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DRILL PROBLEMS

Problem 2.1
Evaluate the Fourier transform of the damped sinusoidal wave g(¢) = exp(—¢)sin(27f .t)u(t)

where u(t) is the unit step function

Solution

The Fourier transform of g(¢) is

G(f) = f: exp (1) sin (27Uf ) sin (=j27Uf ,¢)dt
- 2i] J':’ exp (=) [ exp (J2TUf 1) — exp(=j2TLf .1)] exp (—j2TY7)dt
= 5, lewp(2n(/ = e =0l
= L e 2n ) + L exp((—j2n(s +f)t)-t)r
(7, — -1 c A, — 1)+ 1 c 0
10 1 + 1 0
2jben(f - -1 j2n(f,~f)+ 15
2T = )+ D)+ (G2, - 1) - 1)
= —[ ]
2jn 1+410(f, - 1) O
2nf ¢
1+t - 1)
Problem 2.2

Determine the inverse Fourier transform of the frequency function G(f) defined by the amplitude
and phase spectra shown in Fig. 2.5.
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Solution
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Note: If we let W - o, G(f) — jsgn(t), the inverse of which _nlt . This result agrees with the

limiting value of the solution for W = oo.

Problem 2.3
Suppose g(¢) is real valued with a complex-valued Fourier transform G(f). Explain how the rule of
Eq. (2.31) can be satisfied by such a signal.

Solution
With G(f) being complex valued, we may express it as

G(f) = G(f)+JG(f)

where G,(f) is the real part of G(f) and G,(f) is its imaginary part. Hence,
G(0) = G,(0) +jG,(0).

According to Eq. (2.31) in the text,

[l = G,(0)+jG,(0)

With g(¢) being real valued, this condition can only be satisfied if the imaginary part G40) is zero.

Problem 2.4
Continuing with Problem 2.3, explain how the rule of Eq. (2.32) can be satisfied by the signal g(¢)
described therein.

Solution

Since g(7) is real valued, it follows that the integral Ioo G(f)df must likewise be real valued. For
—00
this condition to be satisfied, the imaginary part of G(f) must be an odd function of f.
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Problem 2.5
Develop the detailed steps that show that the modulation and convolution theorems are indeed the
dual of each other.

Solution
The modulation theorem states that
0
g1(0)g, (1) = J-_ooGl()\)Gz(f—)\)dA (1)

To apply the duality theorem, we say that if
21(1)g,(t) = X(f), then
X(f) = g1(=/)g(=/)
For the problem at hand, we may therefore write
0
[ GG =Nk = g, (=Nea(=/) @
Next, we apply Eq. (2.21), which states that if g(z) = G(f) then g(—t) = G(—f). Hence,
applying this rule to Eq. (2), we may write

[ GG =0d < g,(Negs(f)

which is a statement of the convolution theorem, with G (¢) = g,(f) and G,(¢) = g,(f).

Problem 2.6
Develop the detailed steps involved in deriving Eq. (2.53), starting from Eq. (2.51).

Solution
According to Eq. (2.51),

[ &g, -0t = G,())G,(/)

According to Eq. (2.21), if g(#) = G(f),then g(—t) = G(—f). Hence, applying this rule to the
problem at hand, we may write

[ 21@gyt=0dt = G, (/)Gy(=/)

Next, we note that if we complex conjugate the term g,(T - £), then the conjugation theorem of Eq.
(2.22) teaches us that

[ &@gT=0dt = G, (/)Gy(~/)

which is the desired result, except for the fact that we have interchanged the roles of variables t
and T.

Problem 2.7
Prove the following properties of the convolution process:
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(a) The commutative property:
g1(1)Ug,(1) = g,(1)U g (2)

Proof:
2008, = [ gi(Meyt -t

= [ et=Dg (0t

Replace ¢ - T with A. That is, T=17- A. Hence

@002y = &M (t=N)dA

= [ Mg (=N

= g,(1)0g(?)

(b) The associative property:
g1()0[g,()0g5()] = [g,(1)D g, ()]0 g5(7)

Proof:
Let
x(1) = g,(1)Ugs(2)

= [ &g -1

Hence

1(r) = g (00 égd%)ggﬁ%)]m = J'O_ooogl(?\)X(f—A)d?\

0 0
= I g1(7\)I 2,(T)g5(t =T =A)dtdA (1)
—00 —00
Replace T + A with ; that is, T = [ - A. Hence, keeping A fixed, we may write
o0 (o]
1) = [ gl g2(m=Ngs(r —p)dudr @)

With [ fixed, the integral Ioo g1(A)g,(L—A)dA is recognized as the convolution of g;(H) and
—0
g>(H), as shown by

gnn) = I:ogl(}\)gz(u_)\)d)\ = g, (WUg,(K)

We may therefore rewrite Eq. (1) as
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I(t) = ﬁnglz(u)&(t—u)du = gp(0)0g5(1) = [g1()0 g, ()] O gs(1)

(c) The distributive property:
g1(O0[g,y(1) + g5(2)] = g(1)0g,(2) + g, (1)U g5(1)
Proof:

g1(1)0[gy(1) +g5(0] = j:ogl(T)[gz(t—T) +g3(1-T)]dt

[ ag-va+ [ g e i-nar

g1(1)0g, (1) + g (1)U g5(2)

Problem 2.8
Considering the sinc pulse sinc(¢), show that

J’oo sincz(t)dt =1

Solution
This integral may be viewed as

I = .[00 sinc(¢) Dhinc () ds
—00

which, in light of Rayleigh’s energy theorem, may also be expressed as

00

1= IF[sinc()]|*df

From Eq. (2.25) in the text, we have
F[sinct] = rect(f)
Hence,
© 2
I = I rect (f)df
—00
172 5

= 1°d
—1/2 4

=1

Problem 2.9
Determine the Fourier transform of the squared sinusoidal signals:

(i) g(f) = cos’(21f 1)

(i) g(f) = sin*(21f 1)
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Solution
(1) Using the trigonometric identity

cos’@ = %(l + c0s20)
we may express g(7) as

o(f) = %(1 + cos4TLf 1)

Hence,
1 1 1

G(f) = 50(/)+ 78/ =21) + 78(/ +21,)
(i1) Next, using the trigonometric identity

sin“@ = %(1 —c0s20)

we may write

sin2(2T[fCt) = %(1 — cos4Tif 1)

Hence,

G(/) = 38(/) =380/ =) =38(f + 1)

Problem 2.10
Consider the function

g(r) = 8+ 0-83 -0

which consists of two delta functions at ¢t = i% . The integration of g(¢) with respect to time ¢
yields the unit rectangular function rect(¢). Using Eq. (2.79), show that
rect(¢) = sinc(f)

Solution

To begin, consider the transform pair

o(t) = 1

Hence, the Fourier transform of g(¢) is

G(f) = exp(jTyft) — exp(—jTY?)

from which we readily deduce that G(0). Hence, applying Eq. (2.79) in the text yields
1

A

- ) - e

where we have used the identity

sin(1y/) = il—j(ef"f—e‘f“f )

F[rect(?)] =

[exp (V) — exp(—/TY)]
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Problem 2.11
Using the Euler formula

cosx = 3exp[(jx) + exp(=j)]

reformulate Egs. (2.91) and (2.92) in terms of cosinusoidal functions.

Solution

o) (e -1

Z exp(j2Tnft) = Z exp(j2Tn fyt) +1 + Z exp (j21n f'yt)
n=-00 n=1 n=-oo

[oe]

= 1+ 3 [exp(j2T0n o) + exp (2701 /1)

n=1
=1+2 % cos(21n f 1)
We may therefore reformulr;:cla Eq. (2.91) as
% oO(t—mT,) = f0+2f0§ cos(21un f't)
m=-c0 n=1

where fo = 1/T.
Similarly, we may write

z cos(j2Tun fyt) = 1+2 z cos (2Tun f t)
Nn=-00 m=1

Hence, we may reformulate Eq. (2.92) as

1+2 z cos(2Qmumfyt) = T, z oO(f=nfy)
m=1 n=-

Problem 2.12

Discuss the following two issues, citing examples for your answers:

(a) Is it possible for a linear time-invariant system to be causal but unstable?
(b) Is it possible for such a system to be noncausal but stable?

