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Chapter 2

Differentiation

Exercise Set 2.1

o

The function is not continuous at x = 1 since the limit
from the left of x = 1 is not equal to the limit from the
right of x = 1 and therefore the limit of the function at
z = 1 does not exist.

The function is not continuous at x = —2 since the limit
from the left of z = —2 is not equal to the limit from the
right of x = —2 and therefore the limit of the function at
x = —2 does not exist.

The function is continuous at every point in the given plot.
Note that the graph can be traced without a jump from
one point to another.

The function is not continout at x = —2 since the value of
the function at x = —2 is undefined.

a) As we approach the z-value of 1 from the right we

notice that the y-value is approaching a value of -

1. Thus, lim+ f(z) =—=1. As we approach the a-
x—1

value of 1 from the left we notice that the y-value is
approaching a value of 2. Thus, lim f(z) = 2. Since
r—1-

wlin11+ flz) # mir{l_ f(z) then chlinl 7(:2) does not exist.
b) Reading the value from the graph f(1) = —1.
¢) Since the Tl_i>nll— f(z) does not exist, then f(z) is not
continuous at x = 1.

d) As we approach the z-value of -2 from the right we
notice that the y-value is approaching a value of 3.
Thus, lim+ f(xz) =3. As we approach the z-value

r——2

of -2 from the left we notice that the y-value is ap-
proaching a value of 3. Thus, lim f(x)= 3. Since
T——2"

gg_l}r_nfr f(z) = I_l}lr_n? f(z) = 3 then Il_l}rr_12f(:c) =3.
e) Reading the value from the graph f(—2) = 3.
f) Since ngrjz f(z) =3 and f(—2) = 3, then f(z) is con-
tinuous at x = —2.

a) lim g(z) = -2, lim g(z) = -2, therefore

z—1t z—1—
lim f(z) = -2
r—1
b) g(1) = -2
c) Since lim1 g(xz) = =1 = g(1) = —2, then g(z) is con-
Tr—r
tinuous at x =1
d) U =4
) Am, olw) =4
does not exist
e) g(-2)=-3

lim g(x) = -3, thus zl_l)n_12g(ac)

T——2"

f) Since ling(x) # g(—2), then the function is not
r—r—

continuous at x = —2

a) As we approach the z-value of 1 from the right we
notice that the y-value is approaching a value of 2.
Thus, lim+ h(z) = 2. As we approach the z-value of 1

r—1

from the left we notice that the y-value is approaching
avalue of 2. Thus, lim h(z) = 2. Since lim h(z) =
z—1— z—1t

lim h(z) =2 then lim h(z) = 2.
T—1

r—1—
b) Reading the value from the graph h(1) = 2.
c) Since the lim1 h(z) = 2 and = h(1) = 2 then h(z) is
z—
continuous at x = 1.

d) As we approach the z-value of -2 from the right we
notice that the y-value is approaching a value of 3.
Thus, lim2+ h(z) = 0. As we approach the z-value

r——
of -2 from the left we notice that the y-value is ap-
proaching a value of 0. Thus, lim h(z)=0. Since
r——2"
lim h(z)= lim h(z)=0then lim h(z)=0.
z——2%1 z——2" T——2

e) Reading the value from the graph h(—2) = 0.

f) Since lim2 h(z) = 0 and h(—2) = 0, then h(zx) is con-

rT—r—

tinuous at x = —2.
a) lim ¢(x) =~ 0.25, lim ¢(z) =~ 0.25, therefore
z—1t z—1—
2

lim t(z) ~ 0.25
z—1
b) t(1) =~ 0.25

¢) Since lim1 t(z) = t(1) ~ 0.25, then t(z) is continuous
z—

atrx =1
d) lim ¢(z) = undefined, lim ¢(z) = undefined,
z——2%1 T——2"

thus lim #(x) does not exists
T——2

e) t(—2) = undefined
f) Since lim2t(x) does not exist, then the function is
T—r—

not continuous at x = —2

a) As we approach the z value of 1 from the right we find
that the y value is approching 3. Thus hnll+ f(z)=3
r—r

b) As we approach the x value of 1 from the left, we find
that the y value is approching 3. Thus lim f(x) =3
r—1—

c) Since lim f(z) = 3 and lim f(z) = 3 then
z—1+ z—1-
lim f(z) =3
z—1
d) From the given conditions f(1) =2
e) f(z) is not continuous at = 1 since lin}g flx) £ f(1)
T—r
f) f(z) is continuous at z = 2 since lirél+ flx) =
T—
lim f(z) =2 = f(2)
T2~
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10. a) thJr flz) = f) False. Since hm f(z)=3and f(4) = -1
T—
b) lim f(z)= g) False. Since hm f(z) # f(4)
z——21 r—4
c) xl—l>n—12f(x) — h) True. Since i% f(z) =4 and f(0) =4
d) f(-2)=3 i) True. Since zlg flz)=3= igrrg f(z)
e) f(z) is not continuous at z = —2 j) False. Since lim2 f(z) does not exist
T—
f) f(x) is continuous at x = 1
15. a) True. As we approach the x value of 0 from the right
11. a) True. The values of y as we approch = 0 from the we find that the y value is approching 0, which is the
right is the same as the value of the function at = = 0, value of the function at z = 0.
which is 0 b) False. As we approach the x value of 0 from the left,
b) True. The values of y as we approch x = 0 from the we find that the y value is approching 2 instead of 0.
left. is t.he same as the value of the function at z = 0, ¢) False. Since lim f(z) =0 and lim f(z) =2
which is 0 =0+ 0~
c) True. Since 11361 f(z) =0 and hm flz) = d) True. Since zll)n; fla)=4= zl_l)%{ f(z)
d) False. Since hm f(z) =3 and hm flz)= e) False. Since zli%l_ flx) # ,»li%h f(z)
e) True. Since zlgng flx) = hm, f( ) = f) True. Since acli)mg+ fz) = zl_lgl— flx)=14
f) False. Since hm+ f(z) # hm f(2) g) False. Since hi% f(z) does not exist
@—3 z
g) True. Since ill}% flx)y=0= f(O) h) True. Since i1_>m2 fla)=4=f(Q2)
h) False. Since ;13% f(x) does not exist 16. a) True. linol+ g(z) =0 = g(0)
Tr—r
12. a) True. Since lim g(z) =1=g(2) b) True. lim g(z) =0 = g(0)
z—2+ z—0~
b) False. Since lim g(z) = —1#1=g(2) c) True.
r—27
c) False. Since hm g(xz) =1 and Ilirgf glx)=-1 d) True. PL% 9(z)=0
d) False. Since hm g(x) # hm g(x) e) True. il_%g( ) =0=yg(0)
r—2
e) False. Since lim g(x) dOCb not exist 17. The function p is not continuous at x = 1 since the
hm1 p(z) does not exist. p is continuous at z = 1.5
A T—
13. a) False. As we approach the z value of -2 from the right since lim p(z) = 0.6 = p(1.5). p is not continuous at
we find that the y value is approching 2. 1.5 . . . .
x = 1 since the lim p(z) does not exist. p is continuous at
b) True. As we approach the x value of -2 from the left, — 9201 si 3”1.%2 ) = 0.8 = p(2.01
we find that the y value is approching 0. T allsmee p(w) = 0.8 =p(2.01).
c) False. Since lim f(x) =1 and 1_1{11{ flz) = 18. p is continuous at x = 2.99 since lilznggp(x) =08 =
z r—2.
d) False. Smcc hm f( ) # , Ezrlz— F(x) p(2.99). p is not continuous at x = 3 since the ilﬂ%p(az)
¢ ) does not exist. p is continuous at z = 3.04 since
e) False. Since IIHEQ}C(I) does not exist hgnmp( z) =1 = p(3.04). p is not continuous at = = 4
f) True. Since lim f(z)= lim f(z)= since the lim p(z) does not exist.
z—0+ z—0~ T4
g) True. The graph indicate a point (solid dot) at (0, 2) 19. lim p(z) = 0.4, 1im+ p(z) = 0.6, therefore 1iml p(z) does
. . . x—1— x—1 T—
h) False. Since z_lfly f(z) # w_1>11_1127 f(z) not exist
i) False. Since lim f(z) # f(0) 20. lim p(z) = 0.6, lim p(z) = 0.8, therefore lim p(x) does
z—0 r—1— . r—2+ r—2
j) True. Since lim f(z)= lim f(z)= f(-1) not exist
r——1+ r——1-
. . 21. lim p(z) = 08, lim p(z) = 0.8, therefore
14. a) False. Since lim f(z) =0 7—2.6= 2.6+
2= lim p(z) = 0.8
b) False. Since lim f(x) =3 w26
w2 22. lim p(x) does not exist since lim p(z) = 0.8 and
c) False. 1 ) T3~
d) False. Since lim f(z) # lim f(x) e plx) =
z—2+ T2~
e) True. Since ml'ggr f(z) # lim f(z) = 23. Jggﬁ?(z) =1 since milgr p(z) =1, mllgrtﬁ p(z) =1

T—4-



Exercise Set 2.1

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

C' is continuous at = = 0.1 since hm C( ) = 23 =
C(0.1). C is not continuous at z = 0. 2 since the hm C( )

does not exist. C is continuous at =z = 02o since
lim C(z) =3 = (C(0.25). C is continuous at x = 0.267

x—0.25

since lim C(z) =3 = C(0.267).
©—0.267

If we continue the pattern used for the taxi fare function,
we see that for x = 2.3, which falls in the range of 2.2
and 2.4 miles, the fare will be $5.60, for x = 5, which
falls between the range 2.4 and 2.6 miles, the fare is $5.90.
For z = 2.6 and x = 3 we need to be careful since they
act as a boundary of two possible fares. Therefore C' is
continuous at © = 2.3 since lim C(z) = 5.60 = C(2.3). C

r—2.3
is continuous at x = 2.5 since 11n21 C(z) =5.90 = C(2.5).
lim C(z) = 5.90
T—2.6~

lim C(z) ‘does not exist.
r—2.6

C' is not continuous at = 2.6 since
lim C(z) = 6.20 thus,
z—2.61
C is not continuous at z = 3 since lim C(x)6.50 and
T—37

lim C(z) = 6.80 thus, lim C(x) does not exist.
r—3+ x—3

and

lim C(z) = $2.60, lim C(z) = $2.60, therefore
z—1/4- z—1/4+

lim C( ) = $2.60
z—1/

lim C(z) = $2.30, lim C(x) = $2.60, therefore
z—0.2— z—0.2F

lim C(x) does not exist
r—0.2

lim C(z) = $2.90, lim C(z) = $3.20, therefore
z—0.6— —0.6F

lim C(x) does not exist
r—0.6

lim C(z) = $2.90, lim C(z) = $2.90, therefore
2—0.5~ 2—0.5+

lim_C/(z) = $2.90

—0.5

lim C(z) = $2.60, lim C(z) = $2.90, therefore
r—0.4— —0.4F

lim C(z) does not exist
z—0.4

The population function, p(t), is discontinuous at t* = 0.5,
t* = 0.75, t* = 1.25, t* = 1.5, and at t* = 1.75 since at
these points the population function has a “jump” which
means that the tantn p(t) does not exist

There was a jump in the population at t = 0.5, t = 0.75,
t = 1.5, and ¢ = 1.75 due to births. While there was a
decline in the populaion at ¢t = 1.25 due to deaths.

lim p(t 12
t—1.51 p( )
lim p(t) =11
t—1.5—
The population function, p(t), is discontinuous at t* = 0.1,

t*=0.3,t" =04, t" =0.5,t* = 0.6, and at t* = 0.8 since
at these points the population function has a “jump” which
means that the 1tlir? p(t) does not exist

T

There was a jump in the population at ¢t = 0.1, t = 0.4,
t = 0.5, and t = 0.6 due to births. While there was a
decline in the populaion at ¢ = 0.3 and ¢t = 0.8 due to
deaths.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.
58.
59.

39
lim p(t) =35
t—0.6% p( )
lim p(t) =33
t—0.6—
From the graph, the “I’ve got it” experience seems to occur

after spending 20 hours on the task.

Once the task mastered one should get 100 correct trials
out of 100 trials.

hm N(t) = 100,

t—20
does not exist

lim N(t) = 30, therefore lim N (t)
20~ t—

lim N(¢) = 100, lim N(¢t) = 100, therefore
t—30— t—30+
lim N(t) = 100
t—3
N(t) is discontinuous at ¢t = 20 since tlirgloN(t) does not
—

exist. V() is continuous at ¢ = 30 since tlirgo N(t) =100 =
—
N(30)

N(t) is discontinuous at ¢ = 10 since tlinllON(t) does not
—

exist. IN(t) is continuous at ¢ = 26 since tlirgﬁ N(t) =100 =
—

N(26)

A function may not be continuous if the function is not
defined at one of the points in the domain, it also may not
be continuous if the limit at a point does not exist, it also
may not be continuous if the limit at a point is different
than the value of the function at that point.

NOTE: See the graphs on page 77.

f(z) is continuous by C1 and C2, linéf(x) =19
T—

f(z) is continuous by C1 and C2, lim1 f(z) =
z—

. . . 1

g(x) is continuous by C4, Zl_l)rglg(‘r) =3

g(x) is continuous by C4, lim g(z) =1
z—1

tan z is continuous by C5, lim tan x =1
=7

cot x is continuous by C5, lim cot x =
=%

sec x is continuous by C5, lim sec x =
T
6

S Sl sl-

csc x is continuous by C5, lim csc z =
=7

f(z) is continuous by C5, lin}g flz) =
z—

f(x) is continuous by C5, lim f(z) =
T

gl 9

g(x) is continuous by C3, lim f(z) =
T3

g(w) is continuous by C5, dslim, = g(z) = —

[NIE

Limit approaches 0.92857

Limit approaches 0
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60.
61.
62.
63.

Limit approaches 0
Limit approaches 1
Limit approaches 0

Limit does not exist

Exercise Set 2.2

1.

2.

22 — 3 is a continuous function (it is a polynomial). There-
fore, we can use direct substitution

lim(z2-3) = (1)2-3
x—1
= 1-3

= -2
lim(2? +4) = (1) +4=14+4=5
z—1

The function f(z) = 2 is not continuous at « — 0 since the
denominator equals zero. There are no algebraic simplifi-
cations that can be done to the function. To find the limit,
we can either plug points that are approaching 0 from the
right and the left and detrmine the limit from each side,
or we can use the graph of the function to determine the
limit (if it exists). Looking at the graph, we see that as x
approches 0 from the left the y values are becoming more
and more negative, and as x approches 0 from the right,
the y values are becoming more and more positive. There-

. . .3 .3 .
fore, since lim — # lim — then lim — does not exist.
z—0+t T z—0 1

z—=0- T

107

-4
lim — does not exist since the limit from the left of
z—0t T
2 = 0 does not equal the limit from the right of x =0

2x+5 is a continuous function (it is a polynomial). There-
fore, we can use direct substitution

H =4 — =4
igng(?x+ 5 = 2(3)+5
= 6+5
= 11
lim(5—-3z)=5—-3(4)=5—-12= -7
r—4

. 2_ . . . .
The function * +§5 is discontinuous at x = —5, but it can

be simplified algebraically.

22 =25  (z—5)(x+5)

= =x—5
xr+5 xr+5

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

2

Therfore, lim

5
= lim (z—-5)=-5-5=-10

r—=—5 T r——5
2
z° — 16 rz—4)(x+4
. lim =( )+ )= lim (z —4)
z——4 x4+ 4 xr+4 z——4
. Since % is continuous at x = —2 we can use direct substi-
tution,
) 5 5
lm —=—=—-
r——2 X -2 2
=2 =2 2
lim —=—=-
r——5 X ) 5
The function Z+2=6 is discontinuous at = = 2, but it can

be simplified algebraically. The limit is then computed as
follows:

lim ——~ "~ _— hmw
xr—2

x—2

lim (z + 3)
r—2

= 243

= 5

22—z —20
r+4

(z—5)(x+4)
r+4
= lim (z —5)

T——4
= —4-5
= -9

11m
rz——4 rz——4

Since /22 — 17 is continuous at @ = 5 we can use direct
substitution

lim &/22-17 = ¥/52—-17
r—5
= {25-17

lim (z + sin ) 7r+, T 7r+1

im(z+snzr)=—+sin—=—+—

T3 4 4 4 2
3 1

lim(cosx—b—tan;v):i_,_i

. 14+sinz 1+0

lim ——mM = —— =1

z—>01—sinxz 1-0

. I4+cosx 141

lim —M = —— =2

z—=0 oS T 1

Using the graph of —15 we find that the limit as x ap-

proaches 2 does not exist since the limit from the left of
x = 2 does not equal the limit from the right of z = 2
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20.

21.

22,

23.

24.

|
IS
b
~

The limit to the left of z = 1 is Of and the limit to the

right of z = 1 is co. Thus, lim

— = d t exist
I oy oes not exis

Since ‘;’5:% is continuous at x = 2 we can use direct
substitution
i 3z —dx+2 3(2)2—4(2)+2
22 722 — 5z + 3 7(2)2-5(2)+3
. 12-842
T 28-10+3
6
-2
2
T 7
m dx® +50 -7  A(=1)?+5(-1)—7
1—-1322 — 2z + 1 3(-1)2-2(-1)+1
_ 4-5-7
o 342+1
-8
6
B 4
-3
The function zztff is discontinuous at z = 2. But we can

simplify it algeg}graically first then find the limit as follows

. 2P +a—6 . (z—=2)(xz+3)
lim ————— lim ——————~
z—2 2 -4 22 (z — 2)(z +2)
= lim(w+3)
22 (z + 2)
243
242
_ 2
T4
22 -16 (x—4)(x+4)
li = 1l
et 72 — g — 12 e (z — 4)(z + 3)
B (x+4)
- 22 (z 4 3)
444
443
_ 8
T

25.

26.

27.

28.

29.

30.

31.

32.

33.

Since we have a limit in terms of h, we can treat x as a
constant. To evaluate the limit we can use direct substi-
tution (we have a polynomial in h, which is continuous for
all values of h).

lim (622 + 6xh + 2h?)

h—0

= 622 + 62(0) + 2(0)?

