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Differentiation

2.1

TANGENT LINES AND
VELOCITY

The tangent line is vertical and coincides with

the y-axis:
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The tangent line is vertical and coincides with

the y-axis:
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5. At x = 1the slope of the tangent line appears

to be about —1.

6. The slope at x = 1is approximately —3.
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10.

11.

CHAPTER 2 -+ Differentiation

C, B, A, D. Atthe point labeled C, the slope is
very steep and negative. At point B, the slope
is zero and at point A, the slope is just more
than zero. The slope of the line tangent to point
D is large and positive.

In order of increasing slope: D (large nega-
tive), C (small negative), B (small positive),
and A (large positive).

(a) Points (1, 0) and (2, 6). Slope is 7% = 6.

(b) Points (2, 6) and (3, 24). Slope is =0 =
18.

(¢) Points (1.5, 1.875) and (2, 6). Slope is

6—1.875
(d) Points (2, 6) and (2.5, 13.125). Slope is
11296 — 14.25.

(e) Points (1.9, 4.959) and (2, 6). Slope is
6—4.959 __ 10.41
0r — VT

(f) Points (2, 6) and (2.1, 7.161). Slope is

7.161-6 __
21626 — 11.61.

(g) Slope seems to be approximately 11.

(a) Points (1, \/5) and (2, v/53). Slope is
Y342 ~0.5040.

(b) Points (2, v/5) and (3, V10). Slope is
Y103 ~ 0.9262.

(c) Points (1.5, 1.8028) and (2, 2.2361).

1o 2.2361-1.8028
Slope is =5 ~ 0.8666.

(d) Points (2, 2.2361) and (2.5, 2.2693).

1o 2.2693-2.2361
Slope is =555 ~ 0.9130.

(e) Points (1.9, 2.1471) and (2, 2.2361).

s 2.2361-2.1471 .
Slope is ==5=5—— ~ 0.8898.

(f) Points (2, 2.2361) and (2.1, 2.3259).

1o 2.3259-2.2361
Slope is =275 ~ (.8987.

(g) Slope seems to be approximately 0.89.

(a) Points (1, 0.54) and (2, —0.65). Slope is
—0.651—0.54 = —1.19.

(b) Points (2, —0.65) and (3, —0.91). Slope
is —0.91—1(—().65) — 026

12.

13.

(c) Points (1.5, —0.628) and (2, —0.654).
—0.654—(—0.628) __
—5 —— =—0.05.
(d) Points (2, —0.65) and (2.5, 1.00). Slope
. 1.00—(=0.65) _
1S — 05 - 3.3.
(e) Points (1.9, —0.89) and (2, —0.65). Slope
.. —0.65—(—0.89) __
is =5 =24.

(f) Points (2, —0.654) and (2.1, —0.298).
Slope is —28-005D 3 56

Slope is

(g) Slope seems to be approximately 3.

(a) Points (1, —2.1850) and (2, 1.1578).
Slope is 117821890 33479,

(b) Points (2, 1.1578) and (3, —0.2910).
Slope is =%:210-L1378 ~ 1 4488.

(c) Points (1.5, —0.1425) and (2, 1.1578).

. 11578—(=0.1425) ..
Slope is ———55—— ~ —2.6007.

(d) Points (2, 1.1578) and (2.5, —3.3805).
. —3.3805—1.1578 .
Slope is ==55—=== ~ —9.0767.
(e) Points (1.9, 0.7736) and (2, 1.1578).
Slope is L3=077136 ~ 3 8427,

(f) Points (2, 1.1578) and (2.1, 1.7778).

- L7778—1.1578 .
Slope is ~=57—5== ~ 6.1996.

(g) Slope seems to be approximately 4.68.
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14. All the lines are very close to the tangent line:
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The sequence of graphs should look like:
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The third secant line is indistinguishable from
the tangent line.

The sequence of graphs should look like:
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17.

18.

CHAPTER 2 -+ Differentiation

The third secant line is indistinguishable from
the tangent line.

Slope is
i LA = (D
h—0 h
I+ h?r—2- (-

= lim

h—0 h

2

= lim "+ 2k =lim(h +2)=2.

h—0 h—0

Tangent lineis y =2(x — 1) —lor y =2x —
3.

| |
L% g R

Slope is
lim LO+m — fO
h—0 h
2
=lim —=0.
h—0 h

Tangent line is y = —2.

19.

20.

Slope is
lim f(=24+h)— f(=2)
h—0 h
. (=24 h)*>—=3(=2+h) — (10)
= lim
h—0 h
. 4—4h+h*4+6-3h—10
= lim
h—0 h
_ 2
— lim 2 i —T 4+ hy = -7,
h—0 h h—0

Tangent line is y=—7(x +2)+ 10 or y =
—Tx — 4.

-50]

fA+h)— f(1)
h

gy U332+ + A+ h) -2
) h

. Ah+3h*+ R
:11m—

h—0 h
= lim 4 + 3h + h®> =4.

h—0

Slope is lim
h—0

Tangent line is y =4(x — 1) + 2.
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30 .
=lim —— =—1
h—0h —1
% Tangent line is y = —x.
20
15 ]
4_
10 ]
y -
5 2]

fa+h) - fd) ]

21. Slope is lim
h—0

h ]
_2 _ 2 -4
d+h)+1 ~ T+

m —

f(=2+h)— f(=2)
h
— lim JE2+h)+3-1
h—0 h
. o AVh+1-1
=lim ———
h—0 h

Vhi+1-1 vh+1+1

23. Slope is lim
h—0

= lim
h—0 h «/h—-l-l-i-l
_ lim th+1D -1
h=0 h(/h+ 14+ 1)
1 1
=lim — =—
=0 /h+1+1 2
Tangentlineisy:%(x+2)+lory=

%x+2.

JO+h) - f(0)
h

h
1. m _— O II/I_V4 T T T T _I2 T T T T ! ;
= 1m -
h—0 h X

22. Slopeis lim
h—0
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24.
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27.

CHAPTER 2 -+ Differentiation

f(+h)—
h
. VJA+2h+h)+1-42
= lim
h—0 h
We then multiply by

(V2 +2h + h2 +/2)
(V2 +2h + h2 + /2)

to get

)

Slope is li
ope is lim

. (2+2h+h? -2
lim
h—=0 (/2 4+ 2h + h2 + /2)

h(2 + h)
= lim
h—>0h(\/2+2h+h +/2)
24 h
h»0(«/2+2h+h ++2)
_2 _V2
N
Tangent line i 1sy_ — 1)+ 2.
.
y 1
2]
—
A T IS

Numerical evidence suggests that

i LAER = fD
h—07t h
while

S +h)—f() _
h—>0— h ’

Since these are not equal, there is no tangent
line. A graph makes it apparent that this func-
tion has a “corner” at x = 1.

Tangent line does not exist at x = 1 because
the function is not defined there.

Numerical evidence suggests that

28.

29.

30.

31.

32,

i SO+ = f(©O)
h—07t h

_ i JOED) — fO)
_6»0* h

Since the slope of the tangent line from the
left equals that from the right and the function
appears to be continuous in the graph, we
conjecture that the tangent line exists and has
slope 0.

Tangent line does not exist at x = 1 because
the function has a sharp corner there, causing
the limit of slopes to fail to exist.

Looking at the graph, we see that there is a

jump discontinuity at @ = 0. Thus there cannot
be a tangent line, as the tangent line from the
left would be different from the tangent line

from the right.

Tangent line does not exist at x = 0 because
the function is not defined there. Tangent line
would exist with slope —2 if the function were
defined to be 0 at x = 0.

(a) Points (0, 10) and (2, 74). Average veloc-
ity is @ =32.
(b) Second point (1, 26). Average velocity is

=260 — 48,

(c¢) Second point (1.9, 67.76). Average veloc-

ity is 20178 = 62.4.
(d) Second point (1.99, 73.3616). Average

74—=73.3616

velocity is =57 = 63.84.

(e) The instantaneous velocity seems to be
64.

(a) Points (0, 0) and (2, 26). Average velocity

26—0
is 5 0—13.

(b) Second point (1, 4). Average velocity is

26—4
B4 =2,

(c) Second point (1.9, 22.477). Average ve-

locity is 20522477 = 35.23.

(d) Second point (1.99, 25.6318). Average

. 26—25.6318
velocity is 255755~ = 36.8203.
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34.

35.

(e) The instantaneous velocity seems to be
approaching 37.

(a) Points (0, 0) and (2, +/20). Average ve-
locity is Y200 = 2.236068.

(b) Second point (1, 3). Average velocity is
Y203 _ 1 472136.

(c¢) Second point (1.9, 4/18.81). Average ve-
locity is Y22=Y1881 _ 1 3508627.
(d) Second point (1.99, +/19.8801). Average

%&sw = 1.3425375.

velocity is
(e) One might conjecture that these numbers
are approaching 1.34. The exact limit is
6~
75 1.341641.
(a) Points (0, 0) and (2, 47.9426). Average
velocity is 5260 = 23.9713.

(b) Second point (1, 24.7404). Average ve-
locity is 412420=24.7404 — 93 2022,

(c) Second point (1.9, 45.7338). Average ve-

oo to 47.9426—45.7338
10C1ty 1S 519 - 22.0871.

(d) Second point (1.99, 47.7230). Average

oo 47.9426-47.7230 _
velocity is ===5>7g5— = 21.9545.
(e) The instantaneous velocity seems to be

decreasing to slightly less than 22.

(a) Velocity at time t = 1 is
lim fA+h)— f(1)
h—0 h
. —16(1+h)?*+5— (=11
= lim
h—0 h
. —16—=32h —16h2 +5+ 11
= lim
h—0 h
. —32h — 16h>
= 111’1’1 _—
h—0 h
= lim (—32 — 16h) = —32.
h—0

(b) Velocity at time t =2 is
L Q) = fQ)

h—0 h
. —16(4+4h+h> +5+59
= lim
h—0 h

SECTION 2.1

+ Tangent Lines and Velocity 89

. —64 —64h — 16h% + 64
= hm
h—0 h
— %m%)(—m — 16h) = —64.

36. (a) Velocity at time t =0 is

i SO+ — £

h—0 h
i Vhi+16—4 Jh+16+4
=0 h Vh+16+4
_ iy B+ 16)— 16
h—0 h(v/h + 16 + 4)

1
h—0 /h + 16 + 4 /

(b) Velocity at time t =2 is
i SR~ f2)
h—0 h
Multiplying by

Vh+ 18+ /18
Vh+ 18+ /18

gives

iy (1 18) 18
h—0 h(/I + 18 + +/18)
1 1

= lim = .
h—0 /h+ 18+ /18 218

37. The slope of the tangent line at p =1 is

38.

approximately

ﬂz_m
2-0

which means that at p = 1, the freezing tem-
perature of water decreases by 10 degrees
Celsius per 1 atm increase in pressure. The
slope of the tangent line at p = 3 is approxi-
mately

—11—(=20)
4-2

4.5

which means that at p = 3, the freezing tem-
perature of water increases by 4.5 degrees
Celsius per 1 atm increase in pressure.

The slope of the tangent line at v =50 is
approximately
47 — 28
=.95
60 — 40
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39.

40.

41.

CHAPTER 2 Differentiation

This means that at an initial speed of 50 mph,
the range of the soccer kick increases by .95
yards per 1 mph increase in initial speed.

The hiker reached the top at the highest point
on the graph (about 1.75 hours). The hiker
was going the fastest on the way up at about
1.5 hours. The hiker was going the fastest on
the way down at the point where the tangent
line has the least (i.e., most negative) slope, at
about 4 hours, at the end of the hike. Where
the graph is level, the hiker was either resting,
or walking on flat ground.

The tank is the fullest at the first spike (at
around 8 A.m.). The tank is the emptiest just
before this at the lowest dip (around 7 A.M.).
The tank is filling up the fastest where the
graph has the steepest positive slope (in be-
tween 7 and 8 A.M.). The tank is emptying the
fastest just after 8 A.M. where the graph has
the steepest negative slope. The level portions
most likely represent night, when water usage
is at a minimum.

A possible graph of the temperature with
respect to time:
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Graph of the rate of change of the temperature:
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Possible graph of bungee-jumper’s height:
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43. (a) To say that
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M =21,034

per year is to say that the average rate of
change in the bank balance between Jan.
1, 2002 and Jan. 1, 2004 was 21,034 ($
per year).

(b) To say that
2[f(4) — f(3.5)]=125,036

(note that 2[ f (4) — f(3.5)]= w)
per year is to say that the average rate of

change between July 1, 2003 and Jan. 1,
2004 was 25,036 ($ per year).

(¢) To say that

i LGN = F)
h—0

= $30,000

is to say that the instantaneous rate of
change in the balance on Jan. 1, 2004 was
30,000 ($ per year).

(a) w = —2103 represents the aver-
age rate of depreciation between 38 and
40 thousand miles.

b w = —2040 represents the aver-
age rate of depreciation between 39 and

40 thousand miles.

s f(40+h)— f(40)

©) lim ——————

h—0
the instantaneous rate of depreciation

in the value of the car when it has 40
thousand miles.

= —2000 represents

We are given 6 (t) = 0.412. We are advised that
6 is measured in radians, and that 7 is time. Let
us assume that 7 is measured in seconds.

Three rotations corresponds to 6 = 6. Pro-
ceeding, if 6(¢t) = 6r then 0.4t = 67 and
solving for 7 yields t = /157 ~ 6.865 (sec-
onds).

At that exact moment of time (call it a) , the
exact angular velocity is

. B(a+h)—0(a)
lim
h—0

h
. 04(/157 + h)? — 67
= jim h

SECTION 2.1

46.

+ Tangent Lines and Velocity 9l

iy 04057 + 203157 + h?) — 6)
 h>0 h
. 0.8h/157 + 0.4h?
= lim
h—0 h
— ]}irr})(O.S«/lSﬂ + 0.4h) = 0.8V157
—

=+/9.6mr ~5.492

and the units would be radians per second.

First find the time corresponding to two ro-
tations: 47 = 0.4> = ¢ ~ 5.6050. Now the
angular velocity is

. 0(5.6+h)—6(5.6)
lim

h—0 h
_0.4(5.6 + h)? — 0.4(5.6)2
= lim
h—0 h
2
_ %i“%) 4.48h +0.4h> _ 148

The third rotation is helpful because the angu-
lar velocity increases.

4. vy, = 1O =IO
s—r
_as2+bs+c—(ar2+br—|—c)
B s—r
_ a(s> —r2) +b(s —r)
B s —r
:a(s—i-r)(s—r)—i-b(s—r)nl —a(s +
s—r
r)+b

Let v(r) be the velocity at t = r. We have
fr+h—f@r)

=1
v = Jin

h
= lim
h—0
a(r +h)? +b(r+h)+c— (ar* +bh+c¢)
h
. a(r>42rh + h?) + bh — ar?
= lim
h—0 h
. hQar +ah +b)
= lim
h—0 h

= %imo(Zar +ah + b) =2ar + b.

So v(r) =2ar + b. The same argument shows
that v(s) = 2as + b.
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48.

49.

50.

51.

CHAPTER 2 -+ Differentiation

Finally, ) vl (r) ; vis)
_ @Qar +b)+ 2as +b) 2a(s +r)+2b
B 2 2

=a(s+r)+b= Vavg-

f(t) =13 —t works with r =0, s =2. The
average velocity between r and s is g%g =3.
The instantaneous velocity at r is

lim O+h)>—©O+h -0 o,
h—0 h

and the instantaneous velocity at s is

Q4+h)3—Q2+h) -6
m

.
h1—>0 h

. 84+ 12h+6h* +H—2—h—6
= lim

h—0 h

= lim 11+ 6h +h% =11,
h—0

so the average between the instantaneous
velocities is 5.5.

Letx =h + a. Then h = x — a, and clearly
flath) - fl@ _ f&x) - fla)

h X —a

Itis also clear that x — a if and only if 4 — 0.
Therefore if one of the two limits exists, then
so does the other and

i f@EM = f@ _ ) = fl@)

1

h—0 h x—a x—a
For exercise 17,
i L6 = F )
x—1 x =1
2 _ 9y (—

i P2 (D)

x—1 x—1
= lim w =9

x—1 x —1
For exercise 19,

— f(— 2 _ —
i fO = FED (2 =30 — 10
x—>—2 x+2 x——2 x+2
. x=5x+2)

= lim ———==-7.

x——2 x+2

First, compute the slope of the tangent line.
Using the result of #49, it is convenient to
assume x is near but not exactly 1/2, and write

52.

fO) = f/2) _ 2= 1/4

=12 x —(1/2) x —(1/2)
_ o G (1/2)(x + (1/2))
= lim

x—>1/2 x—(1/2)

=xgr52[x + (1/2)]=1.

Next, we quickly write the equation of the
tangent line in point-slope form:

y=1x—-(1/2)) + (/4 ory =x — (1/4).
The location of the tree is the point (x, y) =
(1, 3/4) and this point is indeed on the tangent
line. The tree will be hit if the car gets that

far (that being something we have no way of
knowing).

It is clear from the graph that no other tangent
line will pass through the point (1, %). No other
lines through this point will be tangent to the

curve y = x2,
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2.2 THE DERIVATIVE

Using (2.1):
. 1+h)— f(D)
f @)= lim .,
. 3+ +1—-4)
= lim
h—0 h
= lim %= lim 3 =3
h—0 h h—0
Using (2.2):



2.