Solution
(a) Itis possible for a system to be causal but unstable. Causality means that the impulse response
of the system A(7) must be zero for negative ¢. Instability means that the BIBO criterion

00

J’_ |h(2)|dt < o

is violated. Such a system could be represented by the impulse response
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[ <
h(t):DO fort_()
[0 exp(¢) for t>0

(b) By the same token, it is possible for the system to be stable but noncausal. In this second case,
we may cite the impulse response

[ <
h(1) = 0O exp(t) for t<0
0o for t>0

What does Problem 2.12 teach us?
The problem teaches us that the properties of stability and causality are independent.

Problem 2.13
The impulse response of a linear system is defined by the Gaussian function

O 20
h(t) = exp3F—_
| 2'[2D

where the parameter T is used to adjust duration of the impulse response. Determine the frequency
response of the system.

Solution
From Eq. (2.40) in the text, recall that
exp (—T[tz) = exp(—Tf 2)
Next, from the dilation property of the Fourier transform described in Eq. (2.20), recall that if
h(t) = H(f),then
1
War) = it %5

where a is the dilation parameter. For the problem at hand, we have

Fl
2T T

Accordingly, the frequency response of the system is

H(f) = 2T texp(=2101°f%)

Problem 2.14
A tapped-delay-line filter consists of N weights, where N is odd. It is symmetric with respect to
the center tap, that is, the weights satisfy the condition

W, = Wa_in» 0snsN-1

(a) Find the amplitude response of the filter.
(b) Show that this filter has a linear phase response. What is the implication of this property?

Solution
The impulse response of the filter is
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N-1

h(t) = Z w,0(t —nAT)
n=0
Hence, the frequency response of the filter is
N-1

H(f) = Z w,, exp (—/2TnfAT)
n=0
To illustrate, consider the example of N = 5. Then
H(f) = wo T W, exp (—j2TfAT) + W, eXp (—j41/AT) + Wi exp (—jOTYAT) + W4 eXp (—781fAT)
= exp(—j41TfAT)[w0exp(j4T[fAT) +wy exp (j2T/AT) + Wy tws exp (—j2TfAT)
+w4exp(—j4T[fAT)] (1)
For this example, the symmetry condition
w, = Wy, for0<n<N-1
reads as
w, = Wy, forO0<n<4
Hence, wy = w4 and wy = ws3. Accordingly, we may rewrite Eq. (1) as
H(f) = exp(—j4T/AT)[wyexp (j4TYAT) + exp (—j4TYAT)
+w, (exp(j2TfAT)) + exp (—j2TfAT)
+ w2]
= exp(—j4T/AT)[2w,cos (4TFAT) + 2w, (2TAT) + w,]
We may therefore generalize this result as

AL

2
H(f) = exppg ]2T[EN DfATD wN1+2 z w,, cos (2T fAT)
n=0

(a) The amplitude response of the filter is therefore

Nl
2
[H(f) = wy+2 z w,, cos (2TinfAT)
2 n=0

(b) The phase response of the filter is therefore

arg(H(f)) = exp%—]2ﬂD >0 fATD

which is linear with respect to the frequency f. The implication of this condition is that except
for a delay, there is no phase distortion produced by the filter.

Problem 2.15
Derive the relationship of Eq. (2.142) between the two cross-correlation factors R,(T) and R, (T).
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Solution
By definition
Ryx(r) = Iooy(t)x (t—1)dt

Complex conjugate both sides of the equation:

R(1) = J'woox(t—r)y*(t)dt

Next, replace T with -T:

Ry (-1) = f’ x(r+ 1)y (1)dt

Finally, replace ¢ + T with #, which is equivalent to replacing ¢ with ¢ - T; we therefore (since dt
remains unchanged)

R (-1) = J'oooox(t)y*(t—T)dt = R,(1)

Problem 2.16
Consider the decaying exponential pulse

Eexp(—at) t>0
g(t) = E 1, t=0
0o, t<0

Determine the energy spectral density of the pulse g(7).

Solution
The Fourier transform of g(7) is (see Eq. (2.12) in the text

_ 1
G(f) = m

The energy spectral density of the pulse is therefore
2
E(f) = 1G(/)
1

T o esfc<e
a +41m f

Problem 2.17
Repeat Problem 2.16 for the double exponential pulse

% exp(—at), t>0
g(n) = E 1, t=0
0 exp(at), <0

Solution
The Fourier transform of g(¢) is (see Eq. (2.16))

IADC
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2a

G(f) =
a’ +ATC f 2
The energy spectral density of the double exponential pulse is
2
Eg(f)zﬁ, —00<f<00
(a" +41f7)

Problem 2.18
In an implicit sense, Eq. (2.153) embodies Parseval’s power theorem, which states that for a
periodic signal x(t) we have

[oe]

1 .1/2 5 5
TI_T/2|X(1)| de = % | X(nfy)

n=-00
where 7 is the period of the signal, f;, is the fundamental frequency, and X(nf)) is the Fourier trans-
form of x(#) evaluated at the frequency nf(,. Prove this theorem.

Solution
Adapting Eq. (2.86) to the problem at hand, we may write

(o]

xp(t) = £, z X(nfy)exp(j2mnf ) (1)
n=-oo
where
[l
T T
] <<
xp(r) = g 313
E 0, otherwise
1
fo= 7

and X(nf()) is the Fourier transform of g(¥), evaluated at the frequency f= nf,,. Using Eq. (1) to
evaluate the integral

L2 o)
i

we write

772 02 oge . 0
= fOJ'_T/ZEngoo)((nfo)exp(]ZT[nfotEEm_Z_mX (mfo)exp(—]2nmfot)|adt

= [0 3 Xf )X s [  exp(jamta—m) s @

To evaluate the integral on the right-hand side of Eq. (2), we write

2 xp (2T (n=m) f o)t = ———— exp(j27i(n=m) £ 1) ">
I—T/Z Py 0 J21(n-m)f Py 0 |t=—T/2
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= oL P (Tr=m) = exp—jin —m)]

1
(n—m)f,

Whenever the indices n and m are assigned different integer values, Eq. (3) assumes the value

zero. On the other hand, whenever the indices are assigned the same integer value, the integral in

Eq. (3) assumes the limiting value

1 lim sin(m(n—m)) _ 1

f 0 n=m T[(n - m) f 0

Accordingly, we may simplify Eq. (3) as

sin(1(n —m)) 3)

O
T/2 _ U L, n=m
I exp(j2T(n—m)fyt)dt = O f, “4)
-T/2 0 .
] 0, otherwise

Hence, substituting Eq. (4) into (2), we get

[oe]

1=y X (nfo) (5)
n=-o
We finally write

1 T72 2 : 2
7)., x0lde =% | X(nfy)

which is the desired result.
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ADDITIONAL PROBLEMS
Problem 2.19

(a) The half-cosine pulse g(¢) of Fig. 2.40(a) may be considered as the product of the rectangular
function rect(#/T) and the sinusoidal wave Acos(Tt/7). Since

rect%g = Tsinc(fT)

O 4
Acos 70 [BDf 0, 6Df + 2—71]}
and multiplication in the time domain is transformed into convolution in the frequency
domain, it follows that

G(f) = [Tsine(MID (8 - 57+ f + 71

where U denotes convolution. Therefore, noting that

sinc(jT)DéEf—zLTH = sinc[T%f—il—T%}

smc(fT)DéDf+ 0= sinc[T%f+2iTE}

we obtain the desired result
1 . 1
G(f) = [smc%fT—EE+ smc%fT+§E}

(b) The half-sine pulse of Fig. 2.40(b) may be obtained by shifting the half-cosine pulse to the
right by 7/2 seconds. Since a time shift of 7/2 seconds is equivalent to multiplication by
exp(-jT¥7) in the frequency domain, it follows that the Fourier transform of the half-sine pulse
is

G(f) = ézz[sinc%fT—%E+ sinc%fT + %E}exp(—jnﬂ")

(c) The Fourier transform of a half-sine pulse of duration a7 is equal to

|a|A [smc%zﬂ“ 10, s1nc%lﬂ" + ED}exp(—]T[faT)

(d) The Fourier transform of the negative half-sine pulse shown in Fig. 2.40(c) is obtained from
the result by putting a = -1, and multiplying the result by -1, and so we find that its Fourier
transform is equal to