=62°+0+0

= 6a?

lim (102 + 5h) = 10z 4+ 5(0) = 10z
h—0

Since we have a limit in terms of h, we can treat x as a
constant. Since % is continuous at h = 0 we can use
direct substitution

im —2xr—h _ —2x -0
h—0 22(x + h)? x2(z 4 0)2
_ —2z
T 22(x)?
—2x
= —
2
= =
lim =5 = =5 = ;5
hsox(r+h)  x(r+0) 22
lim tan = lim s cosx = 1-1 = 1 Recall that
z—0 €T x—0 €T
Jim 5L
z—0 T
. . 1
lim zcse x = lim — =—-=1
z—0 z—0 Sin T 1
limh — OM = sin x lim sin h
h h—0
=sinzc-1l=sinx
sin x(cos h —1 h—1
lim M = sin x lim cosnz 2 =sinz-0=0
h—0 h h—0 h
lim w? 43z lim z(x +3)
r—0 x — 21’4 B z—0 33(1 — 2%3)
. (z+3)
=
_ (0+3)
(1-0)
3
= 2_3
1
2 20 (1 —2 2
lim T i 212227 0
z=0x2 + 3z  2-0 (r+3) 3
lim A A lim AVl
z—0 x + 12 z—0 a:(1+x)
= lim
z—0 (1 + [lj’)
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2
1
36. Tim "% _ fig 20T
z—0 T+\/T 20 3T
li LR 1Jr\fThl it d t t
= lim —— e limit does not exis
z—0 ﬁ f
37.
. -2 . r—2
lim ——+— = lim - —v——
222 —x —2 z—2 (z—2)(q:+1)
. 1
= lim
_ o1 1
(241 3
38.
x? -1 . (z—1)(z+1)
= I
z——1 x4+ 1 z—1 r+1
= lim (z —1)
r——1
= (-1-1)=-2
39.
2 _ _
lim = 9 = lim 7@ 3)( +3)
z—32x — 6 e—=3  2(x —3)
= lim (z+3)
r—3 2
(343
N 2
6
- -~ =3
2
40.
3z% + 5z — 2 (z+2)(3x—1)
im ————— = lim ~—n e ——~
a——2 122 — 3z — 10 z—-2 (x4 2)(x —5)
— i 82D
z—>-2 (x —5)
B2 - 1)
(=2-5)
- Ty
-7
41.
a?—4 a?—4 Va2 +5+3

Va2 +5-3  JVa2+5-3 Va2 +5+3
(a® —4)(Va2+5+3)

(a2+5-9)
_ (@ -4)(Vea*+5+3)
- (a* —4)
= Va?+5+3
Thus, lim (vVa?+5+3)=6
a——2
42.
ve—-1 Vr—1
=1 = o DarD)
1
WV +1
Thus, lim L

H\F+1 V2

43.
V3—z—V3  V3—z-V3 V3-z+3
T N T V3i—z+V3
_ 3—x—3
z(v3—x+3)
-1
B V3—z+V3
—1 -1
Thus, hm —
04/3 fx+\[ 2V/3
44.
Vitz—vi-z  Vitz—-Vi-z Jitz+Vi-z
z - x Vitr+Vi—x
44— (4—2x)
z(Vi+to+V4—x)
2
Vitzrz+vV4d—zx
Thus, lim ——— 2 L

a0tz t+vi-z 2

45. Limit approaches 2 5

46.
VTi+2e—VT  VT+20—VT VT+22+V7
T T T+ 2z +7
o T42-7
(V7 =2z +7)
2
V3243
2 1
Thus, hm
S0VT+ 2 +vT VT
47.
2—\r 2—\x 2+x
4—x 4d-z 2+ .z
_ 4—x
(-2 +Va)
_ 1
24V
Th li L
w = g
48.
- V49 —22 T —49—2? T+ 49— 2a?
x B x 7+ V49 — 22
49 — (49 — 2?)
(74 V49 — 22)
x
T+ VA9—a?
Thus, lim ———
H07+\/497;x2
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Exercise Set 2.3

1.

a) First we obtain the expression for f(z + h) with
f(@) = 7a?

fl@+h) = 7(z+h)?
= 7(z*+2zh +h?%)
= 72 + ldzh + 7h?
Then
flx+h)— f(x) (72?4 14zh + Th?) — Ta?
h B h

14xh + Th?
h
h(14x + 7h)

h
= ldx+T7h

b) For x =4 and h = 2,
14z +7h = 14(4) + 7(2) = 56 + 14 = 70
For x =4 and h =1,
142+ Th =14(4) + 7(1) =56 + 7 = 63
For x =4 and h = 0.1,
14z 4+ 7h = 14(4) + 7(0.1) = 56 + 0.7 = 56.7
For x =4 and h = 0.01,

14z + 7h = 14(4) + 7(0.01) = 56 + 0.07 = 56.07

a)
flx+h)— f(x) (52* 4 10xh + 5h%) — ba?
h N h
_ 10zh + 5h?
N h
_ h(10z 4 5h)
N h
= 10z +5h

b) For x =4 and h = 2,
10z + 5h = 10(4) + 5(2) = 40+ 10 = 50
For x =4 and h =1,
10z + 5h = 10(4) +5(1) =40 +5 =45
For x =4 and h =0.1,
10z 4+ 5h = 10(4) 4+ 5(0.1) = 40 + 0.5 = 40.5
For x =4 and h = 0.01,

10z + 5h = 10(4) + 5(0.01) = 40 + 0.05 = 40.05

3.

5.

a) First we obtain the expression for f(x + h) with
f(w) = ~Ta?

flz+h) ~7(x + h)?
—7(2* 4 2zh + h?)

—72% — 14zh — Th?

(=7z% — 1dzh — Th?) — (—7x2?)
h h
—14xh — 7h?
h
h(—14z — 7h)
h
= —14x—Th

b) For z =4 and h = 2,
—14z — Th = —14(4) — 7(2) = =56 — 14 = 70
For x =4 and h =1,
—14z —Th=—-14(4) — 7(1) = =56 — 7= —63
For x =4 and h = 0.1,
—14z — Th = —14(4) — 7(0.1) = =56 — 0.7 = —56.7
For z =4 and h = 0.01,

—14z—Th = —14(4) —7(0.01) = —56—0.07 = —56.07

a)
flx+h)— f(x)  (—5z*—10zh — 5h?) — (—5a?)
h N h

 —10wh — 5k

N h

_ h(—10x — 5h)

- h

= —10x —5h

b) For x =4 and h = 2,
—10z — 5h = —10(4) — 5(2) = —40 — 10 = —50
Forz=4and h =1,
—102 — 5h = —10(4) — 5(1) = —40 — 5 = —45
For x =4 and h = 0.1,
—10z — 5h = —10(4) — 5(0.1) = —40 — 0.5 = —40.5
For z =4 and h = 0.01,

—10z—5h = —10(4) —5(0.01) = —40—0.05 = —40.05

a) First we obtain the expression for f(z + h) with
f(z) =Ta°

flx+h)

7(z + h)®
7(2® + 32%h + 3zh? + h3)
723 + 212%h 4 212h? + T3
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Then For z =4 and h = 0.01,
3 2 2 3 3
fla+ h})L —fle) _ (et +21a"h+ Q;f’h +ThY) —Ta 150% + 15zh + 5h% = 15(4)% + 15(4)(0.01) + 5(0.01)2
S1%h 4 2 oh? 4 Th = 240+ .6+ 0.0005
= W 240.6005
h(212? + 21zh + Th?
= h 7. a) First we obtain the expression for f(z + h) with
— 35
= 21a% + 2lzh + Th? f@) =3
)
b) For x =4 and h = 2, flz+h) = e
2122 4 21zh + 7h? = 21(4)% +21(4)(2) + 7(2)?
= 336+ 168 + 28 Then
= 532 5 5
flx+h) - flx) _ (@+h) @
For x =4 and h =1, h -
5. h) — 2. h
2022 + 20zh + Th: = 21(4)? + 21(4)(1) + 7(1)? _ @ x(‘: s a@th
= 336+84+7 -a(@+h)
— 407 bz —5(z+h)
- hxz(xz + h)
For x =4 and h =0.1, _ —5h
2122 + 21ach + Th? = 21(4)2 + 21(4)(0.1)2 hx(x; k)
= zzi 178,4 +0.07 = m
For z — 4 and h — 0.01 b) For x =4 and h = 2,
-5 -5 )
2 2 _ 2 2 = = — ~ —0.208
2122 + 21zh + Th - 3;(341 0+811J(r4())(§(.)(())17) +7(0.01) R R
= 336.8407 For x =4 and h = 1,
-5 -5 -5
= = — ~ —0.2
6. a) c@th) Ad+n 20~ 0B
_ 3 2 2 3y _r.3
f(z:—i—h]z f(z) _ (5z° + 15z h—l—liazh +5h?%) — bx For 2 =4 and h = 0.1,
_ 152°h + 15zh? + 5h3 s S Y -0.305
B h z(z+h)  4(4401) 164 '
h(1522 + 15zh + 5h?
= t x+hx + For z =4 and h = 0.01,
= 152% + 15zh + 5h° 5 5 Sh e
b) For 2 — 4 and h—2 z(x+h)  4(4+001)  16.04

1522 + 15xh + 5k

For x =4 and h =1,

1522 + 15xzh + 5k

Forz =4 and h=0.1

1522 + 15zh + 5k

15(4)% +15(4)(2) + 5(2)?
240 + 120 + 20
= 380

15(4)? +15(4)(1) + 5(1)?
240 + 60 + 5
= 305

)

15(4)? +15(4)(0.1) + 5(0.1)2
240 + 6 + 0.05
246.05

flz+h) - f(=)

'y
SIS

L~x(x+h)f%-x(x+h)
boz(z+h)
dx —4(x + h)
hx(xz + h)
—4h
hx(x + h)

z(xz+ h)
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10.

11.

b) For x =4 and h =2,

4 -4
z(z+h) N

=~ —0.167
44+2) 6

Forzx=4and h =1,

—4 —4 -1

= = —~-02
z(z+h) 4(4+1) 5

For x =4 and h = 0.1,

—4 —4 -1

= = ~ —0.244
z(z+h)

4(4+01) 41
For x =4 and h = 0.01,

—4 —4 —4
= = — =~ -0.24
z(x+h) 4(4+001) 4.04 0249

a) First we obtain the expression for f(x + h) with
flz)=—-2z+5

fl@+h) = —2(x+h)+5
= —2x—-2h+5
Then
fle+h)—f(z)  (—2z—-2h+5)—(-2x4+5)
h - h
 —2h
T h
= 2

b) Since the difference quotient is a constant, then the
value of the difference quotient will be -2 for all the
values of = and h.

a)
flx+h)— f(z) (22 4+ 2h + 3) — (22 + 3)
h - h
o
TR
= 2

b) Since the difference quotient is a constant, then the
value of the difference quotient will be 2 for all the
values of = and h.

a) First we obtain the expression for f(z + h) with
flx)=a22-2z

fl@+h) = (z+h)?—(z+h)
= 22=2zh+h®—2—h
Then
flx+h)—fl®)  (e®+2zh+h*—z—h)—(2®—x
h N h
_ 2zh+h*—h
N h
B h(2z+h—1)
N h

= 2x+h-1

12.

13.

b)

b)

b)

c)

For x =4 and h = 2,
2c+h—-1=24)+2-1=8+2-1=9
For x =4 and h =1,
2e+h—-1=24)4+2-1=8+1-1=38
For z =4 and h = 0.1,
2e+h—-1=24)+01-1=8401-1=7.1
For z =4 and h = 0.01,
20+h—-1=2(4)+2-1=8+0.01-1=7.01

flx+h)— f(z)  (*+2zh+h*+z+h)— (2% +2)
h N h
_ 2zh+h*+h
B h
_ h(2r+h+1)
= S
= 2z+h-1

For z =4 and h = 2,
2e+h+1=24)+2+1=8+2+1=11
For x =4 and h =1,
2e+h+1=24)+2+1=8+1+1=10
For z =4 and h = 0.1,
204+ h+1=24)+014+1=8+01+1=09.1
For z =4 and h = 0.01,
20+h+1=24)+2+1=8+4001+1=9.01

For the average growth rate during the first year we
use the points (0,7.9) and (12,22.4)

y2—y1 _ 224-179

xo—x1  12—0
145
12

~ 1.20834 pounds per month

For the average growth rate during the second year
we use the points (12,22.4) and (24, 27.8)

Y2 — Y1 _ 27.8 — 224

To—x1 24 — 12
54
12

= 0.45 pounds per month

For the average growth rate during the third year we
use the points (24,27.8) and (36, 31.5)

Y2 — Y1 31.5 - 278

To — X1 o 36 — 24
.37
12

~ 0.30834 pounds per month
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14.

15.

16.

d)

b)

d)

b)

For the average growth rate during his first three
years we use the points (0,7.9) and (36, 31.5)

Y2 — Y1 _ 31.5—-7.9
zo—x1  36-0
236
T 36

1%

1.967 pounds per month

The graph indicates that the highest growth rate out

of the first three years of a boy’s life happens at birth

(that is were the graph is the steepest).

20.5-7.9
9—0

17.4-7.9
5= ~ 1.583 pounds per month

= 1.4 pounds per month

13.2-7.9
3-0

Based on the the calculated average growth rates
above, we can estimate the average growth rate to
be larger than 1.767 for the first few weeks of a typi-
cal boy’s life.

=~ 1.767 pounds per month

For the average growth rate between ages 12 and 18
months

Y2 — Y1 _ 25.9 — 224
To—x 18 —12
35
T 6

~ 0.583 pounds per month

For the average growth rate between ages 12 and 14
(we use the point at 15 months)

Y2 — U1 24.5 —224

X9 — T1 15—12
21
EY

= 0.7 pounds per month

For the average growth rate between ages 12 and 13
(we can approximate the value of y when x = 13 by
reading it from the graph)

Y2 — Y1 23.23 —22.4

To — X1 15—-12
083
o1

0.83 pounds per month

1%

The average growth of a typical boy when he is 12
months old is about 0.9 pounds per month

% = 0 degrees per day. Using this rate of

change we would not be able to conclude the person
was sick.

% = 0.9 degrees per day
% = 1.5 degrees per day
% = 1 degrees per day

102.5-102 _ .
=527-= = 0.5 degrees per day
102521025 _ ) degrees per day
102.4-102.5 _

=6 —0.1 degrees per day

d)

17. a)

b)

18. a)
b)

C

19. a)
b)

% = —0.4 degrees per day
100-102 — 2 degrees per day
W = —1.4 degrees per day
L9868 — 0 degrees per day

The temperature began to rise on day 1, reached the
peak on day 5, began to subside on day 6, and was
back to normal on day 10

By examining the graph, we notice an increase in tem-
peraure after day 1 which reaches a maximum value
of 102.5° on day 5 and continues at the max temp
through day 6 at which time the temperature begins
to drop until it reaches the normal level of 98.6° on
day 10.

Average rate of change from t =0 to t =8

Ny — N; 10-0
to — 1 8—-0
10

3= 1.25 words per minute

Average rate of change from t =8 to ¢t = 16

Ny — N; 20—-10
ta — 1 16 -8
10

= 5= 1.25 words per minute

Average rate of change from ¢t = 16 to t = 24

Ny — Np 25—-20
ty — 11 24 — 16
5

= g= 0.625 words per minute

Average rate of change from ¢ = 24 to t = 32

Ny — N
ta —t

25 —25
32 —-24

0
= - =0 words per minute

Average rate of change from ¢ = 32 to t = 36

No—N; 2525
ts — th 36 — 32
0

1= 0 words per minute

The rate of change becomes 0 after 24 minutes be-
cause the number of words memorized does not
change and remains at 25 words, that means that
there is no change in the number of words memorized
after 24 minutes.

5(2) = 10(2)% = 10(4) = 40 miles.
s(5) = 10(5)2 = 10(25) = 250 miles
s(5) — s(2) = 250 — 40 = 210 miles. This represents

the distance travels between ¢t = 2 and ¢t = 5 seconds.

250-40 _ 210 _ Tes
==~ = =3~ = 70 miles per hour

When t =3, s=16(3)% = 16(9) = 144 feet
When t =5, s=16(5)% = 16(25) = 400 feet
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c) Average velocity = % = % = 128 feet per 25.
second flx+h)—f(z)  al@+h)?+bx+h)+c B
20. a) w = 14.5 miles per gallon h , h
b) 3097030680 — 14 5 miles per gallon W
21. a) Population A: The average growth rate = % = az? + 2azh + ah? + bz + bh + ¢
%O = 125 million per year = h
Population B: The average growth rate = % = —azx?+br+ec
125 million per year - n
b) We would not detect the fact that the population 2axh + ah? + bh
grow at different rates. The calculation shows the = 7
populations growing at the same average growth rate, = 2ax+ah+b
since for either population we used the same points to .
calculate the average growth rate (0,0), and (4, 500). = aQ@eth)+b
c) Population A: 26.
Between t = 0 and ¢t = 1, Average Growth Rate fl@+h)— f(z) a(z + h)® + b(z + h)? — (az® + ba?)
= 251’(:)0 = 290 million people per year A = h
Iie% tfz_ioar?l(ilufon: 2, {Xverage Growth Rate B az® + 3azh + 3azh? + h3
=25 = people per year = 5 +
Between t = 2 and t = 3, Average Growth Rate 9 9 3 9
= 209-250 — 50 million people per year ba” + 2bxh + bh” — az” — bu
Between t = 3 and ¢ = 4, Average Growth Rate ) 2h 5 )
= 509=200 — 300 million people per year _ 3az h + 3axh” + h” + 2bzh + bh
h
Population B: = 3az”® + 3axh + h? + 2bx + bh
Between ¢ = 0 and ¢ = 1, Average Growth Rate = (3ax?® 4 2bx) + h(3az + b)
= 1?;)0 = 125 million people per year
Between t = 1 and ¢t = 2, Average Growth Rate 27.
= w = 125 million people per year flz+h)—flz)  Va +
Between t = 2 and t = 3, Average Growth Rate h -
= 373250 — 125 million people per year \/ﬁ VE VT Fh 4z
Between t = 3 and t = 4, Average Growth Rate = h \/T+ z
= % = 125 million people per year et b v
d) It is clear from part (c) that the first population has ha +h+ e
different growing rates depending on which interval _ 1
of time we choose. Therefore, the statement “the ve+h+z
population grew by 125 million each year” does not
. . 28.
convey how population went through periods were the 4
population increased and periods were the population fl@+h)— f(z) _ (z+h)" -
decreased. h h
a* + 423h + 622h% + 4xh® + bt — 2*
22. In the period between 1850 and 1860 the deer population is = h
decreasing which corresponds to a negative rate of change. 3 2,9 3 4
In the period between 1890 and 1960 the deer population is = 4z7h + 6z hh+ Azh” + h
increasing which corresponds to a positive rate of change. 4?4 622h + Ah? 4 b3
= 4z x x
23. The rate of change in the period between 1800 and 1850 is
similar to that of 1930 to 1950 is the sense that they both 29.
exhibit steady increase in the population. The drastic drop f(z+h) - f(z) ﬁ _ z%
in the population shortly after 1850 is similar to the drop h = h
in population seen near 1975. 2% — (z + h)?
24. - ha?(xz + h)?
flx+h)—f(z)  mz+h)+b— (mz+Db)  a?—a? —2zh—h?
h h N ha?(x + h)?
_ mx+mh+b—mz—b 92 —h
L h T2 (z + h)?
= mT _ 2+ h
= m 22 (z+h)?
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30.