3.

lim f)— f()
b—1 b—1
. 3b+1-0GB+)
= lim
b—1 b—1
3b—3

=lim ——
b—>1 h—1

= lim 3(b_1)=1im3=3
b—1 b—1 b—1

Using (2.1):

fa+n— f)

S )= lim

h
. 3(14+h*+1-4
= lim
h—0 h
. 6h +3n?
= lim ——
h—0 h
= lim 6 + 34 =6.
h—0
Using (2.2):

oy e L) = f(D
f(l)_,llinl—x—l
:hmw
x—1 x—1
_ lim 3x=Dx+1)
x—1 x —1

= liml3(x + 1) =6.

Using (2.1): Since

FU+m —f) _ BU+R +1-2

h h
_VEF3 -2 JAT3h+2
h VE+3h+2
443h—4 3h

T (VAT 3h+2) h(VA+3h+2)

we have

3
VA3 +2

4.

SECTION 2.2 ++ The Derivative

SR — D
—0 h

f=1

, 3
“ AT 2
B 3 3
VA0 +2 4
Using (2.2): Since
f(b) — f()
b—1
V3B +1-2
 b—1
(V3B 1-2)(3b+1+2)
b= DW3Bb+1+2)

. (Bb+D-—4
-3+ 142
B 3b—1)
(b DV3b 142
3
:—3b+1+2’ we have
, _f) = f(D
ro=jin S

3
= lim ———
b>1./3b + 1 +2

__ 3 _3
NZES
Using (2.1)
. 24+h)— f(2)
£ = lim 5
_3
— lim Q+h)+1
h—0 h
3 _ 3th
_ lim 3t 3+h
h—0 h
—h
= lim
h—0 h

. —1 1
=lim —— =—-.
h—03+h 3

Using (2.2):

93



94 CHAPTER 2 -+ Differentiation

£ - lim LR =S

x—2 x =2

5.y Lo th) - f)

h—0 h
B3+ +1-0CBx)2+D
= lim
h—0 h
o 324+ 6xh+3R2+1—Bx2+))
= lim
h—0 h
2
— 1im 3 i 6x 4 30) = 6
h—0 h h—0

6. . f(x+h) — f(x)
=1
f@) = lim P
2 _ _
o G2 4D - @)
h—0 h
. 2xh+h*—2h
=lim —
h—0 h
= lim M —2x — 2.
h—0 h
7 im S () — fx)
b—x b—x
3 _ 3
— lim b+1 x+1
b—x b—x
3(x+D—=3(b+1)
— lim (b+1)(x+1)
b—x b—x
— lim =3 —x)
box (b+ D(x + (b — x)
-3 -3

box (b+Dx+1) (x4 1?2

8. i L&) — f&)

/
=1
f(x) Jim .
2 2
— lim 20c+h)—1 ~ 2x—1
h—0 h
2Q2x—1)—2(2x+2h—1)
— lim QRx+2h—1)2x—1)
h—0 h
—4h
— i ZF2=DCx=D
;) h
= lim —4
h—0 2x +2h — 1)(2x — 1)
-4
C2x—1)2
o iy LB =)

b—x b—x
V3 +1—3x+1

= lim
b—x b —x
Multiplying by

V3 +1+4/3x+1
N3+ 1+4/3x +1
gives

G+ —-0CBx+1

b b—x)3b+1+/3x+1)
3(b — x)

= lim
b—>x (b—x)(W3b+1+V/3x+1)
3

= lim
b—x (/3b+ 14+ /3x + 1)
3

PNEES

10,1 = g L0 =S

. 2x4+h)+3—(2x+3)
= lim
h—0 h




11.

12.

13.

14.

15.

16.

17.

i L) = f@)

b—x

= lim
b—x

= lim
b—x

=1

b—x

= lim
b—x

b—x
BP4+2b—1—x3+2x—1)
b—x
b — x3+2b—2x
b—x

- (b —x)(b*+ bx +x2) +2(b —x)

b—x

(b—x)b*+bx +x%2+42)

b—x

= lim (b® + bx + x> +2)
b—x

=3x>+2

v fa ) = f(x)
0= fim =

i @R 264241 F )
=0 h

= lim 4x> + 6x%h + dxh®* + h3 — 4x — 2h
h—0

= 4x> — 4x.

The function has negative slope for x < 0,
positive slope for x > 0, and zero slope at
x = 0. Its slope function (derivative) can only

be (¢).

(e). The graph (e) is zero in two places and
negative in between. The graph of exercise 18
is flat in two places, and decreasing between.

Here, moving from left to right, the slope
goes from negative to positive to negative to
positive. Its slope function (derivative) can

only be (a).

(d). Graph is decreasing everywhere so the
derivative will be negative everywhere.

The graph is increasing to the left of the jump
and decreasing to the right. The derivative of
this function must be (b) which is postive to
the left of the jump and negative to the right.
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The Derivative 95

18. (f). The graph (f) is zero in two places and
positive in between. The graph of exercise 22
is flat in two places, and increasing between.

19. The derivative should look like:

107

-16

20. The derivative should look like:

-3 -2 -1 T

1 2 3

X

21. The derivative should look like:
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g

-10

22. The derivative should look like:

23. One possible graph of f(x):

24.

25.

26.

27.

28.

One possible graph of f(x):

f(x) is not differentiable at x =0 or x = 2.
The graph looks like:

e

/.

f(x) is not differentiable at x =0 or x = £1.

y

2..
B Tx

_2--

nP —or hP
fim OFMT =07 P !
h—0 h h—0 h h—0

The last limit does not exist when p < 1, equals
1 when p = 1,andis O when p > 1. Thus, f/(0)
exists when p > 1.

Letu=chsoh= % Then we have



lim fla+ch) —
h—0 h
~ lim fla+u)—

u
u_ 0 u
< c

f(a+u)

u—)O =
c

=hmc(f(a+u)—f(a))
u

u—0

f(a)

f(a)

f(a)

fla) _

f(a—l—u; — ¢f'(a)

=c lim
u—0

[fOFP = [f(@PF

xX—a x2 — a2
Lf(x) = f@Ilf (x) + f(a)]
x—~>a (x —a)(x +a)

_ [lim f@) = f(a)} [hm 0+ f(a)]
x—a ()C — a) x—a

(x+a)
2f(a)

29.

= /(@)
_f@f (a)

a

30. We know that the limit 0
F0) = tim LSO
x—> x—0 x—0 Xx
ists. Since f(x) < O for all x we know that
f(x) fx) < 0 for all

by > 0. The only way for this to be true and for

lim S &) to existisif f'(0) = & =0.

x—0 x x—>

> (0 for all x <0 and ——=

31. We estimate the derivative at x = 60 as fol-

lows:
M — E =0.0375
80 — 40 40

For every increase of 1 revolution per second
of topspin, there is an increase of 0.0375° in
margin of error.

32. We estimate the derivative at x = 8.5 as fol-
lows:

1.04 — .58
9-8

=0.46

33.

34.

35.
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For every increase of 1 foot in height of serving
point, there is an increase of 0.46° in margin
of error.

Compute average velocities:

Time Interval Average Velocity

(1.7,2.0) 9.0
(1.8,2.0) 9.5
(1.9, 2.0) 10.0
(2.0,2.1) 10.0
(2.0,2.2) 9.5
(2.0,2.3) 9.0

Our best estimate of the velocity at = 2 is 10.

Compute average velocities:

Time Interval Average Velocity

(1.7, 2) 146 =8
(18,2) 8.5
(19,2)

(2,2.1) 8
(2,2.2) 8
(2,2.3) 7.67

A velocity of between 8 and 9 seems to be a
good guess.

We compile the rate of change in ton-MPG
over each of the four two-year intervals for
which data is given:

Intervals Rate of Change
(1992,1994) 512449 — 0.4
(1994,1996) 0.4
(1996,1998) 0.4
(1998,2000) 0.2

These rates of change are measured in ton-
MPG per year. Either the first or second (they
happen to agree) could be used as an estimate
for the one-year interval “1994” while only the
last is a promising estimate for the one-year
interval “2000.” The mere fact that all these
numbers are positive suggests that efficiency
is improving, but the last number being smaller
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36.

37.

38.
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seems to suggest that the rate of improvement
is slipping.

The average rate of change from 1992 to 1994
is 0.05, and from 1994 to 1996 is 0.1, so a
good estimate of the rate of change in 1994 is
0.75. The average rate of change from 1998 to
2000 is -0.2, and this is a good estimate for the
rate of change in 2000. Comparing to exercise
35, we see that the MPG per ton increased, but
the actual MPG for vehicles decreased. The
weight of vehicles must have increased, and if
the weight remained constant then the actual
MPG would have increased.

The left-hand derivative is

D_f(0) = hlim

—0~

f) — f(0)
h

. 2h+1-—-1
= hm _— =
h—0— h

2

The right-hand derivative is

f(h) — f(0)
h
. 3h4+1-1
= lim ——— =
h—0t h

D 0) = lim
+/0) h—0+

3

The left-hand derivative is

. h) — (0

fo(O) = hli)nol_ w
2

—1im =0
h—0~ h

The right-hand derivative is

fh) — fQ0)

D 0)= 1l
+/0) hgg+ h

39.

40.

41.

42,

f) — f(0)

D 0) = lim
+/0) h—0t h

= lim w — k/(O).

h—0 h
D_f(0) = lim fh) — fO)

h—0~ h

_ i 8D —KO)
h—0~ h

o 8h) —gO)

T O

£(0) is defined since g is differentiable at 0,

and g(0) = k(0) since f is continuous at 0.

If f(x) has a jump discontinuity at x = 0, it
would be because its left limit at x = 0, namely,
£(0), is not the same as the value which is k(0).
In that case there could be no left derivative (by
Theorem 2.1) and one would have to reject the
statement D_ f(0) = g’(0).

The derivative f(0) exists if and only if the

M exists, and this limit exists

limit lim

h—0
if and only if the one-sided limits exist and are
equal. But the one-sided limits are the left- and

right-hand derivatives.

If f'(x) > 0 for all x, then the tangent lines all
have positive slope, so the function is always
sloping up.

If f/(x) < O for all x, then the tangent lines all
have negative slope, so the function is always
sloping down to the right.



43.

44.

|||||||||||||||||||||

From the graph, we see that f(x) appears
to be continuous at x = 0, where it has both
limit and value zero. However, when we try
to compute its derivative at x = 0, we come to
the difference quotient

h h h h1/3

fO+m)—fO _ fy _ P 1

Clearly this expression has no finite limit as
h approaches zero. The numbers get large
without bound. We do sometimes say that the
vertical line x = O is the tangent line, but as a
line it has no slope (just as the function has no
derivative).

lim f(x)= lim 0=0, and lim f(x)=
x—0~ x—>0~ x—0t+

lim 2x =0, s0 lim f(x)=0.
x—>0t x—0

This equals f(0), so the function is
continuous.

fim LOFEM =TSO 0,
h—0— h h—0— h

fim LOEM SO _ 20,
h—0+ h h—0- h

These one sided derivatives are not equal, so
the function is not differentiable at x = 0.

Graphically, we can see that the function is
continuous, but has a sharp corner at x =0 so
is not differentiable there.
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45. Let f(x) =—1— x2; then for all x, we have
f(x) <x.Butatx =—1,wefind f(—1)=-2

and
) —1+h)— f(=1
(=D lim p
1 (— 2 _(_
i TLm C1ED? = (2)
h—0 h
1= =2h+hdH
= lim
h—0 h
12
= lim 2h—h =1limQ2—-h)=2
h—0 h h—0

So, f’(x) is not always less than 1.

46. This is not always true. For example, the func-
tion f(x) = —x? + x satisfies the hypotheses,
but f’(x) > 1 for all x <0, as the following
graph shows.
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47.

48.

49.

50.

51.
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(a) meters per second

(b) items per dollar

(a) c’(r) will represent the rate of change in
amount of chemical, and will be measured
in grams per minute.

(b) p’(x) will represent the rate of change
of mass, and will be measured in kg per
meter.

If f/(t) <0, the function f(¢) is negatively

sloped and decreasing, meaning the stock is

losing value with the passing of time. This may
be the basis for selling the stock if the current
trend is expected to be a long term one.

You should buy the stock with value g(¢). It
is cheaper because f(t) > g(t), and growing
faster because f'(t) < g/(¢t) (or possibly de-
clining more slowly).

The following sketches are consistent with the
hypotheses of infection rate rising, peaking,
and returning to zero. We started with the
derivative I'(t) (infection rate) and had to
think backwards to construct the function 7 (¢).
One can see in I (¢) the slope increasing up
to the time of peak infection rate, thereafter
the slope decreasing but not the values. They
merely level off.

11

52,

21

One possible graph of the population P (r):

4000
3000+
2000+

1000+

0 2 4 6 8 10 12 14

X

Graph of P’(t):
8001
6001
4001
2001
0t —
D 2 4 6 8
i X
-200]




53.

54.

5S.

56.

57.

58.

59.

Because the curve appears to be bending
upward, the slopes of the secant lines (based at
x = 1 and with upper endpoint beyond 1) will
increase with the upper endpoint. This has also
the effect that any one of these slopes is greater
than the actual derivative. Therefore

fAS) - fM) _f@ - fD)
0.5 1

As to where f(1) fits in this list, it seems
necessary to read the graph and come up with
estimates of f(1) about 4, and f(2) about 7.
That would put the third number in the above
list at about 3, comfortably less than f(1).

() <

Note that f(0) — f(—1) is the slope of the
secant line from x = —1 to x = 0 (about —1),
and that w is the slope of the secant
line from x = —0.5 to x = 0 (about —0.5).
f(0)=3and f'(0) =0.

In increasing order, we have f(0) — f(—1),
LOSL=EI | 1(0), and £ (0).

This is a tricky one. It happens that for the
function f(x) = x? — x, the value at x = 1 is
zero (f (1) = 0)! Because of this fact,

A+m?>—(A+h _ fa+h) = fO)
h h

and the answer should be:
f(x)=x>—xanda=1
lim

Vad+h—-2
h—0 h

tion f(x) = /x at x = 4.

(z%h>h— (2)

is the derivative of the func-

lim would be f/(a) for f(x) =
h—0
1
—anda =2.
X
h—12—1
%in%) % 1s the derivative of the func-

tion f(x) =x%atx = —1.

One possible such graph:

60.

61.

62.
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5 \/ 5
-5
-10
One possible such graph:
3
25
15
2 1 2
X
We have:
100 0<r=<20
f(@) =14 100+ 10(r —20) 20 <t <80

700 4+ 8(r —80) >80

This is another example of a piecewise linear
function (this one is continuous), and although
not differentiable at the transition times ¢ = 20
or t = 80, elsewhere we have

0 0<t<?20
=110 20<t <80
8 t>80

We estimate (1) as follows:
9—-13
2—-0

For every increase of one month (which cor-
responds to being one month younger than

fi()~ =2
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your comrades), the number of players in the 6. f(x)=2x 4 _x342, so
i i 2. Thi

English Preml'er'League decrease?s by . 1s F) = — 855 _ 3x2

suggests that it if being an English Premier

League soccer player is your goal, that you —_°% 3,2
have a better chance at it if you are older. x3
7 d (10 d
W= ()= Len
dx \/x dx
2.3 COMPUTATION OF J J
— 102 (12 0 2
DERIVATIVES: =107 () —2 7@
POWER RULE o ( - /2) 0
= ——x J—
2
d d d _
1 fl(x) = —(x) — —Qx) + —(1) — _5¢32_»
dx dx dx _s
2 d =——-2
=3x"—-2—x)+0 x/x
dx
=3x% - 2() 8. h(x)=12x —x>—3x""2, 50
=3x2-2
* B (x)=12—2x + %x_3/2
2. fl(x)=9x% — 15x* +8x — 4 3
=12 —-2x+
3 d d 2/x3
C S0 =260 -4 (2v0)
dt dt 9, F(s) = d (2S3/z) _d (3s_1/3)
_ 3%(:3) - 2di (z‘/z) ds ds
t t _,4 (53/2> _ 3i <S71/3)
=3(3r%) -2 (%t—W) ds ds
o352\ 3 (L
2_ 1 2 3
=9t"— —
Vi —3sl/2 4 ¢43
4. f(s)=5s1/2—4s2+3, SO :3\/§+L
5 s
f(s) = 5s—1/2 — 8s
5 10. f'(t) =3nt" ' —2.6:93
=———28s
2Js
11. d N d
=— (24 —@3
5., d (3\ d d f@y =22 @)+ 20
foy=—1-)——@8)+—1)
dx \x dx dx zzi (x1/3)+0
d  _ d dx
=3—x )—-8—x)+0
dx dx -9 (1)(3_2/3) _ zx_z/:;
=3(—x"%) - 8(1) 3 3
3 2

=———8 ==
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12. f(x) =4x —3x%3 s0 18. f(x)=x0—x=x%—x"2s0
2
floy=4—2x""=4_- = df —d (6 12\ _.5 1 _ip
vx 2e =z () =6 - g
ef_d <6x5 _ lx1/2>
13, f(x)=x3x2— Vx) =3 — x50 dx?  dx 2
oy 24 3 d (3 =30x4_1<_1x—3/2)
f0 =309 = = (+77) A
3 4,1 3p
=33x2) — [ 2x12 =30x* 4+ —x~¥
3(3x7) <2x ) X 4
3 4 1
_g2_3 = 30x* +
_9x 2«/.; x 4xﬁ

\ ) 19. f(x)=2x*—3x""250
14. f(x)=3x"+3x"—4x —4,s0

F(x) =9x> + 6x — 4 af _ g3 + 3
dx 2
Cf_ 24x% — 25502
15. 332 — 3x + 1 dx?
fx)=—F—
2x 4 ) )
ST 20. f(t):4t2—12+t—2:4t — 12441
T 2x 2x  2x d
_33 ., 1 so f/(t) = E(mz —12+4t77)
o202 =82 — 04 4(=2:73)
Fo=2L(3) -2 (2 e o3
dx \2 dx \2 = 8t 8t
d
d (1 _, )y =—@t—87)
+ - —_
dx (2x ) di A
3 4 L4 =8 —8(=3t4
=5 05T =8+ 247
3 1 ) " d —4 -5
=2 Z(— t)=—(@84+24t7") =0+ 24(—4t
2(1)+2( 1x™) S dt( ) ( )
3001 _5_ —9
= — =960 = —
2 2x2 &
- 21. f/(x) =4x> + 6x
16. f(x) =4x3? — xll/z + 3x 13/2, SO @) =122 46
Flx)=6x"72 — —x712 _ Zx=32 " (x) = 24x
2 2 FO) =24
/ d 4 2 3 / 9 3
17. f(x):a(x +3x° —2)=4x" + 6x 22, fl(x)=10x" —12x° +2

., d 5 ) £ (x) =90x® — 36x2
@) = (x4 6x) = 1247 4 6 Py = 72027 — T2x
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23.