ATT . 1 . 1 .
—7[smc%fT + §E+ smc%ﬂ"—zg}exp(ﬂ[ﬁ)
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(e) The full-sine pulse of Fig. 2.40(d) may be considered as the superposition of the half-sine
pulses shown in parts (b) and (c) of the figure. The Fourier transform of this pulse is therefore

ATT . 1 . 1 . .
G(f) = —2—[smcEﬂ"—§E+ smc%fT+ﬁ}[exp(—]nﬂ)—exp(]nﬁ)]
= —jAT:sincEfT—%E+ sinc%fT+%E: sin (T 7T')

- ey T
sm%[fT—ED sm%‘[fT+§D .
= —jAT + sin(TY/T)
nfT—g nfT+g

= _jAT| - cos(T[fT) cos(T[ﬂ,"T) sin (TYT)
thT—— T + >
_ sin(21/7)  sin(21y7T)
- AT[ 2TYT —T 2T[jT+T[:|

_ . sin(21f7T —m) |, sin(21/T + M)
_]AT[_ -t 2nﬂ"+n}

JAT[sinc(2 fT + 1) —sinc(2 fT —1)]

Problem 2.20
(a) The even part g,(¢) of a pulse g(?) is given by
1
g.(t) = 5lg(r) +g(=1)]

Therefore, for g(¢) = Arect%;—, — %% we obtain

— Ot 10 0 ¢ _1g
g.(1) = [rectmf ~3 + rect ED}

= 4 [rect EQ TE}

which is shown illustrated in Fig. 1:

g

A
t
0 T
()
) A2

Figure 1 | |
t

T 7
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The odd part of g(7) is defined by

2,(1) = 5120 ~g(-1)]

Al 00210
2|:I‘eCt|:F' ED reCtD T z[l:|

which is illustrated in Fig. 2:

go(H)
4

T2 | t
T
ek

Figure 2

(b) The Fourier transform of the even part is
G,(f) = ATsinc(2/T)

The Fourier transform of the odd part is

G,(f) = ELsine(fT)exp(~jm/T) - Ll sine(/T)exp(/myT)
- AT,T sinc(/T)sin(TYT)

Problem 2.21

Express g(t) as
g(t) = g(1) +g,(1)
where
t) = - —d
210 = 5w B
1 7 OO
t) = - d
2,(7) TIo eXpEL?% u
Therefore,
1.0 0 A0
g (t+T) = —I expB—nideu
s 0 170
t 0 17,20
=1 exp EI—E%—Ddu
tJo O 10
1/ OO
= - du + =
tf el

where we have made use of the fact that
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1.t O, 1
o)L PR = 5

Similarly

g,(t-T) = J’O exp E}—?Edu

1y Omdd
= ?I_oo eXp %—?Edu - z

Next, noting the following four relationships
Flg,(t+1)] = G (f)exp(j21YT)

Flg,(¢-T)] = G,(f)exp(—j21YT)
0 120
exp E)—E%D = Texp (—TITzfz)
U =0
| gu)du = = —G(f)+3G(0)3(/)
we find that taking the Fourier transforms of g(#+7) and g,(#-T) respectively yields

G\()exp(1210T) =~z exp(-nT' /%)
1

G,(f)exp(=j21YT) = exp (1T f7)

j2T
Therefore,

G(f) = @ (TE [ )exp(~j21T)
Go(f) = 3@ (T ) exp (j2T)

Thus the Fourier transform of g(¢) is

G(f) = G,(f) +G,(f)
= 3 (1T /) exp(~j21T) + exp (2197
= T[Lfexp (—T[Tzfz) sin(21/T)

= 2Texp(—T[T2f2)sinc(2fT)
When T approaches zero, G(f) approaches the limiting value 27sinc(2f7), which corresponds to
the Fourier transform of a rectangular pulse of unit amplitude and duration 27, which is correct.
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Problem 2.22

@ G(f) = [_gli)exp(~j2m)ds
= [_gew(=2mi)di + [ g(exp(=j2nfr)dr
= ﬁ g(t)cos(ZITft)dt—IO jg(t)sin(2T11ft)dt

+ f: (1) cos (2T1f7)di — f: Jja(£)sin(2Tyt)dt
If g(¢) is even, then g(¢) = g(-f). Hence,

IO g(cos2rydr = [ gl1)cos(2myi)d
—o 0

J'io g(sin@mn)dr = ~f g(o)sin ()

and so

G(f) = 2I:g(t) cos (2T1ft)dt . which is purely real.
If, on the other hand, g() is odd, g(¢) = -g(-7). Hence,
J'io (1) sin(2TYt)dr = f: (1) sin (2771 dt

IO (1) cos (211f1)dt = —J’: () cos (2101 dt
and thus

G(f) =2 jﬁ: g(t)sin(271ft)dt which is purely imaginary.

(b) The Fourier transform of g(¢) is defined by
G() = [ gltyexp(2mi)dr

Differentiating both sides of this relation » times with respect to f:
n (o)
4G = (jomy” [ exp(jampr)a

That is,

"g(1) = EQLTD v

(c) Putting /=0 in Eq. (1), we get

*n _ o A0
I_oot g(t)dt = Era G ’(0)

IADC
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where G(")(f) = d_”G(f)
dfn

(d) Since

gz(f) = Gz(_f)
it follows that

gDz = [ GG (A1)

From this result we deduce the Fourier transform

Fle,(0g,()] = [ g ()g,()exp(=j21)ds

= [ GG A=) o)
Setting = 0 in Eq. (2), we get the desired relation

[Lai020 = [ GG
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Problem 2.23

We are given the following inequalities:

G| [eno)] dr
/219G (f)) < fm‘d%f)‘dt

2
d_g(t)| 4
dt

el =g

Considering the triangular pulse g(¢) of Fig. 2.41 in the text, its first and second derivatives with
respect to time ¢ are illustrated in Fig. 1:

g
A

dg(?)
ar
AT

-A/T

AT 0]

s>
3
’\]_>§

Figure 1
W -24/T

We thus have

[ _le()ldr = a1

J’ dg(’)dz =24

I d’ g(f)dt - f %1|5(1+T)—25(t)+6(t—T)|dt

- 44
T
The bounds on the amplitude spectrum |G(f)| are therefore as follows:

IG()<AT
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which are shown plotted in Fig. 2.

G|

Bound (1)

Actual
Figure 2 spectrum

The actual amplitude spectrum of the triangular pulse is given by

G(f) = ATsinc*(/T)
which is also plotted in Fig. 1. From this figure we see that bounds (1) and (3) define boundaries
on the actual spectrum |G(f)|.

Problem 2.24

(a) The convolution of g;(7) and g,(¢) 1s defined by
g()0g, (1) = I_wgl(T)gz(t_T)dT (1)
Differentiating both sides of Eq. (1) with respect to time #:
d _ > d
Sle (00 0] = [ g(Te (—Ddt

= [ a0 gpmge -0

g (nt L%gz(t)}

Since convolution is commutative, we may also write

Ll (00,0 =[S (0 ]Dey(0)

In other words, the derivative of a convolution produce of two signals is equivalent to the
convolution of one of the signals and the derivative of the other.
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(b) Changing variables in Eq. (1), we may write
g1(00& (1) = [ g1(A)gy(t—A)dA )

Integrating both sides of Eq. (2) with respect to t:
t

[_lg0g@ld = [ [ gMNgT-MAdn

Interchanging the order of integration and rearranging terms:

jim[gl(T)Dgz(r)]dr = [ e[ _ext-Atdhd 3)
Recognizing that

[ _&t-Na = f_’:gz(r)dr

we may rewrite Eq. (3) as

[ la@Ogmld = [ g0 g@da

= g00[_ex(vt]

In other words, the integral of a convolution product of two signals is equivalent to the
convolution of one of the signals and the integral of the other.