31.

32.

33.

34.

flz+h) = fz)

1 1
1—(z+h) 1—z

flz+h) - f(z)

h
I-2)— (1= (z+h))
h(1—2z)(1—(z+h))

l—z—14x+h

(1 —2)(1— (x+ h)
1

(1-2)1—=(x+h)

(z+h) x

(14z+h) 14z

h
(x+h)(1+z)—2z(l4+z+h)
h(l+z)(14+z+h)
2?4+ x+zh+h—a—a%—zh

Exercise Set 2.4

h(14+2z)(14+x+h)
1
(I4+z)(1+z+h)

V3=2(x+h)—3-2z

flz+h) - f(z)

I
3—2(x+h)—(3—2x)
h(y/3 —2(z + h) + /3 —2z)
—2
V3=2(x+h)+/3 -2z

1 J—
x+h

h

Vi Vit

hy/zvz + h

VI—VT+hT+Vz+h

hzve +h e+ vz +h

x—(x+h)

hv/zvx + h(y/x + vVa + h)

-1

Vevz + (VT +Vx +h)

:
S

2(z+h) _ 2z
xz+h—1 z—1

h
2@+ h)(z—1)—2z(z+h—-1)

hz—1)(x+h—-1)

222 — 22 + 2xh — 2h — 222 — 2zh + 2

hz—1)(x+h—-1)
)

(z—-1)(x+h—-1)

l.a-b) f(z) =522

100
~ ]
S 4
N 507
—4 -2 il 2 x 4
_50 7 \\\
] o
] N
-100 ] \\
c)
_fl@+h)— fz)
/ p—
fil@) = IILIL% h
= 2 _ 2
— lim 5(z 4+ h)* — bz
h—0 h
. 522 4+ 10zh + 5h2% — 52
= lim
h—0 h
- lim h(10z + 5h)
h—0 h
= lim 10x + 5h
h—0
= 10x
d) f'(-2 10(—2) = —20

with the slopes of the tangent lines drawn in part (b).

2.a-b) f(z) = T2

-
XN -
w
IN

o f@ b = @)
h—0 h
2 _ 2
- lim T(z+ h)* =Tz
h—0 h
o Tx? 4 1dxh + Th? — 722
= lim
h—0 h
- lim h(14z + 7h)
h—0 h
= lim 142+ 7h
h—0

= l4dx
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d) f/(-2)=14(-2) = -28 = }llii%—lélm—?h
J(0) =14(0) =0 = —l4z
f'(1) = 14(1) = 14. These slopes are in agreement
with the slopes of the tangent lines drawn in part (b). d) f/(—-2) = —14(-2) =28
3.a-b) f(z) = —ba? f'(0) = —14(0) =0
f(1) = —14(1) = —14. These slopes are in agreement
*Q . with the slopes of the tangent lines drawn in part (b).
3 o _1
4 B 2 7 1.2 38 4 5.a-b) f(z) =
/
)/ =101
_20 -
y
-30 1
/ T T T T
/ —40 -8 6 2 4
=50 -
c)
: . flth) - )
’ = 1
F(@) ey h o)
-} —5(z + h)? — (=52?)
_ —522 — 10xh — 5h? — (—52?) h—0 h
= im, i e
i h(—10z — 5h) h—0 h
- ,}L% h ~ lim 23 4+ 322h + 3xh? + h3 — 23
= }lir% —10x — 5h h—0 h
11— 2 2
- 10z _ }Lim h(3z +;’>Lwh+ h?)
—0
d) f'(-2) =—-10(— 2) =20 Jim 322 + 3zh + h?
—

J'(=

J'(0) = —10(0) = )
f(1)=-10(1) = 710 These slopes are in agreement = 3z
with the slopes of the tangent lines drawn in part (b).

d) f'(-2) = 3(72)2 =12
4.a-b) f(x) = —T2? f(0)=3(0)*=0
f'(1) = 3(1)2 = 3. These slopes are in agreement
M with the slopes of the tangent lines drawn in part
2 .2 8. 4 (b).
6.a-b) f(r) = —a3
/ r10
F8
F6
/ 94
/
/ 2
8 & -4 -2
X/
/
C) /
/
fle+h) - fz) /
/ —
f (x) a IILL% h //
. =T(x4h)? = (=T27)
B illlg% h )
. —T2? — 1dzh — Th? — (—T2?) , . flz+h) = f(2)
= i h fla) = Jimy h
h(—14x — 7h) —(z +h)® = (—=23)
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33220 3,02 B3 _ (3 —9(x _(—
~ i 2% 3z?h — 3xh* — h® — (—z?) — lim 2(x+h)+5—(—2x+5)
h—0 h h—0 h
. h(—32% — 3zh — h?) . —2x—2h+5+2x -5
= lim = lim
h—0 h h—0 h
= lim —3z% — 3zh — h? gy 2P
h—0 = }Lli% 7
= 327 = _2
d) f(-2) = =3(-2)* = ~12 d) f'(=2)=-2
f1(0) = =3(0)2 =0 F1(0) = =2
f'(1) = =3(1)% = —3. These slopes are in agreement f/(1) = —2. These slopes are in agreement with the

with the slopes of the tangent lines drawn in part (b).
7.a-b) f(z)=2x+3

. 5 d
—21
-4
c)
: +h) — f(z)
v S
f'(@) Lim b
_ hm2@w40+3—0x+$
h—0 h
. 2x4+2h+3—-2x-3
= lim
h—0 h
2
=
= 2
d) f(-2) =2
f(0)=2
f'(1) = 2. These slopes are in agreement with the
e

slopes of the tangent lines drawn in part (b).

8.a-b) f(z)=-22+5

4,
y27
2% 0 AN
—4-
o)
S+ h) — f()

slopes of the tangent lines drawn in part (b).

9.a-b) f(z) = -4z

47
-4 2 0: 2 X 4
_2{
c)
ion g fl@th) — f(@)
F@) = ilzlﬂ% h
— jim —4(x + h) — (—4x)
h—0 h
. —dx —4h + 42
= lim ——
h—0 h
. —4h
= lim —
h—0 h
= —4
d) f/(-2) =4
f(0) = —4
f/(1) = —4. These slopes are in agreement with the

slopes of the tangent lines drawn in part (b).

10.a-b) f(z) =1z
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~ lim fx+h)-1iz c)
h—0 h s B
. . r+h)—jx
S A L I e
h—0 h
1 — lim (x+h)?2—(z+h)—(22—2)
= }llin%) 2 h—0 h
1_> _ hmx2+2xh+h2—x—h—x2+x
= 5 o h—0 h
_ 2xh+h% —h
d) f'(-2)=3 = h
£(0) = % . h(2z+h-1)
@ = % These slopes are in agreement with the = }1}3}) h
slopes of the tangent lines drawn in part (b). = 97 —1
11.a-b =22
a-b) f(x)=2*+=z d) F(=2) = 2(=2) —1 = -5
f(0)=2(0)-1=-1
f'(1) =2(1) — 1 = 1. These slopes are in agreement

-6 2 x4 6
\\\
\
c)
iy o J@th) — fx)
fl) = oy h
; 2 , (2
- lim (z4+h)*+(x+h)— (22 +2)
h—0 h
22 +22h+h2+zx+h—2?—x
= lim
h—0 h
. 2zh+h?®+h
= lim ——
h—0 h
- lim h(2x +h+1)
h—0 h
= 2x+1
d) f/(-2)=2(-2)+1=-3
f(0)=200)+1=1
f'(1) =2(1) + 1 = 3. These slopes are in agreement

with the slopes of the tangent lines drawn in part (b).

12.a-b) f(z)=22 -2z

with the slopes of the tangent lines drawn in part (b).

13.a-b) f(x) =222+ 3z -2

o) - qim TEEN) 1)

h—0 h

+3(x+h)—2— (222 + 3z —2)

. 2
- lim 2(x + h)
h—0 h
4xh + 2h% + 3h
= lim ——
h—0 h
= lim 7}1(4&0 +3)
h—0 h
4xr+3

d) f(-2)=4(-2)+3=-5

f(0)=4(0)+3=3

/(1) = 4(1) + 3 = 7. These slopes are in agreement
with the slopes of the tangent lines drawn in part (b).

14.a-b) f(z) =522 -2z +7
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d) f/(-2) =~y = 1
1/(0) = does not exist
@) = —7z = —L. These slopes are in agreement
with the 510 es of the tangent lines drawn in part (b).

16.a-b) f(z)=2

c)
_fl@+h)— fz)
! p—
. 5z +h)?—-2x+h)+T— (522 -2x+7)
= lim
h—0 h
. 10zh + 5h% — 2R
= hm —_—
h—0 h
~ lim h(10x + 5h — 2)
h—0 h
= 10z —2
d) f'(-2 10(-2) —2=-22

f(=2) =

J(0)=10(0) =2 = -2

/(1) =10(1) — 2 = 8. These slopes are in agreement
with the slopes of the tangent lines drawn in part (b).

15.a-b) f(z)=1

flx+h)—

R /(@)

8=

1
= lim 2T
h—0

z(x+h)— L z(x+h)
h-z(x+h)
x— (z+h)
illli% haz(xz + h)
. —h)
Wb haa+ B)
lim _ -t
h—0 z(x + h)
1
a2

1 .
(z+h)

= lim
h—0

c)
. flet+h) - fz)
/ —
fla) = Jim h
% _5
o . x+h T
= oam
. (z—ih) -z(x + h) f%-x(xth)
= lim
h—0 h-xz(z+h)
- lm 5z —5(x + h)
>0 hx(z+h)
—5h)
= lim — >/
hs0 hz(x + h)
— lim _=5
T hsox(z+h)
)
I
d) f'(-2) =5z =1
1(0) = does not exist
Q) = W = —5. These slopes are in agreement
with the slopes of the tangent lines drawn in part (b).
17. f(x) =ma
oy e @ h) = fx)
f@) = illlg%) h
— lim m(x + h) —mzx
h—+0 h
. mxz+mh—mzx
= lim
h—0 h
L
- S h
= m
18. f(z) =a2? + bz +c
oy~ e @ ER) = f(@)
fl@) = Jim h
~ lim a(z+h)>+b(x+h)+c— (ax® + bz +c)
T hs0 h
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ax? + 2axh + ah? + bx + bh — az? —bx — ¢

- }ILIE% h
. 2azh + ah?® + bh
= lim ————
h—0 h
. h(2az + ah + b)
= lim ———~
h—0 h
= lim 2ax4+ah+b
h—0
= 2ax+b

19. f(x) = 22

From Example 3, f/'(z) = 2z. For the point

(3,9) we have f'(3) = 2(3) = 6 = m. So the equation of

the tangent line is

Yy—un
y—9
Y

Y

m(z — x1)
6(x —3)
6 —18+9
6z —9

For the point (—1,1) we have f'(—1) = 2(-1) = —2. So
the equation of the tangent line is

Yy—un
y—1
y—1

Y

m(z — 1)
3w — (-1))
—2x —2
—2rx—2+4+1
—2r—1

For the point (10,100) we have f’(10) = 2(10) = 20. So
the equation of the tangent line is

Yy—un
y — 100
Y
Y

20.

m(z — 1)
20(z — 10)
20z — 200 + 100
20z — 100

f(z) = 2. From Example 4, f’(x) = 3x2. For the point

(—2,—8) we have f’(—2) = 12 = m. So the equation of

the tangent line is

Yy—un
y+38
Y

Y

m(z — 1)
12(z +2)
122 +24 -8
122 + 16

For the point (0,0) we have f'(0) = 0. So the equation of

the tangent line is

Yy—n
y—0
Y

m(x — 1)
0(xz —0)
0

For the point (4,64) we have f’(4) = 48. So the equation

of the tangent line is

Yy—Un
y— 64
Y

Y

m(z — x1)
48(x — 4)
48z — 192 4+ 64
48x — 128

53
21. From Exercise 14, f'(z) = —2. For the point (1,5) we
have f'(1) = —% = —5 = m. So the equation of the
tangent line is
y—y1 = mz—z1)
y—5 = —b(zx—-1)
y = —br+5+5
y = -—dr+10
For the point (—1,—5) we have f'(-1) = —ﬁ = —b.
So the equation of the tangent line is
y—y1 = mz—x1)
y—(=5) = =5(x—(=1)
y+5 = —5(z+1)
y = —5r—5—-5
y = —bx—10

For the point (100,0.05), which can be rewritten as

(100, ), we have f'(10) = —

5 _ 1
= — 5505+ S0 the equa-

1002
tion of the tangent line is
y—yr = m(zr—a1)
Lo (2 — 100)
Y790 T Ta2000""
_ x n 1 n 1
Y7 2000 T20 T 20
_ w2
Y7 o000 T 20
_ z 1
YT 2000 T 10

22. f(z) = 2. Using the difference quotient we find

x

lim
h—0

fl@) =

= lim
h—0 h

2
= lim (@+h)

flz+h) = f(z)
h

2 2
. (z+h)

€T

z(x+h)— 2 -x(x+h)

h—0

= m
h—0

h-xz(z+h)

2x — 2(x + h)
hx(x + h)

i 2
h—0 hx(z + h)
li 2
hl—% m
2
22
For the point (—1,—2) we have f'(—1) = — -2
m. So the equation of the tangent line is

m(z — 1)
2z — (-1))
—2(zx+1)
—2r—-2-2
—2x—4

Yy—y =
y—(=2) =
y+2 =

y =

y =
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23.

For the point (2,1) we have f/(2) = —% = —3. So the
equation of the tangent line is
y—y = mz—m)
1
y-1 = —5(@-2)
x
= ——+4+1+1
Yy 3 +1+
x
= -2 42
Yy D) +
For the point (10, 1) we have f/(10) = —13z = —z5. So
the equation of the tangent line is
y—y1 = mz—x1)
1
—— = ——(z-10
Y75 50" 10
_ T n 1 n 1
Y7 "5 7575
. T n 2
Y7 "5 75

First, let us find the expression for f/(z).
flz+h) - f(z)

’ .
fla) = Jim h
_ 2 (4.2
— lim 4—(x+h)*—(4—2%)
h—0 h
_ hm4f:v272:ch7h274+x2
o h—0 h
~ lim —22h — h?
- h—0 h
— m h(—2x — h)
h—0 h
= N Q7 —
pm(=2e — )
= -2z

For the point (—1,3) we have f/(-1) = =2(=1) =2 =m.
So the equation of the tangent line is

y—y1 = m(z—m1)
y=3 = 20— (-1)
y—3 = —2x+2
y = 2x+2+3
y = 2x+5

For the point (0,4) we have f’(0) = —2(0) = 0. So the
equation of the tangent line is

y—y1 = m(z—m1)
y—4 = 0(z—-0)
y = 044
y = 4

For the point (5, —21) we have f/(5) = —2(5) = —10. So
the equation of the tangent line is

Y-y m(z — 1)
y—(=21) = —10(z —5)
y+21 = —10x+50

y = —10z+50—-21
y = —10z+29

24.

25.

26.
27.

28.

29.
30.

31.

fla+h) — f(x)
h—0 h
(x4 h)? —2(x +h) — (22 — 22)
h—0 h
22 +2zh+h? — 2 —2h — 22 + 2z
h—0 h
. 2zh+h%—2h
= lim———
h—0 h
— lm h(2z 4+ h — 2)
h—0 h
= limQ2zx+h—-2)
h—0

= 2x-—-2

For the point (—2,8) we have f/(—2) = —6 = m. So the
equation of the tangent line is

y—y1 = m(x—m1)
y—8 = —6(z—(-2))
y—8 = —6z—12
y = —6z—124+8
y = —bzr—4

For the point (1, —1) we have f/(1) = 0. So the equation
of the tangent line is

Yy—U m(z — 1)
y—(-1) = 0(x—0)
y = 0-1
y = —1

For the point (4,8) we have f/(4) = 6. So the equation of
the tangent line is

y—y1 = mz—x1)
y—8 = 6(x—4)
y = 6xr—2448
y = 6x—16

The function is not differentiable at zg since it is discon-
tinuous, x3 since it has a corner, x4 since it has a corner,
Te since it has a corner, and x12 since it has a vertical
tangent.

The function is not differentiable at zs, x4, x5, 7 and xs.

The function is not differentiable at interger values of x
since the function is not continuous at integer values of x.

The function is not differentiable at values of x of the form
x=0.2n wheren=1,2,3,---.

The function is differentiable for all values in the domain.

The function is not differentiable in the year 1850, 1860,
1865, 1880, 1910, 1960, 1975, and 1980.

The function is differentiable for all values in the domain.
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32.

33.

34.

35.

36.

37.

L4 and Lg are the only lines that appear to be tangent
since the others intersect the curve and are no “tangent”

to it.