24,

25.

26.

27.
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F®(x) =5040x° — 72
FO(x) = 30240x°

x2—x+1
JVx

32 12y 12 g

flx)= di (x3/2 —x'/? —I—x_l/z)
x

fx) =

3 1 1
2Ll -3

2 2 2

d (3 1 1
"(x) = — _x1/2 _ _x—l/2 _ _x—3/2)
S) dx (2 2 2

_3p s 3 sp
4 4 4

d (3 1 3
ey — S~ L 30 9 50
=0 <4x T3 4" )

3. 3 515 ap
8 8 8
fOy=3+15% —1 12

5 1
"(1)=32+ 7 —1— =712
'@ 5 5

1 1

£ = 6t + I5t1/2+ wa

f///(t) — 6 + Et—l/Z _ ét—S/Z
8 8

f(4)(l‘) — —1—51‘_3/2 + Et—7/2
16 16

s() = —16¢% + 407 + 10
v(t) = s'(t) = =32t + 40
at) =v/'(t) =s"(t) = =32

s()=1263—6t — 1
v(t) =s'(t) =362 — 6
a(t) =s"(t) =72t

s() =1+ 212 =1% 4+ 247
1
v(t) =5'(t) = Et—l/Z + 4t

a(t)y =v'(t) =5"(1) = —Zlg‘m + 4

28.

29.

30.

31.

32,

33.

34.

35.

3e6.

37.

s()=10—10s7"
v(t) = ' (t) = 10t 2
a(t)=s"(t) = =20t

v(t) = —32t 4+ 40, v(1) = 8, going up.
a(t) =—-32,a(1) = —32, speed decreasing.

v(t) = —32t + 40, v(2) = —24, going down.
a(t) = —32,a(2) = —32, speed increasing.

v(t) =20t — 24, v(2) = 16, going up.
a(t) =20, a(1) = 20, speed increasing.

v(t) =20t — 24, v(1) = —4, going down.
a(t) =20, a(1) = 20, speed decreasing.
fxX)=4Jx —2x,a=4
f(4)=4vV4-2(4)=0

Fx) = % (4x1/2 _ 2x)

=2x*1/2—2=i—2
X

f@=1-2=-1

The equation of the tangent line is
y=—1l(x—4)+0o0ory=—x+4.

) =1.
fl(x) =2x -2,
') =2.

Line through (2, 1) with slope 2 is
y=2(x—-2)+ 1

f)=x*=2,a=2, f(2)=2
f(x) =2x

f'2)=4

The equation of the tangent line is
y=4(x—2)+20ry=4x —6.

Tangent line to a line is always the same line,
y=3x+4.

fx)=x>—3x+1

fl(x) =3x2 -3

The tangent line to y = f(x) is horizontal
when f/(x) =0:3x> —3=0
&=3x*-1D=0



38.

39.
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—3x+Dx—-1D=0
<< x=—lorx=1.

|
T B L B BV N

!
-
Y

The graph shows that the first is a relative
maximum, the second is a relative minimum.

Tangent line is horizontal where

f'(x)=0.

f'(x) =4x3 —4x=4x(x — D(x+ 1D =0
when x = +1or0.

-1.5 -1 -0.5 0 0.5 1 1.5
X

The graph shows that the first and last are
relative minimums, while the middle (x = 0)
is a relative maximum.

Fx) =223

Fom 2 2

3Jx

The slope of the tangent line to y = f(x) does
not exist where the derivative is undefined,
which is only when x = 0.

40.

41.
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4]
v o]
-3 -2 -1 . 1 2 3
e

In this case, because the function is contin-
uous, we might say that the tangent line is
the vertical line x = 0. The feature at x =0 is
sometimes known as a cusp.

f(x) = %x‘2/3 = #7 is undefined at x = 0.
X

0.5 1 1.5

The graphical significance of this point is that
there is a vertical tangent here.

As regards the (a) function, its derivative
would be negative for all negative x and posi-
tive for all positive x. Since no such function
appears among the pictures, this (a) function
has to be the one whose derivative is absent
from the list. There being no f”” in the list, (a)
has to be f”.

This same (a) function is negative for a certain
interval of the form (—a, a), and the (c) func-
tion is decreasing on a similar type of interval.
Thus the (a) function (f”) is apparently the
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42,

43.

44,

45.

46.

47.
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derivative of the (c) function. It follows that
(c) must be f’.

This leaves (b) for f itself, and our identifica-
tions are consistent in every respect.

Curve (b) is the function f(x), curve (a) is the
derivative f'(x), and curve (c) is the second
derivative f”(x).

fx)=x=x"?
Fo=te

" _1 _1 -3/2
f (X)—2( 2>x

ro-(3)(3) ()

f(n)(x) — (_1)11—1%)(—(211—1)/2

in which IT,, is the product of the first n — 1
odd integers (starting from 1 and ending at
2n — 3).

flx) = —2x73

fl/(x) — 6X_4

f"(x) = —24x 7. The pattern is
F®@) = (=D"n+ Hlx™"2

fx)=ax>+bx+c= f0)=c
fl(x)=2ax+b= f'(0)=b
f(x)=2a= f"(0)=2a

Given f”(0) = 3, we learn 2a = 3, ora = 3/2.
Given f'(0) =2 we learn 2 = b, and given
f(0) = -2, we learn ¢ = —2. In the end
f(x):ax2+bx+c:%x2+2x—2.

fx)=ax*+bx+c. f(0)=0=c=0.
f'(x) =2ax +b. f(0)=5=b=>5.
[ =2a. f"O)=1=a=3.

So f(x)= %xz + 5x.

For y = %, we have y' = —ﬁ. Thus, the slope

of the tangent line at x = a is — 5.
a

When a = 1, the slope of the tangent line at

(1, 1) is —1, and the equation of the tangent

line is y = —x + 2. The tangent line intersects
the axes at (0, 2) and (2, 0). Thus, the area of
the triangle is %(2) 2)=2.

48.

49.

When a = 2, the slope of the tangent line at
(2, %) is —%, and the equation of the tangent
line is y = —%x + 1. The tangent line inter-

sects the axes at (0, 1) and (4, 0). Thus, the

area of the triangle is %(4)(1) =2.

In general, the equation of the tangent line is
y=-— (a—lz) X+ % The tangent line intersects

the axes at (0, %) and (2a, 0). Thus, the area
of the triangle is

1 2

For y = x—lz =x"2, wehave f/(x) = —2x> =

—2/x3. Thus, the slope of the tangent line at
x=ais—2/x3.

When a = 1, the slope of the tangent line at
(1, 1) is —2, and the equation of the tangent
line is y = —2x + 3. The tangent line inter-
sects the axes at (0, 3) and (%, 0). Thus the

area of the triangle is %(3)(%) = %.
When a = 2, the slope of the tangent line at
(2, %) is —le and the equation of the tangent
line is y = —;llx + %. The tangent line inter-
sects the axes at (0, %) and (3, 0). Thus the
area of the triangle is %(%)(3) = %.

Since % #= %, we see that the result for exercise
47 does not hold here.

g+ h) —g)
—0 h
max f(¢) — max f(t):|

= lim — [
h—0 h |a<t<x+h a<t<x
. 1
= lim [fx+h) — f)]
= f'(x)

(@ g(X)=]}

gx+h) —gx)
h

f(t) — max f (t)}

(b) gx) = ]}13%)

= lim — [ max
h—0 h |a<t<x+h
1

=f}1_r)% 7 [f(@) = f(a@)]

=0



50.

51.

52,

53.

54.
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gx+h) —g(x)
h

f(@® — min f(t)]

@ gkx)= g})

= lim — |: min
h—0 h |a<t<x+h
|
= }}l_)mo n [f(@) — f(a)]
=0
gx +h) —gx)
h

f(#) — min f(t)]

a<t<x

(b) g(x)= lim

= lim — min
h—0 h |a<t<x+h

o1
Z}PLI%) Z [f(x + h) — f(x)]
= f'(x)

If d(r) represents the national debt, then d’(¢)
represents the rate of change of the national
debt. The debt itself, by implication, is in-
creasing and therefore d’(r) > 0.

Since the rate of increase has been reduced,
this implies d” () is being reduced. We cannot
conclude anything about the size of d(t).

m'(t) = 6r kg per meter. m’(t) represents the
rate the mass is increasing as ¢ increases. This
is the linear density of the rod.

w(b) = cb*nlw'(b) = %bl/z _ #

w’(b) > 1 when
3C«/E>1, Vb > 3b>i.

2 3c 9c?
Since c is constant, when b is large enough,
b will be greater than 947. After this point,
when b increases by 1 unit, the leg width w
is increasing by more than 1 unit, so that leg
width is increasing faster than body length.

This puts a limitation on the size of land

animals since, eventually, the body will not
be long enough to accomodate the width of
the legs.

World Record Times—Men'’s Track

Dist. Time Ave fd
400 43.18 9.26 9.25
800 101.11 7.91 8.17

5S.
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1000 131.96 7.58 7.86
1500 206.00 7.28 7.32
2000 284.79 7.02 6.95

Here, distance is in meters, time is in seconds
and hence average in meters per second.

The function f(d) is quite close to predicting
the average speed of world record pace.

v/(d) represents the rate of change in average
speed over d meters per meter. v'(d) tells us
how much v(d) would change if d changed to
d+ 1.

We can approximate f’'(2000) ~ %

= 174.4. This is the rate of change of the GDP
in billions of dollars per year.

To approximate f”(2000), we first esti-

mate f'(1999) ~ 240883473 — 33475 and

£1(1998) & SEAIE0005 = 343.1.

Since these values are decreasing, f”(2000) is
negative. We estimate f”'(2000) ~ %
= —160.35. This represents the rate of change
of the rate of change of the GDP over time. In
2000, the GDP is increasing by a rate of 174.4
billion dollars per year, but this increase is
decreasing by a rate of 160.35 billion dollars-
per-year per year.

f7(2000) can be approximated by the average
rate of change from 1995 to 2000. f/(2000) ~
% = 53.2. This is the rate of change of
weight of SUVs over time. In 2000 the weight

of SUVs is increasing by 53.2 pounds per year.

Similarly approximate f’(1995) ~ 32.8 and
£7(1990) ~ 26.8.

The second derivative is definitely positive.
We can approximate f”(2000) ~ % =
4.08. This is the rate of change in the rate of
change of the weight of SUVs. Not only are
SUVs getting heavier at a rate of 53.2 pounds
per year, this rate is itself increasing at a rate
of about 4 pounds-per-year per year.
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Newton’s Law states that force equals mass
times acceleration. That is, if F(¢) is the driv-
ing force attime ¢, thenm - f(t) =m - a(t) =
F(¢) in which m is the mass, appropriately
unitized. The third derivative of the distance
function is then f”'(t) =a'(t) = miF’(t). It
is both the derivative of the acceleration and
directly proportional to the rate of change in
force. Thus an abrupt change in acceleration
or “jerk” is the direct consequence of an abrupt
change in force.

Q'(x) = S00L"x~1/2, and Q'(40) = 0L,
This is the rate of change in the daily output
as capital investment changes. As capital in-
vestment increases, the daily output increases,
and Q’(40) tells us how fast the daily output
is increasing when the capital investment is

$40,000.

59-62 Commentary: At this stage, finding a
function whose derivative is given, is a matter
of thinking backward, or of anticipation. When
the derivative is a power, one anticipates that
it could have arisen from differentiating a
function which was also a power, but whose
exponent was one higher. That is, to get to
xP, try cxPt! where c is some constant. After
that, it is a matter of testing and adjusting the
constant c¢. The answer is never unique (why?),
but anything offered can always be checked by
differentiation.

Try f(x) = cx* for some constant ¢. Then
flx) = 4¢x3 so ¢ must be 1. One possible
answer is f(x) = x*.

Try f(x)=cx> for some constant ¢. Then

f/(x) = 5cx* so ¢ must be 1. One possible

answer is x°.

[l =Yx=x1?

2
fx)= §x3/2 is one possible function.

If f/(x)=x"2, then f(x)=—x""is one
possible function.

63.

64.

o f@+h) —2f(@) + fla—h)
h—0 h2

. [f(a +h ~ f@

h—0 h2

f@-rfa- h)]}
h2

i 1 [Ll00 = f0
h—0 h h

f@ = fla~- h>]

h

= lim l[nm fath - f@

h—0 h | h—0 h

h—0 h

i f@ = fla= h)}

: 1 / /
= Jim - [f'@ ~ f'(a~ W]

Now let k = —h in the previous equation, to
get
lim L@+ —2f(@+ fla—h)
im
h—0 h2

. 1 / /
= lim — [f'@ — f'a+k)]
. 1 / /
= lim - [fa+k) — fl@)]
= f"(a)
We have that

x <0

2
) =
f(x)_{xz x>0

Thus
i L) =21 ©) + f(=h)
h—0 h2

i LD+ £

h—0 h2

. W2+ (=hY
= hm _— =

0
h—0 h2

and therefore exists.

On the other hand, we have



v ) —2x x<0
f(x)_{Zx x>0
and

" _ -2 x<0
ro={3% 150

but f”(0) does not exist, since the limit from
the left is —2 but the limit from the right is 2.

2.4 THE PRODUCT AND

QUOTIENT RULES

fO)=E@2+3HP=3x+1)
fl(x) = i(x2 +3)- (P =3x+1
dx
+(x2+3)-i(x3—3x+1)
dx

=203 =3x+1)
+ (2 +3)3x* - 3)

fx) =@ —2x2+5x*—3x%2+2)
fl(x)= di(X3 — 2245 =32 +2)
X
+ (P =222+ S)i(x“ —3x242)
dx

=(Bx? —4x)(x* = 3x2 +2)
+ (x* = 2x2 4+ 5)(4x> — 6x)

FG) = (V3 + 30) (5 2 3)
X
= (x"? +3x)(5x% = 3x7h
fl(x)= (%x‘l/z + 3) (5x2 = 3x7h

+ (x2 4+ 3x)(10x + 3x72)

SECTION 24 .-
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f) =@ -4t =322 42)
flx) = i(f/2 —40)(x*=3x"2+2)
dx
I S e e )
dx

3
= (EXI/Z —Hx* =32 +2)
+ (x3? — 4x) (x> + 6x7)

f) =23

F) = ((5x+1)j7(3x—2)—(3;2c—2);’—x(5x+1))
(5x+1)
_ 3(x+D)—(Bx=2)5
- (5x+1)2
_ 15x+43—15x+10 _ 13
- (5x+1)2 T (5x+1)2
f'x) =
(2 =5x+1) L (x242x+5) — (22420 +5) L (x2—5x+1)
(x2—5x+1)2
_ (02 =5x+1)(2x4+2)— (x242x+5)(2x—5)
- (x2=5x+1)2

_ _ox1/2
flx) = 3x—64/x _ 3(x—2x1?%)

) 5x2-2 T 5x2-2
flx) =

((5x2-2) s (x—2x 12— (x—2x1/%) £ (522-2))
3 (5x2-2)2

((5x2—2)(1—x*1/2>—(x—2x'/2)(10x))
=3 (5x2—2)2
-1
fo0) =920 flo) =
(24 L (6x—2x N —(6x—2x ") L (x24x1/2)
(x2+x1/2)2

@260 D) —(6x—2x D) 2x45x712)
= (211722

_ (x+D(x=2) _ x2—x—2
f(x) T x2-5x+1 T x2-5x+1
f'x)=

((x275x+1)%(xzffo)f(xzffo)%(x275x+1))
(x2—5x+1)?2
((x275x+1)(2x71)7(x27x72)(2x75))
- (x2—=5x+1)2

)
f) =735
sy @250 4L (12 —20) — (x2—2x) & (x?45x)
f (.X) - (x2+5x)2
(250 (2x—2)— (x2—2x) (2x+5)
- (x%+5x)?
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12.