Problem 2.25

Express y(¢) as
(1) = x°(1)
= x(1)x(¢)

Since multiplication in the time domain corresponds to convolution in the frequency domain, we
may express the Fourier transform of y(¢) as

Y(f) = [ X)X/ —A)dh

where X(f) is the Fourier transform of x(¢). However, X(f) is zero for |f| > W. Therefore,
w

Y(f) = XANX(f=A)dA

In this integral we note that X(f- A) is limited to -W < f- A < W. When A = -W, we find that
2W < f<0. When A = W, we find that 0 < ' < 2. Accordingly, the Fourier transform Y() is
limited to the frequency interval -2W < f<2W.
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Problem 2.26

(a) Consider a rectangular pulse g(¢) of duration 7 and amplitude 1/7, centered at ¢ = 0, as shown
in Fig. 1:

g
VT area =1
|~
e
Figure 1 T 0 T ‘
2 2
The Fourier transform of g(¢) is
_ sin(1YT)
G = 2\J7)
(=57
As the duration T approaches zero, g(¢) approaches a delta function, and so we find that in the
limit:
lim G(f) = lim SMVT) =
T -0 () r.o0 TYT

(b) Consider next the sinc pulse 2 sinc(2Wt) of unit area, as shown in Fig. 2:

&0
»2W

.3 | S L 1 .3
2W W 2w 2w w w

The Fourier transform of g(¢) is

= rectlS O
G(f) = reCt[jz_WD

which has unit amplitude and width 2/, centered at /' = 0. As W approaches infinity, g(¢)
approaches a delta funct6ion, and the corresponding Fourier transform becomes equal to unity
for all f.

Problem 2.27

The G(f) is in the form of a unit step function defined in the frequency domain, as shown in Fig. 1

1.0

N —

Figure 1 0

Now, for a unit step function defined in the time domain, we have
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1
=t 2 (/)

Applymg the duality property of the Fourier transform to this relation, we get

_]2_1Tt+ 5(]()r u(f)

where we have used the fact that &(-f) = &(7). Therefore, the time function g(f) whose Fourier
transform is depicted in Fig. 1, is given by

1 1
N S e
g(t) = —— +38()
Problem 2.28

(a) Taking the Fourier transform of both sides of —=2—= g (t) Z k;d(t—1t;), we get
dr’

(2)°G(f) = 3 kexp(=j217/1,)

Therefore, G(f) = %Zkiexp (=j211/'t))
410 175

(b) Difterentiating the trapezoidal pulse of Fig. 2.42 twice, we get:

T . . ]
-t l 0 l Ip
Hence,

G(f) = ——2—[exp(j211/1,) — exp(J211f1,) — exp(j2T1,) =+ exp(j217/1,)]
4t (¢, —t,)

d>g(t)ldi?

2ﬁfﬁ%—%)
- m Sin[1/ (¢, —t,)sinTf (1, +1,)]

[cos(j2T1ft,) — cos(j2T1ft,)]

Problem 2.29

(a) From part (b) of Problem 2.28, we have
G(f) = —— e sin [T (1, — 1,)] sin[Tf (1, + 1,)] (1)

2
As t, approaches t,,, we get the following result:
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lim ————sin[1y (1, ~1,)] = |
Iy = la T[f (tb_ta)

and

lim sin[1/ (¢, +¢,)] = sin(1f¢,)

t, -1,

Accordingly, the Fourier transform of Eq. (1) approaches the limiting value

lim G(f) = %sin(znfra)

t, - t,
sin(21f¢,)
a 2T/t
2t ,Asinc(211't,) (2)
which is the desired result.

(b) The limiting Fourier transform of Eq. (2) is recognized as the Fourier transform of a
rectangular pulse of amplitude 4 and duration 7= 2¢,.

Problem 2.30

The transfer function H(f) and impulse response /4(?) of a linear time-invariant filter are related by

H(f) = J'ioh(t)exp(—ﬂnft)dt

Applying a special form of Schwarz’s inequality (see Appendix 5), we may write
[H(NI< [ Ih(t)exp(=j21y0)|d1

Since |exp(—j2Tt)| = 1, we may simplify this relation as

H( <[ Inoldi

If the filter is stable, the impulse response is absolutely integrable:

00

J’ |h(2)|dt < o

Therefore, the amplitude response of a stable filter is bounded for every value of the frequency £,
as shown by

|H(f)| = o

According to Rayleigh’s energy theorem, the energy of the input signal x(¢) is given by
® 2 ® 2

E, = [ Il = [ IX()Idf

and the energy of the output signal y(7) is
o 2 > 2
E, = lfa = [ v(nlar

—00

The Fourier transforms Y(f) and X(f) are related by
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Y(f) = H(/)X(f)

Therefore,

E, = [ IHNX()df (1)

For a stable filter, we may express |[H(f)| in the form K|H,(f)| where K is a scaling factor equal to
the maximum value of |H(f)| and |H,,(f)| < 1 for all /. Thus, we may rewrite Eq. (1) in the form:

2> 2 2
E, = K[ |H,(N]1X()df
Since |H,(f)| < 1 for all £, it follows that
® 2 2 % 2
[ JHNPX NI <[ 1X(NI"df
or equivalently
2> 2
E,<K°[ 1X(Ndf
If the input signal has finite energy, we then have
® 2
[ XS =

Accordingly, we find that £ y <, which means that the output signal y(7) also has finite energy.

Problem 2.31

(a) The transfer function of the ith stage of the system of Fig. 2.43 is

1
H. e
(/) 1+ j21/RC
-
1+ 2171,
where it is assumed that the buffer amplifier has a constant gain of unity. The overall transfer
function of the system is therefore

TO=RC

N
H(f) = [1HAS)
i=1

_ 1
(1+21/7,)"
The corresponding amplitude response is

H(f) = !

(1)
[+t
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(b) Let
2 _ T 2
T = —
4TCN
Then, we may rewrite Eq. (1) for the amplitude response as

O = 1+ o]

In the limit, as N approaches infinity we have

-N/2
O = tim [1+507)]

N 1
epr Dﬁ(fr)ﬂ
2.2
T
exp L1

Problem 2.32

(a) The integrator output is
!
y(0) = [ x(D)dt
Let x(z) = X(f); then

x(1) = [ X(Nexp(j21)df

Therefore,

0 = [ [ x(Nexp(i2mr)df Jar

Interchanging the order of integration:

00

v = [ X[ exp(2mt)an]df

= [ TX(f)sine(fT)exp(—/yT)] exp(j21H1)df
The Fourier transform of the integrator output is therefore

Y(f) = TX(f)sinc(/T)exp(—/TyT) (1)
Equation (1) shows that y(f) can be obtained by passing the input signal x(#) through a linear
filter whose transfer function is equal to 7sinc(f7)exp(-jTyT).
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(b) The amplitude response of this filter is shown in Fig. 1:

H()
T

r— - "

I |

I |

| |

[ |
Figure 1 " N f
3 2 1 0 1 2 3

T T T T T T

The approximation with an ideal low-pass filter of bandwidth 1/7, gain 7, and delay 772, is
shown dashed in Fig. 1. The response of this ideal filter to a unit step function applied at # =0
is given by

2_“% n
T 70 20sinA

Yideat) = [ A
At time t = T. we therefore have
sinA

T 1
Videal(1) = ;J_de}‘

_ 0 sinA sinA
= Um——d)\ +I0—d)\}
= L1si(e) + si(m)
T
= ﬁ%+ 185%

1.097 (2)

On the other hand, the output of the ideal integrator to a unit step function, evaluated at time
t =T, is given by

W(T) = J'OTu(r)dT

=T 3)
Thus, comparing Egs. (2) and (3) we see that the ideal low-pass filter output exceeds the ideal
integrator output by only nine percent for 7= 1.

Problem 2.33

The half cosine pulse in Fig. 2.33(a) is
g(t) = Arect%cos E’;E

Fourier transforming both sides gives

_ ypsin[yT] SOlrsp,. 1o, <0, 10P
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ATsin[T[jT—TZ—T} ATsin[T[fT+12—T}
+

] ]
2 %‘[ff ~ 50 2%1]”1" + o
_ 2AT cos(1YT)
(1 -2/T)(1+2/T)
Therefore, the energy density of g(7) is
_ 2 _ 4A2T20052(T[fT) _ 4A2T200s2(T[jT)
W() = G = LT D) - 34T cos (VT
m(1-4/T7) mwA4r f —1)
Consider next the half-sine pulse in Fig. 2.33(b), which is the same as that of Fig. 2.33(b) shifted

to the right by 7/2. This time-shift corresponds to multiplication by exp(-j21¢7), which has unit
amplitude for all f. Therefore, both pulses have exactly the same energy density defined in Eq. (1).

(1)

Problem 2.34

The autocorrelation function of a deterministic signal g(7) is defined by

(o]

R,(1) = [ &()g(t—T)ar (1)

This formula applies to a real-valued signal, which is satisfied by all three signals specified under
parts (a) through (c).

