCr?CF?CPCFQQQQQQQO@@O@OOG\(\(\MH{T\MK\(\N
0 5 10 15 20 25 30 35 40 45 50
Normalized Transient Response
° 0000000 PPPPPTP PY PYYY
009P?
8l 099 .
o®
o
6, —
4l _
il *
L
0 5 10 15 20 25 30 35 40 45 50
Steady State Response
Figure 2.28-1:
2.29
h(n) = hi(n)*ha(n)
= Z a*lu(k) — u(k — N)][u(n — k) — u(n — k — M)]
k=—o0
= Z a*u(k)u(n — k) — Z a*u(k)u(n — k — M)
k=—o0 k=—oc0
_ i k _ _ .- k _ b
a"u(k — N)u(n — k) + Z a"u(k — N)u(n —k — M)
k=—o0 k=—o0
n n—M n n—M
- (e T (ne )
k=0 k=0 k=N k=N

33
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2.30

y(n) =3y(n —1) — 4y(n — 2) = x(n) + 22(n — 1)

The characteristic equation is
M —3\—-4=0.

Hence, A =4, —1 and
yn(n) = c1(n)4" + co(—1)™.

Since 4 is a characteristic root and the excitation is
z(n) = 4"u(n),
we assume a particular solution of the form
yp(n) = knd"u(n).

Then
knd™u(n) — 3k(n — 1)4" tu(n — 1) — 4k(n — 2)4" 2u(n — 2)

=4"u(n) +2(4)" tu(n — 1)

. Forn =2,

k:(32—12):42—|—8:24—>k:g
The total solution is
y(n) = yp(n) +yn(n)
= gn4n + 14" + c2(=1)" | u(n)
To solve for ¢; and ¢y, we assume that y(—1) = y(—2) = 0. Then,
y(0) =1 and

y(1) =3y(0)+4+2=9

Hence,
c1+cy=1and
24
E —+ 401 — Cy = 9
21
461 — C2 = E
Therefore,
o 26 den— 1
L7 o5 M= Tos
The total solution is
6 26 1
= | Zp4qm ZEgqn (1)
y(n) = [gna + 247 — = (1" [ u(w)
34
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2.31
From 2.30, the characteristic values are A = 4, —1. Hence
yn(n) = 14" + co(—1)"

When z(n) = 6(N), we find that
y(0) =1 and

y(1) —3y(0) =2 or

y(1) =5.
Hence,
ci1+co=1and 4cy —c2 =5
This yields, ¢; = % and cp = f%. Therefore,
1
) = |24 = -0 i)
2.32

(a) L1 :N1+M1 and L2 :N2+M2
(b) Partial overlap from left:

low N1+M1 hlgh N1+M2—1
Full overlap: low Ny 4+ M, high Ny + M,
Partial overlap from right:

low N2+M1+1 hlgh N2+M2

(c)
xz(n) = {1,1,1,171,1,1}
T

h(n) = {2,%,2,2}

N, = -2

Ny = 4,

M, = -1,

M, = 2,

Partial overlap from left: n=-3 n=-1 L;=-3
Full overlap: n=0 n=3

Partial overlap from righttn =4 n=6 Ly =26

35

© 2007PearsorEducationnc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portion of this materialmaybereproducedin anyform or by anymeanswithout permissiorin
writing from the publisher. Forthe exclusiveuseof adopterf thebookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



2.33
(a)
y(n) —0.6y(n — 1) + 0.08y(n — 2) = x(n).

The characteristic equation is
A% — 0.6\ + 0.08 = 0.

A =0.2,0.4 Hence,

=z +ten
Ynn) = 015 025 .
With x(n) = §(n), the initial conditions are
y(0) = 1,
y(1) — 0.6y(0) = 0= y(1)=0.6.
Hence,ci +c2 = 1 and
1 2
5014—5 = 06=c =-1,c5 =3.

Therefore h(n) [—(;)” + 2(2)”] u(n)

The step response is

s(n) = Zh(n—k),nzo

(b)
y(n) —0.7y(n — 1) + 0.1y(n — 2) = 2z(n) — z(n — 2).

The characteristic equation is
A’ —0.7A+0.1=0.