13.

14.

15.
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We do not recommend treating this one as a
quotient, but advise preliminary simplifica-
tion.

x24+3x -2
f) = —
2 2
f VAV
_ x3/2 4+ 32 oy 12
Flx) = 2512 4 zx—l/Z TG
16.
2x
FO="77
o = (7 + D) — Q0L+ 1)
) (b2 17
2+ D) - @x)2x)  2-2x? )
B (x2+ 1?2 (212

We simplify instead of using the product rule.
fx)=x (&7)74—3) =x*3 4 3x

flx) = %‘xm +3

We simplify instead of using the product rule.
fx) =

fl(x) = %x —10x73

1
—x +5x

18.
— x34+3x2
f(X) - ) 2+2
flx) = %
L2 -1 (S5
3 2
+ 2 =1 L
We have

x3+3x ) _
2+2 -
(x2+2)%(x3+3x2)—(x3+3x2)[%(x2+2)
(x2+2)2
— (242)-Bx?+6x)— (x7+3x%)- (2x)
(x2+2)2

3x4+6x +6x3+12x —(2x*+6x3)
(x242)2

_ a6 yiox
- (x2+2)2
so f'(x) =

(2 ) (x3+3x

) - x4 46x2412x
2+2

) + (X (x2+2)2

x+2)x—DEx+1)  x*+x—2
x(x+1) N X
=x+1-2x""

f) =

So f/(x) =1+ 2x"72

d
. [f()g)h(x)]
d
= [(f(x)g(x)) h(x)]

d
= (f()g(x) 1'(x) + h(X)E (f(0)g(x))

= (f(x)gx) H'(x)

+h) (g x) + gx) f'(x))
= f(x)g(x)h(x)

+ f(0)g ()h(x) + f(x)g(x)h' (x)
In the general case of a product of #n functions,
the derivative will have n terms to be added,
each term a product of all but one of the
functions multiplied by the derivative of the
remaining function.

The derivative of g(x)~ e

g(x)
gL O-Wgke) _ g'()
g()? T g)?
=—g'(x)(g(x) >
as claimed.

The derivative of f(x)(g(x))~!is then
F@EEN™ + f)(=g () (g() ).



B po = [£6A] 62 =263 —x 41
R PG ) ESEE )
+x2B? =L —x+1)

=2x 1B - —x+ 1)

+ 2B —x+1)
+ 1232 =2)Bx2 - 1)

20. f'(x) =1(x> = 2x + 1)(3 —2/x)
+ (x+4)Bx2=2)(3-2/x)
+ (x + 4 (P =2x 4+ D)(2/x?).
21. h(x) = f(x)g(x)
h(x)=f'(x)gx) + f(x)g'(x)
@ a()=fMg)==2)(D)=-2
(1) = f'(Hg) + f(Hg'(D)
=3+ (=2)(=2)=7

So the equation of the tangent line is
y=T7x—-1)—-2o0ry="7x+09.

(®) 7(0) = f(0)g(0) = (—H(3) =-3
h'(0) = f'(0)g(0) + f(0)g'(0)
=(=DB) + (=D(=D

=-2
So the equation of the tangent line is
y=-—2x —3.
22 o= Jf(x)
g(x)
Wy = £ 38 — f)g'(x)
(g(x))?
@ y=fD_=2_
g 1
w40 = F(Dg'(y
(g(1)?
_ O = (=2)(=2)
(1)?

=-1

So the equation of the tangent line is
y=—1(x—-1)—2.

SECTION 2.4 ++ The Product and Quotient Rules

2(0) 3
1(0) = f'(0)g(0) — f(0)g'(0)
(8(0))?
_ (=D = (=D=D
(—D?
=—4

So the equation of the tangent line is
y=—4x — %
23. h(x) =x>f(x)
h'(x) = 2xf (x) + x* f(x)

@ p1y=12f1)=-2

Ry =2)f0)+ 12D
=2)(-2)+3=-1

So the equation of the tangent line is

y=—x—-1)—-2o0ry=—x—1
(b) 7(0) =0%f(0) =0

h'(0) =2(0) £ (0) + 0% f"(0) =0

So the equation of the tangent line is

y=0.
24. x2
hix) =
O =1®
, 2xg(x) — x%g/(x)
h =
0 (g())2
2
® = =1_
¢ 1
o 2()g(l) — 12g/(1)
h(l) =
M (g(1)2
_O0-¢2) _,
(12

So the equation of the tangent line is
y=4x -1+ 1
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25.

26.

27.

28.
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b 2
( ) h(O):O_ZQZO
g0 3
2 7
(0 = 2080 — 0%'0)
(g(0))2
0
=@

So the equation of the tangent line is

y=0.
The rate at which the quantity Q changes is
Q’. Since the amount is said to be “decreasing
at arate of 4%” we have to ask “4% of what?”
The answer in this type of context is usually
4% of itself. In other words, Q' = —0.04Q. As
for P, the 3% rate of increase would translate
as P’ =0.03P. By the product rule, with
R = PQ, we have:

R'=PQ)'=PQ+PQ
= (0.03P)Q + P(—0.040)
=—(0.0)PQ = (—0.0DR.

In other words, revenue is decreasing at a rate
of 1%.

Revenue will be constant when the derivative
is 0. Substituting Q" = —0.04Q and P’ =aP
into the expression for R’ gives
R'=—-0.040P +aQP

=(—0.04+a)QOP
This is zero when a = 0.04, so price must
increase by 4%.

R = Q/ P+Q p’
At a certain moment of time (call it 7,) we are
given P (1) = 20 ($/item)
0O(t9) = 20,000 (items)
P'(ty) = 1.25 ($/item/year)
Q' (ty) = 2,000 (items/year)
= R'(ty) = 2,000(20) + (20,000)1.25
= 65,000 $/year
So revenue is increasing by $65,000/year at
the time .

We are given P = $14, Q =12, 000 and Q' =
1, 200. We want R’ = $20,000. Substituting
these values into the expression for R’ (see

29.

30.

31.

exercise 25) yields:
20,000 = 1200 - 14 4 12,000 - P’
Solve to get P’ = 0.27 dollars per year.

If u(m) = —82'5’" —6.75 then using the quo-
m +0.15
tient rule,
du _ (m+0.15)(82.5) — (82.5m — 6.75)1
dm (m + 0.15)2
_19.125
"~ (m+0.15)2

which is clearly positive. It seems to be saying
that initial ball speed is an increasing function
of the mass of the bat. Meanwhile,

19.125

‘(1) = ~ 14.46

o 1'11952125

W(1.2) = =2 ~10.49,
(12) 1.352

which su gge.sts that the rate at which this speed
is increasing is decreasing.

M) = (M + 1.05) 4 (86.625 — 45M)
(M + 1.05)2
A (M + 1.05)(86.625 — 45M)

B (M + 1.05)2
_ (—45M — 47.25) — (86.625 — 45M)
N (M + 1.05)2
_ —133.875
(M +1.05)2

This quantity is negative. In baseball terms, as
the mass of the baseball increases, the initial
velocity decreases.

1411 2822
m+0.05 20m+1
du _ (20m +1) -0 — 282.2(20)
dm 20m + 1)2
5644
©(20m + 1)2

If u(m)= then

This is clearly negative, which means that im-
pact speed of the ball is a decreasing function
of the weight of the club. It appears that the
explanation may have to do with the stated



32,

33.

34.

35.

36.

37.

fact that the speed of the club is inversely pro-
portional to its mass. Although the lesson of
Example 4.6 was that a heavier club makes for
greater ball velocity, that was assuming a fixed
club speed, quite a different assumption from
this problem.

0.2822

u'(v) =
0.217
ball increases 1.3 times more than the increase

in club speed.

iy LD~ f&)

v A
fh) — f(0)
h
— fim "8 =0

h—0 h
_ lim 18

h—0 h
= ,}gno g(h)
=g(0)

since g is continuous at x = 0.

~ 1.3. The initial speed of the

fle =1

f(0) = lim

When g(x) = |x]|, g(x) is continuous but
not differentiable at x = 0. We have f(x) =

xXlx| = { = <0 This is differentiable
X x>0.

at x =0.

This does not work. For example, suppose
a=2 and let g(x) =|x —2|. Then f(x)=
2
x|x—2|={_2x +2x x<?2
x°—2x x>2
SO

N ) —2x+2 x<2
f(x)_{2x—2 x> 2.
The left hand limit as x approaches 2 is —2

while the right hand limit is 2. Since these are
not equal, f(x) is not differentiable at x = 2.

Answers depend on CAS.
Answers depend on CAS.

For any constant k, the derivative of sin kx is
k cos kx.

SECTION 24 .-
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Graph of 4 sin x:
dx

Graph of 4 sin 2x:
dx

23

-2

Graph of a4 sin 3x:
dx

13

38. The derivative of sin kx? is 2kx cos kx>.
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dx

101

2

d
Graph of — sin x~:

Differentiation

dx

39. CAS answers may vary.

=

40.

41.

42,

43.

44,

The function f(x) simplifies to f(x) = 2x,
so f'(x) =2. CAS answers vary, but should
simplify to 2.

If F(x) = f(x)g(x) then

F'(x) = f'(x)g(x) + f(x)g'(x) and
F'(x) = f"(x0)gx) + f/(x)g'(x)
+ f1(x)g'(x) + f(x)g" (x)
= f"(0)gx) + 21 (x)g'(x)
+ f(0)g"(x)
F"(x) = f"(x)g(x) + f"(x)g' (x)
+2f"(x)g'(x) +2f'(x)g" (x)
+ f'(0)g"(x) + f(x)g" (%)
= f"(x)g(x) +3f"(x)g'(x)
+3f/(x)g" (x) + f(x)g" (x)

One can see obvious parallels to the binomial
coefficients as they come from Pascal’s
Triangle:

(a + b)? =a?+ 2ab + b>

(a + b)* = a* + 3a’b + 3ab* + b°.

On this basis, one could correctly predict the
pattern of the fourth or any higher derivative.

F(4)(x) —
f(4)g+4f”'g’+6f”g”+4f’g”’+fg(4).

If () = [f ()P = f(x) f(x), then g'(x) =
F'f) + ) f'(x)
=2f(x) f'(x).

g(x) = fLf ()P, s0

g = f/OILf@OF + f)Qf(x)f(x))
=3[f ()P f (x).

The derivative of [ f (x)]* is

nlf @I~ (x).



45.

46.

2
(P + %) (V —nb) = nRT

Py n*a _ nRT
V2 V—nb
p_ RT _nfa
V—nb V2
_ 2
P/(V) = nRT 2n‘a
(V — nb)? v3
2nRT 2
PI(V) = n 6n a
(V —nb)3 V4

Obviously, if P’(V) =0, then
RT
ST iy L Y
\% (V —nb)
in which X is a temporary name. If P”(V) is
also zero, then

2na

2nX 3nX
0=P'(V)=—"2 I
(V —nb) %4
[ 2 3] nX@Bnb —V)
=nX - =,
V—_nb V V(V —nb)
= V =3nb, soV —nb=2nb, and
_ 2na _ 2a
V3 2723
2 2,2 8a
RT =(V —nb)*X =4n"b"X = —,
27b
so T = ——, and since
27bR
nRT n%a
= — ——, we have
V —nb V2

8an n%a a

P = — = .
27b(2nb)  9n2b2  27b?
8a a

, , 3nb
27bR 27b2 )

Substitute in the given numbers; in particular
T. = 647° (Kelvin).

In summary,

(1., P.,V,) = (

lim f(x) =0 and lim f(x) = 1. Without
x—0 X— 00

any activator there is no enzyme. With unlim-

SECTION 24 .-

47.

48.

49.

50.

51.

52.
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ited amount of activator, the amount of enzyme
approaches 1.

2.7
HOES ixﬂ
f(x) = (1 + x2.7) 71T 0 7517 (x2,7)
(1 +x2.7)2
2.7x 17
)

The fact that f'(x) > 0 when x > 0 suggest to
us that the amount of the enzyme continues
to increase as the amount of the activator
increases.

lim f(x)=1and lim f(x)=0. Without
x—0 X—>00

any inhibitor the amount of enzyme ap-
proaches 1. With unlimited amount of in-

hibitor, the amount of enzyme approaches
0.

2.7x 17

f (x) = (1 +x2'7)2

For positive x, f’ is negative. Increase in the
amount of inhibitor leads to a decrease in the
amount of enzyme.

i [Pr@] =3 0+ 201 ()

x2f'(x) — 2xf (x)

Quotient rule gives 2

X

Utilizing %(ﬁ) = ﬁ; (which is a special
case of the power rule), we find

d ( Jx ) B f@ 5z = Vaf'()
dx \f(x)) [f ()P
_ ) =2
2UXfOP

Product rule gives

1 /
mf(x) + Vx f1(x).
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2.5 THE CHAIN RULE

L f@=w-1°

Using the chain rule:

fl(x) =23 = DBx?) =6x2(x3— 1)

Using the product rule:

fx) ==

)
f0) =GxHE? = D+ & = DE3x?)

=203 = 1)

= 6)62(163 -1

Using preliminary multiplication:

Ffx)=x4+223 +
f'(x) = 6x° + 6x>
=6x(x3=1)

1

fO) =>4+ 2x+ D2 +2x+ 1)

Using the product rule

[ = Q2x +2)(?

+2x + 1)

+(x2+2x + DC2x +2)

Using the chain rule:

fl(x) =2x%+2x + D2x +2)

3. fo)=@2+1)3
Chain rule:

/@) =324+ 1% 2x = 6x(x2 + 1)?

Using preliminary multiplication:
FOx)=x0+3x*+3x2+1
f(x) = 6x° + 12x3 + 6x

4.
50 f(x) = 64x3 4 96x? 4 48x + 8
Using the chain rule:
fl(x) =4@2x + 1))

5.

f(x) =16x* 4+ 32x3 + 24x% + 8x + 1,

f)=vVx2+d=x>+4"?

fl(x)= %(x2 + 4712 2

10.

11.

12.

13.

fO) =@ +x-1)7°
() =33+ x — D2Gx2+ 1)

fx)=xvx342

flx) = x5—2 xi - 23x2 + 5342
_ 3T+ 10x* (P +2)
N
_ 13x7 4+ 20x*
N =)

fx) =3 +2)x52 f(x) =3x2-x% 4
(x3 + 2)%x3/2

3

X
fx) = Erar
£ = 3x2(x%2 +4)? = 2(x% + 4) (2x)x3
- (x2 + 4)4
C3xt 4 12x% — 4x?
ICEEEOR
_ x2(12—x?)
CER N
244
S ==
, x0.2x — (x2 4+ 4)6x°
fix)= N
f(_x) = 26+ 4 — 6(x2 + 4)—1/2
v X
flx)==3(x>+4)73? . 2x
_ —6x
T (24432

fx)=(1/8)(x +4)
f(x) = (5/8)(x3 + 4)*(3x?)

fx)=x+3*?
4/x+3)P 1
3 2%

_ 25+
-

)=




14.

15.

16.

17.

18.

19.

20.

flo = f(x4/3+3)+f<> v
fx) = (\/x3 F24 2x)72
flx) =
-3 3x2
—2<vx3+2+2x> [m+2i|
3x2+4/x342

W r2+20 Va2

fx)= (64— 12x2 _|_x4)1/2
f(x) =

1
5(64 — 12x2 4+ xH V2 (—24x + 4x3)

X
fx)= T
VX2+1—x(2 12+1>2x
7 X241
_ 1
2+ DVaZ+1

/ (x24+D2(x2—1)2x— (x2—1)22x
f(X) (x2+1)2

1 (x2+ 1) — 2x2
X (xz + 1)2
+1

1—x?2

T2 /x(2 4 1)32

/ _ 1 .
rto= (2 (x2+1>(ﬁ+1>3)
<2x(ﬁ + D3+ (24 D3(Jx + 1)2ﬁ;)
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_ 4 f_8
fx)= x\/x + 2x 12
, g\ /4 1/2
fx)= x|:x +2x<x+2) i|
1/2
L1 ) 3 1/4
f(x)_3 x|:x +2x(x+2) j|
g \ !4 172
|:x4+2x< > :| +
x+2
1477 1/2
—i—x(l) |:x4+2x( 8 ) :| .
2 x+2
1/4
[4x3+2< 8 )
x+2
1 8 \ '/ -8
+2x | = _—
()R )

21.