As the points @ get closer to P the secant lines are getting
closer to the tangent line at point P.

f'(z)

i @R~ (@)
h—0 h
G
h1—>0 h
423h + 622h2 + 4zh3 + h*
lim
h—0 h

lim 423 + 622h + 4zh? + b3
h—0

423
S i)
h—0 h
1 _ 1
— lim x24+2xh+h? x?

h—0 h
a2 — 2% —2zh—h?
lim
h—0 ha?(x? 4+ 2zh + h?)
lim —h(2z — h)
h—0 ha?(x? + 2zh + h?)
lim —_Qm +h
h—0 22(22 + 2zh + h?)
—2x
z2(x2)

= lim*—-+——~+
h—0 h
1 1
. 1—-xz—h 1—x
= lim —/———%
h—0 h

~ lim l—az—-1+z+h
T hsoh(l—x)(1—2 —h)

1
= lim———
iso (1—2)(1—z — h)
_ 1
Tk
o F@+ 1) = ()
h—0 h
_ax+h x
. Troth Itz
) h
. (z+h)(Q+z)—z(1+z+h)
lim
h—0 h(l14+z)(14+z+h)

x4+ 22 +h+he —z—2%2—2h
h(1+z)(1+z+h)

lim
h—0

38.

39.

40.

h
z)(14+x+h)
lim .t
=0 (1+2)(14+ 2+ h)

1
T+ 2)?

= I
B0 h(1 +

_ o f@th) = f@)
h—0 h

VETT- 2

W—f ViFh+ 3
Vr+h+z

= lim

h—0
- }ILL)O h
lim r+h—x
h=0 h(v/z 4+ h + \/’)
fm
h=0 h(ve + b+ /)

1
lim ——————
h0 (Vx+h+x)
1

2V

flz+h) = f(z)
h

= lim
h—0

. 1 1

W Varh Ve

= hmfi rth

h—0 h\/f\/ﬁ

iy VE—VEth VEtVrth

=0 hy/zvVz+h VT+vVa+h

r—x—h

hﬂOh\f\/t—O—h(\f—i—\/l-l—h)

-1

N eV T h(vE Vo)

2V 23

i £ D)~ f()
h—0 h
3(z+h) 3z
. x+h+5 x+5
P h
lim 3z 4+ 3h)(z +5) — 3z(x + h+5)

h—0 h(z +5)(x +h+5)

322 + 15z + 3xh + 15k — 322 — 3zh — 15z

h—0 h(z +5)(z + h+5)
lim 15h
h—0 h(z + 5)(z + h +5)
i 15
no0 (¢ +5)(x + h+5)
15
(x+5)2
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41. The function f(x) will is not differentiable at z = —3. 13. % =cosz—la 2 =cos v — &
42. f'(3) =6, f/(~1) = 2, f'(10) = 20 14. 9 — 4 (gl _g1/2) _ 1121 4 1g1/2e
= 1pml2 4 132 p L 1
43. f'(=2) =12, f'(0) =0, f'(4) = 48 = + 57 or oo + o
44. f'(1) = =5, f'(=1) = =5, f'(100) = 555 15. % =2(20+1)71(2) = 4(2x + 1)
. = -2, = =, = —Z B T — = T —
45. f'(-1) 2, f'(2) = 5, f/(10) = 5 16. % =2(3z —2)(3) = 6(3z — 2)
46. f'(-1) =2, f(0) =0, f'(5) = —10 17. f'(x) = 0.25(3.203271) = 0.82%2
47. f'(-2)= -6, f'(1) =0, f'(4) =6 18. f/(x) = 0.32(12.52!15 = 4115
48. a) 4| 19. f'(z) = 10cos x + 12sin z
20. f'(z) = /5 cos
25
21. f'(z) = —¥/9 sin x
20 22. fl(z)==F—-1
151 23. Rewrite as f(z) =5z~ + £, f/(z) = —ba =2 + %
ol 24, f(z) = —227%/3 4 3p71/4 4 Blgl/5 _ 8y
25. f’(l‘) — /2 _ p-3/4 %x75/4 + %1'73/2
0 5 10 15 {20 25 30 35
_ 7/2
b) y = 0.41z 4 16.067 26. }c,(z) fzzg)/?
c) Rate of change is 0.41 ?
. . 27, f(x) = 218/5 — g13/5
d) e (12,w(12) and (24, w(24)): }”,((32) TRV
y = 0.472416x+15.318, Rate of change = 0.47241 = 5
e (12,w(12) and (18,w(18)): 28. f(z) =2+ 1
y = 0.5685x + 14.165, Rate of change = 0.0.5685 fl(z) = —272
e (12,w(12) and (15, w(15)): . =
y = 0.6326z + 13.395, Rate of change = 0.0.6326  29- jﬁ ,((1')): R ‘fg »
x) = -3z x
e) The slope of the tangent line at (12, w(12)) appears
to be approaching 0.71 30. f(z)=x+2+3z ! +4272
fl(x)=1-32"2-8273
Exercise Set 2.5 31. f(x) =4z +3— 227!

flz)=4+2272

W — 771 = 746

de 32. g(z) =227t — 4272 4+ 6273
2. 9 gy7 g (z) = —2z72 + 8z — 18z~*
xT
3. W _3.9.2-1 _ ¢, 33. p(z) = 6274 —r2a:_3
dz p(x) = —24275 + 62—*
dy _ 0.3
4. 2 =20z 34. r(z) = 12cos x4+ 8sin x — 5
5. ny — 4.3231 — 1942 r'(z) = —12sin x + 8cos x
xT
35. s(z) = 3v/2cos © — 24/2sin x
6. W =10c
1z = 10cos(z) s'(x) = —3v/2sin & — 2v/2co0s x
dy _ 9. 2,2/3-1 _ 9,.—1/3
7Gx =337 =2 36. f/(x) = 3cos x+ 2sinx
8. W 9. ly-1/2 oy .
do o 37. ¢'(x) :8<§) cos x+8(§> sin x
9. Rewrite as y = x3/4, dy _ 3,38/4-1 _ 3,-1/4
deo * 38.W():3+77x Lt Zeos a
10. Rewrite as y = 2*/7, % = %afsﬁ Wi (z)=2+a"2—1sina
11. dy — 4dcos T 39. U(z) = sin © — 2z'/2 4 3z~ 1/2

&.

U'(z) = cos x —a~ /2 — 3473/2

12. & = _3sinz
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40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

f'(z) =2cos x
The slops at (0,0) is f/(0) = cos(0) = 1.
So the equation of the tangent lilne is

y—y1 = m(z—xy)
y—0 = 1(z—0)
y =

f'(z) = -3sinx
The slope at (0,4) is f/(0) = 0.
So the equation of the tangent line is

y—y1 = m(z—x1)
y—4 = 0(x—0)
y—4 = 0

y = 4

f/(I) _ %x1/2 + %1’71/2
The slope at (4,10) is

f4)=3A)V2+1(4)"1/2 =325
So the equation of the line is
y—10 = 3.25(x —4)
y—10 = =3.252—-13
y = 325x—3

f’(x) _ %xl/i’) + %1’_2/3
The slope at (8,20) is

7(8) = 4(8)/7 + 2(8) 2/ = 11
So the equation of the line is
y—y1 = m(z—x1)
17
y—20 = E(I -38)
17 68
= -2 42
4 A T
_ 8
Y7 63
g{i: 11/12 11/12
=1
assn 1/3
Rewrite y = <f;%) =g ~5/18

dy _ —5,.-23/8
dzr — 187
4sin x

dy _

pr 4cos ©

Use the trigonometric identity 14-tan?z = sec?x to rewrite

y = 3sec’x cos®x = 3cos x
Z—'z = —3sin x

Yy = %sin T+ %cos T
j—g = %(cos x — sin x)

Use the sum identity for cosine to rewrite y = ?cos T —

1 .
28’”1.1‘

dy _ =3, _1
o= —3°8in T — 5C08 T

50.

51.

52.

53.

54.

55.
56.
57.
58.

d _
& 200+ (107
The slope at (2, 22) is %\1:2 =2
The equation of the line is

25 25
y—o = Z(x_Q)
25 25
YT oty

dy
#=2(ve- %) Gls + 0m)
The slope at (1,0) is g—";\wzl =0
The equation of the line is

y—y1 = m(r—m1)
y—0 = 0(z—-1)
y = 0

h h
[ h)—f@) gt h) —g(a)
h h
Da) = IILIE}) D(z + h}i — D(x)

— i [fEHR) = f(@) | gle+h) —g(z)
h—0 h h

o JEER @) gt )~ gl)
h—0 h—0 h

= fl(x)—d'(2)

Let f(x) = cos x then

fla+h) - f(z)

f/(x) = limpo A
— lm cos(x + h) — cos(x)
h—0 h
cos xcos h — sin xsin h — cos x
= lim
h—0 h
I cos h—1 . sin h
= limcosz | —— ) —sinzx
h—0 h h
. cosh—1 . . sinh
= cosx-lim ———— —sin - lim
h—0 h h—0 h

= cosr-0—sinx-1

= —sincx

The value of the slope of the tangent lines of the sine func-
tion correspond to whether the cosine function is has posi-
tive or negative values. For a positive slope of the tangent
line means the cosine has a positive values at the aprticular
x value, and vice versa.

Left to the student
Left to the student
The tangent line is horizontal at x = + 0.6922

The tangent line is horizontal at + =0



58

Chapter 2: Differentiation

59. The tangent line is horizontal at = —0.3456
and at x = 1.9289

60. The tangent line is horizontal at x = 1.9384,
x = 3.6613 and at z = 5.6498

Exercise Set 2.6

1. a) v(t)=%0 =32 11
b) a(t) = ‘“’“) = 6t
c) v(4) = ( )2 +1 =48+ 1 = 49 feet per second
a(4) = 6(4) = 24 feet per squared seconds
2. a) v(t) = % = 3 Note that the velocity is constant and
does not depent on time
b) a(t) = % = 0 Note that the velocity is constant and

a

does not depent on time

c) v(2) = 3 miles per hour
a(2) = 0 miles per squared hours

d) Uniform motion means that the velocity and acceler-
ation are constants namely, the velocity is the slope
of the linear distance function and the acceleration is

Zero.
3. a) u(t)= %0 — o0t 42
b) a(t) = dv“) —20
c) uv(l) = 720( ) +2 = —20+ 2 = 18 feet per second
a(1) = —20 feet per squared seconds
4. a)vt)=%L=2t-1
b) a(t) =% =2
c) v(l) = ( )— 4 =2—1=23 =15 feet per second
a(1) = 2 feet per squared seconds
5. a) v(t) = ds(t =5+ 2cos t

b) a(t) = di;(tt) = —2sin t
c) Find v(%) and a(7)

v(=) = 5+ 2008(%)

2
= 5+2~%

5+42
6.414 m/sec

a(%) = 7251'71(%)

2
_ 5. V2
2

SN

~ 1414 m/sec?

d) Find ¢ when v(t) =3

3 = 5+2co0st
—2 = 2cost
-1 = cost

t = cosT'(-1)

T+ 2nmw

6.

a) v(t)=3+sint
b) a(t) = cos t
c) Find v(%) and a(%)

v(g) = 3+sm(g)
V3
Sty
~ 3.866 m/sec
a(3) = cos(3)
1
= 520.5 m/sec?
d) Find ¢ when v(t) = 2
2 = 3+sint
-1 = sint
t = sin"i(=1)
3
= 77T+2n7r

a) 4 = —2q+ 300
b) Slnce a is counted in thousands we need to find
N(10) —(10)% 4 300(10) + 6
= —100+ 3000 + 6
= 2996

There will be 2996 units sold after spending $10000
on advertsing

c) At a = 10, % = —2(10) + 300 = —20 + 300 = 280
units per thousand dollars spent on advertising

d) The rate of change of the number of units sold de-
pends on the amount spent on advertising according
to the equation ‘fi—];/ = —2a + 300 which means that
for every a thousand dollars spent on advertising, the
change in the units solds is —2a+300 units. If $10000
is spent on advertising, then there will be a 280 unit

increase in the number of units sold.

a) 4 =1.82—0.1192¢ + 0.002274¢>

b) w(0) = 8.15 + 1.82(0) — 0.0596(0)2 + 0.000758(0)% =
8.15 pounds

) |, o = 1.82 — 0.1192(0) + 0.002274(0)2 = 1.82
pounds per month

d) w(12) = 8.15+1.82(12)—0.0596(12)2 +0.000758(12)3
= 22.72 pounds

e) |15 =1.82 —0.1192(12) + 0.002274(12) = 0.717
pounds per month

f) Average rate of change = w<12>1;w(0) = 272-815 —

1.21 pounds per month
g)

1.82 — 0.1192¢ + 0.002274¢2
0.002274¢% — 0.1192¢ + 0.61

1.21

I
o

Using the quadratic formula we get that t = 5.747
months.
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9.

10.

11.

12.

13.

14.

15.

a)
b)

)
a)
5)
f)

g)

d)

b)

dw —1.61 —0.0968¢ + 0.0018¢>

w(0) = 7.6041.61(0) —0.0484(0)%+4-0.0006(0)3 = 7.60
pounds

%\tzo = 1.61—0.0968(0) +0.0018(0)? = 1.61 pounds
per month

w(12) = 7.60+1.61(12) —0.0484(12)% 4+-0.0006(12)3 =
20.987 pounds

%\12 = 1.61 — 0.0968(12) + 0.0018(12)2 = 0.708
pounds per month

Average rate of change = 2(2-w(0) _ 20.987-7.6 _

12 12
1.1156 pounds per month

1.61 — 0.0968t + 0.0018t2 = 1.1156
0.0018t% — 0.0968t + 0.4944 = 0
0.0968 + 1/(0.0968)2 — 4(0.0018)(0.4944) .
2(0.0018)
57147 = ¢

‘3—? = 2 feet per degrees

For every increase of one degree there will be an in-
crease of 2 feet in the stopping distance of an object
on glare ice

dac
dr
For every increase of one centimeter of the radius the
healing wound circumference increases by 27 centime-
ters

=27

dA _
dr = 27r

For every increase of one centimeter of the radius
the circular area of a healing wound increases by 27r
squared centimeters

dT _

G =—02t+1.2

Att=1.5

T(1.5) = —0.1(1.5)2+1.2(1.5) + 98.6
= 100.2 degrees

%|t:1_5 = —0.2(1.5) + 1.2 = 0.9 degrees per day

The sign of T'(t) is significant because it indicates
whether the rate of change in temperature is an in-
crease (if positive) or a decrease (if negative). That is,
whether the fever is increasing or decreasing during
the illness

4B — 0.1z — 0.922

The sensitivity is affected by the following rule: for
every increase in the dosage of x cubic centimeters
the blood pressure is changed by an amount equal to
0.1z — 0.922

AT = 131031

For every increase of W in body weight the territorial
area of an animal increases by an amount equal to
1.31W0-31

16.

17.

18.

19.

20.

21.

22.

23.

a) UL —141W04

b) For every increase of W in body weight the home
range of an animal increases by an amount equal to
L41Wwo4t

First rewrite R(Q) as follows R(Q) = gQQ — i@

3
a) 6 = 5(2Q) - 5(3Q%) = kQ - @
b) For every increase @ in the dosage there will be a

change in the reaction of the body to that dosage
change equal to the amount kQ — Q2

a) € = 4000t
b) P(10) = 100000 -+ 2000(10)? = 300000 people
c) %\z:m = 4000(10) = 40000 people per year

d) The population of the city will reach 300000 people
after 10 years.
The population growth rate at 10 years will be 40000
people per year, that is, the population will increase
by 40000 for the next year

a) % =0.08

b) The rate of change for the median age of women at
first marriage is constant at 0.08. That is, each year
the median age of women at first marriage in increas-
ing by 0.08 years

a) 47 =1.22(3h71/2) = 04

dh Vh
b) V(40000) = 1.22v/20000 = 244 miles
c) %\h:zxoooo = \/% = 0.00305 miles per feet

d) At a height of 40000 feet the view is 244 miles.
At a height of 40000, for every one foot increase
in height corresponds to an increase in the view of
0.00305 miles

The average rate of change of a function is the value of the
difference quotient evaluated over a period of time, while
the instantaneous rate of change is the value of the slope
of the tangent line at that particular instant.

The derivative of a function at a point x can be thought
of as the slope of the tangent line at that point. It could
also be thought of as the instantaneous rate of change of
teh function at that point.
80
60

40|
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24. 300 28.

A
- \\ //
25 b) The acceleration function is the same as the product
’ of the position function times —1. That is it is a
reflection of the position function about the ¢ axis.

Exercise Set 2.7

] 1. Method One: 23 - 28 = 238 = z11, g—g =11z
-200 100 200 Method Two (product rule):
d
—200 1 Y9 _ 22827 4 322 - 28
dx
— 810 4 3,10
—400 11210

2. Method One: ot - 2 = 249 = 213, & = 13,12
Method Two (product rule):
d
LA 't 928 4 423 . 20
dz
= 9z'2 4 42!?

13212

3. Method One: zv/z = 23/2, % = 341/2
Method Two (product rule):

dy 1 —1/2 1/2
A - 1
= .%‘(21’ )+ (D
1
_ 53[1,1/2 4+ gl/2
3
_ 5g[‘,1/2

4. Method One: y = 28/3, Z—Z = %1’5/3
Method Two (product rule)

d 2 - )
d—gyc = x2(§1’71/5 + 21’(x2/5)
2.1'5/3 + 21,5/3
3
8 .
S 5/3
b) The acceleration function is the same as the product 5. Method One: f—: =23, % = 322
of the position function times —1. That is it is a Method Two (quotient rule):
reflection of the position function about the ¢ axis. @ B 25(827) — 5z (a®)
dr (25)?
81’12 _ 5$12
= 210
31.12
ST
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6. Method One: ;—Z =173, % = 374
Method Two (quotient rule):
dy 28(5z%) — 2°(827)
de (28)2
5 12 — 8z 12
- 16
—3r 12
= 16
= 3271

7. Method One: y = 2% — 25, d—y =2z

Method Two (product rule)

dy
> - 1 D (z —
oo s+ ) -9)
= z+5+x-5
2z
8. Method Onme: f(z) = % =(z—-3), flz) =1

Methods Two (quotient rule):

(x+3)(2z) — (2% - 9)(1)

fl@) =

22+ 62+ 9
22+ 6x+9

22+ 62+ 9
=1

dy

e 8z° — 327 + 20) (322"

(
(
(40z* — 6z)(8x* — 3
(
(

402*

10.