A= %,% Hence,

1 1
yh(n):cli —|—czg .
With z(n) = §(n), we have
y(0) = 2,
y(1) = 0.7y(0) = 0= y(1)=1.4.
Hence,ci + ¢ = 2 and
1 1
561 —+ g = 14 = =
=c1+ gc = E
P T
These equations yield
_o 4
1 = 3 ,C2 = 3
10,1 4.1
h _ [ YO A Y
) = |5G)"-56)" uw
36
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The step response is

s(n) = Z h(n — k),

k=0
101, 4~ 1,
= L g
k=0 k=0
10,1, 4.1
= 3(2)”22’“—5(5)";5’“
= 26T ) - 5 67— 1)
2.34
1111
h(n) = {%727478316}
yn) = {%,2,2.5,3,3,3,2,1,0}
2(0)h(0) = y(0) = z(0) =1
%x(()) + (1) y(1) = z(1) = ;

By continuing this process, we obtain

3373
x(n) = {1,2,2,4,2,.. }
2.35
(a) h(n) = hi(n) * [ha(n) — hs(n) * ha(n)]
(b)
hz(n) % ha(n) (n—1u(n—2)
ha(n) — hz(n) x hg(n) = 2u(n)—4d(n)
hi(n) = %(5(n) + ié(n -1)+-6(n—-2)
Hence h(n) = [;6(11) + ié(n -1+ %6(11 - 2)] * [2u(n) — 6(n)]
= %6(71) + gé(n —1)+206(n—2)+ gu(n —-3)
(c)
z(n) = {1,0,?,370, 4}
15 2513
y(n) = {2,4,%,4,2,5,2,0,0,...}
37
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2.36

First, we determine

For z(n) = u(n + 5) — u(n — 10), we have the response

antt —1 an -1
s(n+5)—s(n710):ﬁu(n+5)f — u(n — 10)
From figure P2.33,
y(n) = x(n)*h(n) —z(n)*h(n—2)
n-+6 n—
Hence, y(n) = %u(n +5)— a i; 1u(n —10)
_a":i un+3) + “:_1 —Lu(n —12)
2.37
h(n) = [u(n) —u(n—M)]/M
s(n) = > u(k)h(n—k)
k=—o00
” ntl o< M
— k_oh(n—k‘)z{lfw n> M
2.38
Yool = Y e
n=-—00 n=0,neven
= > o
n=0
_ 1
- 1—|al?

Stable if |a| < 1

38

© 2007PearsorEducationnc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portion of this materialmaybereproducedin anyform or by anymeanswithout permissiorin
writing from the publisher. Forthe exclusiveuseof adopterf thebookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



h(n) = a™u(n). The response to u(n) is

yi(n) = Y ulk)h(n— k)

1—qnt!
= —u(n)
1—a
Then, y(n) = y1(n) —y1(n —10)
1

= o [0=a"Mu(n) = (1 - a"")u(n - 10)]

2.40

We may use the result in problem 2.36 with a = % Thus,
1 n+1 1 n—9
ym) =2 1= ()" ulm) =2 |1 (5)"° | u(n — 10)

2.41

k=0

= Z(%)k:Q,n<O

k=0

39
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2.42

2.43

= > h(k)
k=n
= G
k=n
o) n—1
= Y -G
k=0 k=0
SR . 2
2
= 2(%)",1120

hi(n) x ha(n) * hy(n)

[6(n) —d(n —1)] *xu(n) * h(n)
[u(n) —u(n — 1)] x h(n)

8(n) * h(n)

h(n)

(a) z(n)d(n — ng) = x(no). Thus, only the value of z(n) at n = ng is of interest.
xz(n) * 6(n —ng) = x(n — ng). Thus, we obtain the shifted version of the sequence z(n).

(b)

Time Invariance:
z(n) — y(n)

z(n —no) — y1(n)

(¢) h(n) = d(n —ng).

= Y h(k)z(n—k)
k=—o0
= h(n)xz1(n)
= h(n)*xx2(n)
= awy(n) + Bra(n) — y(n) = hn) « z(n)
= h(n)* [ax1(n) + Bz2(n)]
= ah(n) *xx1(n) + Bh(n) * z2(n)

= h(n)*z(n —mng)
= Zh(k)x n—mng—k)
k
= y(n—mnop)
40
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v(n) b VR s(n)
g L
z
;1
21
-a
N

Figure 2.44-1:

41
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s(n) @ b, v(n)

e

» =0

;31

Figure 2.44-2:

2.45
y(n) = —gyln—1)+a(n) + 20(n ~2)
U-2) = —gy(-3)+a(-2) +2(—4) =1
YD) = gy a(-1) +2a(-3) =
WO) = —5y(-1)+20(-2) +a(0) =
y(l) = —%y(O) +2(1) +22(-1) = %, etc
2.46
(a) Refer to fig 2.46-1
(b) Refer to fig 2.46-2
42
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x(n) f;\ 12 y(n

O

Figure 2.46-1:

2.47

1 3
v1) = Ly0) +a(1) +2(0) = -
1 3
y(2) = §y(l) +z(2)+2(1) = 1 Thus, we obtain
333 3 3
= 1, -, — —, —
vy = {13222 2]

(b) y(n) = 5y(n — 1) +x(n) + z(n — 1)

(¢) As in part(a), we obtain
{1313 2 61
y - Y 27 4 ) 8 3 16’ A
(d)

u(n) * h(n)

y(n) )
= > u(k)h(n—k)
k

43
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x(n) y(n)

+
21
-1
21
-2 +
21
21
-3
Figure 2.46-2:
= Y h(n—k)
k=0
y(0) = h(0)=1
5
y(1) = h(0)+h(1) =
y(2) = h(0)+h(l) +h(2) = —, etc
(e) from part(a), h(n) = 0 for n < 0 = the system is causal.
> 3 11 :
Z |h(n)] =1+ 5(1 + 3 + 1 +...) =4 = system is stable
n=0
2.48
(a)
y(n) = ay(n —1)+ bx(n)
= h(n) = ba"u(n)
> b
Z h(n) = =1
o l1—-a
=b = 1-a.

44
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s(n) = h(n — k)
k=0
_ an+1
= b[lla ]u(n)
s(o0) = 1 E o= 1
=b = 1—a
(¢) b=1—a in both cases.
2.49
(a)
y(n) = 0.8y(n—1)+2x(n)+3x(n—1)

y(n) — 0.8y(n — 1)
The characteristic equation is

2z(n) + 3z(n —1)

A—=08 = 0
A = 08
yn(n) = ¢(0.8)"

Let us first consider the response of the sytem

y(n) —0.8y(n — 1) = z(n)

to z(n) = §(n). Since y(0) = 1, it folows that ¢ = 1. Then, the impulse response of the original
system is

h(n) = 2(0.8)"u(n)+3(0.8)" tu(n —1)
= 20(n) +4.6(0.8)" tu(n —1)

(b) The inverse system is characterized by the difference equation
1
z(n) = —1.5z(n—1)+ §y(n) —0.4y(n—1)

Refer to fig 2.49-1

2.50

y(n) =09y(n—1)+z(n) +2z(n — 1) 4+ 3z(n — 2)
(a)For x(n) = d(n), we have

y(0) = 1,

y(l) = 2.9,

y(2) = 561,

y(3) = 5.049,

y(4) = 4.544,

y(5) 4.090, . .
45
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y(n) N 05 x(n)

+
Z-l
15 -04
Figure 2.49-1:
(b)
s(0) = y(0)=1,
s(1) = y(0)+y(1)=391
s(2) = y(0)+y(l)+y(2) =9.51
s(3) = w(0)+y(1)+y(2) +y(3) =14.56
4
s4) = > y(n)=19.10
0
s(5) = > y(n)=23.19
0
(c)
h(n) = (0.9)"u(n)+2(0.9)" tu(n — 1) + 3(0.9)" 2u(n — 2)
= &(n) +2.95(n — 1) + 5.61(0.9)"2u(n — 2)
2.51
(a)
y(n) = %x(n) + %x(n —-3)+y(n—-1)
for z(n) = d(n), we have
1112222
(O FE
(b)
yn) = Sun—1)+ Syn—2)+ srln—2)
with z(n) = d(n), and
y(=1) = y(—2) =0, we obtain
113 1 11 15 41
hn) = {0’0’2’4’16’8’128’256’1()24"”}

46
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y(n) = l4y(n—1)—0.48y(n —2) + z(n)
with z(n) = §d(n), and
y(—=1) = y(—-2) =0, we obtain
h(n) = {1,1.4,1.48,1.4,1.2496,1.0774,0.9086, ...}
(d) All three systems are IIR.
(e)
y(n) = 1l4y(n—1)—0.48y(n —2) + z(n)
The characteristic equation is
A —1.4XA+048 = 0 Hence
A = 0.8,0.6. and
yn(n) = ¢1(0.8)" 4+ ¢2(0.6)"For x(n) = §(n). We have,
ci1+ce = 1and
0.8¢;1 +0.6ca = 14
=c = 4,
cs = —3. Therefore
h(n) = [4(0.8)" —3(0.6)"] u(n)
2.52
(a)
hi(n) = cod(n)+c16(n—1)+ c20(n — 2)
ha(n) = bad(n) +b16(n—1) 4+ bed(n —2)
hs(n) = agd(n)+ (a1 + apaz)d(n — 1) + araxd(n — 2)
(b) The only question is whether
h3(n) = ho(n) = hi(n)
Let a9 = ¢y,
ay +azcg = cq,
asa; = co. Hence
= +agscg—c1 = 0
az
= coag —ciaa+ce = 0