1/3

~2/3

22. f(x)_3x2+2 x3+4/x4
(x3—4)a/x242

L 3x2424/x3 44 /xh)[(3—4) 4/ x2+42]

/ —
fx) = @-22(:212)

B2 (P -DA22)

(FT=42(742)

2_ =5 3_ x2
_<6x+<m)(3x 16x ))(x HA x=42

(¥ =42(x242)

(3x2+2\/x3+4/x4) 3324/ X224 (13 —4) ———
24/ x=42(2x)

(=42 (x?+2)

2. fx)=+vx2+16, a=3, f3)=5
1 X
! :—2 B —
VAEY) 5 —x2+16(X) TS
3 3
/3 [ ———
Fe) V3?2416 5
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So the tangent line is y = §(x —3)+5 28. f(x)= L
5 x+1
ory =242 S =——
Y= 5° (x4 12
4
93 "(x) =
24. f(-2)=12 . Feo=a +112)3
f,( )_ " — -
(224+4)32 2 (x + 4
fl-n=5=2 @)= B
648 TR
The equation of the tangent line is D"2(n
3 3 £y = ED20Y)
yzg(x+2)+z. (x+l)"+1
— 2
2. sO=vE+s t 29. (1) = f'(g(h)g'(1)
v(t) =s"(1) = = m/s g()=4,s0h'(1) = f'(4)g' (D).
2V12 48 Wi248 ,
’ | J3 From the table, we have:
2 = = — / — (—
RV RV I B f/(4)’“%=2,and
6—2
26. s(t) = 601 g~ —==250
rl Wy~d
V2 +1(60) — 60r ——2¢ (1)~ 4.
v(t) = VL s
ZZ 1 ’ / /
60/5 — 240 + 30. k() =g'(f(D)f (D)
0(2) = s 15 f)==2,50 k(1) =g'(=2) f'(D).
5 5 From the table, we have:
27. For higher derivatives, fractional exponents o -3 —(-D _
will be required. Fy~ 20 I, and
2—6
F@) =V 1= x + D' §DN g =20
f/(x)=%(2x+l)1/2-2=(2x+1)1/2 F~2
1 1 —_ / / /
fi@)==5Cx+1D 2(2) 3. Q) =g'(fB3)f'(3)
oy f(3)=-2,50k'(3)=¢g'(=2)f'(3).
=-@x+ 1D From the table, we have:
" 3 Yy 0—(=3) 3
f(x>=—(——)(2x+1> /2.2 Gy~ 72 2 and
2 PO =
=3Q2x+ 172 g(=2)~ 12;(63) =-25s0
f(4)(x) — 3 <_§) (2X + 1)—7/2 . 2 k’(l) ~ —3

_ =7/2
=—15Qx + D 32. W3) = f(g3)g'?3)

fPx) = g(3) =4,50(3) = f'(4)g' (3).
(—1)n+11 3 (2n —3)(2x + 1)—(2”—1)/2 From the table, we have:



33.

34.

35.

36.

37.

38.

39.

/ 2-(=2)
Hr~ —
" 6553
g(3)%—2_4) =—25s0

(1) ~ —4.

=2, and

W @) = f(gx)g'(x)
B (D) = f(g(D)g'(1)
= '@ (-2)=—6

h'(x) = f'(g(x)g'(x) h'(2) = f'(g(2)g'(2)
= f'3)- 4 =—12

f(x) = (x> +3)%. 2x. Recognizing the “2x”
as the derivative of x2 + 3, we guess g(x) =
c(x? 4 3)3 where c is some constant. gx)=
3c(x% + 3)% - 2x, which will be f(x) only if
(x2 +3)3

3c=1s0c=1/3,and g(x) = 3

A good initial guess is (x> 4+ 4)/3, then adjust
the constant to get

g0 = S+

[0 =—5—
Recognizing the “x” as half the derivative
of x> 4 1, and knowing that differentiation
throws the square root into the denominator,
we guess g(x) = cv/x2 + 1 where ¢ is some

constant and find that

, c

g(x)=———2x)
2v/x2+1

will match f(x)ifc=1, so

g(x) =vVx2+1.

A good initial guess is (x> + 1)~!, then adjust
the constant to get

g(x) = —%(ﬁ L

As atemporary device given any f, set g(x) =
f(—x). Then by the chain rule,

§') = f'(=0) (=1 =~f'(=x).

40.

41.

42.

43.

44.

45.

46.
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In the even case (g = f) this reads f'(—x) =
— f'(x) and shows f” is odd. In the odd case
(¢ = — f and therefore g’ = — f”), this reads
—f'(x) = —f'(=x) or f'(x) = f'(—x) and

shows f’is even.

Chain rule gives 2x f’(x?).

4= rom-Lyx
dx d

.
= (D) 255
Chain rlule gives
W 4 f(x).
d 1

dx \ 1+ [f)]

_ 1 ? d 2
__ <—1+ [f(x)]z) 2 (1+wP)

I ,
T e

To say that f(x) is symmetric about the line
Xx = a is the same as saying that f(a + x) =
f(a — x). Taking derivatives (using the chain
rule), we have

4 ratx)=flatn
dx

d
—fla—x)= f'(a—x)(=1)
dx

=—f'(a—x).

Thus f'(a + x) = — f'(a — x) and the graph
of f/(x) is symmetric through the point (a, 0).

f/(x) =0b'(a(x))a’(x).
a(2)=0,b'(0)=-3,a'(2) =2, s0
f'2)=-3-2=—6.

f'(x) =a'(b(x))b'(x).
b(0)=1,a'(1) =1, and b'(0) = -3,
so f'(0) = —3.
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47.

48.

49.

50.

CHAPTER 2 -+ Differentiation

f'(x) =c'(a(x))a’(x).
a(=1)=0,c0)=-3,a' (-1 = -2,
so f/(—=1)=—-3--2=6.

['(x) =b'(c(x))c'(x).
c()) =—1, b'(-=1) =3, and /(1) =0, so

/(1) =0.

Fo0) = (x3—3x2+2x)"

f(x) =

% (x3 —3x%+ 2x)_2/3 . (3x2 —6x +2)

The derivative of f does not exist at values of
x for which

0=x3—3x%+2x
:x<x2—3x+2)
=x(x—-Dx-2)

Thus, the derivative of f does not exist for
x =0, 1, 2. The derivative fails to exist at these
points because the tangent lines at these points
are vertical.

We can write f(x) as f(x)
2x—(x—-4)—-x+4) x<-4
2x—(x—-4H+x+4) —-4<x<0
2x—(x—4H+x+4) O0<x<4
2+ (—4)—(x+4)  4<x

SO
—4x x <-4

) —2x+8 —-4<x<0

FO=12c48 0<x<4
4x 4<x

and therefore

—4 x<—-4
o) =2 —4<x<0
FO=1," g<x<a
4 4 <x

but f’(x) is not defined at x = +4 or x = 0.
The function f(x) is piecewise linear and

these points correspond graphically to the

places where f(x) switches from one linear
function to another.

2.6 DERIVATIVES OF

TRIGONOMETRIC
FUNCTIONS

The peaks and valleys of cos(x) (e.g., O,
7, 27, etc.) are matched with the zeros of
sin(x), and the decreasing intervals for cos(x)
(e.g., [0, m]) correspond to the intervals where
sin(x) is positive, hence where — sin(x) is
negative. These features lend credibility to the
notion that — sin(x) might be the derivative of
cos(x).

We use the assumption that x is in radians

in Lemma 6.3. The derivative of sin x° =

sin(qggs*) 1S 1gps cos(x®). The factor of 1755

comes from applying the chain rule.

f(x)=4sinx —x

f'(x)=4cosx — 1

fx) =x%+2cos’x

f'(x) =2x + 2 cos x(— sin x)

=2x —2cosxsinx

fx)= tan’ x — csc? x

f'(x) =3 tan? x sec? x
+4csc3x cSC x cot x

= 3tan” x sec’ x 4 4 csc* x cot x
fx) =4 secx®> — 3cotx
£'(x) = 4(sec x? tan x?)(2x)
—3(— csc? x)
= 8x sec x” tan x% + 3 csc? x
f(x)=xcos 5x2
f'(x) = (1) cos 5x% 4 x(— sin 5x%) - 10x
= cos 5x% — 10x? sin 5x?

f(x) =4x> —3tan x
f/(x) =8x —3sec® x

f(x) = sin(tan(x?))

f'(x) = cos(tan(x?)) - sec?(x?) - 2x
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10. f(x)=+/sin?x +2 18. f(x)=4sin®x + 4 cos® x
f(x) = %(Sin2 x +2)"12(2 sin x cos x) = 4(sin” x + cos> x) = 4
f(x)=0
11 sin(x?2
fo =22 19 /() —tanvx2+ 1
P — x2 cos(x?) - 2x — sin(x?) - 2x f(x) = (sec? Vx2 4 1)-
= 7 |
g <—) %+ )722x)
_ 2x[x? cos(x?) — sin(x?)] 2
xt = ;C sec> Vx2+1
_ 2[x? cos(x?) — sin(x?)] x2+1
= =
20. f(x)= 4x? sin x sec 3x
12. 2 oy — .
fx) = x4 f'(x) =4(2x) sin x sec 3x
csct x ,d .
4 2 4 + 4x“—(sin x sec 3x)
, 2x csc” x —4x~-csct x cot x dx
f0) = : .
cscd x = 8x sin x sec 3x
_ 2x — 4x? cot x + 4x2(cos x sec 3x + sin x sec 3x tan 3x(3))
csct x

21. Answers depend on CAS.
13. f(t) =sintsect =tant

/ _ 2
f) =sect 22. Answers depend on CAS.
14. f(t)=/cost- =1 23. Answers depend on CAS.
cos t
f'®=0
24. Answers depend on CAS.
15.
x)= = csc(4x
10 sin(4x) (0 25. f(x)=sin4x, a= %,
f'(x) = — csc(4x) cot(4x) - (4)
b4 . T
= —4 csc(4x) cot(4x) f (g) =sin 0 =1
- w £'(x) = 4 cos 4x
sin“(4x)
f (z) —dcos T =0
16. f(x)= x2 sec? 3x 8 2
£'(x) = 2x sec? 3x So the equation of the tangent line is
+ x?2(sec 3x)(sec 3x tan 3x)(3) y=0 (x _ %) Flory=1
17. f(x) =2sinx cosx
f'(x) =2 cos x - cos x + 2 sin x(— sin x) 26. f(0)=0. f'(x) =3sec? 3x,s0 f'(0) = 3.The
=2cos? x — 2 sin? x equation of the tangent line is y = 3x.
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28.

29.

30.

31.

32.

33.
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T T
f(g)zcoszzO

f'(x)=—sinx

T . T
—)=—sin—=-1
r(3)=m3

So the equation of the tangent line is

y:—l(x—%)—i—Oory:—x-l—n/Z

f'(x) =sinx + x cos x, so f’ (%) =1

The equation of the tangent line is y = x.

s(t) =1> —sin2t), 1, =0
v(t) =5'(t) =2t — 2 cos(2t)
v(0)=0—2cos(0)=0—2=—-2ft/s

s(t)y=t cos(t2 +m), tH=0
v(t) =5'(t) = cos(t2 + ) — 212 sin(t2 + )
v(0)=cosmt —0=—1f1t/s

t
sy =L 4 =x
t
v(t) =s'(t)
—1 1
=-—cost+ —(—sint)
12 t
v(n):_cosn_sinn
w2 T
1 1 1
=— — —(0)=— ft/s
72 71() 72
s(t)=4+43sint, ty=m

v(t) =s'(t) =3cost
v(m) = —3ft/s

f () =4sin 3t

f'(t) =12 cos 3t

The maximum speed of 12 occurs when the
vertical position is zero.

34.

35.

36.

37.

38.

39.

The velocity is O when the spring changes
directions at the top and bottom. The velocity
is f/(t) = 12 cos 3¢, which is 0 whenever
3t =k% or t = k% for any odd integer k.
The location of the spring at these times is
given (for any odd integer k) by f (k%)=
4 sin (Sk%) =4 sin (k%) = 14.

Q(t)=3sin2t+t+4

1(1)=4%2 =6cos2t +1 At time ¢ =0,
1(0) =7amps. Attimet =1,/(1) =6cos2 +
1~ —1.497 amps.

The current is given by 1(¢) = Q'(t) = —16
sin 4t — 3. At t = 0, the current is —3 amps.
Att =1, the current is 1 (1) & 9.1088 amps.

f(x)=sinx
f'(x) =cosx
f’(x)=—sinx
F"(x) = —cos x

FO ) =sinx = f(x)
= [P0 =)V
= (TN Iw)
= f"(x) = — cos x
000 =P
= (P

= f"(x) = —sinx
If f(x) =cos(x), then f®(x) = f(x)

FID () = FO94HD (5
= f'(x) = —sinx

00 = FO9 () = £ (x) = cos x

Since 0 < sin 8 < 6, we have
—6 < — sin 6 < 0 which implies
—0 <sin(—0) <0

so for =% < 6 < 0 we have

6 <sinf <0.

We also know that

lim 8 =0= lim O,nl so the Squeeze Theo-
0—0— 0—0—



40.

41.

42.

rem implies that

lim sin6 =0.
60—>0—

Since cos2 6 + sin? § = 1, we have

cos @ =+/1 —sin® 6. Then

lim cos® = lim v'1 — sin% 6 = +1.

6—0 6—0
Since cos @ is a continuous function and 43.
cos 0 = 1, we conclude that elimo cosf = 1.
If f(x)=cos(x), then
fx+h)— fx)
h
__ cos(x+h)—cos(x)
= h
__ €os x cos h—sin x sin h—cos x
= n
= (cos x)—(cosg_l) — (sin x) (Sir}‘lh).
Taking the limit
. +h) — f(x)
fi(x) lim Y
h—1
= (cosx) - lim s’
h—0 h
sin h

— (< i
(sin x) hl_l)% P
=cosx-0—sinx-1

= —sin x.

d d <cos x)
—cotx=— | —
dx dx \ sin x

__sin x(— sin x) — COS X COS X

sin? x
=—— = — csc? x.
sin” x

d d ( 1 )
—secx = —
dx dx \cosx

__cosx -0 — 1(—sinx)

cos? x

sin x 1
cosx \ Cos x

=sec x tan x.

SECTION 2.6

44.

45.
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d d ( 1 )
—CSCX = —
dx dx \sin x

sinx-0—1cosx
2

sin” x
1 (cosx)
"~ sinx \sinx
= — CSC x cot x.
(@ .. sin3x . 3sin3x
lim = lim
x—0 x x—=0 3x
_ 3. lim sin(3x)
x—0 (3x)
=3.-1=3
(b) . sint 1 lim sin ¢
t—0 4t o 4t—-0 ¢
1
4 4
—1
© lim &%
x—0 5x
—lli cosx—l_O
o 5 x—0 X -

(d) Let u = x%: then u — 0 as x — 0, and
2

. sinx . sinu
lim = lim =1
x—0 x2 u—0 y
. 2t . 2
(a) lim —_— = lim — =2
t—>0sint t—0 “Tnt

(b) Letu = x2: thenu — 0 as x — 0, and

. cosxZ—1
Iim ——
x—0 x2
. cosu—1
=lm —— =0
u—0 u
sin 6x 6 sin 6x
(© lim —— = lim —%_— ==
x—08in5x x—0 Sb‘sﬂ 5
X
sin 2x
. tan2x . eochr
(d) lim = lim <os2x
x—0 X x—>0 x
. 2sin2x 1
= lim =2
x—0 2x cos2x
. sin x . .
The function defined by y = is continu-

ous and differentiable on its entire domain.
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46.

47.
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We need only check that f has these properties
atx =0.

In Example 2.4 of Chapter 1, we showed
in x

numerically that lim 5 = 1. Therefore,

x—>0 x
since lirr%) f(x) = f(0), f is continuous at 0.
x—

Using a table of values, we can show that

i L+ = F©

h—0 h
sin(0+h) 1
h—0 h

Since the limit exists, f is differentiable at
x=0.

X cos x — sin x
. . . . . xz

is continuous on its entire domain. We need
only check for continuity of f’ at x = 0.

The function defined by y' =

Using a table of values, we can show that

lim 22— 0% _ (. The limit in the

h—0 xz

solution of exercise 45 shows that f'(0) = 0.

Since lir% f'(x) = f(0), f' is continuous
X—>

at 0.

X COSXx — sin x
%2

is differentiable on its entire domain. We need

only check for differentiability of f” at x = 0.

The function defined by y’ =

Using a table of values, we can show that

f'O+h) = f'©0)

lim
h—0 h
h cos hz—sinh -0

= lim h

h—0 h

. hcosh—sinh 1

=lim —mm = ——.

h—0 h3 3

Since the limit exists, f’ is differentiable at
x = 0. Thus, f” exists for all x.

The function defined by
,  2sinx —2xcosx —x%sinx . .
y'= 3 is contin-
X

48.

uous on its entire domain. We need only check
for continuity of f” at x = 0.

Using a table of values, we can show that

. _ _ 2 .
lim 2sinx —2x cosx — x” sin x =—1.The
x—0 x3 3
limit above shows that f”(0) = —%. Since

lim f”(x) = £"(0), f” is continuous at 0.
x—0

We first show that f(x) is continuous; the only
place we need to check is x = 0, so we consider
lirr}) x3 sin()%). We know that, for x # 0,

x—

—1<sin(l/x) < 1.

So, for x < 0, we have

—x3 > x> sin(1/x) > x3,

where the inequalities have changed direction
because x> < 0 when x < 0. Likewise, for
x > 0, we have

—x3<x? sin(1/x) < x3.