(72° 4 42®
fl(z) = (7a®+42% -5
(
(

421° + 1222) (921 —

728 + 42°
(4225 4 1222) (9210

11. f(z) = (/2 — 2'/3)(22 + 3)

F@) = (e

— a9+ (o +3) (5

1
- 5172/3)(237 +

—50)(921° —
0)(902°

(z+3)?
222 + 6z — 2% +9

8x° — 3x% 4 20)(82* — 32'/?)

3
- 53:71/2) +

/2)

825 — 322 +20)(322° — —)

2V

62)(8z" — 3v/x)

7x1/2)

_ ;xfl/Z) 4
7:1:1/2)

- 50)(901 - 7)

2V

3)
1
N

~7Va)

1
3v/ a2

+ (Vo = Va)(2)

)

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

(f+21)5ccx+tan1<3 2/3+2)
= (Yz+2x)sec’s +tan x <L + 2)
3V/a?

f(x) = 2 ?tan o

fl(z) = az'%sec’z +tan x (%x_lﬂ)
= vz sec’r + L tan x
- 2\/1
’ 3 1 —2/3
g(x) = <z secxtan z+secx 3%
sec x
= x sec x tan x +
Ve 3V/z2
(2t +3)2 = (2t +3)(2t+3) =42 + 12t +9
f(t)=8t+12
r(t) = (5t — 4)? = (5t — 4)(5t — 4)
() = (5t—4)(5)+ (5)(5t — 4)
= 25t —20+ 25t —20
50t — 40
g(z) = (0.0222% + 1.3z — 11.7)(4.1x + 11.3)
d(x) = (00222 +1.3z —11.7)(4.1) +
(0.04z + 1.3)(4.1z 4+ 11.3)
g(z) = (3.1222 + 10.22 — 5.01)(2.92% + 4.3z — 2.1)

(3.122% +10.22 — 5.01)(5.8x + 4.3) +
(6.242 + 10.2)(2.92% + 4.3z — 2.1)

g'(x) =

g(x) = sec x csc x

sec x(—csc x cot x) + csc xz(sec x tan x)
-1 1
sin?x  cos’x

= 86(52.’E — CSC2.’L’

g(x) =

cot z(—csc x cot x) + csc x(—csc )

= —cscx cot’s — escx

—csc x(cot?z + cscx)

(14 cos x)(cos ) — sin z(—sin x)
(14 cos x)?
cos © + cos’x + sin’x
(14 cos x)?
cos x+1
(14 cos x)?
1

14+ cosx
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22,

23.

24.

25.

26.

27.

28.

29.

30.

fla) = sin z(sin x) Si(;x cos x)(cos )

_ sinx — cos x + cos’x
B sin’x
~ l—cosz
T 1-—cos?z
_ 1
" l+4cosz

s(t) = tan®t

s'(t) = 2tan t sec?t
s'(t) = 2sect(sect tan t)

= 2sec’t tan t

fl@) = (z+2271) (2 = 3)

fl@) = (z+227")(22) + (1 —2277)(2? - 3)
= 222 +4+22-3-2+6z2
= 322 -1+6272
6
= 32 -1+
X

y = 4t — 2% — 2022 + bx
9y = 162% — 322 — 40z + 5

You could use the quotient rule, but a better technique
to use would be to rewrite the function as follows:g(x) =

3.2 _ 6 4
$x° — £x + ¢ then

6
/ — p— —_
¢(@) = gz—¢
q(z) = 32 + 222 — 24+ 22
5
/ = 4 2 .Y
q (z) x +3x 3
y 12;;?1_4
dy (22 — 1)(2x + 3) — (2% + 3z — 4)(2)
de (22 —1)2
_ 222 +6x — 22 — 3 — 222 — 62 + 8
B (2z —1)2
2z +5
(22— 1)2
_ (@=(@=3) _ 2-3
Y= @D+ — z+1
dy @+ )1) - (@ -3)()
dx (x+1)2
o z+l-—a+3
B (x+1)2

31. w= 1

t2—2t+6
dw (P =2t+6)(3) — (3t —1)(2t - 2)
dt (82 — 2t + 6)2
3t — 6t + 18 — [6¢% — 6t — 2t + 2]
B (2 — 2t 4 6)?
3P+ 2t 416
(12 —2t+6)2
32. g = 2471
* 2t2-3t—7
dg (27 =3t =T)(2t+7) - (* + 7t —1)(4t - 3)
dt (2t2 — 3t — 7)2
_ 114* — 38t — 52
(22 -3t —T7)2

(1+2)(22) - (2*)(1)
(1+2)
2% + 222 — 22
(1+x)2
2r + 22
(1+2)?

(2 +1)(0) — 1(2z)
(.IQ + 1)2
—2z
(22 +1)2

sin_t

_ _tan t 3 4 — cos t _
35. y = 80 Which can be rewritten as y = - mul

tiplying every term by cos t to clear the fractions gives

y = 2L which has a derivative of o — e (see
problem 21 for details)
; _ ¢
36. Rewrite y = ;2%
dy  (sint+1)(—sint) — cos t(cos t)
dr (sin t+1)2
_ —sin?t — sin t — cos?t
B (sin t +1)2
_ —(sint+1)
 (sint+1)2
B -1
T osint+1
__ tan z+x sin x
37- w — T
dw Vz(sec?x + xcos x + sin ) — w
dv (Vx)?
_ 2z(sec?x + xcos x + sin ) —tan T — T sin T
- 20:3/2

2xsec’x + 2x2cos x + x sin x — tan
2z3/2
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38.
dw Vx(—sinx + x?cscxcotr — 2xesexr) — %
dr (V)2
= _i;g T % %csc @ cot x+ 225 %¢sc x
_cosxz  Jrcscw
223/2 2
L 144l/?
39. y= =72
dl _ (l_tl/z)(ﬁ) —(1—0—151/2)(2;1}2)
dx (1 —t1/2)2
1—tV2 41 4¢1/2
o 21/2(1 — \/1)?
_ 2
C2VA(1 = V1)?
_ 1
Vil - V2
40. Rewrite y = ?“5”;231”9
dy (1522 +9)(2 — 62) — (22 — 322)(302)
dr (1522 + 9)2
_ 302? — 902® + 18 — 54z — 602 — 902°
(1522 + 9)2
_ —15023 — 6022 — 542 + 18
N (1522 + 9)2

41. f(t) =t sint tan t

') = (tsint)(sec’t) + (tan t)(t cos t + sin t)

= tsintse®t+ttant cost+ sinttant
. sin t .
= tsint —5 cost+sinttant
cos?t t
= ttant sect+tsint+sinttant
42.
g(#) = (tcsct)(—sint)+ (1+cost)(—tcsctcott+csct)

ftftcsctcott+csct7tcot2t+cott
43. - 84. Left to the student
85. a) f(z) = ﬁ_l

(z+1)(1) —=2(1)
(@+ 172

r+1—2x

(xz+1)2

f'(z)

(x+1)?

b) g(z) = =4

c¢) Since the graphs of both functions are similar then
the average rate of change for the functions will be
the same (that is why the answers in part (a) and
part (b) are equal).
2

86. a) f(z)=-%

z2—1

(2 — 1)(2z) — 2%(27)

_ 23 — 2z — 223
= W
_ —2x

S Wy

(22 = 1)(0) — (1)(22)

g'(x) = @12
_ 0—2x
~ @oi
-2
(@ =17

c¢) Since the graphs of both functions are similar then
the average rate of change for the functions will be
the same (that is why the answers in part (a) and
part (b) are equal).

87. f(z) = sin?x + cos’x
a)
f'(x)

2sin x cos © + 2cos x(—sin x)

2sin x cos x — 28tn x COS x
0

b) Since sin?z + cos’r = 1 (fundamental trigonometric
identity) we would expect the derivative to be zero
since we are taking a derivative of a constant, which
is always zero.

88. a) f/(z) =2tan v sec’r
b) ¢'(z) = 2sec = (sec = tan x) = 2tan rsec’xs
¢) The answers in parts a) and b) are the same. The
reason is that tan?z 4+ 1 = sec?z and therefore when
we take the derivative we get the same result since
the derivative of 1 is zero.

89. y = =5

dy (22 4+ 4)(0) — 8(22)
dx (22 +4)2
0— 16z
(22 + 4)2
—16x
(22 +4)?

For the point (0,2), %h:o =m = (621?_(40))2 = 0. The
tangent line is

y—y = m(z—11)
y—2 = 0(z—-0)
y—2 = 0

y = 2
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For the point (—2,—1), %|

e=-2 =M= 52522 = §
4. The tangent line is

Y=y m(z — 1)
y—1) = 4(=-(-2)
y—1 = 4x+38
y = 4doe++8+1
y = 4x+9
90. y = 1%
dy (1+ 22)(4) — 42(22)
dr (1+22)2
4 + 422 — 422
T (A ta?p
4
- e

For the point (0, 0), %‘xzo =m = 4. The tangent line is

y—y = mz—z1)
y—0 = 4(z—-0)
y = 4

For the point (-1, —2), %|z:_1 = 1. The tangent line is

Y- m(z — 1)
y—(=2) = lz—(-1)
y+2 = z+41
y = xz—1
_VE_ o
91 y_zT-xl -;-0—1
dy (@4 D(gam ') =2 2)
de (x+1)2
_ 1pl/2 4 1g=1/2 _ g1/
(z+1)
_ pon
T (x4 1)2
_ 1
T 2Va(x+1)2
=1 o= ML _ 1 d o — 1 —
When.Lfl,yf1+17§,andﬁz:1fm7m,
%. The tangent line is
y—y = m(z—x1)
1 1
_l - I r—1
V=5 s@—1
L
Y732 T 8T8
RN
YT T8
1 1+4
= —r—— -
Y 8" 878
1 +3
= —z —
Y 8" 8

—16(—2) 32 _

1 = Vi _2 dy S
When x = Y= 1+% — 5 and d.’z'w:% - 2\/%(1_'_%)2
%. The tangent line is
y—y1 = m(z—m1)
2 _ 16 L
Y75 T g
2 16 4
y—— = —r——
5 25 25
16 4 2
y = —r — — —
25 25 5
_ 1, 41
YT 95" 25 25
_ 16,6
Y7 95" T as
92. y= 43
dy  (z—1)(22) — (2> +3)(1)
de (z—1)2
_ 202 — 22 — 2% -3
TS
_ (z=3)(z+1)
a (z—1)?
When z = 2, y = 222%13 = 7, and %\z:g = —1. The
tangent line is
y—y1 = m(z—x1)
y—7 = —-1(z-2)
y—7 = —x+2
y = —x+9

93.

When z = 3, y = ‘?_—Jrf = 6 and %\3 = 0. The tangent
line is

y—y = m(z—21)
y—6 = 0(x—3)
6 = 0
y = 6
Y= Sin T
dy .
— = xcCcoST+Ssincx
dx
When z = §
dy, m
dz' "%
T m s
= ZCOS(Z) + sm(z)
_ TV2 V2
402 2
B \/§(ﬁ+4)
B 8

The tangent line is

y—yn = mzr—mz)
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2T T+ 4 T
5 = (e D
y = V2 T+4 x_\/iw T+4 V2
8 4 8 8
4 2 2 2
y = \/§<7T+ )m_ﬂ' _\fﬂ_‘_\fﬂ
8 16v2 8 8
+4 2
()
Y 8 )" 16v2
94. y=2xtan x
d
d—y = =z sec’z +tan x
x
When x = 7
B,
de' "1
— Teec(™ il
= 4560(4)+tan(4)
m, 1
= —(2)+1
4(2)+
_ 7m+38
8
The tangent line is
Y-y = mla—a)
o m+8 ( _f)
YT1 T g )1
_ m+8\ w[(m+38 _|_E
Y g8 )" a8 1
m+8 w?
Y g )" 3
95. a) T(t) = 547 +98.6
dr (12 + 1)(4) — 4¢(2t) o
dt (t2+1)2
AP 4482
T (2 +1)2
A+ 4
T2 +1)2
b) When ¢ = 2 hours
4(2)
T = 22_|_1-§-98.6
8
= 5+98.6

c) When ¢ = 2 hours

ar
dt

= 100.2 degrees

—4(2)% +4
(2241)2
—12
5
—2.4 degrees per hour

96.

97.

a) P(t) =10+ 532

2t2+9
dP (2t +9)(50) — (50t)(4¢t)
dt (2t 4+ 9)2
~ —100#* + 450
T (212 49)2

b) When ¢ = 8 years

50(8)
2(8)2+9
400
= 10+ —

* 137
12.920

P = 10+

1%

The population will reach approximately 12920 peo-
ple after 8 years

c) When t =12

dP —100(12)* + 450
. (2(12)2 +9)2
—14400

~ —0.163
88209

—163 people per year

1%

. t
a) Since 31%0) = tan t then s(t) = 100 tan ¢

b) & ;it) = 100sec?t

c)
100sec’t = 200
sec’t = 2
1
= 2
cos3t
1
2,
cost = 5
. 1
cost = —
V2
t = i%er
_ o m
402
a)
o) = s'(t)
(Vt+1)(=3 sin t) — (3 cos t)(%\/{)
- (VE+1)?
b)
(VI +1)(=3 sin 1) — (3 cos 1)(53=)
v(1) = 2/

(V1+1)?
= —1.465 in/sec

NOTE: the negative sign indicates a downward move-
ment.
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c) (z sin x — cos x)(x cos x + sin x© — sin x)
(z sin x + cos x)?
(\/§+ 1)(=3 sin ) — (3 cos %)(g\l/g) 2 sin?x + x cos’x
v(1) = (VI+1) " (z sin x+cos x)?
= —1.487 in/sec
e 103.
99. ) — (& +1)tan x
9() (@*=1) J(x) = (z + cosz)[—zsinx + cosz(zcosw + sinz) — sec’]
, (22 — V)sec?z(2® + 1) + 2z tan x (2 + cos x)?
glz) = (z2 = 1)2 - (1 — sinz)[zsinzcosr — tanx]

- 2

2z(x? + V)tan x (z + cosz)

2_1)2 —2?sin’z + 2%cos®x + xwcosxsing — vsec
(2 -1) _
- 051T)2
(x* — V)sec?x 2z tan x ( + cosx)
= (22 —1)2 + (22 —1)2 n zcoszsin®x + xcosdx + cos’zsinx — secx

- 2

2z tan x  2z%tan (z + cosz)

(22 —1)2 - (22 —1)2 zsinzcosz + tanx + xsin’zcosr — sinxtany
B 2

(x* — 1V)sec?z 223 tan x (x + cosz)

(22 —1)2 - (22 —1)2 x cosx + (22 + sin xz)cos’x — x sec®x

(z 4 cos x)?

sec?z(xt — 22° sin x cos x — 1)

= (22 —1)2 —x2sin?x — sec x — sin x tan x +tan
_secz(xt — 23 sin(2z) — 1) (x + cos z)?
(.TQ - 1)2 1/2 3/2
104. ']((':L,) — X ‘SL;L215;+3 COS T
100. (22 + 2z + 3)[x1/2cos x4 Snz
flw) = : —
W = (t + 1)[(—esc  cot x)(t3 — 1) + csc x(3t2)] 3 (22 + 22 +3)
9 = 1 1)2 (—2*/2sin x + 32'/%cos x)
3t2(t3 — 1)esc o (z2 + 2z + 3)2
(134 1)2 (Vxsin x — x3/%cos z)(2z + 2)
_ (=esca cot 2)(t* —1) 4 esc x(3t%)] (22 + 22 + 3)2
B (t+1)
2043 _
35" — Descx 105. Let y = (x — 1)(z — 2)(x — 3)
GEEIE
a)
101. s(t) = et J
] Y
— = (-D[z-2)1)+(z—=3)1)] + [(x —2)(z - 3)](1
T t cos tsec*t — tan t(—tsin t + cos t) dx ( il )+ YOI+ ) N
=) = (t cos 1)2 = @-DE-D+ @D+ -Ye-3)
_ tsect+tsinttant—sint = 32" - 122 +12
N t2 cos?t
_ sec®t(t sec t 4+t sin t tan t — sin t b) y= 2z +1)(3z —5)(~z +3)
= = ;
Y
_t sect +t sin t tan tsec®t — sin t sec’t ar (22 +1)(3z = 5)(—=1) + (22 + 3)(—z + 3)(3)
, s . +(3z = 5)(~z +3)(2)
_ sec t(t sec*t +t smtljﬁ;mtsectfsmtsec t) — (20 4+1)B2—5) +3(20 + 1)(—z + 3)
sec t(t sec®t +t tan® t — tan t) +2(3z —5)(=z +3)
= o) = —182% + 50z — 16
sec t(t sec®t + tan t(t tan t — 1)) L ) )
= 2 c) The derivative of a product of three functions is the

sum of all possible combinations consisting of the
. & sin g-cos @ product of two functions and the derivative of the
102. Rewrite f(x) = @ sin nTeos @ third function.

(z sin x + cos x)(x cos x + sin © + sin x)

fl@) =

(z sin x + cos x)?
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d) The derivative of more than three function is the sum 109. (0.2,0.75) and (—0.2, —0.75)
of all possible combinations consisting of the product J
of three of the functions and the derivative of the ]
fourth function. 6*
Let y = x(z+1)(22+3)(—z+1) = —22% - 323+ 222+ i
3z which has a derivative v/ = —8z3 — 922 + 42 + 3. 1
Let us use the rule to find the derivative of y: 4.
Yy = —z(@+1)2x+3)+z(2x+3)(—x+1)+ ‘]
2z(z + 1) (—x +1) + (z +1)(22 + 3)(—z + 1) 27
= 2% 522 —3x—223 2%+ 3z iy
3 3 2 : /\
=227 + 2z — 22° — 32" + 22 + 3 = - K g 3
= 8% —922+4x+3 o P X
106. (+ 1414, 4) 110. (0,0) and (& 0.213,0.0164)
20+ 064 =
044
10 02"
. ; e T ,
A LI 2 a0 d 2
" -—0.2
-10- 041
-20- Rad
107. No horizontal tangent lines 111. (1,2) and (-1,-2)
200 4
150 -3
2,
14
3 S 2. -1 o 2
X 14
-50 7
-100 - 2
_ 4-—da® - ot _ 4
108. (0,—1) 112. y = ﬁ seems to be the correct derivative of y = 335
104 R
8 Exercise Set 2.8

2 4x6 8 10

1. y=(2z+1)?