(a) g(t) = exp(-at)u(?), u(t): unit step function
Applying Eq. (1) yields

R,(1) = J':oexp(—at)exp(—a(t—T))dt

= exp (aT)J':) exp(—2at)dt

[ee]

exp(at) [—% exp (—2at)}

=T

_ 1
= 2aexp( at)

which is depicted in Fig. 1

Ry(1)

=

Figure 1
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(b) g(r) = exp(-alt])
which is sketched in Fig. 2(a). Part (b) of the figure sketches g(z - T) = exp(-alt - T|)

g
1.0

(a)

(=]

b
Figure 2 ®)

- - - ==

(=}

In light of Fig. 1, applying Eq. (1):

Rg(T) = J':oexp(—at)exp(—a(t—T))dt +J':) exp(—at)exp(—a(t—1))dt

+IT exp(at)exp(a(t—T1))dt
0

2Laexp (—at) + texp(—at) + zLaexp (—at)
= E;} + TEexp(—aT)

which is sketched in Fig. 3.

Ry(®)

& |—

Figure 3 1

(c) g(1) = exp(-anu(t) - exp(at)u(-1)
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which is sketched in Fig. 4(a). Part (b) of the figure sketches g(7 - T)
&

].O\
@ 0 ‘
\ _1

g(t-t
1.0 -~

() 0 ‘

\\‘
Figure 4 P

In light of Fig. 4, applying Eq. (1) for T > 0:
R,(T) = Iwexp(—at)exp(—a(t—T))dt
T

+I:) exp (—at)[—exp(a(t—T1))]dt
+ﬁw [—exp(—at)][—exp(a(t—T))]dt
= 2Laexp (—at) —Texp(—at) + %GXP (=at)

= E;}—Tgexp(—ar), >0
Similarly, for T <0 we have
R (1) = % +Bexp(at)

Summing up these two results:

D
TDexp (—at), 120
R (1) =

D5
O
E % TDexp(aT) <0
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which is sketched in Fig. 5.

R,(T)

-2/a -1/a 2/a

N

M
-Loxp2)

Figure5

Problem 2.35

Applying the formula for the autocorrelation function

R(0) = [ g0 (1-1)ds

to the specified signal

1 Op2d
g(1) = texpGlem, <<
fo O £0
we get
R,(1) = J’°° lzexp[ﬂz(t2+(t—T)2)}dt
>t Ly
1 00

= _J'_ exp G—%Qt —21T+T )}dr

f 040
2
= 17 ep| B - 10T g}h

t(z) DtZD NG té
O 1
= lzexpE}——D _exp B—ﬂmﬁt—
to U2

Letx = — D/it TE and therefore (for fixed T)

dt = 20
2

We may then rewrite Eq. (1) as

0 70 o )
——exp EI——D exp(—TLx )dx

«/_t() 22‘

Recognizing that

Ry(1) =

IADC
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00

[ exp (—o’)dx = 1
we find that Eq. (2) simplifies to

R (‘[) = L exp %_ﬁ
& ﬁ to o2 t(z)D
which has the same form as the bell-shaped Gaussian curve:
Ry(D)
¥

Problem 2.36

We are given the Fourier transform

G(f) = sinc(f)

Using the transform pair
N 2
R(1) = 1G(/)l
we may therefore express the autocorrelation function R,(T) as the inverse Fourier transform of
sincz(/). From Eq. (2.43) in the text, we readily deduce that Ry(T) has the triangular form

Ry(T)

Problem 2.37

Recognizing two facts:

1. R(1)=|G(f), and

2. the spectrum G(f) is invariant to a time shift,

we infer that a signal g(#) and the time-shifted version g( - #;) for any ¢, will have exactly the

same autocorrelation function.
Problem 2.38

(a) We are given the power signal
g(1) = Ag+ A cos(2Tf 1 +8,) + A,cos(2Tf 1)

IADC 32



The three components of g(¢) are uncorrelated with each other. Therefore, the power spectral
density of g(¢) is the sum of the power spectral densities of the three constituent components,
as shown by

2 A7 A
So() = 580 + B = 11+ 8(f + ]+ 2I8(f = 1)+ 8( + /)]

Correspondingly, the autocorrelation function Ry(T) is given by
42 2

R, (1) = A—+écos(2nf T)+A—2cos(2nf 1)
g 22 ! 2 2

(Here we are postulating a fundamental result that, as with energy signals, the autocorrelation
function and power spectral density of a power signal constitute a Fourier-transform pair).

2
(b) Ry(0) = %-.

(c) In calculating the autocorrelation function, information about the phase shifts 8; and 6, is
completely lost.

Problem 2.39

We will determine the autocorrelation function of the signal g(¢) depicted in Fig. 2.45 by
proceeding on a segment-by-segment basis:
1. The maximum value of R,(T) occurs at T =0, for then g(#) and g(-T) overlap exactly, yielding

R,(0) = 3(4°)(T) = 34°T

2. For 0 <1 <(7/2), we have the picture depicted in Fig. 1. From this figure, we obtain

-T/2 —(T/2)+1
R, (1) :J' (+A)(+A)dt+f (+A4)(-A4)dt
-(37/2)+t -1/2

)

-T/2 (T/2)+1
+ (+A4)(+A4)dt +IT/2 (-4)(+A4)dt

~T/2)+1
+ 3T7/2 ( A)( A)d
-A)(-A)dt
I(T/2)+T
AN T =) = AT+ A (T =1) = AT+ AX(T =7)

= A2 (3T -51), 0<lt| <(7/2)
where the use of [1| is invoked in light of the symmetric property of the autocorrelation
function.

3. Next, for (7/2) <1 < T, we have the picture depicted in Fig. 2, from which we obtain

2)

R _ T2 4 Ad+—(T/+TA Nd
¢V _I—(3T/2)+T(- J-A)dr I—T/z () A)dr

IADC 33



)

T7/2 (T/2)+t
+ () d)de+ [ (-A)(vA)dt

—(T/2)+1
+ 37/2 4 Nd
-A)(-A)dt
I(T/2+T)( )(-4)
= ANT -1) = AT+ AT -1) = A’ + A(T -7)

A*(3T -51), §<|T|<T

4. Next, for T<T1 < 37/2, we have the picture depicted in Fig. 3, from which we obtain

_T1/2 p ~(T/2)+1 p
Ry() = I—(3T/2)+T(+A)(-A) H.[T/z (-A)(-A)dr

3T7/2
+ (-4)(+A4)dt

—(T/2)+1

2 2 2
—AQRT-1)+A (-T+1)-A4" (2T -1)
A (=5T +31)  for T<[t| <3712

5. For (37/2) <1 <2T we have the picture depicted in Fig. 4, from which we obtain

T/2 —(T/2)+1 37/2
R (1) = J’ (+A)(-A)dt+I (-A)(-A)dt+I (-4)(+A4)dt
—(37/2)+t T/2 —(T/2)+1

= —A2(2T—T) +A2(—T +1) —A2(2T—T)

= A3 (5T +31) for (37/2) + 1| < 2T
&)
4
|
32 | ! 772 372 ;
e
; S .
A
B PR
| I
], Siha
t
| o |

Figure 1: -(772) <1 <(T/2)
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g

3772

172

0,

-172

-3772

Figure 2: (7/2) <t <(37/2)

3772

72

g

-172

-3772

Figure 3: T<1<(37/2)
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t
g )
|
-3772 -T2 "2 372
t t
0 |
|
| -4 . |
| | | | | |
| | | | — T —N
| | | | | |
1 g(t-1) [ [ 1
I | I | | |
1 141 1 1
| | | |
| | | |
1 O : t
|
A+ L
Figure 4: (37/2) <t1<2T
g0 )
372 -T12 72 3772 ,
0
-A
1 |
I I
1 | |
| gt-1) : .
I 4 | |
— T — > |
1 I t
| 0 |
| |
1 A 1

Figure 5: 27T <t<3T

6. Next, for 27 <1 <37 we have the picture depicted in Fig. 5, from which we obtain

37/2
Rg(T) - I—3T/2+T(-A)(-A)dt

= A°3T-1) for2T<[t|<3T
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7. Finally, for [t| > 37, we find that R (1) =0 .
Putting all these pieces together, we get the autocorrelation function Ry(T) plotted in Fig. 6, which
is symmetric about the origin T = 0.