For ¢y # 0, the quadratic has a real solution if and only if

c? —4cgeg >0

2.53
(a)
ym) = gyln—1)+a(n) +a(n 1)
For y(n) — %y(n ~1) = &(n), the solution is
M) = () uln) + ()" uln 1)
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(b) hn(n) * [6(n) +6(n — 1)]

(3)"u(n) + (3)" u(n - 1).

2.54
(a)
convolution: y1(n) = {%, 3,7,7,7, 6,4}
correlation: y1(n) = {1, 3,7,7, Z, 6,4}
(b)
convolution: ya(n) = {;, 9, %, -2, %, —6, fg, 2}
correlation: y1(n) = {;, 9, g, -2, %, -6, —g, —2}
Note that ya(n) = y2(n), because ha(—n) = ha(n) (¢

convolution: ys(n) = 11 20, 30,20,11,4

correlation: y1(n) = 41,4,10, 20 25,24, 16}

/—Hr—/H

convolution: y4(n)

1,4,10, 20, 25, 24, 16}
!

{4, 11,20,30,20, 11, 4}

correlation: y4(n) =
Note that hg(—n) = ha(n+3),
hence, 73(n) = ya(n+3)
and hq(—m) = hsz(n+3),
=q(n) = ys(n+3)
2.55
Obviously, the length of h(n) is 2, i.e.
h(n) = {h07 hl}
hy = 1
3ho+h1 = 4
=hy = 1,hh=1
2.56
N M
(2.5.6) y(n) = - Z ary(n — k) + Z brx(n —k
k=1 k=0
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N
(259 whn) = - Z arw(n — k) + x(n)
k=1

M
(2.5.10)  y(n) > brw(n — k)
k=0

From (2.5.9) we obtain
N
z(n) =w(n) + Z arw(n —k)  (A)
k=1

By substituting (2.5.10) for y(n) and (A) into (2.5.6), we obtain L.H.S = R.H.S.

2.57
y(n) —dy(n —1) +4y(n—2) = w(n)—a(n—1)
The characteristic equation is
N —4dr+4 = 0
A = 2,2, Hence,
yn(n) = 12" + can2™

The particular solution is
yp(n) = k(=1)"u(n).
Substituting this solution into the difference equation, we obtain
E(—=1)"u(n) — 4k(=1)" " u(n — 1) + 4k(=1)""2u(n — 2) = (=1)"u(n) — (=1)"tu(n — 1)
For n=2,k(1+4+4)=2= k= 2. The total solution is

2
y(n) = [e12" 4+ con2™ + §(—1)” u(n)

From the initial condtions, we obtain y(0) = 1,y(1) = 2. Then,

+2
C — =
'y

= Cc =

2
261+262—§ =

= Cy =

Wl N ol =

2.58

From problem 2.57,
h(n) = [c12™ + can2™] u(n)

With y(0) = 1,y(1) = 3, we have

c; = 1
2c1 +2c0 = 3
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1
= Cy = 5
n 1 n
Thus h(n) = [2 + 5712 }U(")
2.59
xz(n) = x(n)*d(n)
= z(n)* [u(n) —uln — 1))
= fa(n) — a(n — 1)) * u(n)
= Y [wk) =2k — D] u(n — k)
k=—o0
2.60
Let h(n) be the impulse response of the system
k
s(k) = > h(m)
=h(k) = s(k)—s(k—1)
y(n) = Y h(k)z(n—k)
k=—o0
= Y [s(k) = s(k—D]a(n— k)
k=—o0

2.61

z(n) =

1, ng—N<n<nyg+ N
0, otherwise

Y

ol L “N<n<N
n = 0, otherwise

oo

)= Y w(m)a(n ~ 1)

n=—oo

The range of non-zero values of ~,,(l) is determined by
ng—N<n<ng+N

ng—N<n—-I<ng+N
which implies

—2N <[ <2N

For a given shift [, the number of terms in the summation for which both x(n) and x(n — ) are
non-zero is 2N + 1 — |I|, and the value of each term is 1. Hence,