Method One (chain rule):

dy
dx

2022 +1)(2)

42z +1)
8r +4

Method Two (product rule): y = (2x + 1)(2z + 1)

dy
dx

= (2z+1)(2)+ (2z+1)(2)

= 4r+2+4+4x+2

8xr +4
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-y

<

Method Three (expand first): 9. y= SL%H =2(322+1)7!
_ 2
dzgj = 4z +4x+1 % = 2(=1)(3z% + 1)"%(62)
T = A2x)+4 _ I
= 8r+4 (322 +1)2
.y =(3-2x)? 10. y = 3(22 +4)"1/2
Method One:
dy dy 1 —3/2
dy  _ o Y 3(—Z2r+4 2
o 2(3 — 2z)(—2) . 3(=5 (2 +4)77%(2)
= —4(3-22) _ —3
— 1248 (22 +4)°
Method Two: 11. s(t) = t(2t + 3)1/2
v = (B-22)3-2) St = t(o@r3)22) + @4 3)20)
dy 2
= = (3—2z)(—2)+ (3 —2z)(-2) 4
= —6+42—-6+4z - 2t+3+ % +3
= —12+ 8
12.
Method Three: )
Sty = t2<73t+4’2/33>+2t3t+41/3
)= 01204 42 (t) 5( )7 (3) ( )
@ = —1244x = r +2t V3t +4
do T Bt+4
cy=(1-x)% 13. s(t) = sin (T t+ 1)
dy 54 ! — Ty M™. T
i 55(1 — x)°*(—1) s'(t) = cos<6t+3> 5
= —55(1 — )% - T T4 I
( ) 6 cos <6 t+ 3>
_ 2, dy _ 2
- y=tan’z, g =2tan z sec’z 14. §'(t) = —sin(3t — 4)(3) = —3sin(3t — 4)
2
. sec’z 15. g(z) = (1 +23)%3 — (1 + 23)*
d
% = 2secx secx tan x g(x) = 3(1+2%2%(32%) — 41 + 23)3(32?)
- 2 tan = sec’x = 92%(1+2%)” —120°(1 +27)°
— (20 +3)10 16.
4 =102z + 3)%(2) = 20(2z + 3)° , 1
da (2 +3)°(2) (22 +3) % = §(l+sec )72 (sec x tan x)
=V1—-3z=(1-32)"2 _ secxztan
- 2T +secx
dy 1 —1/2
dr 5(1_3@ (=3) 17. y =1 —cscz = (1 — csc x)/?
. =3 d 1
2T -3z d—y = 5(1 —csc x) V2 (—(—csc x cot )
x
csc x cot T
Vo (2 1/3 - Lot
cy=Va?+1=(a"+1) 21 —csc x
d 1 , 18.
T = @+ )
dx 3 / I Sy 2
% J@) = L 436-3)
3¢+ 1)

1
NG +3(x — 3)2
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19. g(z) = 2z — DHV3 + (4 — )?

1 _
g@ = 30@z-1) 3(2) +2(4 - 2)(-1)
-z 2(4 — x)
3/ (22 —1)2
20.
d
& x%(—sin ) + 2z cos © — 2z cos x
dx

+2sin x — 2(—csctx)

= —22sin z + 2sin © + 25z

21. y = 23sin & + 5z cos x + 4sec x

d

d—y = 2%cos x + 3z%sin x + 5x(—sin z)

x
+5cos x + 4sec x tan T

= z3cos © + 3x2sin x — bz sin x

+5cos x + 4sec x tan T
22.
Flo) = (2e+3)220+3)+ %(21 +3)72(2) (02 + 32+ 1)
22+ 3z +1
= (2z+3)*%+ B e
23. y = (22 +2%)V2(22% + 3z + 5)
dy = (2®+ z3)1/2(4x +3)
dx

1 )
+§(m2 + 237222 + 32%) (222 + 3z + 5)

2 2) (222
_ (4z+3)\/m+(m+3x )(1,’ +3.%‘+5)

2vz? + 3
24. % = —csc(l/z)(—1/2%) = 76569(612/1)

25. f(t) = cos\/t

F'()

fsin\/f <%t_1/2)

—siny/t
2Vt

26.

—
2
—
o~
=
I

cosﬂ <%t‘1/2)

cosv/'t
2Vt

27. f(z) + (3z + 2)(2x + 5)1/?

f'(z)

3x+ 2
= ——+3V2x+5
V2r+5 N

(3z +2) (%(m + 5)*1/2(2)) +3(2z +5)/?

28.

29.

30.
31.

32.

33.

34. y:(

35. y:(

(52— 2) (%(395 + 4)*1/2(3)) 153+ 4)1/2

3(bx —2)

O 53215
23r + 4 *

dy
dx

cos(cos x)(—sin x)

= —sin x cos(cos x)

% = sec?(sin z)(cos x)

y = (cos(4t))1/2

fla) =&

dy
dx

dy

dx

dy 1 —1/2( _ .:
o 5(005(41&)) /?(—sin(4t)(4))
_ 2winay
B cos(4t)

(z® = 1)°[4(2” + 3)*(22)]
(z5 — 1)10
(% +3)*[5(=* — 1)*(32°)]
(z% — 1)10
8z(z% — 1)%(2? + 3)% — 1522 (22 4 3)*(2® — 1)*
(2% —1)10

+222+32-1)%

2x+3
3x—5

3x—4
5x+3

(2z%+1)2

(2z% 4+ 1)2[3(23 + 2z + 32 — 1)2(322 + 4z + 3)]

(224 + 1)
(23 + 222 + 32 — 1)3[2(22* + 1)(823)]
(204 +1)*
3(23 + 222 + 32 — 1)2(22* + 1)2(32% + 42 + 3)
(224 4+ 1)4
1623 (23 + 222 + 3 — 1)3(22* + 1)
(20% + 1)*

>1/3

1/22+3\ 2 [(3z—5)(2) — 2z +3)(3)
§<3x75) [ 3z — 5)2

62 — 10 — 6z — 9
3(32 — 5)4/3/(3x — 5)2

-19

3(3x — 5)4/3/(3x — 5)2
)1/2

13z —4\ "2 [ (52 +3)(3) — (32 — 4)(5)
5(5x+3> [ (5z + 3)2
152 + 9 — 152 4 20
23z - 4(5x 1 3)3/2
29

2¢/3x — 4(5z + 3)3/2
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36.

sec?(xvx — 1) (m[%(az 1)V 4 (2 - 1)1/2(1)>

z sec(zv/z — 1)
2vx —1

+ v —1 sec?(zvx —1)

37. r(z) = (0.012% + 2.391x — 8.51)°

38.

39.

r'(x)

dy
dx

40.

41

42.

43.

.Yy=s
dy
dx

y=(

dy
dx

y=(
dy
dx

y = (cot bx — cos 5x)

2[5(0.0122 + 2.391x — 8.51)*(0.02z + 2.391)] +
(0.012% + 2.3912 — 8.51)5(1)

52(0.022 + 2.391)(0.012” + 2.3912 — 8.51)* +
(0.012% + 2.3912 — 8.51)°

= (0.012% +2.3912 — 8.51)*(52(0.02z + 2.391) +
(0.012% + 2.3912 — 8.51))

(0.012% + 2.391x — 8.51)*(0.122 + 11.955z +
0.012% + 2.391x — 8.51)

(0.012% + 2.391x — 8.51)*(0.1122 +

14.346x — 8.51)

(3.21z — 5.87)3(2.362 — 5.45)5

= (3.21z — 5.87)3[5(2.36x — 5.45)1(2.36)] +

2.362 — 5.45)°[3(3.21x — 5.87)%(3.21)]

2.362 — 5.45)*(3.21x — 5.87)%(11.8)
)
)

3.21x — 5.87) + 9.63(2.36x — 5.45))
2.36z — 5.45)%(3.21z — 5.87)2(60.62 — 121.75)

(
(
(
(
1/5

é(cot 5z — cos 5x) "5 (—esc? (52)(5) + sin(5x)(5))

stn Hxr — csc bx
(cot 5z — cos 5x)4/>

dy
dr

—csc x — cos(cos’x)(2cos x(—sin x))

2

—csc x + 2sin © cos x cos(cos”x)

in(sect(x?))

cos(sect(z?)) - 4sec®(2?)(sec 2% tan 2?) - 2z

= 8z sec*(2?) tan(x?) cos(sect(x?))

(2x + 3)1/2 + 1)1/2

3@+ 32407 (Gen 4y i)

1
2v/V2x + 3+ 122+ 3
(IQ + 2)1/4 + 1)1/3

é(( ) AR Dl G(ﬁ +2)*3/4(2x))

X

64/(22 +2)3y/ (Va2 +2+1)2

44.
dy (x + sinz)?(1) — x[2(x + zsinz)(1 + zcosz + sinz)]
v (xz + sinz)t
(x + sinx)? + (=222 — 222sinz)(1 + zcosz + sinx)
- (z + sin x)*
45. y =322
dy (22 + 5)3sin2x cos x — sin’z(2x)
dx (22 4 5)2
322 sinx cos x + 15sinx cos x — 2z sindz
= (z2 +5)2
sinz(3x2 cos x — 2x sin x + 15 cos x
- (2% +5)2
46.
dy - _ 2 tan(Vt + 2)sec?(Vt +2) - !
dx 2Vt +2

tan(vt +2) sec®(v/t +2)
Vi+2

47. f(x) = cot®(x sin(2x + 4))

() = 3cot?(z sin(2x + 4))(—csc?(z sin(2z +4)) x
[z cos(2z + 4)(2) + sin(2z + 4)]
= —3cot?(x sin(2z + 4))csc?(z sin(2z + 4)) x
22 cos(2z + 4) + sin(2x + 4)]
48.
dy 1
— = ———=-2cost(—sint
dx 2v/2 + cos?t ( )
_ —costsint
V2 + cos?t
49. y = Vsectz +x
dy 1 3
— = —————="(4sec’x(sec x tan x) + 1
dx 2Vsectr + x ( ( )+D
_ 2 sec* x tan x + 1
Vsectx +x
50.
dy 1 (1 L)
— = ———=-(1—cscxcotx
dz 2\ +csc
_ l—csczcotx
N 2y/x +cscx
51. y=+vu=u'? u=2z>2-1
dy _ 1 1/2—1 _ 1 -1/2 _ 1
w2 T2 T o
du
Y9
dx .
dy dy du 1
LoD 9y
de  du dx  2\/u
_ 2x
22?1
T

2 —1
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15
52, y=— =153 u=22+1

53.

54. ¢

55.

dy
du
du
dz
dy
dz

y:

dy
du
du
dz
dy

de

du
dx
dy
dx

y:

dy
du

du
dx
dy
dx

u3

—4
= —45u™%, or —45
u

=2
Cdy du —45 =90
T du dr ud T2z +1)4

w0, u = 423 — 222

= 50u??

= 1222 — 4z

dy du

du dzx
= 50u*?(1222 — 4x)

= 50(4z® — 222)%0 (1222 — 4z)

u—+1
u_l,u:1+\/5=1+xl/2
_(w=-1)-1-(u+1)
a (u—1)?
u—1—u—1

(u—1)?

-2

(u—1)?
1
— §I71/2
@ du_ -2 1 1/2

du dr (u—1)2‘§x

-2 1 1)

1+z72-12 2"

-1 ~1/2
= (z1/2)2 T
-1 e
x
— _p3/2

wlu+1), u=12%—2x

u-14+1-(u+1)
u+u+1
=2u+1

=322-2

_dy du 2
_%.%_(Qu—i-l)(?)az -2)
[2(2® — 2z) + 1](322 — 2)

= (223 — 42 +1)(32% — 2)

56.

57.

58.

59.

y=@w+Du—-1),u=2+1

dy
Y- D) +1-(u—1
Y 1)+ 1 1)
=u+1l+u—1
= 2u
du
— = 322
dx *
dy dy du
LA A VY d
dr du dx U3
=2(z% +1)(32?)
= 62%(2® + 1)
y =22+ 3z = (2 + 3z)'/?
d 1
ﬁ = 5(@® +32) 7220 + 3)
. 2z+3
2vx? + 3z
dy 2-1+3
When z =1, = —
dx 2v124+3-1
243
2V/4
5
T 2.2
_5
T4
5
Thus, at (1,2), m = T We use point-slope equation.

y—y =m(z— )

y-2="@-1)

5 5
9=y =
Y 1"
_5..3
Yy=3""q

y = (2% — 4z)10

% =10(2® — 42)°(32% — 4)
dy 3 9 2
When z =2, =~ =10(2% —4-2)%(3-22 — 4)
i
=10(8 — 8)°(12 — 4)
=10-0-8
=0

Use the point-slope equation:
y—0=0(z—-2)

y=20
y = 2y/2x + 3 = x(2x + 3)'/?
dy 1

—x-=(2 “1/2(9) 1 1. (2 1/2
o m2(x+3) (2)+1-(2x+3)

X
:7m+v2x+3
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60.

61.

62.

63.

dy 3
When z = 3, = ————1+V2-3+3
en x e 7353
3
= -=+V9
V9
3
=-+3
3+
=143=4

Thus, at (3,9), m = 4. We use point-slope equation.

y—y1=m(z—x1)

y—9=4(z - 3)

y—9=4xr—12
y=4xr —3

- (2;—+13)3
b oa(i) [t
() ()
-(357) (o7

dy 2.-2+3\°/ -5
hen z = 2,-2 =
When z Ir 3< 51 ) ((2_1)2>

= 3(7*)(-5) = —735
Use the point-slope equation:
Yy — 343 = —735(z — 2)
y — 343 = —735x + 1470
y = —735x + 1813

f(x) = sin’x

dy .
— =2sinxcosx
dx
d -
When z = —%, 9% = 2sin(5")cos(FF) = T\/g
Use the point-slope equation:
—i= -5
1l _ V3, V3
4 2 12
— _ V3 V3,1
y=-%5r-15 t1

y = 15(—6V3x — 31 +3)

f(z) =z sin 2z
% = 2x cos 2z + sin 2x
When z =, j—g =27 cos 27 + sin 2w = 27
Use the point-slope equation:
y—0=2r(x —mn)
y = 2mx — 272

2

f(z) = (1130)5

64. a) g(z) =

65.

(14 2)°(2z) — 22(5(1 + z)%)
(14 x)t0
(1 + 2)*2z + 222 — 522
(1+x)t0
2z — 322
+a0

fl@) =

b)

=5(1 4 2) (1)) + 22(1 + 2)°
—522 2x
top " oy
—52? 4+ 22(1 + =)
(1+x)8
2z — 3z
(15 2)0

c) The results in the previous parts are the same.
(«® + 5z)?
g (z) = 2(23 + 5z) (322 + 5)
= 2(32% + 2023 + 252)
= 62° + 402° + 50z
b) g(x) = 2 + 10z* + 2522
g (z) = 62° + 4023 + 50z
¢) The answers are the same
Using the Chain Rule:
Let y = f(u). Then

dy _dy d
dr ~ du dx
= 3u?(823)

= 3(2z* +1)2(82%) Substituting 22 + 1 for u

When z = —1, j—z = 3[2(=1)* + 1]2[8(—1)3
=3(2+1)%(-8)
=3.32(-8)
= —216

Finding f(g(z)):

fog(z) = fg()) = f(22* +1) = (22* + 1)

Then (f o g)'(x) = 3(22* + 1)%(823) and
(fog)(—1) = —216 as above.



Exercise Set 2.8 73
66. Using the Chain Rule: 68. Using the Chain Rule:
Let y = f(u). Let y = f(u).
dy _dy du dy _ dy du
dr  du dx dr  du dx
_ =DM - (W@tl) 1y, _ 10t W) - (B —2)
(u—1)2 2 (44 x)?
u—l—-u—-1 1 _4, 4 —4—x—-34+z
S e =10yt — 2T~
w-12 2" 0w e
-2 1 3—z\4 -7
= R =1 .
W12 2vz (i7s) At a2
-1 dy 34+ 10\4 -7
= Wh =-10, = =1 .
V(v — 1) enx=-10. 5 0(4-10) (4—10)2
dy -1 -1 1 13\4, =7
h —4q4 2 — = ==, =10(—
When =4 G = Vivi—1 212 2 (4;)(762)
( )
indi : —70-13*
Finding f(g(x)) . » = g~ 428513
z+1 z/=+1
fog(@) = flg(z)) = f(Vz) = Vi1 =2 Finding f(g(z)):
3—x\°
(/1) (lx—1/2>ix—1/2(x1/2+1) fog(x) = flg(x) = 2(4 . x)
I — 2 2
Then (f og)'(z) = @2 1) ) 3—2\4 d4z(1)—(1)(3—2)
Then(fog)(ac):2~5( ) .
1 1 1 1 4+ 4+ z)?
Co_lpyz_ 1 Lo-12 o
_2 2 2 2 :1()(3 z>.4x3+x
(z1/2 — 1) 4+ (4+x)?
_p1/2 3—x\4 =7
- —10(—) . —°
(z1/2 —1)2 (4—0—:5) (44 x)?
—1 , 3+10\4 -7
. — —-10)=1 . =
Vi(Vz —1)2 and (£ 29)'(-10) = 10( =) (4—10)
1 _ .1 4
and (fog)(4) = —3 a8 above. % ~ —42.8513 as above.
67. Using the Chain Rule: 69. A =1000(1 + 1)3
Let y = f(u) = J/u = u!/3. Then a)
dy dy du
-~ _ 2 dA
dx (1iu dz o= 1000(3(1 +4)?)
= _u~3 . (—6x) _ 2
3 = 3000(1+ 1)
= 2 -u”?3 dA . .
2y_2/3 o - b) < represents the rate at which the amount of invest-
= —2z(1 - 32%) Substituting 1 — 32~ for u ment is changing with respect to an annual interest
rate 4.
When z = 2, % =2.2(1-3-22)"%/3 70. a)
= —4(—11)"%/3 =~ —0.8087 A 1000 (2001 + 3)19(1)
Finding f(g(z)): di 47 4
fog(x) = flg(x) = F(1—32%) = YT 322, or = 5000(1+ )"
(1—3a2)1/3
1 b) % represents the rate at which the amount of invest-
Then (f o g)'(z) = g(l - 3352)_2/3(*6@ = ment is changing with respect to an quarterly com-
Cow(1— 3z2)*2/3 and ponded interest rate 1.
w
(fog)(2) = —4(—11)"2/3 & —0.8087 as above. 71. D =0.85A(c+25), ¢ = (140 — y)

a) To find D as a function of ¢, we substitute 5 for A in
the formula for D.