Ry(D)
34%T
, A
1 1 1 1 1 1 I 1 1 ! T
0 T2 2T
24%TH

Figure 6: Plot of the autocorrelation function R(tT)
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Problem 2.40

We start with the Fourier-transform pair
RO = W, (/) (M
where R,(T) denotes the autocorrelation function of energy signal g(r) and W g( f) denotes the

corresponding energy spectral density. Differentiating R,(T) with respect to the lag T changes Eq.
(1) into the form
dR (V) _

T = 2T () (2)

Next, we apply Rayleigh’s energy theorem, which, in the context of the problem at hand, yields

I:‘CM%T(T) 2t = [ 2w (s

2520 24,2
=4[ fWe()df &)
Since g(¢) is real valued, R,(T) will likewise be real valued; hence we may write

‘ngﬁ) > [MT

dt dt
Moreover, by definition,
2 2
W2(f) = 1G())
where G(f) is the Fourier transform of g(¢). Accordingly, we may rewrite Eq. (3) as follows:

I_w[ ;’T(T)} dt = 4TIZI_OO|G(f Wdr 4)

which is the desired result.

ng(T)
dt

2
Note: In the first publication of the book, the power 2 in [ } was missed out in error.

Problem 2.41

To determine the cross-correlation function Ry,(T) of the two pulses g{(f) and g,(¢) in Fig. 2.41,
we proceed on a stage-by-stage basis as follows:

1. For 1 =0, we have

R(0) = [ g (g0

J’: (1.0)(~1.0)dt +£11 (1.0)(1.0)dt +ﬁz (1.0)(~1.0)dt
242-2=2

2. For 0 <1 <2.0, we have the picture depicted in Fig. 1, from which we obtain
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Rip(®) = [ (D=1

=1-2, O0<t<2
0a(t)
10
|3 1 1 5 1 1 5 t
|
: Ot - 1)
|
) t
L ] ]
A

Figurel: 0<1t<20

3. Next, for 2 <T <4 we have the picture depicted in Fig. 2, from which we obtain

(S10)]
1.0
_|3 1 i 1 1 L t
: ! i
! 02t~ ) |
AR |
: : +1.0 : ‘
|
Figure 2 1o '
R Y EDd (1) (e
1) = —1)dt
(@ = [ (OEDd+[ (1))
=-2+(4-1)
=2-1, 2<1<4

4. For 4 <1 <6 we have the picture depicted in Fig. 3, from which we obtain:

g1(0)
1.0

Figure 3 ) L
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Rp@ = [ (e

=1-6, 4<1<6
5. Finally, for T > 6 we find that R{,(T) is zero.

Putting all these results together, we get the cross-correlation function R;,(T) plotted in Fig. 4.

Ryx(™)

Figure 4

For the problem at hand, R{,(T) is symmetric about the origin T = 0. Hence, the pulses defined in
Fig. 2.46 satisty the property

R5(T) = Ry (T)

Moreover, the fact that R;,(0) is nonzero implies that the pulses g;(¢) and g,(¢) are not orthogonal.

Problem 2.42

The convolution of energy signals g;(¢) and g,(¢) is defined by

g()0gy(1) = J'_oogl(T)gz(f —T)dt

With g,(¢) delayed by #; and g,(¢) delayed by #,, we have

g (t—t)0gy(t-1y) = .[_oogl(T —11)gy(t—t, —T)dt (1)
The cross-correlation of g(f) and g,() is defined by

Ryy(T) = I_wg1 (1) g, (t —T)dt
When g/(?) is delayed by #; and g,(¢) is delayed by #,, we have

R,(1) = J'_oogl(t—tl)gz(t—tz—‘[)dt ()

Comparing Egs. (1) and (2), we make the following observations:

1. The convolution integral in Eq. (1) involves the dummy variable T as the integration variable,
whereas the cross-correlation function of Eq. (2) involves time ¢ as the integration variable.

2. By virtue of the difference identified under point 1, the arguments of g and g, in Eq. (1) are

additive, in which case the time delays #; and ¢, are additive. On the other hand, the argument
of g, is subtracted from the argument of g, in Eq. (2); hence, the time delays #; and ¢, are
subtractive.
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Problem 2.43

(a) The relationship between the Fourier transform X(f) of an energy signal g(7), its

autocorrelation function R (1), and energy spectral density W_(f) is illustrated by the flow-
graph in Fig. 1.

1% XX+ E-T)dt

x(t) = | Rx(T)

um F]
X(
F[] J [ FI[] i |.I?

w0 = X

Figure 1

(b) One way of calculating the autocorrelation function R (T) from the Fourier transform X(¥) is to
proceed as follows (in accordance with Fig. 1):

» Take the squared magnitude of X(f), obtaining the energy spectral density W, (f) = |X(/)|2.

+ Take the inverse Fourier transform of W () to obtain the autocorrelation function R (T) as
desired.

Another way of calculating R (T) from X(f) is to proceed as follows (again in accordance with

Fig. 1:

» Use the inverse Fourier transform to calculate x(¢) from X().

* Then use the formula

R(1) = J'oooox(t)x*(t—l')dt

to calculate R (T) for prescribed lag T.

Problem 2.44

The autocorrelation function of a power signal is the inverse Fourier transform of the power
spectral density. Given the power spectral density of Fig. 2.47, we write

00

R (1) = J'_oon(f)exp(j2T[fT)dT
. 1_11 Cexp (j270)dr + f 2 Cexp (/2701)dt
-2 -1

2
+L 1 Cexp (j2TYT)dt

1 : -1 . -1 . 2
= j2T[T{ exp(]2T[fT)|f:_2 + 2exp(]2T[fT)|f:_1 + exp(]2T[fT)|f:1}
1 . . . .
= jz,ﬂ{ exp (—/2TYT) — exp (—j4TYT) + 2[exp (j2TT) — exp(—j2TT)]
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+ exp (F4TT) —exp(j2T17)}

= T[LT{ sin(41tT) — sin(2717) + 2sin(271T17)}

= %{ sin (41tT) + sin(2T1T)}

The value of the autocorrelation function R (T) at T = 0 is given by

R,(0) = lim [4 Eﬁiné‘(]‘_‘[’f) +2 Eﬁinz(f[’:r)}

T-0

=4+2 =06 (1)
As a check, R, (0) equals the total area under the power spectral density S,(f). For the example of
Fig. 2.47, we write
R(0) = |x| +2x2+]x

=6
which checks the result computed in Eq. (1).

Problem 2.45

To proceed with the Fourier series expansion of the square wave specified in Fig. 2.48, we note
the following by inspection of the square wave:

» The square wave is symmetric about the origin # = 0.

» The average value is therefore zero.

* The expansion consists of cosine terms only.

Accordingly, we may write

g(t) = Zancos(2T[nf0t)
where f = 1/T = 1/4. The coefficient a,, is defined by
a, = T.[ g(t)cos(2nnf0t)dt

= J’ ( l)costlDdt+ I (l)cosUmtht

12 U]
+ZI1( l)cosDdet

_ 1 T _
= nn[zstZD sm(nT[)}

Since sin(nTt) = 0 for integer values of n, the formula for a,, reduces to
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- 2 . [T
a, = ~—sip=p

= sinc%%, n=1,3,5,..

The Fourier series expansion of the square wave is thus defined by

g(t) = %[cos(2nf0t)—%cos(6ﬂf0t)+%cos(10nfot)—...}

Correspondingly, the Fourier transform of the square wave is defined by

G(f) = 1JB(f = fo) +8(f + £0) =33(f =310 =38(f +310)

+33(/ =5/0) + 38/ =5/ =] 0

Next, we make use of the following formula. Given a periodic signal with the Fourier series
expansion

G(f) = 3 c,8(f =nfy) +8(f —nfy)l 2)
n=-00
we may express the power spectral density of the signal by (see the solution to Problem 2.46)

[oe]

So(f) = Y [e 18(f =nfo) +8(f =nf)] 3)

n=-00
Hence, in light of Egs. (2) and (3), we may use Eq. (1) pertaining to the square wave of Fig. 2.48
to write

Sf) = SI8(F = £0) +8(f + 1) = 58(f =39) = 58(f +3 1)
Tt

1 1
+528(/ =5/0) + 5280/ +5/0) =] 4)
The inverse Fourier transform of Sy(f) defined in Eq. (4) yields the autocorrelation function
R (1) = %[cos(ZT{fOt) —%cos(6T[f0t) + %cos(lOnfot) - } (5)
Tt

which follows the symmetric triangular waveform plotted in Fig. 1.