Since lim x3 =0 = lim —x>, the Squeeze
x—0 x—0

Theorem implies that linb x3 sin(%) =0 and

X—>
since this equals f(0), we see that f(x) is
continuous for all x.

We now need to show that f(x) is differen-
tiable for all x. Again, we only need to check
for x = 0. For x # 0,

f'(x) = 3x? sin(1/x) — x cos(1/x).
We need to see that f/(0) exists. We have

ron e S ) = f(0)
£ lim =
= lim
x—0 X

= 1111})x2 sin(1/x)

Using the fact that, for all x # 0,

2

—x?<x? sin(1/x) < x2

and the Squeeze Theorem, we see that f/(0)
exists and equals 0. Thus f (x) is differentiable
for all x.

x3sin(1/x) — 0
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Finally, we need to show that f’(x) is con- intervals (—1, 0) and (0, 1). So the only other
tinuous for all x. For this, we need to show points they might intersect are x = =£1, but
that lirrb f'(x) = f(0), ie., lin%) f'(x)=0. we know that sin(%1) # =+1, so these graphs
We }fave lim f'(x) = * intersect only at x = 0.

5 x—0
)}1_%(3)6 sin(1/x) — x cos(1/x)) 50. 0 < k <1 produces one intersection. For 1 <

= lim 3x?sin(1/x) — lim x cos(1/x). k < 7.8 (roughly) there are exactly three inter-
x>0 x>0 sections. For k /~ 7.8 there are 5 intersections.

Using the Squeeze Theorem on each piece as . )
For k > 7.8 there are 7 or more intersections.

before shows that lim f’(0) =0 as desired
x—0

and so f/(x) is continuous for all x, i.e., f(x)

i C! 51. Asseen from the graphs, changing the scale on
is C'.

the x-axis increases the number of oscillations
or periods on the display. As the number of

. The sketch: y = x and y = sin(x) - _ .
periods on the display increase, the graph

] looks more and more like a bunch of line
segments. Its inflection points and concavity
are no longer detectable.

1 rr—.

_IIIII_IZIIII_IlII_YIIJ.‘||||]|-||||2|||||3|| 2.7 IMPLICIT
i DIFFERENTIATION
o
] 1. Explicitly:
4 2 __ 8 — 2
_ y'=8—x
-2 y2 = 8fo2
It is not possible visually to either detect or y==+Y 8; x? (choose plus to fit (2,1))
rule out intersections near x = 0 (other than
/e _ 2
zero itself). For y = ﬂ
We have that f'(x) = cos x, which is less than L1 (=2x) —x
: . y == = .
.1f0r0<x <L Ifsinx >x forsomex.lnthe 228 — 22 2/3_x2
interval (0, 1), then there would be a point on V(2) = —1/2.

the graph of y = sin x which lies above the line
y = x, but then (since sin x is continuous) the P J
slope of the tangent line of sin x would have — 2+ 4H=—0@
to be greater than or equal to 1 at some point dx dx
in that interval, contradicting f'(x) < 1. Since

Implicitly:

2x+8y-y' =0
) ) ,  —2x —X
sinx < xfor0<x < 1,wehave — sinx > —x y=——=

for 0 < x < 1. Then — sin x = sin(—x) so 8y , 4272 |

sin(—x) > —x for 0 < x < 1, which is the a2 Dy =gzi=—3

same as saying sin x > x for —1 < x < 0.

Since —1 <sin x < 1, the only interval on 2. Explicitly: y = jﬁz

which y = sin x might intersect y = x is s ’ZC - 5

[—1, 1]. We know they intersect at x = 0 and , (T—x )«/_5 — 4/x(3x" — 2x)

we just showed that they do not intersect on the y= (x3 —x2)2
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Implicitly differentiating:
2
3x2y + 13y — = =2xy + x%y/,
y y NG y y
and we solve for y’ to get
2xy + \% — 3x%y

/ —_—
y = x3 —x2
Substitute x = 2 into the first expression, and
x,y)=(2, «/5) into the second to get

V2
YTy

Explicitly: y(I1 — 3x?) = cos x

_ cosx
YT
, (1 = 3x%)(— sin x) — cos x(—6x)
y ()= %)
(1—3x2)
_ —sinx + 3x2 sin x + 6x cos x
B (1—3x2)2
y'(©0)=0
Implicitly:

d > d
—(y — 3x = —(cos x
Ix (y y) dx( )

y — (6xy + 3x2y/) = —sinx
y'(1=3x?) =6xy —sinx
, _ 6xy —sinx
11— 3x2
at (0, 1) : v/ = 0 (again).

Explicitly:

y = —x £ v x2 — 4. At the point (-2, 2), the
sign is irrelevant, so we choose y = —x +

Implicitly differentiating: 2yy’ + 2y + 2xy’ =
0,

and we solve for y’:

2x 4+ 2y

y =

10.

Substitute x = —2 into the first expression, and
(x, y) = (-2, 2) into the second expression to
see that y’ is undefined. There is a vertical
tangent at this point.

d 5, d
E(x y +3y) = ;(436)
2xy? +x22y -y 4+ 3y =4
Y (2x%y +3) =4 — 2xy?

; 4—2xy2

r = 2x%y +3

393 +3x(3y?)y — 4 =20yy’
/_ 3y3 —4

y= 20y — 9xy?

4 y—ayy =L
(WA =4 =012

1 d
—(xy)—8y-y =0
Wi dx(y) y-y
1 / /
c(xy'+y)—8y-y =0
W (xy'+y)—8y-y

(xy"+y) =16y - y'/xy=0
¥ (x — 16y /xy) =—y
/ -y

_ _
YT i — 16y ay) | 16y Ay —x

cos(xy)(y + xy") =2x
,  2x —ycos(xy)

x cos(xy)

x+3=4dxy+y>

d
P= - (4ry +37) =40y + 3) + 3%
dx

1— 4y =y'Gy* 4 4x)
Y= 1
3y2 +4x

34 3y%y’ — 4y =20x
, 20x -3

Y T34
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11. 16.

d 2 . d d 2 d 2
< “siny]= 2 < “3yl= L4
. [cos(x“y) — sin y] . (x) . [y cos x vl Ix (x )

. d / 2 . 2 r_
_ Sln(xzy)d—(xzy) —(cosy)y' =1 y cosx” —2xysinx® — 3y =2x
o y'(cos x2 — 3) = 2x + 2xy sin x>

. 2 2.7 /
— sin(x 2xy + x — (cos =1
(x“y)[2xy + x7y'] = (cos y)y , 2x 4 2xy sinx?

y'[=x2 sin(x%y) — cos y] =1 + 2xy sin(x%y)

cosx2—3
1+ 2xy sin(x?
'=— COE, i ") 17. Rewrite: x2 = 4y3
x“sin(x#y) 4+ cos y
Differentiate by x: 2x = 12y? - y/
I 2x . _x_
B d p Y =122 T 62
" —[xsecy—3ysinx]=—(1) at (2, 1):y =2 =1
p 4 6-1
X X The equation of the tangent line is
sec y + (x sec y tan y)y' — 3(y’sinx + y cosx) =0 yzl(x—2)+10ry=l(x+1).
y'(x sec y tan y — 3sin x) = 3y cos x — sec y 3 3
/___ 3ycosx —secy 1.4
B xsecytany — 3sinx .
1.2
13. d d ]
= (Y -4 =) ;
dx dx v
0. 8]
(1Y) - 8x =) :
2 /x+y i
0.4
1 —1 ]
YV ———-1)=——+-—+8 ]
2/x+y 2Jx+y ]
G_ T T T T T T T T T T T T T T T T T T T L
v -2/ Fy) _16x/xfy—1 ° ' . ’ :
2x+y 2x+y 5
4 —2xy
2 2 /I r__
,:16xm—1 18. 2xy“ 4+ x“2yy _4,s0y——2x2y .
1=2/x+y y" at (1, 2) is —1, and the equation of the line

isy=—1(x—1)+2.

14. (siny)y' —2yy'=0y' =0 ]

15.

d 5 d
—[tan4y — =—2
dx[ y—xy’] dx(x)

sec? 4y(4y") — (y* +2xyy) =2
y’(4 sec? 4y —2xy) =2+ y2

y = 2+y2
4sec?4y — 2xy
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19.

20.

21.

CHAPTER 2 -+ Differentiation

This one has y = 0 as part of the curve(s), but
our point of reference is not on that part, so we
can assume y is not zero, cancel it, and come
to xzy =4

wON =L@

2xy +x%-y =0

y =2

at (2, 1):y=-2/2=-1.

The equation of the tangent line is y =
(-D(x—=2)+1lory=—x+3.

N

vy 1.5 \

X

3x2y2 4+ x32yy = =3y — 3xy/, so
, =3y — 3x2y2
23y 43x

y’" at (—1, —3) is —6, and the equation of the
lineisy=—6(x+1) —3

4y2 =4x% — x*
8yy' = 8x — 4x°

_x2=x%)
==
The slope of the tangent line at
(1, v/3/2) is
e DC— 1%)
B V3
(%)
_L_¥3
V33

The equation of the tangent line is

V3 V3
=— (x-D+—
y 3(x ) 2
3 3 3
y:—x+£__
3 2 3
V3. V3
y=—x+—.
3 6
2:
11

ORI T T T T T T T T T T T T T T T TTT

0.5

I

LI I e e e e
2.5 3

22. x*—8x2=-8y?
4x3 — 16x = —16yy’

;) 4x3—16x __ x3—dx
- =16y T -4y
The slope of the tangent line at (2, —~/2) is
- 22 -4 0
—4(—v2)

The equation of the tangent line is y = —+/2.



23.

24.

I 0.5 1 .
yOlIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

d o, d
@24y -3y =—@
dx( y —3y) dx()
2x +3y%y =3y =0

Y'Gy* —3)=—2x
/. 2x
y = 3—3}‘2

Horizontal tangents: From the formula, y' =
0 only when x = 0. When x =0, we have
0% 4+ y> — 3y = 4. Using a CAS to solve this,
we find that y & 2.1958 is a horizontal tangent
line, tangent to the curve at the (approximate)
point (0, 2.1958).

Vertical tangents: the denominator in y’ must
be zero. 3 — 3y2 =0

y2=1 or y==l

When y = 1 we have

()P -3 =4

x2=6 or x=+V6~+24.

Also, when y = —1, we have
4 (=DP=3(=1)=4
x2=2

x =42~ +14.
Thus, we find 4 vertical tangent lines: x =

_\/6, x:—«/i, x=«/§, x:\/ae

tangent to the curve (respectively) at the points
<_\/67 1)’ <_\/§’ - l)a <\/§’ - 1)’ and
(va)

d d
Lxy2-2n=L0
dx(xy y) dx()

Y2 +2xyy = 2y' =0

25.

26.

27.
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, y?

2 2xy

The curve has horizontal tangents where y’ =
0. There are no points on the curve where this
is true because y = 0 has no solutions on the
original curve xy? — 2y = 2. The curve can
have vertical tangents where y’ is undefined.
The only such point on the curve is —%, -2).

y

d 2.2 d
— +3x —4y)=—(5
dx(xy * y) dx()

x22yy' +2xy* +3 -4y =0
Differentiate both sides of this with respect to
X:

d d
—(x22yy +2xy* +3 —4y) = —(0)
dx dx

22xyy + x2(y) + x%yy")
+2Qxyy +y%) —4y"=0
2xyy/ _|_ x2(y/)2 _|_ x2yy//
+ 2)ny/ T y2 _ 2y// =0
dxyy +x2() + ¥ =y"2 - x?y)
,Axyy +x2()% + y?
y = 2
2 — x4y

d 23, 23 _ d
Ly =L
dx( y) dx()

2 3,2 i3
—X + - = Oa
3 3)’ y
multiply by % and implicitly differentiate
again:
-1 -1
—x P —y TRy 4y TRy =0,
3 3
o)
) X434 B2
3y—1/3

d o _d 3
— = —(x" — 6x 4+ 4 cos
dx(y) dx( y)

2yy' =3x2—6—4siny -y
Differentiating again with respect to x:
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2lyy" + ()]

=6x —4[siny - y" +cos y- (v)?,
'+ )

=3x—2siny -y’ —2cosy- ()%
y"(y +2sin y) = 3x — [2cos y + 1](/)?

V= 3x — [2cos y + 1](y)?
y+2siny

8. 4ty = Ly
dx dx

3y+xy' +2y —3=cosy-y
y'(Bx +2 —cosy) =3 — 3y

d , d
— 3x +2 —cos =—3B-3
. [y'(3x »] -6-3»

y'(Bx +2) —cosy
+y'B+siny-y)=-3y

y"(3x +2 — cos y) = —6y’ — sin y(y')?
v _ =6y —sin y(y

3x +2—cosy
y_ 6y +siny(y
cosy —3x —2
29, x4yl —2y=3
;o —2x
Y S 3y2-2

If x = 1.9, solving for y requires solving
the equation y* — 2y + 0.61 = 0. Using the
equation of the tangent line found in Example

7.1,y = —4x + 9, y(1.9) ~ 1.4.

If x =2.1, solving for y requires solving
the equation y3 — 2y + 1.41 = 0. Using the
equation of the tangent line found in Example

8.1,y =—4x +9, y(2.1) ~ 0.6.

30. Using the tangent line
y=1lx-2 -2

we find approximate points (1.9, —2.1167)

and (2.1, —1.8833).

31. Both of the points (—3, 0) and (0, 3) are on

the curve:
0°=(-3>°—6(-3)+9=-27+18+9

3% = (0)3 — 6(0) + 9 =9 The equation of the
line through these points has slope

0-3 = _—3 =1 and y-intercept 3, so y =
-3-0 -3

x + 3. This line intersects the curve at: y2 =
x3—6x+9

(x+3)?=x—6x+9

x4+ 6x+9=x>—6x+9

x—12x —x?2=0

x(xz—x —12)=0

Therefore, x = 0, —3 or 4 and so the third point
is (4, 7).

AT T Ty T T T T T T T T T T T
-2 4 2 4
) b3

-5

. 32 =(=13=6(=1) +4is true.

2yy' =3x% — 6,50 y' = =6 and at (-1, 3)

the slope is —%. The line is y = —%(x + 1)+
3.

To find the other point of intersection, substi-
tute the equation of the line into the equation
for the elliptic curve and simplify: (—%x +
512 = x3 — 6x +4 x2— 10x +25=4x3 —
24x + 16 4x3 — x% — 14x — 9= 0. We know
already that x = —1 is a solution (actually a
double solution), so we can factor out (x + 1).
Long division yields (x + 1)>(4x — 9). The
second point has x-coordinate 9/4, which can
be substituted into the equation for the line to
get y =11/8.

d d
. — —2y)=—(4
dx(xy y) dx()

2xy +x2y' =2y =0



34.

35.

y(x? —2) = —2xy
-2
yl = xzfg

The derivative is undefined at x = ++/2, sug-
gesting that there might be vertical tangent
lines at these points. Similarly, y' =0aty =0,
suggesting that there might be a horizontal tan-
gent line at this point.

However, plugging x = £+/2 into the original
equation gives 0 =4, a contradiction which
shows that there are no points on this curve
with x value £+/2. Likewise, plugging y = 0
into the original equation gives 0 = 4. Again,
this is a contradiction which shows that there
are no points on the graph with y value of 4.

Sketching the graph, we see that there is a
horizontal asymptote at y =0 and vertical
asymptotes at x = £+/2.

For the first type of curve, y + xy’ =0, and
y'==y/x.

For the second type of curve, 2x — 2yy’ =0,
and y' = x/y.

At any point of intersection, the tangent line to

the first curve is perpendicular to the tangent
line to the second.

If yy=c/x,theny| = —c/x*=—y/x. Ify% =
x% + k, then 2y,(y5) = 2x and y, = x/y,. If
we are at a particular point (xg, yy) on both
graphs, this means y;(xg) = yy = y»(x() and

36.

37.

38.

39.
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¥y = (_0> . (_0):_1
X0 Yo

This means that the slopes are negative recip-
rocals and the curves are orthogonal.

Implicit Differentiation 131

For the first type of curve, 2x 4+ 2yy’ = ¢, and

, _c—2x

y = 2y .

For the second type of curve, 2x + 2yy’ = ky’,
2x

k—2y

Multiply the first y’ by x/x and the second

cx — 2x? _ y2—x?

by y/y. This gives y' = ,
2xy 2xy

and y' =

and 5 5

y = W Y Theseare negative
ky =2y x2—y?

reciprocals of each other, so the families of

curves are orthogonal.

For the first type of curve, y’ = 3cx2.

For the second type of curve, 2x + 6yy’ =0,
and

;. —2x _ X
g 6y 3y
—X —1

3cx3 3ex?’

These are negative reciprocals of each other,
so the families of curves are orthogonal.

For the first type of curve, y’ = 4cx>.

For the second type of curve, 2x + 8yy’ =0,
and

; —2x _ =X
g 8y 4y
—X —1

dex* dexd

These are negative reciprocals of each other,
so the families of curves are orthogonal.