D = 0.85A(c+25)
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= 0.85(5)(c + 25)
= 4.25(c+ 25)
= 4.25(c+ 25)
= 4.25¢+ 106.25

To find ¢ as a function of w, we substitute 45 for y
and 0.6 for x in the formula for c.
w

= (140 — 45
¢ ( )73006)
w
= %53
~ 2.199w
dD
b) == =4.25
) de °
de
L - 92199
©) dw

d) First we find D o c¢(w).
Docw) = Dle(w))
= 4.25(2.199w) + 106.25

= 9.34575w + 106.25
Then we have

dD

— = 9.34575 ~ 9.346.
dw
d
— represents the rate of change of the dosage with

d

respect to the patient’s weight. For each additional
kilogram of weight, the dosage is increased by about
9.35 mg.

72. D = A(c+25), ¢ = (140 — y) mom

T2

a) To find D as a function of ¢, we substitute 5 for A in
the formula for D.

D A(c +25)
5(c + 25)

5¢ + 125

To find ¢ as a function of w, we substitute 45 for y
and 0.6 for x in the formula for c.

w
— (140 — 45
¢ ( %) 73006)
w
= 9 s
~ 2.199w
dD
b) &5
) de
de
2 9199
©) dw

d) First we find D o c¢(w).
Do c(w) = D(c(w))
= 5(2.199w) + 125

= 10.995w + 125
Then we have

dD
— =10.995.
dw 0.995

73.

74.

75.

76.

7.

78.

79.

80.

dD
e) To represents the rate of change of the dosage with

respect to the patient’s weight. For each additional
kilogram of weight, the dosage is increased by about
11 mg.

a) January 2009 corresponds to t = 52

o'ty =
C'(52) =

0.74 + 0.02376t — 1.08147 cos(2rt)
0.74 + 0.02376(52) — 1.0814mcos(104r)
—1.4218 ppmuv/yr

b) July 2009 corresponds to t = 52.5

C'(52.5) = 0.74 4 0.02376(52.5) — 1.08147cos(1057)

5.3847 ppmu /yr

T'(t) = 9827 cos (5[t +2])

0.82m ™
13 €08 (E[S + 2])
= —0.1859 degrees/hr

y=((2*+4)®+3yx)"

T'(8)

dy 2 8 3 2 7 3
— = 4 4 : 4)"(2 —
W A DI 072 + 5
3
= 4 2 4 8 3 1 .2 4 7
(z* +4)° + 3v/x) ( 6z(x” +4) +72\/§
1
% = 5((z5 + x4+ 1)% 47 sec’z) Y2 x
[3(z® + z + 1)*(52" + 1) + 14 sec = sec x tan x]
~ 3(a® 4z +1)2(5at + 1) 4 14 sec’x tan ©
2¢/(2% + .+ 1)3 + 7 sec’z
Let y = sin(sin(sin x)) then

dy
dx

cos(sin(sin x)) - cos(sin x) - cos

cos x cos(sin x) cos(sin(sin x))

Let y = cos(sec(sin 2x)) then

dy

T = —sin(sec(sin 2z)) - sec(sin 2x) tan(sin 2z) - 2cos 2z

= —2cos 2zsec(sin 2x) tan(sin 2x) sin(sec(sin 2z))

Let y = tan(cot(sec 3z)) then

dy

i = sec?(cot(sec 3x)) - —csc®(sec 3x) - 3 sec 3z tan 3z
x

= =3 sec 3z tan 3zcsc?(sec 3x) sec?(cot(sex 3x))

Let y = esc(cos(sec(vx2 + 1))) then

Z—y = —csc(cos(sec(vz? + 1)) cot(cos(sex(v/x% 4+ 1))) x
x
—sin(sec(vx2 + 1)) - sec(V a2 + 1) tan(v/22 + 1) x
2z
2vVa? +1
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81. y= (sin (37” + 3))1/5 is a constant, which means d—g =0. —4 /72—\0 " 2X —4
82. The derivative of a constant is 0 1
83. 50
sin(a+x) = sinacos x+ cos a sin x y=100 ]
(in(atz) = s + cos a sin z) ]
—(sin(a + = = —(sin a cos x4 cos a sin x
dx dx .
= —Sin a $in T +cos a cos —150

= coS acosx—Sina sin x

= cos(a+ x) 200 ]

84. 89.
; - fllz) = x.i+ 4 — 22
cos(a+x) = cosacosx—sinasinc NI
d d . . 2 2
—(cos(a+x)) = —(cosa cosx— sina sin x) —r 4—z
dx dx = S + =
= —cosa sin T+ sin acos T V4*"E2 d—z
= 5N a cos T — Ccos a sin T - 477%2
= sin(a+x) Vd—x
@ 90.
85. Let Q(x) = g 2. Then we can write i 1
@ e - 4V =10 — 4o 5o
Q(z) = N(z) - [D(x)] ™ ' z—10
4z —-10) - 22
using the property of negative exponents. Now we use the - (z —10)3/2
product differentiation rule B 2% — 40
- 3/2
Q@) = Ni@)-—1D()]2 D'(x) + [D()] " N'(2) (e +10)
_ —N(z)-D'(z) N N'(z)
[D(x)]? D(x) Exercise Set 2.9
—N(z)-D'(x) = N'(x)-D(x)
= + 1. y=3z+5
[D(z)]? [D(x)]?
_ N'()-D(a) - N)- D'() dy _
B [D(x)]? dx
Py
86. One might use the following: Composition of functions dz?
could be expressed as a process through which one function 9. 4= —4 -
is evaluated using another function that falls in the original Sy = At
function’s domain. dy
>y
87. (—2.145, —7.728) and (2.145,7.728) d‘f”
Y
— =0
............... dx?
S 2 ez
‘ 3. y=-312z+2)7!
-10 g d 6
Y -2 -2
o 3020+2)722) =620 +2) 2= ———
. o (22 +2)77(2) = 6(2z + 2) 1t 2?
—201 : d?y —24
: — = —1222+2)732) = ——
dx? (22 +2)7(2) (2z +2)3
-301
4. y=—Bz—4)7!
dy 9 3
— = (Bz—-4)"7°08)= ——
88. (—1.475,9.488) dx (3z —4)?
d?y —18
— = 3(203r-4)7@B) = — s
= A2 =
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dy 1 9 2

27— Z(9 =239y = — =

dx 3G+ )0 = 35 e

d?y 2, 2 -8
e PRI D RlL 1)) pp— —
dz? 33+ D) = gy

fllx) = —30Bz+2)7*3)=-98z+2)*
() = 36(3z+2)7°(3) = %
7. fla) = (4 3x)*
fl®) = —4(4—32)7%(-3)=12(4—32)°
f(x) = —60(4—3z)"%(-3)= @30 isgw

8. y=vr—1=(z—1)Y?

1 / _
% = 5(]}-1)1 2-1 -1
. %(%1)—1/2
dQ
= 3 (- Peva
= —7(;1:—1)*3/2
_ 1
T 4z —1)32
- o
413
9. y=Vr+1=(z+1)"2
dy _ 1 172,
i (x+1)7Y2.1
= —(z4+1)72
% = ——(z+1)7¥2.1
= e+
- 1
T 4(z+1)3/2
. 1
4@+ 1)p
10. f(z) = (3x +2)'°
fl(x) = 10(3z +2)°(3) = 30(3z + 2)°
() = 270(3z +2)%(3) = 810(3z + 2)8
11. f(z) = (2z 4+ 9)6
fl(x) = 16(22+9)"(2) = 32(2z +9)*°
f(x) = 480(2z +9)'(2) = 960(2x + 9)™

12.

13.

14.

15.

16.

17.

18.

g(z) = tan(2z)

sec?(2x)(2) = 2 sec?(2x)

2(2 sec(2z) sec(2z) tan(2x)(2))
= 8 sec?(2z) tan(2z)

< QU
| 8w
[l

g(x) = sec(3z + 1)

g (x) = sec(3z+1) tan(3z +1)(3)
= 3sec(3z+1) tan(3z + 1)
g"(x) = 3sec(3z+1) sec'3z +1)(3) +

tan(3z + 1)(3 sec(3x + 1) tan(3z + 1)(3)
= 9sec®(3x+1)+9 sec(3z + 1) tan®(3z + 1)
= 9 sec(3z + 1)[sec®(3x + 1) + tan?(3z + 1)]

flz)=1322 + 22+ 7 —cscx

f(z) = 26x+2— (—cscz cot x)
= 26x+2+cscxcotx
f’(x) = 26+ csc x(—csc’x) + cot x(—csc x cot x)

= 26— csc®z — cse x cot’x

f(z) =sec(2x +3) + 422 + 3z — 7

fl(z) = sec(2z+3) tan(2x + 3)(2) +8x + 3
= 2sec(2z +3) tan(2x +3) + 8z + 3
f'(x) = 2 sec(2x+ 3) sec®(2z + 3)(2) +

tan(2z + 3) sec(2zx + 3) tan(2z + 3)(2) + 8

= 4sec®(2z+3) + 2 sec(2x + 3) tan®(2z +3) + 8

g(z) =mx+b

y=ax?+bx+c

d
Yo 42+ b+0
dx

= 2ax+b
d?y
il 2a +0

= 2a

y= 2z +4=(2z+4)/3

dy 1 _
= 3+ 2/3(2)

2
= 5(233 + 4)72/3

dzy 2 2 _5
8
= ——(2044)7583
9
8
02z + 4573
8
9/ + 4y
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19. y= ¥ (22 +1)3 = (2% 4 1)3/*

20.

21.

22,

23.

24.

25.

dy  _
de
Py _
dz?
y = 13232
dy
dx
2y
dx?

3, 9 -1
S+ 1)V 20)

§x(m2 +1)"1/4

2

3 1 )

5 [m( — Z) (2?2 +1)"42z) +1- (22 + 1)~ /4
322 " 3

4(z2 +1)5/4  2(x2 + 1)1/4
32 N 3

43/(x2 +1)% 2V +1

+ 121,1.2 _ 5x70.25
= 41.62%? +14.42%% — 125071

= 91.522%2 4+ 2.8827%8 + 1.5625522°

f(x) = (42 +3) cos x

f(z) = (r+3) (-sinz)+4cosz
= —(4z+3)sinz+4cosz
s(t) = sin(at)
s'(t) = cos(at) a = a cos(at)
s'(t) = a(—sin(at) a)

—a? sin(at)

s(t) = cos(at + b)

st) =

VA
I
—~
~
=
|

—sin(at +b) a = —a sin(at + b)
—a(cos(at 4+ b) a)
= —a® cos(at + b)

y= 25/2 4 p3/2 _ p1/2

dy _ 90 3/2 3 1/2 1 -1/2
dr 27 TRt Taf

d2y 15 1/2 3 —1/2 1 —3/2
ez - o2t T

y = (t2+$)1/2 (362 4 1)1/

dy
dx

Py

da?

1 1
. 5(# +3)712(2t) + g(iﬁt2 +1)72/3(6t)

| =+ 3| —

Z(24+3)7 V2 u3t2 +1)72/8

;(%l(ﬁ +3)73/2(2t)) 4+ (2)(#2 + 3) 7Y% +
2t(%2(3t2 +1)73(6t) + (2)(3° + 1)/

—t? 2
TE 132 T (@1
8t? 2
B2+ 153 32+1

26. yzw%tan 7rt+% sec mt

dy
dx

27. y=a

28. y=2a°

1 9 4
—5 sec 7rt~71’—i——2 sec it tan ©t -
s T
1 9 4
— sec“nt + — sec wt tan 7wt

T

(2 sec wt sec wt tan 7t - W) +

(sec wt sec?nt - m + sec mt tan Tt tan wt - )

SRS

2 sec®nt tan 7t + 4 secnt + 4 sec wt tan’mwt

dy

30. y=2" —8z2+2

dr 42°
% = 4322
= 1222
% = 122z
; = 24z
37%1 — 2
Z—i = 52t
% = 20a°
dgy 2
i 60x
% = 120z
% = 62° — 32> +2
% = 30z -6z
% = 1202° — 6
% = 36022
ZZ{) = 720z
Z—z = 72% 162
% = 422516
% = 210z*
% = 8402°
% = 252027
% = 5040z
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31. y= (2% —5)"° 36. s(t) = 6.8 tan(2.6t — 1)
;Ly = 10(2*>—-5)° 2z v(t) = 6.8 sec®(2.6t —1)(2.6) = 17.68 sec?(2.6t — 1)
’ = 20x(z? — 5)° a(t) = 17.68[2 sec(2.6t — 1) sec(2.6t — 1) tan(2.6t — 1)(2.6)]

= 91.936 sec?(2.6t — 1) tan(2.6t — 1)

2
% = 20z 9(z® — 5)% - 22 + 20(22 — 5)°
x 43 2
= 3602%(22 — 5)° + 20(22 — 5)° 87. s(t) =+ +2¢
= 20(z* - 5)%[182% + (2* — 5)] o(t) = §'(t) =32+ 2t +2
= 20(2? — 5)%(192% — 5) alt) = §"(t)=6t+2
_ Lk
32.y=u 38. s(t) =4+ 42+ 3t
dy k-1
o = ke o(t) = s(t)=4t>+2+3
d%y b2 a(t) = §"(t) =12t +2
@y 1
e k(k—1)x
d3y k3 39. w(t) = 0.000758¢3 — 0.0596t2 — 1.82¢ + 8.15
de3 k(k —1)(k —2)z The acceleration of a function that depends on time is the
dy second derivative of the function with respect to time.
- = k(k—1)(k —2)(k — 3)2z"*
d;” w'(t) = 0.002274t> — 0.1192t + 1.82
= k= Dk =2k = 3)(k - )7 W'(t) = 0.004548¢ — 0.1192
33. y =sec(2z +3) 40. w(t) = 0.0006¢3 — 0.048412 — 1.61¢ + 7.60
d
ﬁ = sec(2x +3) tan(2z + 3) (2) w'(t) = 0.0018t> — 0.0968¢ + 1.61
= 2 sec(2z + 3) tan(2z + 3) w”(t) = 0.0036¢ — 0.068
v
TE = 2sec(2r+3) sec®(22 +3)(2) + 41. P(£)100000(1 + 0.6t + ¢2)
[2 sec(?x + 3) tan(2z + 3)(2)] tan(2z + 3) P(t) = 100000(0.6+ 2t)
= 4 sec®(2z 4 3) + 4 sec(2x + 3) tan®(2z + 3) P(t) = 100000(2)
d3
d—;; = A(3sec®(2z + 3) sec(2z + 3) tan(2z + 3)(2)) + = 200000
4 sec(2x + 3)[2 tan(2z + 3) sec?(2x + 3)(2)] + 42. P(£)100000(1 + 0.4¢ + 12)
sec(2x +3) tan(2x + 3) (2) tan®(2x + 3)
/
= 40 sec®(2x + 3) tan(2z + 3) + Pi(t) = 100000(0.4 + 21)
/!
8 sec(2x + 3) tan®(2z + 3) PU(t) = 100000(2)
= 200000
34. y=cot(3z — 1)
z%s = —3csc®(3x —1) 3.y =y
& Vr—1(1)—z- 2
dixg = =3[2¢csc¢(3x — 1) (—esc(3z — 1) cot(3z — 1) (3))] y = v 10 f 2ve—l
—
= 18 csc?(3z — 1) cot(3z — 1) 2z —1) —
a3 - V-1
TV 18 es?(3r — 1)(—es®(3x — 1)(3)) + Ar—Dvr—1
dz? _ x—2
18[2 csc?(3z — 1)cot(3x — 1)(3))]cot(3x — 1) T 2(x—1)3/2
= 54 csc*(3x —1) — 108 esc?(3z — 1) cot?(3z — 1)
35. s(t)10 cos(3t + 2) — 4 sin(3t + 2) WA 1DP21) — (@ -2)[2- §(z — 1)/
1)
o(t) = 10[—sin(3t+ 2)(3)] — dlcos(3t +2)(3) Az —1)
_ 20x —1)3/2 = 3(x — 2)(z — 1)'/?
= =30 sin(3t+2) — 12 cos(3t + 2) = w1
T —
a(t) = —=30[cos(3t+ 2)(3)] — 12[—sin(3t + 2)(3)] (- V22— 1) — 3(z — 2]
= —90 cos(3t+2) — 36 sin(3t + 2) = 1)
T —
= 9[10 cos(3t +2) — 4 sin(3t + 2)]

4—x
= 9s(t) @1
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4(x —1)%2 (=1

"

)—(4-2)[4-J(x -1

16(z — 1)5
(z —1)%2[4(z — 1) — 10(4 — )]
16(z — 1)5
dr — 4 — 40+ 10z
3z — 18
6@ =172

. WE+DGs) - Ve-1D(5z)
o (Va+1)2

1
= VAR
= Wa(Ve+1)?™!

y= SIVEWE VR 1)

—1[Vz(Ve + 1)2]—2%(\/5 +1)

= —Va(Vr+1)%7? ( 2\1F

1
x—1/2+1x—3/2]Jr

)+

y'o= *[\/5(\/5+1)2]—2[g

2Va (VT + 1) Val(VE + 1) (5=
*1[\/5(\/5“)2]—2%}

= *[\/5(\/5+1)2]—2[g

2[VE(Ve + 1)) P V(e +

\F

1
x—1/2+1x—3/2]Jr

—1(1+2%)7%(2x)
= ,21.(1 + x2)—2

,21‘[72(1 + 172)_3
—8x? N 4
(1+a2)3 (14 x2)2

f”(l') _

NG

vV +2 +—)

1) = Va(/z + 122

(20)] + (—2)(1 + 2%)2

f

572

47. y=sinx
a) 2‘/ =cos x
b) 2 =—sinz
c) d = —cos ¥
d) =sin x
e) 2,3 =sinx
f) 3;010 =—sinx
g) j::w = CoS T

48. y =cos x
a) % =—sinz
b) ZL —CcoS x
C) P y =sin
d) ZL =cos T
e) Z;é =cosx
f) % =simnx
g) % = sin T

49. Functions that have the form f(z) = Asin x + Bcos x
where A and B are constants, will satisfy the condition of
their second derivative being the negative of the original

function.
50. f(z) = f;é
oy~ @+2)(1) = (@ -1D(1)
fl@) = RS
= ﬁ = 3(;U+2)_2
" = —6(z s__ =6
(@) = —6(x+2) = Gro
" o 4 18
f(x) = 18(z+2) = G
4)(x _ z -5 —72
SO0 = e = iy
G)@) _ o1 9y-6_ 360
a - e (z 4 2)6
51. f(x) = =3
) = @z - @+3)1)
fle) = (xz —2)2
— (I:52)2 _ 5(‘%72) 2
neoN o . B 10
') = 10(x-2)7° e
e e
4 _ s 120
fP@) = 120(z - 2) 5_m
5 _ _¢__ —600
O = ~600 -2 = o



80 Chapter 2: Differentiation

52.