RX(T)

N/

Figure 1
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The average power of the square wave is defined by
p 1 To/2 5 d
= = t)dt
& T, —TO/Zg )

i 7]
1

Additional Note: A follow-up exercise for the reader is to demonstrate that the triangular wave of
Fig. 1 has the Fourier series representation given in Eq. (5); see Eq. (4) of the solution to Problem
2.49.

Problem 2.46

We are given the two periodic signals

i 27t

g,(t) = z czlnexp%—]TtE
n=-0 0

: 2Tn
g,n(1) = z czlnexp%—]T—)’E

n=-o0 0

Applying the formula for autocorrelation function
2 1 T2 % J
1) = = t t—T1)at
12(T) TO.I—TO/ngl( )gpz( )

we get

1 T2 O [0 j2Tnf] i [y2Tnt
RlZ(T) T_O_[—TO/ZD Z €1, nCXp D—T—OD €y nCXp DT—O(I—T dt
=00 m

=00

_ 1 i * , Ty/2 2T

=7 z z Cl,nc;neXP(_JZT[mT/To)I_TO/Z expDT—O(m—n)%dt (1)
Mm=-00 =-00

Consider the integral

1 T¢/2 |:V2T[

To-1,/2 eXpDTO

i

b

S

L
|

oy = M[exp(jnw-n)) — exp(—jm(m-n))]

- %sin(n(m-n))

sinc(m-n)

O - I
- D1 for m‘ n )
2 otherwise |

Using Eq. (2) in (1), we get the simplified result

TADC 44



(o]

R, (1) = z €1 nCa, n€Xp(=j21TI0L/ T ) (3)

n=-c0

Finally, taking the Fourier transform of R{,(T) defined in Eq. (3), we get
S12(/) = F[R,(T)]

= ¢ ¢, d8F-20
nzzw 1,n%2,n E}f T_()D

We may thus finally write

Ry = cl,nczynégf—%‘% 4)

n=-o00
Note: For the special case of g,1(¢) = g,,(1) = g,(1), Eq. (4) reduces to the simple form

o]

R,(1) = Z |cn|26%f—T£0E

Problem 2.47

(a) We are given the autocorrelation formula

1 To/2 *
R, = [ 8,08, (1= M
For the problem at hand, g,(¢) is defined by
gp(t) = Acos(21f t +0) (2)

The use of Eq. (2) in (1) yields
R, (1) = 0 cosams i+ 8)cos(2 21,1 +0)d
gp(T) = T—()I_To/zcos( Tif .t +0)cos(2Tf .t —2T1f T + 0)dt

e 4M 21 20 2T d
3T )12 cos(4T1tf .t f.1 ) + cos(21f ,T)dt
2

= A?cos(2T[ch) (3)

The waveform of R g (1) is plotted in Fig. 1. Examining this figure, we observe two important
r

points:
1. Information on the phase 8 of the sinusoidal wave g,(7) is lost in calculating the

autocorrelation function.
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2. The autocorrelation function R g (T) has the same waveform as the input sinusoidal signal
r

gy(0).
Ry (1)
? A2
L / \ [
U "ﬁ\j
2
Figure 1

(b) From Fig. 1, we readily find that
42
R gp(O) = >

which is an intuitively satisfying result.

Problem 2.48

(a) The square wave g,(#) has the waveform plotted in Fig. 1.

gy

Figure 1

To apply the formula for the autocorrelation function
R 1 Ty/2 * J
O = 78,08, (-0

we proceed in stages, as pictured in Fig. 2.

1. For1=0. g,(r) and g;(t —T) overlap each other completely. Hence,

R, (0 Lt 2y
= — t
12(0) TOI—TU/4
_ 4
2

2. For 0 <1 <Ty/4, we find from Fig. 2(a) that

+T

R 1 Ty/4 Azd
o0 = o[y, Adr
4

IADC
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_ 51%[?1)__{:

“Tm T (3)
3. For Ty/4 <1 < T2, we find from Fig. 2(b) that
1 ~To/4 5
R, (1) = — A dt
gp( ) TOJ-_ﬂ) .~
4
A2 DT 0 -[D
7,00 4)
g
4

T0/2 TO 4 0 TO/4 T0/2 t

: s !

! »1 ¢ A | 1

| | |

| | |

| | |

TO/Z ! 0 T0/2 t

(a) 0<T<Ty4
g0
4

Ty/2 To/4 0O To/4 T2 !

! g0 | !

I :4— T :—b: :

| ] A | !

| | | |

| | | |

. L ! ! t

Figure 2 (b) Ty/4<T<Ty2

Piercing these results together, we get the picture depicted in Fig. 3 for R, (1), where we
p

have used the following facts:
l. R, (T) is periodic with exactly the same period as the square wave g,(?).
P

2. R, (1) is an even function of the lag T.

Rgp(r)
A2/2
A2/4 [
3Ty To Ty _To D T To 30
2 = 4 a2 2
Figure 3
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Notes on Problems 2.47 and 2.48
In defining the formula for the autocorrelation function R 2 (1) for a periodic signal g,(¢) in

Problem 2.47, the g,(¢) is formulated in its most general form: complex fourier series expansion,
assuming that g,(¢) is complex valued. However, in presenting the solutions to Problems 2.47 and
2.48, we did not make use of the complex Fourier series for g,(7). The reason for doing so is two-
fold:

* The sinusoidal wave in Problem 2.47 and square wave in Problem 2.48 are real valued.
* The solutions were handled by making direct use of the rather simple forms of both input

signals g,,(7).
Problem 2.49

We first note that for periodic signals, the power spectral density and autocorrelation function
form a Fourier-transform pair:

R, (1) =5, (/)

(a) For the sinusoidal wave
g,(t) = Acos(2Tf .t +0)

the autocorrelation function was derived in the solution to Problem 2.47 and repeated here for
convenience of presentation:
2

Rgp(T) = %cos(2nch) (1)

Hence, applying the Fourier transform to R, (1) yields the power spectral density
P

2

A
Sg () = Flo(f =) +d(f + [ 2)
(b) For the square wave of Problem 2.48, the autocorrelation function R g (1) is pictured in Fig. 3

in the solution to that problem. Specifically, one period of R_ (T) is defined by
Ep

EAZTO 210 T
3473 %_TOD for O<T<7
R, =0 3)
AT T
02700 421 _20
E 4 % T—OD for 2 <T<0

From the Fourier-transform pairs table of Appendix 6, we find that the Fourier transform of
the triangular pulse

gl f<T
gty =0 T =
=0, 120
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is T sincz(fT). Adapting this pair to the problem at hand, we may state that the Fourier
transform of the triangular pulse defined in Eq. (3) is

g T

G(f) = SlnC DT
Finally, applylng Eq. (2.88) in the text book to the problem at hand, we get the desired result
) A2T2 |j’lf
.2 0
Se,(f) = fo Y —g—sine’ g5—g0(f ~n )
n=-o0
AT
= — z sinc EJ,ZDE')(f nf) 4)
n=-00

Problem 2.50

(a) In the flow graph of Fig. 2.47 in the text book for the 8-point FFT algorithm, the incoming
data sequence g, is in normal order, but the transform sequence produced by the algorithm is

in bit-reversed order. In Fig. 1, we show another implementation of the FFT algorithm, in
which the transform sequence is in normal order, but the incoming data sequence is in bit-
reversed order. In other words, the new flow graph of Fig. 1 portrays the decimation-in-time
version of the FFT algorithm.

The flow graph of Fig. 1 shown here is obtained from the flow graph of Fig. 2.46 in the
text as follows:
+ All the nodes that are horizontally adjacent to G, in Fig. 2.46 are interchanged with all the

nodes that are horizontally adjacent to G.

* In a similar way, all the nodes that are horizontally adjacent to G4 in Fig. 2.46 are
interchanged with the nodes that are horizontally adjacent to G5.

* The nodes that are horizontally adjacent to G, G,, G5 and G are left unchanged.

(b) Comparing the decimation-in-frequency version of the FFT algorithm in Fig. 2.46 of the text
with the decimation-in-time version of the algorithm presented here as Fig. 1, we may make
the following observations:

* In the decimation-in-frequency version, the input data sequence is in normal order and the
output transform sequence is in bit-reversed order. The reverse applies to the decimation-
in-time version: the input data sequence is in bit-reversed order and the output transform
sequence is in normal order.