=[N +1-ll, 2N <i<2N
Yo\ =0, otherwise
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For v44(1) we have

R
2.62
(a)
ea(=2) = 2(0)a(2) + 2(1)(3) = 3
Yax(—1) = z(0)x(1) +2(1)2(2) + 2(2)z(3) =5
3
Vux(0) = Z a?(n) =7
n=0
Also Yau (1) = 7zx(l)
Therefore 7v,,(l) = {1,375,?,5,3, 1}
(b)
Yyy(D) = Z y(n)y(n —1)
We obtain B
'Vyy(l) = {173a577,57371}

we observe that y(n) = x(—n + 3), which is equivalent to reversing the sequence x(n). This has
not changed the autocorrelation sequence.

2.63
Yeall) = D a(m)a(n—1)
n=-—o00

_ 2N +1—|l|, —2N <[<2N

o 0, otherwise
Yz (0) = 2N +1

Therefore, the normalized autocorrelation is
1
Tx l = - y <<

Paa(l) 2N+1(2N+1 ), —2N <1< 2N

= 0, otherwise

2.64

Yo (D) = Z x(n)z(n —1)

n=-—oo

o1
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o0

— Z [s(n) +y18(n — k1) + y2s(n — ko) *

[s(n — 1) +ms(n —1 — k1) +y2s(n =1 — k2)]
= (142 3 Yss (1) + 1 [yss (4 K1) +vss(l — k1)
+,Y2 [’Yss(l + k2) + ’Yss(l — k’g)]
7172 [Yss (U + k1 = k2) +Yss (1 + k2 — k1))
(b) 72z (1) has peaks at | = 0,+ky, ko and (k1 + k2). Suppose that k1 < ka. Then, we can

determine v; and k1. The problem is to determine 5 and ks from the other peaks.
(c) If 49 = 0, the peaks occur at [ = 0 and [ = +k;. Then, it is easy to obtain v; and k.

2.65

(a) The shift at which the crosscorrelation is maximum is the amount of delay D.
(b) variance = 0.01. Refer to fig 2.65-1.
(b) Delay D = 20. Refer to fig 2.65-1.

1 15
1
0.5
— __ 05
c <
X >
A0 roO
| | _05
-05
-1
-1 -1.5
0 50 100 150 200 0 50 100 150 200
-—>n -—>n
15
10
B
X 5
N
|
|
0
-5
-20 0 20
__>|

Figure 2.65-1: variance = 0.01

(¢) variance = 0.1. Delay D = 20. Refer to fig 2.65-2.

(d) Variance = 1. delay D = 20. Refer to fig 2.65-3.

(e) z(n) ={-1,-1,—-1,4+1,+1,+1,+1,—-1,+1,—-1,+1,+1,—1,—1,+1}. Refer to fig 2.65-4.
(f) Refer to fig 2.65-5.
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Figure 2.65-2: variance = 0.1
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Figure 2.65-3: variance = 1
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2.66

(a) Refer to fig 2.66-1.
(b) Refer to fig 2.66-2.

impulse response h(n) of the system
T T

0.5r

—=> h(n)

45 50

20 25 30 35 40

-0.5
0
-—>n

Figure 2.66-1:

(¢) Refer to fig 2.66-3.
(d) The step responses in fig 2.66-2 and fig 2.66-3 are similar except for the steady state value

after n=20.
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zero-state step response s(n)
1.6 T T T T T

5 10 15 20 25 30 35 40 45 50
—>n

Figure 2.66-2:

step response
T T T

5 10 15 20 25 30 35 40 45 50
-->n

Figure 2.66-3:

56

© 2007PearsorEducationnc., UpperSaddleRiver,NJ. All rightsreservedThis materialis protectedunderall copyrightlaws
astheycurrentlyexist.No portion of this materialmaybereproducedin anyform or by anymeanswithout permissiorin
writing from the publisher. Forthe exclusiveuseof adopterf thebookDigital SignalProcessingi-ourthEdition, by JohnG.
ProakisandDimitris G. Manolakis.ISBN 0-13-187374-1.



2.67

Refer to fig 2.67-1.

—-=>h(n)

0 10 20 30 40 50 60 70 80 90 100
-->n

Figure 2.67-1:
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