Conjecture: The family of functions
{ yi = cx"} is orthogonal to the family of

functions {x2 + ny% = k} whenever n # 0.
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If yy=cx", then y| = cnx" ' =ny,/x. If
ny% = —x? + k, then 2ny,(y5) = —2x and
y5 = —x/ny,. If we are at a particular point
(xg, yo) on both graphs, this means y;(xy) =
Yo = ¥2(xp) and

ny, X,
X0 nYo

This means that the slopes are negative recip-
rocals and the curves are orthogonal.

The equation for the circle is
X2+ (y—c)?=r
Differentiating implicitly gives
2x+2(y —c¢)-y =050

p —Xx

=

At the point of tangency the derivatives must
be the same. Since the derivative of y = x? is
2x, we must solve the equation

2x = —

—c
This g)i)ves y=c — 1/2, as desired. Since y =
x2, plugging y = ¢ — 1/2 into the equation for
the circle gives ¢ — 1/2 4 (¢ — 1/2 — ¢)> =2
c—1/2+1/4=r>
c=r>+1/4.

2.8 THE MEAN VALUE

THEOREM

f)=x*+1,[-2,2]

f(=2)=5=f2)

As a polynomial, f(x) is continuous on
[—2, 2], differentiable on (—2, 2), and the
conditions of Rolle’s Theorem hold. There
exists ¢ € (—2, 2) such that f’(c) =0. But
fl(e)=2c,=c=0.

---------------------

f(x)=x>4+1,10, 2]
f(x) is continuous on [0, 2] and differentiable
on (0, 2), so the conditions of the Mean Value
Theorem hold. We need to find ¢ so that

/ f@2)—f0) 5-1
=y T2 %
f/(x)=2x=2whenx =1,s0c=1.

5

f(x)=x34x2, on [0, 1], with £(0) =0,
f(1) =2. As apolynomial f(x) is continuous
on [0, 1] and differentiable on (0, 1). Since the
conditions of the Mean Value Theorem hold
there exists a number ¢ € (0, 1) such that

JH—fO 2-0

/
G 1—0 1-0
But f'(c) = 3¢* + 2c.
=3c¢?+2c=2,
3¢2+2¢—2=0.

By the quadratic formula



—2 4 /22 - 43)(-2)

2(3)
—2+4/28
==
L 242V7 1T
6 3

=c~—-122 or c¢~0.55

But since —1.22 ¢ (0, 1) we accept only the
other alternative:

-1
c= %ﬁ ~0.55

0 LI I B B B B B B B B B B B B |
1 0. 0.4 0.6 0.8 1
A X

~0.4

f) =x3+x%[-1,1]
f(x) is continuous on [—1, 1] and differen-
tiable on (—1, 1) so the conditions of the Mean
Value Theorem hold. We need to find ¢ so that
fo_fW=sen _2-0

1— (=1 2
F'(x)=3x>+2x=1whenx=—1and x =

1 _1
§,SOC—3.

1.5
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f(x)=sinx, [0, 7/2],

fO)=0, f(z/2)=1

As a trig function, f(x) is continuous on
[0, /2] and differentiable on (0, 77/2). The
conditions of the Mean Value Theorem hold,
and there exists ¢ € (0, 7/2) such that

Z) - £
f/(c)_f(zﬂ) £(0)
-0
_1-0_2
_%—O_n'

But f'(c) = cos(c) and c is to be in the first
quadrant. From a graphing calculator, we find

that cos ¢ = E when ¢ ~ 0.881
T

-
L1 Ny

—

LT N T T T T O T . N

o
oLl 11
o
S
o
IS
o
o
=]
©
[
.
S
-
IS

f(x) =sinx, [—m, 0]

f(x) is continuous on [—m, 0] and differ-
entiable on (—m, 0). Also, sin(—7) =0=
sin(0) so the conditions of Rolle’s Theorem
hold. We need to find ¢ so that f'(c) =0.
f'(x) =cosx =0on (—m, 0) when x = -7,

[/
SO C= >
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10.

11.

12.

13.
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- -2.5 -2 -1.5 -1 -0.5 )
T T B A

--0.2
--0.4
--0.6

r-0.8

t-1

If f/(x) > 0 for all x then for each (a, b) with
a < b we know there exists a ¢ € (a, b) such
that

fb) — fla)
b—a
a < b makes the denominator positive, and

so we must have the numerator also positive,
which implies f(a) < f(b).

= f'(c) > 0.

Let a < b. f is differentiable on (a, b) and
continuous on [a, b], since it is differentiable
for all x. This means that

fO) = 1@ _

b—a
for some ¢ € (a, b). Therefore f(b) — f(a) =
f'(¢)(b — a) is negative, and f(a) > f(b).

f'(x) = 3x% + 5. This is positive for all x, so
f(x) is increasing.

f'(x) =5x* +9x2 >0 for all x. f/ =0 only
at x =0, so f(x) is increasing.

f'(x) = —3x? — 3. This is negative for all x,
so f(x) is decreasing.

f'(x) = 4x> + 4x is negative for negative
x, and positive for positive x, so f(x) is
neither an increasing function nor a decreasing
function.

fED ==L f)=1,f2) =3
—l<1land f(=1) < f(1), so f(x) is not a

14.

15.

16.

17.

18.

19.

decreasing function. 1 <2 and f(1) > f(2),
so f(x) is not an increasing function. f(x) is
neither an increasing nor a decreasing func-
tion.

f(=) =2, f(0)=0, f(I) =5

—2<0and f(-2) > f(0), so f(x) is not
an increasing function. 0 < 1 and f(0) <
f(), so f(x) is not a decreasing function.
f(x) is neither an increasing nor a decreasing
function.

/ _ 1
f )= 2/x+1
This is positive for all x in the domain of the
function, so f(x) is an increasing function for
x> -1

flx) = W This is positive for all x, so

f(x) is an increasing function.

Let f(x) =x>+ 5x + 1. As a polynomial,
f(x) is continuous and differentiable for all
x, with f/(x) = 3x? + 5, which is positive for
all x so f(x) is strictly increasing for all x.
Therefore the equation can have at most one
solution.

Since f(x) is negative at x = —1 and positive
at x =1, and f(x) is continuous, there must
be a solution to f(x) =0.

The derivative is 3x2 + 4 > 0 for all x. There-
fore the function is strictly increasing, and so
the equation can have at most one solution.
Because the function is negative at x = 0 and
positive at x = 1, and continuous, we know the
equation has exactly one solution.

Let f(x)= x* + 3x% — 2. The derivative is
f/(x) =4x3 + 6x. Since f’(x) =0 has only
one solution, by Theorem 8.2 f(x) can have

at most two zeros. Since f(0) =—2 and
f(=1)=2= f(1), therefore f(x) =0 hasex-
actly one solution between x = —1 and x =0,

exactly one solution between x =0 and x = 1,
and no other solutions.
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21.

22.

23.

24.

Let f(x)= x* + 6x2 — 1. The derivative is
4x3 4 12x. This is negative for negative x, and
positive for positive x so f(x) is strictly de-
creasing on (—o0, 0) and strictly increasing on
(0, 00). Since f(0) =—1z#£0, f(x) can have
at most one zero for x < 0 and one zero for
x > 0. The function is continuous everywhere
and f(—1)=6= f(1), therefore f(x) =0
has exactly one solution between x = —1 and
x = 0, exactly one solution between x = 0 and
x =1, and no other solutions.

f(x)=x>+ax + b, a > 0. Any cubic (ac-
tually any odd degree) polynomial heads in
opposite directions (+00) as x goes to the
oppositely signed infinities, and therefore by
the Intermediate Value Theorem has at least
one root. For the uniqueness, we look at the
derivative, in this case 3x% + a. Because a > 0
by assumption, this expression is strictly posi-
tive. The function is strictly increasing and can
have at most one root.

The derivative is 4x> + 2ax. This is negative
for negative x, and positive for positive x
so f(x) is strictly decreasing on (—o0, 0)
and strictly increasing on (0, 00), and so can
have at most one zero for x < 0 and one
zero for x > 0. The function is continuous
everywhere, f(0) = —b, and lim f(x)=
x—£00
oo, therefore f(x) has exactly one solution

for x < 0, exactly one solution for x > 0, and
no other solutions.

f(x):x5+ax3+bx+c,a>0,b>0

Here is another odd degree polynomial (see
#21) with at least one root.

F'(x) = 5x* 4+ 3ax? + b is evidently strictly
positive because of our assumptions about

a, b. Exactly as in #21, there can be at most
one root.

A third degree polynomial p(x) has at least
one zero because lim p(x) =— lim p(x)
X—>—00 X—>00

= 100, and it is continuous. Say this zero
is at x = c¢. Then we know p(x) factors into

SECTION 2.8 --

25.

26.

27.

28.
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p(x) = (x —c)g(x), where g (x) is a quadratic
polynomial. Quadratic polynomials have at
most two zeros, so p(x) has at most three
Zeros.

s(b) — s(a)
b—a

By the Mean Value Theorem, there exists a

D) —
$B) = 5(@) i,
—a

the instantaneous velocity at t = ¢ is equal to

the average velocity between times ¢ = a and

t=>b.

The average velocity on [a, b]is

¢ € (a, b) suchthats'(c) =

Let f(t) be the distance the first runner has
gone after time ¢ and let g(¢) be the distance
the second runner has gone after time ¢. The
functions f(¢) and g(¢) will be continuous and
differentiable. Let 2 (t) = f(t) — g(¢).

Att=0, f(0)=0and g(0) =0so h(0) =0.
Att =a, f(a) > g(a) so h(a) > 0. Similarly,
att =>b, f(b) < g() so h(b) <O0. Thus, by
the Intermediate Value Theorem, there is a
time ¢ = ¢, for #, € (a, b) where h(t)) =0.
Rolle’s Theorem then says that there is a time
t = ¢ where ¢ € (0, ty) such that h'(c) =0.
But h'(1) = f'(t) — g'(t), so h'(c) = f'(c) —
g'(¢) =0 implies that f'(c) = g'(¢c), i.e., at
time ¢ = ¢ the runners are going exactly the
same speed.

Define h(x) = f(x) — g(x). Then A is dif-

ferentiable because f and g are, and h(a) =
h(b) = 0. Apply Rolle’s theorem to / on [a, b]
to conclude that there exists ¢ € (a, b) such
that 4’'(c) = 0. Thus, f/'(c) = g'(c), and so f
and g have parallel tangent lines at x = c.

Asin #27, let h(x) = f(x) — g(x). Again, h
is continuous and differentiable on the appro-
priate intervals because f and g are. Since
f(a) — f(b) = g(a) — g(b) (by assumption),
we have f(a) = g(a) — g(b) + f(b). Then
h(a) = f(a) — g(a)

=g(a) —gb) + f(b) — gla)

= f(b) —g(b) = h(D).
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29.

30.

31.

32,

33.

34.

35.
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Rolle’s Theorem then tells us that there exists
¢ € (a, b) such that h'(¢c) =0 or f'(c) = g'(c)
so that f and g have parallel tangent lines at
X =c.

fx)=x?

One candidate: gy(x) = kx3

Because we require x> = go(x) = 3kx2, we
must have 3k =1,k =1/3.

Most general solution:

g(x) =go(x) +e=x/3+c
where c is an arbitrary constant.

If g'(x) = 9x*, then g(x) = 2x° + ¢ for any
constant c.

Although the obvious first candidate is gy (x) =
—1/x, due to the disconnection of the domain
by the discontinuity at x = 0, we could add dif-
ferent constants, one for negative x, another
for positive x. Thus the most general solution
is:

(x) = —1/x4+a forx>0

g = —1/x+b forx <O.

If g'(x) = /x, then g(x) = %x3/2 + ¢ for any
constant c.

If g/(x) = sin x, then g(x) = — cos x + ¢ for
any constant c.

If ¢’(x) = cos x, then g(x) = sin x + ¢ for any
constant c.

f(x)=1/x on [—1, 1]. We easily see that
f()=1, f(=) =—1, and f'(x) =—1/x2.
If we try to find the c in the interval (—1, 1)
for which

f=f= _ 1= _,
11— (=D 1—(=D

the equation would be —1/c¢> =1 or ¢
—1. There is of course no such ¢, and the
explanation is that the function is not defined
for x =0 € (—1, 1) and so the function is not
continuous.

fllo=

]

2:

36.

37.

38.

39.

The hypotheses for the Mean Value Theorem
are not fulfilled.

f(x) is not continuous on [—1, 2], and not
differentiable on (—1, 2). Can we find ¢ €
(—1, 2) with

o f@Q) = f(=D
f(C)——Z_(_l)
=‘_1‘_1=_19

3 4

1
/ —_ —_ _ —
fx)= 5= 4whenx_2.

This is not in (—1, 2), so no ¢ makes the
conclusion of the Mean Value Theorem true.

f(x) =tan x on [0, ], f'(x) = sec*(x). We
know the tangent has a massive discontinuity
at x = /2, so as in #35, we should not be
surprised if the Mean Value Theorem does not
apply. As applied to the interval [0, ' ]it would
say

(@) fe) = LD =S O
7 —0
:tann—tanozo'
7 —0

But secant = 1/cosine is never O in the interval
(=1, 1), so no such c exists.

f (x) is not differentiable on (—1, 1).
Can we find ¢ with

oy FO = (=D
=515

_1=E=h
==

1?

1 —2/3 1\3/2
f/(x)=§x /3 =1 when x = £(})3

These are both in (—1, 1), so we can use either
of these as ¢ to make the conclusion of the
Mean Value Theorem true.

If a derivative g’ is positive at a single point
x = b, then g(x) is an increasing function for x
sufficiently near b, i.e., g(x) > g(b) forx > b
but sufficiently near b. In this problem, we will



40.

41.

42,

apply that remark to f” at x = 0, and conclude
from f”(0) > 0 that f'(x) > f'(0) =0 for
x > 0 but sufficiently small. This being true
about the derivative f’, it tells us that f
itself is increasing on some interval (0, a)
and in particular that f(x) > f(0) =0 for
0 < x < a. On the other side (the negative
side) f’is negative, f is decreasing (to zero)
and therefore likewise positive. In summary,
x = 0 is a genuine relative minimum.

The function cos x is continuous and dif-
ferentiable everywhere, so for any u# and v
we can apply the Mean Value Theorem to
get “—="2t —sin ¢ for some ¢ between u
and v. We know —1 <sin x < 1, so taking
absolute values, we get |**7="%"*| < I, or

| cosu —cosv| < |u— v].

Consider the function g(x) = x — sin(x), ob-
viously with g(0) =0 and g’(x) = 1 — cos(x).
If there was ever a pointa > 0 with sin(a) > a,
(g(a) <0), then by the MVT applied to g

on the interval [0, a], there would be a point

c (0<c<a) withg'(c)=M=
a—0
8@ _,
— =0.

This would read 1 — cos(c) = g’(c) <0 or
cos(c) > 1. The latter condition is possible
only if cos(c) =1 and sin(c) = 0, in which
case ¢ (being positive) would be at minimum
7. But even in this unlikely case we still would
have sin(a) <l<m <c¢ <a.

Sincesina < a foralla > 0, wehave — sina >
—a for all @ > 0, but — sin a = sin(—a) so we
have sin(—a) > —a for all a > 0. This is the
same as saying sina > a for all a < 0 so in
absolute value we have | sin a| < |a| for all

a #0.
Thus the only possible solution to the equation
sin x = x 1S x = 0, which we know to be true.

The function tan x is continuous and differ-
entiable for |x| < m/2, so for any a #0 in
(=m/2, m/2) we can apply the Mean Value

Theorem to get n4—tan0

=0 = sec? ¢ for some ¢

43.

44.
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between 0 and a. Taking absolute values, we
get |24 | = | sec’ ¢| > 1, so | tan a| > |a] for
a # 0. Of course tan 0 =0, so |tan a| > |a|

for all |a| < /2.

2x x <0 .
f(x):{zx_4 20 f(x)=2x —4is
continuous and differentiable on (0, 2). Also,
f(0)=0= f(2). But f'(x) =2 on (0, 2),
so there is no ¢ such that f’(c) = 0. Rolle’s
Theorem requires that f(x) be continuous
on the closed interval, but we have a jump
discontinuity at x = 0, which is enough to
preclude the applicability of Rolle’s.

flx) = xZisa counterexample. The flaw in
the proof is that we do not have f’(c) =0.

Chapter 2 Review Exercises

4.

34-26 _08_
15-05

C (large negative), B (small negative), A
(small positive), and D (large positive)

fQ+h) - f(2)
h

. Q24h?2=2Q2+h)—(0)
= lim

h—0 h

. 4+4h+h>—4—2h
:11m

h—0 h

. 2h+h?
= lim

h—0 h
=1limQ2+h)=2

h—0

@)=

S — f)

‘() = li
£ fim ==
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5. i LA — fD)

0 h
. Al+h—1
= lim ———
h—0 h
Vi+h -1 J1+h+1
VJ1+h+1

fih=1

= lim
h—0 h

iy LA
=0 h(/T+h + 1)

1 1
hl—%«/l-p—h-i—l 2
S (x)— f(0)
x—0

x3—2x

6. £0) = lim
x—0

= lim
x—0 X
= lim x?—2=-2

x—0

i L&) — f&)

1
-0 h

7.

fw =1

= lim

x+h)>+&x+h) — &3 +x)

h—0 h
o 3x2h 4+ 3xh + K3+ h
= lim
h—0 h

= lim3x%>+3xh + h>+ 1)
h—0
=3x2+1

ey i SR — f(x)
o = im S

8.