* Both versions of the FFT algorithm contain the same number of butterflies, but in reversed
order.

* The computational complexity is the same for both versions of the algorithm.
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In the final analysis, it is merely a matter of choice as to which particular version of the FFT

algorithm is used to compute the discrete Fourier transform in practice.

Date sequence

80

g

&2

&7

O

New

~ RGN

i
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w'!

Stage |

wo
Stage 11

-1
Stage III

Figure 1: Decimation-in-time FFT algorithm

Problem 2.51

(a) According to Schwarz’s inequality (see Appendix 5)

@[: FEAGINORFAOING) dzé <4 fw RO f:, g, (1)) ar

Define
g1(t) =

g,(1) =

Then, for the left-hand side of the inequality (1) we may write

IADC
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dg(1)
dt
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T ndg® oo onde O, = o
o\ /4 o A/ = =

[ g 0=F L v ig)™ 2 ar = [ i Zla(ol
Integrating by parts:

" Lig(ol dr = g1~ gt ds
J’—oo dt I—oo
Assuming that |g(¢)| — 0 faster than 1/ /¢ as |f] - o, we get
o 2 @ 2
| tgle@ldr = [ lg()dt
Therefore, using Schwarz’s inequality we have

00 2 2 ) 2 00
[ le)dr| saf” e drf
We now recognize that
dg(1)
dt

dg(t)‘zdt
dt

= J21fG(f) from the differentiation property of the Fourier transform

['oo |g(t)|2dt = fo |G(f)|2df from Rayleigh’s energy theorem
Hence,

[ Plela D[:(Mf)zlG(f)lzdf
[le@i’a [ |G(Ndf

Using the root mean-square (rms) definitions of bandwidth and duration, we may write

4TI Wh 2 i

>1
4

That is,

1
Trms Wrms 2 47-[

(b) For the Gaussian pulse g(¢) = exp(-Trzz), we have G(f) = exp(--Tya). Therefore,

fm lg(0)’dr = J’oooo exp (=211 dt

I > 2
= —[ exp(210")dt
/\/EJ-—OO

1

2

00 2 00
J’ t2|g(t)| dt :I tzexp(—ZTttz)dt

t 2,17 t 2
= |- - + = —
[ exp (21U )} I exp(—2T1u")dt
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1

W
Therefore, we may write
T = Dﬁml/z = _i_
rms ,\/sz ﬁﬁ
Similarly,
® 1
GUNIaf = —
f. +
® 2 2 1
N df = —
1
Wrms = 2_/\/1_'[

We thus find that for the Gaussian pulse exp(—Trtz),
1
4Tt
and the relation connecting 7}, and W, is therefore satisfied with the equality sign.

Trms WHHS =

Problem 2.52

@ g(n) = =2
The Hilbert transform of sin#/f is

2 = 3 LWy

ol —T
_ %—Jw sin(T) gt
o T(t—T)
1 ~ 1 .
= = + Tdt
T1v IR SN
- L@ st 1~ sint (10
Tt) o T Tt) ot —T

We now note that (see the mathematical tables of Appendix 6)
J'oo sinc(¢t)dt = 1

Therefore, for the first integral of Eq. (1) we have

—dt =
—0 T
Next, for the second integral of Eq. (1) we write
SINT - _ I sin (¢ —T)dT
ol —T —co
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_ sn(T)
= tJ' tJm —2dt

= —Ticost
We thus obtain the Hilbert transform

2(0) = %(1 — cost)

(b) g(¢) = rect(z)

g I
_ E 15 |t| < E
0 1
E 0) |t| >§
The Hilbert transform of rect(¢) is given by
/72 1
g(t) = ——dr

T[ -1/2t—

where P denotes the ‘principal value of”. When ¢ < -1/2 the singularity in the integrand is
below the range of integration and the significant values of 7 - T are negative. We then have

a(t) = ——[ln(t 01172,
_ 1 1—-1/20 _l
= 1 "Gy T3 2)

where In denotes the natural
When ¢ > 1/2, the singularity is above the range of integration and the significant values of
t-Tare positive The corresponding value of g(t) is
1/2
g(t) = ——[ln(t -0l
1 -1/20 ‘> 1
[i +1/2Y 2

For the case when —% <t< % , We write

Hl— Si—= SI=

g(1)

. ¢ 4T 1/2 dt
lim — + —}
e oLJ-1/21-T t-g [-T

lim {[~In(r =) o+ [=In(t =01

0 €& O D_t—l/zg}
Jim -7 - BT
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-—1
113 1
= __ — <<=
n1n1+6, 5<1<3 3)
2

We finally combine the results of Egs. (2) and (3) by expressing the Hilbert transform g(¢)
for all ¢ as follows
t—(1/2)

5(1) = &
&) = lnt+(1/2)

Tt

(c) g(r) = 3(¢)
The Hilbert transform of the delta function &(¢) is
. _ 1.2 8(1)
g(t) B TJ—oo t —TdT
Using the sifting property of the delta function, we get the desired result

- 1

) = —
g() = —

_ 1
(@ g(1) = —
1+1¢
The Hilbert transform of 1/(¢ + tz) is
- | 1
g(t) = FJ ——dt
= (1+1)(t-1)
1 N S O @)

(1 + tz)I—le s -
But (see the mathematical tables of Appendix 6)

f 12a’T:T[

®l1+T
f’ L_dt =0

l+T

co 1 _
I—oo (f—T)dT =0
Therefore, Eq. (4) reduces to
A t
g(r) = 5

I+1

Problem 2.53

We are given the one-sided frequency function
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Eexp(—f), £>0
= 1 =
G(f) =03, =0 (1)
E 0, £<0

Applying the inverse Fourier transform to Eq. (1) yields the corresponding time function

g) = [_G()exp(210)df
= [/ exp(=f)exp(j2101)df
= [ exp(f (2= 1))df

= — L _ep(f(2m-1)%,

-1+ 21
1
= 2
1 —j21¢ @
Expressing g(¢) in terms of its real and imaginary parts:
1 . 218
g(r) = 5t 5
1+ (210) 1+ (21v)
Hence, for the real and imaginary parts of g(f) we may write
1
g, () = —— 3)
1+ (210)
211
g (t) = — T 4)
1+ (210)

According to the last entry of the table in Problem 2.52, we find that #(1 + tz) is the Hilbert
transform of 1/(1 + tz). From this pair, we readily see that the imaginary part g,(f) defined in Eq.
(4) is indeed the Hilbert transform of the real part g,(¢) defined in Eq. (3).

Problem 2.54

From the hilbert transform
s = L ¢ g)
g =5 [, i
we first note that the Hilbert transform g(#) is obtained by convolving the time function g(#) with
1/(T¢). Next, we note that the Fourier transform 1/(T¢) is defined by
17_1
Flo] = ssen(n)

Accordingly, the process of Hilbert transformation is equivalent to passing the time function
through a linear time-invariant system whose transfer function is defined by

IADC 55



H(f) = %sgn(f) (1)
from which we readily find that
G(f) = H(/)G(/)

= Zsen(/)G(/)

In particular, Eq. (1) shows that the Hilbert transformer satisfies the following pair of conditions:

(a) Magnitude response
|H(f)| =1 forall f

(b) Phase response

—90° for />0
+90° for /<0

arg[H(f)] =

OOoOoOod

which are the conditions specified under parts (a) and (b) of the problem statement.

To address part (c) of the statement, we note that the impulse response of the Hilbert transformer,
namely,

W(6) = FLH(/)]
1
T
is noncausal. Specifically, it has the dependence on time pictured in Fig. 1. This figure shows that
h(?) is infinitely large at 1 = 0 and nonzero for ¢ < 0. The impulse response /() is not physically
realizable for the simple reason that it requires the impulse response to be infinitely large at time
t = 0. Note also that it violates causality since /(¢) is nonzero for negative time.

Another way of stressing the fact that the Hilbert transform is non-physically realizable is to
recognize that it is impossible to build a linear system that has a constant magnitude response for
all frequencies, and a constant phase response of -90° for all positive frequencies and +90° for
negative frequencies. We could approximately satisfy these two requirements over a finite band of
frequencies, but not for a frequency band of infinite extent.
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