-10

/ \ / -10-
54. 120
100 v

807 . / X f(x)
60 o/ -8 -11

40 L/ -;.5 -18.?

. ] - 71| -0
L2 / 701 | -10.01

RN RN B BV R -7.001 | -10.001
20 1. a) | -7.0001 | -10.0001

Chapter Review Exercises

/ —40 -6 -9
/ _604 -6.5 -9.5
-6.9 -9.9
55. -6.99 -9.99
40 -6.999 -9.999
-6.9999 | -9.9999
b) lim f(z)=-10
e r——T"
e li z) = —10
I A 1o
1 2 3 4 5 i = —
X zlggﬂ”(x) 10

2. From the graph below, we can see that lim7f(:v) =-10
T——
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3. f(m):%:(z—?))?so zl_i>rg7f(z):—10 20. & = 2748
-2 8§ =0
4. lim S =4 v
T——2 T —2r = -8
5. lirrll(2x4f3x2+:r+4):2(1)73(1)+(1)+4:4 =4
T—
. (z—=6)(z+11) _ 2
6. limy S =1 y = —(4%+8(4)—11
= —-16+32-11
7. lim Va2 9= V8 +9= V25 =5 - 5
z—
8. The function is not continuous at x = —2 The slope of the tangent line is horizontal at (4,5)
9. The function is continuous 21. %@/ = 10z — 49
10. 3131_>ml g(x) =—4 102 —-49 = 1
11. g(1) = —4 10z = 50
. . r=5
12. Yes, g(x) is continuoous at z =1
13. mlir{lzg(x) does not exist y = 5(5)2—49(5) + 12
14. g(-2)=-2 = 125 —-245+12
. . = -—108
15. No, g(z) is not continuous at x = —2
16. f(2) =8, f(—1) = 2), average rate of change is The slope of the tangent line is 1 at (5, —108)
8—2 6 22. % = 4. 501 = 202!
2-(=1 3 23. y =32'/3
i, s e =
flx+h)—f(x)  —=3(@+h)+5—(-3z+5) 24. y= 878
h - h W= 64270 = =8
—3x—3h+5+3z—5 ‘
= 5 25. y = 21z/3
_3n 9 =21 4a1/% = 2821/3
: h 26. y = sec bx
= 3 % =5 sec bz tan bz
18. 27. y =z cot(x?)
fl@+h)— f)  2(x+h)>—3—(22? - 3) dy
h - I - = @ (esc?(@?)(22)) + cot(a?)
2 2 _ 9 9.2
- 227 + dzh + th 3-2z"+3 = —22? es?(2?) + cot(2?)
2
_ w 28. y = 2.3/04z + 5.3 + 0.01 sin(0.172 — 0.31)
= dx+2h dy 1
- = 23————-(0.4) 4+ 0.01 cos(0.17z — 0.31)(0.17
. da ot 53y ( )(017)
19. & — 2,43 0.46
The slope at (—1,—2) is = m +0.0017 cos(0.17z — 0.31)
m = @|
T odz 29. f(z) = $ab + 82 — bz
= 2(-1)+3
1
1 f(z) = 6-6x5+8~4x375
Now we use the slope-point equation = 2°+32:3-5
—(=2) = 1(z— (-1
y o= z1-2 ay g,

y = z—1
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31. y =248
dy  (8—x)(2x) — (z? +8)(—1)
de (8 —x)?
_ 160 — 222 + 2% +8
; (8 —x)?
_ —2?2 +16x+8
e
32. y = tens
dy oz sec’r —tan x - (1)
de x2

x sec’x — tan x

22
33. y = (sin’z + z)'/?

dy
dx

1
E(sinQ:(; +2)"Y2(2 sin x cos © + 1)

2 sin x cos x + 1

2V/sin?x + x

34. f(x) = tan®(z cos z)

f'(x) = 2tan(z cos x) sec®(x cos x)(x(—sin ) + cos x(1))

= 2 sec*(x cos x) tan(x cos x)(cos xx sin x)
35. f(x) = cot(x — cos x)
fl(x) = —csc?(x—cos x)(1 — (—sin z))
= —esc®(x — cos x)(1 + sin x)
36. f(z) = x2(4x + 3)3/*
f'z) = x2[§(4x +3) V4 (4)] 4 2 (da + 3)%/4

3 3/4

37. y=a3 227!

% = 32?2 +2272
% = 6x—4z73
% = 6+127"
% = —4827°

% = 24027 %= %

38. y= 4—12;37 — 1023 + 1322 + 282z — 5+ cos x
dy

dx

d?y

dx?

a3y

dz3

dy

dx?

1
= éxﬁ — 3022 4 262 + 28 — sin x
= 25 —60z+26—cos x
= 52— 60+ sinx

= 202> + cos x

40. a)

41. a)

b)

42. a)

43.

44.

dy
dx

v(t) =s'(t) =1+483

a(t) ='(t) = 12t2

v(2) =1+4(2)2 =1+4(8) =33
a(2) = 12(2)% = 12(4) = 48

) = 0.036t> — 1.85 — S98T gin( L t)
)=0.

a(t) =0.072t — % cos({5 t)
v(2.5) = —1.62521
a(2.5) = 0.17992

Amplitude = % = 67, period = % = 27” — b=
47, mid-line= 67 + 1 = 68 and the capsule begins at
the top means we are using a cosine model. Therefore
h(t) = 67 cos(4mt) + 68

Five minutes after reaching the bottom corrspond to
t =20 min = % hours since it is five minutes after
half a period.

1 1
J— = A=
h<12) 67cos(7r3)+68

34.5 ft

R (t) = —67 sin(4wt)(4m) = —2687 sin(4nt)

I (%) = —2687 sin <4§)

729.1473 ft/hr

P'(t) = 100t
P(20) = 10000 + 50(400) = 30000 people
P’(20) = 100(20) = 2000 people/year

(fog)(z) = (1-22)°+5
= 1—4x+42°+5
4o — 4z + 6
(go @) = 1-2(2"+5)
1-22%-10
= —222-9

(14 xS)[(x)(W%) + 1+ 3x(1)] — zv1 + 32(32?)

(14 23)2
3z(1+23) +2(1 + 32)(1 + 23) — 623(1 + 32)
ovI+ 3a(l +23)?
3z + 3z* + 2 4 22°% + 62 + 6z — 62 — 182*
21+ 32(1 + 23)
—9z* — 423 + 92 + 2
2y/1+ 3z(1 + 23)2

45. Limit approaches —i



Chapter 2 Test

46. Limit approaches } 8. lim1 flx)y=4
r—r—
47. 100 7 9. lim1 flz)y=1
801 r—r
3/07 10. il_>r112 flz)y=1
04 .
201 11. il_lgf(:c) =1
3 ) 3 0 WP 3 12. Function is continuous
401 13. Function is not continuous at x = 3
-60 7 14. lin% f(z) does not exist
z—
-804 .
-100 - 15. f(3) =1
16. No, the function is not continuous at x = 3
Chapter 2 Test 17. lim f(z) =3
T4
X f(x) 18. f(4) =3
5 11 . .
5.7 1.7 19. Yes, the function is continupus at x = 4
5.9 11.9 20. lim(32* — 222 +5=3(1)-2(1)+5=6
5.99 11.99 et
5.999 11.999 . x—2 .
21, lim —— =
1. a) 5.9999 | 11.9999 a2t x(z — 2)(x + 2)
7 13 hm b1
6.5 12.5 et w(r+2) 8
6.1 12.1 7
6.01 12.01 22. hII%) g does not exist
. . o0
6.001 12.001
(x+h)—f(z
6.0001 | 12.0001 23. f(z) = 222 + 3z — 9, LI
6.00001 | 12.00001 20w +h)2+3(x+h)—9— (222 + 32z - 9)
b) lim f(z) =12 = h
r—6~
lim f(z) =12 222 + dzh +2h% + 304+ 3h — 9 — 222 — 3z + 9
z—6+ =
. h
lim f(z) =12
.’L‘*?Gf( ) o 4xh + 2}112 + 3h
2. From the graph below, we can see that lim f(z) = 12 h
157 24. First find %
dy -2
4
- 1- =
| Next find the slope at (4,5)
1 4
m = 1—-——
—1%6 4 2077 a6 8 10 (4)
1
- 1-=
4
3
_ (@=6)(z+6) _ o T — - 2
3. f(z) = @—6) (z+6),s0 il—>m6 flz) =12 4
4. lim f(x) does not exist Finally use the point-slope equation
r——5
3
L — y—5 = —(x—4
5 Il_l)rr_14f(:c) 0 4( )
3 |
6. lim f(x) does not exist vy = 3¢~ 345
rz——3
3
7. lim f(z) =2 y = zz+2
r——2
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25. % = 322 — 6x. The tangent line is horizontal when Z—Z =0 36.
0 fla) = (cos?x — x)(2 tan z sec’r) B
322 -6z = 0 B (cos?x — x)?
3z(z—2) = 0 (tan?z)(—2cos x sin  — 1)
either (cos?z — x)?
3r = 0 _ 2tan x — 2x tan xsec’x + 2sin’x tan x + tan’x
= 0 N (cosx — x)?
or _ tan (2 — 2z sec®z + 2sin’x + tan x)
2—2 — 0 B (cos?x — x)?
z = 2 37. f(x) = sin(cos(z?))
- — 03 2 _ :
When z =0, y = 0° — 3(0)? = 0, we have the point (0, 0) fl@) = cos(cos(z?)) - —sin(z?) - 2z
When z = 2, y = 23 — 3(2)2 = 8 — 12 = —4, we have the 5 5
point (2, —4) = =2z sin(x?) cos(cos(z?))
dy _ 1 _ 5
26. =105~ =2 38.
27. b= —1027 fl(x) = 2z +cos(2zvVx+2) (-2:3 N +(2)Vz + 2)
W=—10-—1272=19 ' 2V +2
28. % = %xl/‘l = 2z+ (\/%ﬁ—b—%/x—i—?) cos(2zvzx +2)
29. y = —0.52% + 0.61z + 90
W — _0.5(22) 4 0.61 = —z + 0.61 39. y =a* — 327
30. % (sec? 22)(2) = 2 sec? 2z Zﬁ — 4% 6z
x
31. f(z) = 555 4
5 d—m‘g = 12226
5—z)(1) —z(-1
(5-2) @~
_ b-—z+u
- (5-w)? 40. @) u(t) = Ztcos osin 2t
- 5 b)
(5 —x)?
) = t2[2t(—sin 2t)(2) + 2 cos 2t — (cos 2t)(2)] B
32. 9 — 525 — 42 4 2)"5(5at — 1222 + 1) o= ¢
_ 75(511447221 +1) [(2t cos 2t — sin 2t)(2t)]
(x5 —4a3+x) t4
33. f(z) =zvV22+5 _ —4t3 sin 2t — 412 cos 2t — 2t sin 2t
= =
2x 2\ .
fllz) = 2-———=+Va2+5 _2(1—2t%)sin 2t — 4t cos 2t
2vVaz? +5 = 14
x? Va2 +5
= ——— 4+ V2245 VY T szn(7") 3\/5,
2245 Va2 +5 c) 5(?):T Tr
B 22 N 2245 w(Ix) = TZ cos(1E)— szn(—;’ _ 6(3\/5—2770
Vez+5 Va2 +5 ¢ 74,32 re)_1ax 4977:,
92 45 a(7 )_ 291-2(F )2 s1n7( — 5% cos(F) _
— x 6 (=)t
- —12(—18v/34427+49+/37?)
@ +5 e -
. —sin(y/x 41. ]\/[ = —0001t3 + 01t2
34. %’ = —sin(y/z) - ﬁ = #

a) M'(t) = —0.003t> + 0.2t
b) M(10) = 0.001(10)® +0.1(10)? = —1 + 10 = 9 words

) M'(10) = —0.003(10) + 0.2(10) = —0.3 +2 = 1.7
tan 2z[(sec 3z tan 3z)(3)] + [(sec? 2x)(2)]sec 3z words/minutes

= sec 3z(3 tan 2z tan 3z + 2 sec? 2z)

35. f(z) = tan 2z sec 3z

el

D

=
\
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42.

(fog)z) = (20%) - (227)

425 — 223

(gofllz) = 2(a*-a)
= 2(zb - 32° + 32* — 2%)
225 — 62° + 62 — 223

43. y = (1 —32)3(1 + 3x)'/3

R R Uk (é(1+3x)_2/3(3))+

(%(1 - 3:v)71/3(73)> (14 32)1/3
_ 1-3z 2/372 143z 1/3
o 1+ 3z 1—-3z

(x—3)(z2+32+9)

44. lim = lim (22 + 32 +9) = 27
z—3 rx—3 z—3

45. lim tan t + sin t  lim tan t N sin t) _
t—0 t t—0 t t

tan t in t
hm(“” )+1im(”” ):1+1:2
t—0 t t—0 t

46. (1.0836,25.1029) and (2.9503,8.6247)
100 ; /

/

60

y \ /
40 \ /

20

0 T8 x5 4 5

—20-

47. Limit approaches 0
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e Page 109:

L fl(z)=-2, f((-2)= 2, f'(-1/2) = -12

2. y=-3z-3, y=-12z-12

o 112:

=60, f'(37)=26, f[f'(50)=0,

"(=5) =-96, f'(0)=-11, f[f/(7)= 24,
'(12) = —11, f'(15) = —56
= 7367 f/(o) = Oa f’(2) = 127
"(4) =0, f'(6.3) =—43.47
'(=2) does mnot exist, f/(—1.3) = 0.4079,
"(-0.5) = 1.8074, f'(0) =2, f'(1) = 1.1547,
’(2) does not exist
= 3 is not in the domain of the function zv/4 — =

e Page 118:

1. f/(24) =152, f/(138) = —76, f/(150) = —100,
190) = —180

—96, f'(0)=-11, f/(7) =24,

—11, f'(15) = —56

_367 f/(o) = 07 f/(z) = 127

=
N o
N
Iy

(4) =0, f(6.3)=—43.47
4. f/(0) =1.61, f'(12) =0.7076, f'(24) = 0.3236,
'(6.3) = 0.458

e Page 137:

1. Part “c” is the correct derivative
2. Left to the student
3. Left to the student

Extended Life Science Connection

Technology Connection

e Page 73:

1.3
2. -0.2

e Page 8T7:

1. 53
2. 2.8284

3. Limit does not exist
e Page 95:

1. f(x+h)=64, f(x)+h=38
2. f(z+h)=218.78, f(z)+h=208.1

1. f(x)=vV4+z
1
! —
Fa) = oo
1
") =
f(0) W/
_ 1
= 3
= 0.25
3 T T T T
a) 2 1 8 i6
F.(h) | 0.242641 | 0.24621 | 0.24808 | 0.24903
n T T T 1 L
b) 2 1 16
F_(h) | 0.258342 | 0.25403 | 0.25198 { 0.25098

a) Forward difference:: 359-264 — 301 Backward differ-

264—167 S
ence: =g = 339.5

b) Forward difference:: 308772;34 = 294 Backward dif-
264-219
/7
from part a) are more accurate since they use points
closer to the point under consideration (March 19)
and therefore represent the slope of the tangent line
more closely than points away from the point corre-

sponding to March 19.

ference: = 315 It seems that the answers
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4.
o= SIF.0)+F ()]
_ L ()= f0)  fO) - f(=h)
2 h h
= 5 (W)~ F(0) + £(0) ~ (=)
_ }(f(h)—f(—h))
2 h
_ f(h) = f(=h)
B 2h
5. Since F.(h) cover more of the function domain containing

10.

2z = 0 than does F(h) or F_(h), then it makes sense that
F.(h) be closer to f'(0) than either of them.

Using the results from question 2 parts a) and b) and the
definition of F, we get
A T T T T

2 4 8 16
Fc(h) 0.25049 | 0.25012 | 0.25003 | 0.250005

. The answers in Exercise 6 are closer to f/(0) = 0.25 than

those from Exercise 2. The value of h = %6 using the
central difference quotient gives the closest value to 0.25.
This is expected since the central difference quotient is the
most accurate out of the three difference quotients and 11—6
is the smallest value of h to be considered.

a) F.(1/7) = f(1/72)(71%)71/7) _ 306-219 _ 3045

@/
_ f@/D)—f(=2/7) _ 350-167 _
b) F.(2/7) = LEASLAD — 3562051 — 320,25
c) The answer from part a) gives the more accurate rate
of change.
— fA/D—f(-4/7) _ 7739-7053 _
Fo(4/7) = 2= S = 600.25
—f(= 7628—17296
Fe(4/T) = “ggmy— = “am = o8l

a) fx)=a2%+u
fla) =32 +1, f'(0)=1
Close to answer given by nDeriv, which is 1.000001
b) f(x) = 10002 + x
f'(z) = 300022, f'(0) =1
Close to answer given by nDeriv, which is 1.001
c) f(x) = 10000003 + =
f'(z) = 300000022 + 1, £/(0) =1
Does not match the answer from nDeriv, which is 2.
d) f(x) = 10000000002> + 2
f'(z) = 300000000022 + 1, f(0) =1
Does not match the answer from nDeriv, which is
1001.
e) f(z) =[=|
f/(z) does not exist at z =0

Does not match the answer given by nDeriv, which is
0.