=W

3 _
— lim 2%
h—0 h
3x—3(x+h)
— lim x(x+h)
h—0 h
—3h
= lim X0
h—0 h
) -3 -3
=lim ——= —
=0 x(x +h)  x?

9. The point is (1, 0). y' = 4x3 — 2 so the slope
at x = 1is 2, and the equation of the tangent

lineisy=2(x—1)+0ory=2x — 2.

10.

11.

12.

13.

14.

15.

16.

The point is (0, 0). y' = 2 cos 2x, so the slope
at x =0 is 2, and the equation of the tangent
line is y = 2x.

The point is (0, 0). y' = 6 cos 2x, so the slope
at x =0 is 6, and the equation of the tangent
lineis y =6(x —0) + 0 or y = 6x.

2x
The point is (0, 1). y = ——=——, so the
2v/x2+ 1

slope at x =0 is 0, and the equation of the
tangent line is y = 1.

Find the slope to y — x?y> =x — lat (1, 1).

d 22 d
—(—x =—x-1
dx(y y9) dx( )

y —2xy? —x22y -y =1
y'(1=x%22y) =14 2xy?

Y = 1+ 2xy?
1—2x2y

At (1, 1):
, 1422 3
Ti—22) -1
The equation of the tangent lineis y = —3(x —
)+ 1lory=—-3x+4.

Implicitly differentiating:
2yy' +cosy —xsiny -y =—1,and
—1—
y = ﬂ. At (2, 0) the slope is un-
2y —xsiny
defined, and the equation of the tangent line is
x=2.

s(t) = —16t% + 40t + 10
v(t) = s'(t) = —32t + 40
a(t) =v'(t) = —32

s(t) =—9.8(2 - 22t + 6
v(t) =5'(t) = —19.6t — 22
at) =s"@) =—19.6



17.

18.

19.

20.

21.

s(t) = 10 sin 4¢
v(t) =5'(1)

=40 cos 4t
a(t) =v'(r)

= —160 sin 4¢

s(t)y=+4t+16—4

b(t) =5'() = —e
2./4t + 16
2
Jar+16
a(t)=s"(1)
2.4 —4
T 24+ 1632 (41 + 16)32

v(r) =s'(t) = —32t + 40

v(1l) = —32(1) + 40 = 8 ft/s
The ball is rising.

v(2) = —32(2) + 40 = —24 ft/s
The ball is falling.

v(t) = s'(t) =40 cos 4t
v(0) =40 and v(;r) = 40. The spring is mov-
ing in the same direction, at the same speed.

@ Q- O

sec

21
= ﬁ%*/i ~0.318
(b) S5 = f()
T 15—1
= —~/2_.5 —V2 ~ 0.334
0.5
© S =@
T =1
= */2_'1)—;“[2 ~ 0.349

Best estimate for the slope of the tangent line:
(c) (approximately 0.349).

22.

23.

24,

25.

26.

27.

28.

++ Chapter 2 Review Exercises 139

@ ~—_f@-fQ
sec 2 _ 1
COS % — COS é
=— 1 ~ —0.0412

(b) _fAS) = f()
151

1 1
_COSZ—COS—

6 ~ —0.0345
0.5

© _SAD —f
1.1-1

sec —
11 1

COS = — COS =
=9 "6 ~_0.0290
0.1

Best estimate for the slope of the tangent line:
(c) (approximately —0.0290).

fl(x) =4x3 —9x2 42

flx) = %x_m — 8x

fl(x) = —§x3/2 —10x73

_ 310
S 2xJx x3
f/(x) — \/)_C(_S + 2)6)
X
_(2—3x+x2)ﬁ
X
) =2t +2°+12-30t4+2)2%1

=21(t +2)° + 32t + 2)°
=1(t+2)%(5t + 4)

Fl@t)=2t(t> =3t +2) + (> + D3> - 3)
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29. (3x2—1)-1—x(6x) AL 1 2 cos 4x
= . ff(x) = ———=—"-cosdx -4 =
8 (Bx2 —1)2 ! 2+/sin 4x /sin 4x
3x2 — 1 — 6x2
IEEENE 42. f'(x) =2 cos3x(—3 sin 3x)
3x2+1
(Bx% —1)2

3. , x+1 i x+1
f<x>_2<x—1)dx<x—l>

30. g(x)=3)c—l
X :2<x+1)(x—1)—(x+l)

gx)=3+%

x—1 (x — 1)2
31. f/(x) =2xsinx + x2cosx :2<x+1> —2
x—1/) (x =12
32. f'(x) =2x cos x? A+
1 (x =13
33, f'(x) =sec® /x ——
2%
44, P = 6(x — D% — 6x[2(x — (1]
- 4
M. f'(x)= ! sec? x (r—=1
24/tan x (= D[6(x — 1) — 12x]
35. f/(t)=csct-1+4+1t-(—csct-cott) (x— D
=csct —tcsctcott :—6x—60r_ 6x +6
(x — 1?3 (x — 1?3
36. f'(t) =3 cos 3t cos 4t — 4 sin 3¢ sin 4¢
45. u'(x)
37. u(x) = _ 2 2(x2 4 2)" 12 '
X2+ 2 =4 [2sin (4 — V/x) cos (4 — V/x)
u'(x) =2 [—1@2 + 2)—3/2<2x)] (—lx—l/Z)]
2 2
:_2—x 4sin(4—ﬁ)cos(4—ﬁ)
V(x2+2)3 T Jx
38. 3
u(x) = (@> = 46. f'(x)
, _ 15 132 _ 15 ; 3 (sin 2x+42x cos 2x)A/ x2+1—
u(x) = ?x - ? X X sin 2x[%(x2+1)—1/2(2x)]
51 B x2+1
39, £(x)=3cosv4—x2=3cos(d— x>V (24112
1 [(sin 2x+2x cos 2x) (x2+1)—x2 sin 2x |
Iy — awnid w22 av—12, =
f'(x) =—3sin(4 — x°) |:2(4 x%) ( 2x):| 211
3x sin V4 — x2 _sin2x + 2x3 cos 2x 4 2x cos 2x
== - (2 + 1)3/?

4 — x?2

40. f/(x) =2secx(secxtanx) =2 sec’ x tan x 47. The derivative should look roughly like:



48.

49.

50.

51.

-10

The derivative should look roughly like:

fx)=x*—3x3+2x2—x—1
flx)=4x>—9x? +4x — 1
f'(x)=12x> - 18x + 4

f) =+ D2
£l = %(x ST

@ = )

f///(x) — g(x + 1)—5/2

f'(x) =cos2x — 2x sin 2x

f"(x) =—2sin2x — 2(sin 2x + 2x cos 2x) =
—4 sin 2x — 4x cos 2x

" (x) = —8cos 2x — 4(cos 2x — 2x sin 2x)
= —12 cos 2x + 8x sin 2x

52.

53.

54.

5S.

56.

57.
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fx) =4+
flo)=—4G+ D72
f'x) =8(x+ D7

f(x)=tanx
f'(x) =sec? x
f"(x) =2secx -secxtan x

=2 sec? x tan x

fx) =x0 -3t 23 —Tx +1
fl(x) =6x> — 12x3 + 6x% =7
f"(x) =30x* — 36x2 + 12x
F"(x) = 120x3 — 72x + 12
F®(x) =360x% — 72

f(x) =sin 3x

f(x) =cos3x -3=3cos 3x

F"(x) = 3(— sin 3x - 3) = —9 sin 3x
f"(x) =—9cos3x - 3=—27cos 3x
£ (x) = —3%65in 3x

flx)=—1x"2
f”(x) — 2x—3
f///(x) — _6x—4

F™(x) = (=1)'nlx~ "+
) = (=133 1D = 371,32
f(t) =4 cos 2t
v(t) = f'(t) =4(—sin21) - 2
= —8sin 2¢

(a) The velocity is zero when
v(t) = —8sin 2t =0, i.e., when
2t =0, m, 27, ... so when
t=0,m/2,m,37/2,...
f@)=4fort=0,m,2m,...
f(t) =4 cos 2t = —4 for
t=m/2,3m/2,...
The position of the spring when the ve-
locity is zero is 4 or —4.

(b) The velocity is a maximum when
v(t) = —8sin 2t = 8§, i.e., when
2t =3m /2,71 /2, .. .50
t=3n/4,7n/4, ...
f(t) =4cos?2t =0 for
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58.

59.

60.

61.
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t=3m/4,71/4, ...
The position of the spring when the ve-
locity is at a maximum is zero.

(c) Velocity is at a minimum when
v(t) = —8sin 2t = —8, i.e., when
2t =m/2,5m/2,...50

t=m/4,57/4,...
f(t) =4cos2t =0 for
t=m/4,5m/4, ...

The position of the spring when the ve-
locity is at a minimum is also zero.

The velocity is given by
f'(t) = —7 sin 7t sin 3t + 3 cos 7t cos 3t.

d - 3 _ 4 o
—@xy=3y)=—(x"+1
dx( y—=3y7) dx( )
2xy +x%y —3.3y% .y =2x
y'(x? —9y%) =2x — 2xy

y/: 2x(1—y)
x2 —9y2

4 (i S
- (sin(ry) +2%) = —(x =)

cos(xy)(y +xy) +2x =1-y’
; 1—=2x —ycos(xy)

x cos(xy) + 1

i( b4 —3y>=itanx
dx \x+1 dx
(x+1Dy —y-()
(x + 12
(x+ Dy —y=3(x+D>=(x+D>sec’ x

— 3y’ =sec’x

[(x +1)—3(x + 1)2] Y =y +x+ 1)2sec? x

;. y+ (x + 1)?sec® x
x4+ 1D =3(x + 12

62.

63.

64.

4. _,2_4d X
Gt = (3o ()

o
1—2yy/=—3sin(§)-y yzxy

—3sin (’;C) 3sin (%) xy’

1-2yy' = + 5
y y

3x sin(x/y)
l Y +1

Y = e
smy(;c/y)+2y

Whenx =0, =3y’ =1, y= ;7; (call this a).

From our formula (#59), we find y’ = 0 at this
point. To find y”, implicitly differentiate the
first derivative (second line in #59):

20xy + y) + 2xy’ + x2y")
—9[2y(y)? + y*y'] =2

At (0, @) with y' =0, we find
2a — 9a%y" =2,

y”z%\%c/gikl)

Below is a sketch of the graph of x2y — 3y =
x2 41

10

i | | d
[ IR SR A AL A B W

Plugging in x =0 gives —2y =0 so y =0.

Plugging (0, 0) into the formula for y’ gives
a slope of —1/2. Implicitly differentiating the
third line of the solution to #37 gives

Yx+D+y =y
=2(x + )3y’ + sec? x)
(x + D2(3y” + 2 sec x - sec x tan x)



65.

66.

67.

Plugginginx =0,y =0and y' = —1/2 gives

y" =2(=3/2 + sec?(0))
+(1)%3y” + 2 sec?(0) tan(0))
y'=143y".Soatx =0, y" =—1/2.

The graph is:

N
Ll

MT T T I T T T I\r ORT 1117

-4 2 1 2

X

N
Y

5]

y' =3x2 — 12x =3x(x — 4)

@ y=0forx=0(y=1),andx =4 (y =
—31) so there are horizontal tangent lines
at (0, 1) and (4, —31).

(b) y’ is defined for all x, so there are no
vertical tangent lines.

2
r_ _x—l/3
Y 3

(a) The derivative is never 0, so the tangent
line is never horizontal.

(b) The derivative is undefined at x = 0 and
the tangent is vertical there.

4 oy ayym L
2xy +x%y — 4y’ =2x
y/(x2 —4)=2x — 2xy
;) 2x—2xy  2x(1—y)
x2—4 x2—4

@ y=0whenx=0o0ry=1 Aty=1,
¥ 1—4-1=x?
x2 —4=x?

This is impossible, so there is no x for

68.

69.

70.

71.
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whichy=1. Atx=0,0%-y —4y =02,
so y = 0. Therefore, there is a horizontal
tangent line at (0, 0).

(b) y' is not defined when x> —4 =0, or
x=22. Atx =12,4y — 4y =4 so the
function is not defined at x = £-2. There
are no vertical tangent lines.

y =4x3 —2x =2x(2x% — ).

(a) ThederivativeisOatx =0and x = :I:\/I ,

and the tangent line is horizontal at those
points.

(b) The tangent line is never vertical.

f (x) is continuous and differentiable for all x,
and f’(x) = 3x2 + 7, which is positive for all
x. By Theorem 8.2, if the equation f(x) =0
has two solutions, then f/(x) = 0 would have
at least one solution, but it has none. Every

odd degree polynomial has at least one root,

so in this case there is exactly one root.

The derivative is 4x> + 4x. This is negative for
negative x, and positive for positive x. f(x)
is decreasing on (—o0, 0) and increasing on
(0, 00), so can have at most one zero for x < 0
and one zero for x > 0. Since f(—1) =0,
f() =0and f(0) =-3, f(x) has exactly
one solution for x < 0, exactly one solution
for x > 0, and no other solutions.

Let a > 0. We know that f(x) =cosx — lis
continuous and differentiable on the interval
(0, a). Also f/(x) =sinx < 1 for all x. The
Mean Value Theorem implies that there exists
some c in the interval (0, a) such that

_cosa—1—(cos0—1)
a—0

Since this is equal to sin ¢ and sin ¢ < 1 for
any c, we get that

cosa—1<a
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72.

73.

74.

75.
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as desired. This works for all positive a, but
since cos x — 1 is symmetric about the y axis,
we get

|cosx — 1| < |x|.

They are actually equal at x = 0.

This is an example of a Taylor polynomial.
Later, Taylor’s theorem will be used to prove
such inequalities. For now, one can use mul-
tiple derivatives and argue that the rate of the
rate of the rate of change (etc.) increases as one
moves left to right through the inequalities.

To show that g(x) is continuous at x = a, we
need to show that the limit as x approaches a
of g(x) exists and is equal to g(a). But

f&) - f@)

lim g(x) = lim
X—a X —a

X—>a
which is the definition of the derivative of f(x)
atx = a. Since f(x) is differentiable at x = a,
we know this limit exists and is equal to f'(a),
which, in turn, is equal to g(a). Thus g(x) is
continuous at x = a.

We have
J&x)=T(x)
= f(x) = f(a) — f(@)(x — a)
— (M _ f/(a)) (x —a)
x—a

— f'(a), we ob-

Letting e(x) = M
X —a

tain the desired form. Since f(x) is differen-
tiable at x = a, we know that

lim S&x) = fa) _ f/(a)
X—a X —a
SO

lim e(x) = lim
xX—a X—a

=0.

[0 =@ _
X —da

f(x)=x2—2x on [0, 2]
f2)=0=1(0)

76.

77.

78.

79.

80.

=0 then

, 2)— £(0) 0—0
it o = Q=IO 0

2c—2=f'(¢)=0s0oc=1

f(x) is continuous on [0, 2] and differen-
tiable on (0, 2), so the Mean Value Theorem
applies. We need to find ¢ so that f'(c) =
JQ O _6-0_5 g2
2—-0 2—-0
1 =3 when x = /4/3, so ¢ = 2/3/3.

fx)= 3x2 — cos x One trial: 8,(x) = kxd —
sin x g/ (x) = 3kx? — cos x Need 3k =3, k =
1, and the general solution is g(x) = g,(x) +

¢ = x> — sin x + c for ¢ an arbitrary constant.

If ¢’(x) = x> — sin 2x, then g(x) must be
1, 1

—x"+ —cos2x +c,

4 2

for any constant c.

x = 1is to be double root of

f) =@+ 1) —[mx—1+2]
= +1-2)—m@x—1
== -—mx-—1
—(x—1) [x2+x+1—m]

Letg(x)=x2+x+1—m. Thenx =1lisa
double root of f only if (x — 1) is a factor
of g, in which case g(1) = 0. Therefore we
require 0 = g(1) =3 —m or m = 3. Now
g)=x>+x—-2=(— D@ +2),

f) =(x—Dgx)=(x—D*x+2) and
x = lis a double root.

The line tangent to the curve y = x> 4 1 at the
point (1, 2) has slope y = 3x% = 3(1) = 3(=
m). The equation of the tangent lineis y — 2 =
3x —Dory=3x — l(=m(x — 1) +2).

We are asked to find m so that x> + 2x —
m(x —2) 4+ 12]=x34+ Q2 —m)x + 2m —
12) has a double root. A cubic with a dou-
ble root factors as (x — a)2(x — b) = x> —
(2a + b)x? + (2ab + a*)x — ab. Equating
like coefficients gives a system of equations
2a +b=0,2ab+a*>=2—m, and —a*b =



2m — 12. The first equation gives b = —2a.
Substituting this into the second equation gives
m =2 + 3a”. Substituting these results into
the third equation gives a cubic polynomial in
a with zeros a = —1 and a = 2. This gives two
solutions: m = 5 and m = 14.

f'(x) =3x% +2, so f'(2) = 14. The tangent
line at (2, 12) is y = 14(x — 2) 4 12.
The second solution corresponds to the tangent

line to f(x) at x = —1, which happens to pass
through the point (2, 12).
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