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2 [] LIMITS AND DERIVATIVES
2.1 The Tangent and Velocity Problems

1. (a) Using P(15,250), we construct the following table:

(c) From the graph, we can estimate the

slope of the tangent line at P to be

t Q slope = mpg 300 _ _3973
=5 = 3.
5 (5,694) | SO - 4 444
444-250 _ 194 _ 700 .
10 (10,444) “To—is — 5 = —388 2(5)8 ”ngg’g?fitr?crion
111-250 _ _ 139 _ ] imé
20 (20, 111) —20-15 — 75 = *278 R :gg ;i;:f)grg:lllilil:;e
5 450
25 | (25,28) D20 - 22 999 3 40
S 3507
0-250 250 7 300 P
30 (30,0) 30-15 — 15 = —16.6 ;(5)8 300
150
100 (1
(b) Using the values of ¢ that correspond to the points closest 50 F—9—
to P (t = 10 and t = 20), we have o s lo,( 5 pomow
—38. —27.
38.8 4 (—27.8) — _333
2
2. (a) Slope = 228-2830 _ 418 49 g7 (b) Slope = 248-2661 _ 287 _ 7 75
(c) Slope = 2482806 _ 142 _ 7; (d) Slope = 2080-2948 _ 132 _ ¢

From the data, we see that the patient’s heart rate is decreasing from 71 to 66 heartbeats/minute after 42 minutes.
After being stable for a while, the patient’s heart rate is dropping.

3. For the curve y = /(1 + z) and the point P(1, 1):

(@)
T Q mpQ

() | 05 | (0.5,0.333333) | 0.333333
(i) | 0.9 (0.9, 0.473684) 0.263158
(iii) | 0.99 (0.99, 0.497487) 0.251256
@iv) | 0.999 (0.999, 0.499750) | 0.250125

v) | 15 (1.5,0.6) 0.2
(vi) | 1.1 | (1.1,0.523810) | 0.238095
(vii) | 1.01 (1.01, 0.502488) 0.248756
(viii) | 1.001 | (1.001, 0.500250) | 0.249875

(b) The slope appears to be .
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66 O CHAPTER2 LIMITS AND DERIVATIVES

4, For the curve y = In z and the point P(2,1n 2):

(a) (b) The slope appears to be 1.
T Q mpq

(i | 1.5 (1.5,0.405465) 0.575364
Gi) | 1.9 (1.9,0.641854) 0.512933
(iii) | 1.99 (1.99,0.688135) 0.501254
(
(
(

©y-—In2=2%(z—2)or
y:%m—1+ln2

(iv) | 1.999 | (1.999,0.692647) | 0.500125
v) | 2.5 2.5,0.916291) 0.446287
(vi) | 2.1 2.1,0.741937) 0.487902
(vit) | 2.01 (2.01,0.698135) 0.498754
(viii) | 2.001 | (2.001,0.693647) | 0.499875

(d)
y
secant line at x=1.5
1+ .-~ ~—tangent line at x =2
i secant line at x = 2.5
y=Inx
In2 7T secant line
atx=2.5—
051 L
\y:mX atx=1.5
—A— ;
0 1.5 2 2.5 X

5. (a) y = y(t) = 40t — 162, Att =2,y =40(2) — 16(2)% = 16. The average velocity between times 2 and 2 + h
. y2+h)—y(@)  [40Q2+h) —16(2+h)°] —16 _ —24h - 16h° :
ave — = = = —24 — 16h, fh .
isv @rh) =2 5 3 6h,if h # 0
@) [2,2.5]: b = 0.5, vave = —32 ft/s (ii) [2,2.1]: h = 0.1, vaye = —25.6 ft/s
(iii) [2,2.05]): h = 0.05, vave = —24.8 ft/s  (iv) [2,2.01]: h = 0.0L, vaye = —24.16 ft/s

(b) The instantaneous velocity when t = 2 (h approaches 0) is —24 ft/s.

6. The average velocity between ¢ and ¢ + h seconds is
t+h) — 0.83(t + h)? — (58t — 0.83t> — 1.66th — 0.83R°
58(t + h) — 0.83(t + h)* — ( ) _ 58h—1.66th —0.83h" _ o | ai (83nifh #£0.

h h
(a) Here t = 1, so the average velocity is 58 — 1.66 — 0.83h = 56.34 — 0.83h.
(i) [1,2]: h=1,55.51 m/s @ii) [1,1.5): h = 0.5,55.925 m/s
(iii) [1,1.1]: h=0.1, 56.257 m/s (iv) [1,1.01]): h = 0.01, 56.3317 m/s

(v) [1,1.001]: h = 0.001. 56.33917 m/s

(b) The instantaneous velocity after 1 second is 56.34 m/s.
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1. s = s(t) = t°/6. Average velocity between times 1 and 1 +  is
s(1+h)—s(1) _ (1+h)*6—1/6 h®+3h%+3h _h*+3h+3

- = = if h # 0.
e T Ty h) 1 h 6h 6
@ () [1,3]: b = 2, vaye = 2 fi/s (i) [1,2]: h = 1. vaye = I ft/s

(i) [1,1.5]: o = 0.5, vave = 22 ft/s (iv) [L1.1]: h = 0.1, vaye = 3L fi/s

(b) As h approaches 0, the velocity approaches 2 = L ft/s.

(©) s (d) s
41 2
3
5 I

. 24 h)—
8. Average velocity between times t = 2 and t = 2 + h is given by w

s(5) —s(2) 178 —-32 146

i) h = v = = = — 4871t
@ Hh=3 = o ) 3 3 /s
. s(4)—s(2) 119-32 87 .
= ay = = = — = . tt
iYh=2 = v g 5 5 43.5 ft/s
- 0-—32
i)h=1 = v, =B =s@) _70-32 . ft/s
3-2 1
(b) Using the points (0.8,0) and (5, 118) from the s[
approximate tangent line. the instantaneous 150
velocity at ¢ = 2 is about £18 8 A 28 ft/s. 100
50
0 I 2 3 4 5

9. For the curve y = sin(107/z) and the point P(1, 0):

(a)
u Q mpq z Q mpqQ

2 | (2,0 0 0.5 | (0.5,0) 0

1.5 | (1.5, 0.8660) 1.7321 0.6 (0.6,0.8660) —2.1651
1.4 | (1.4, —0.4339) | —1.0847 0.7 | (0.7, 0.7818) —2.6061
1.3 | (1.3,-0.8230) | —2.7433 08 | (0.8,1) -5

1.2 | (1.2 0.8660) 4.3301 0.9 | (0.9, —0.3420) 3.4202
1.1 (1.1, —0.2817) | —2.8173

As z approaches 1, the slopes do not appear to be approaching any particular value.
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(b) ! We see that problems with estimation are caused by the
frequent oscillations of the graph. The tangent is so steep at
L P that we need to take x-values much closer to 1 in order to
0.5

\ A get accurate estimates of its slope.
-1

(c) If we choose = = 1.001. then the point Q is (1.001, —0.0314) and mpq = —31.3794. If z = 0.999. then @ is
(0.999,0.0314) and mpq = —31.4422. The average of these slopes is —31.4108. So we estimate that the
slope of the tangent line at P is about —31.4.

2.2 The Limit of a Function

1. As z approaches 2. f(z) approaches 5. [Or. the values of f(z) can be made as close to 5 as we like by tak'mg x
sufficiently close to 2 (but z # 2).] Yes, the graph could have a hole at (2, 5) and be defined such that f(2 )=

2. As z approaches 1 from the left. f () approaches 3: and as z approaches 1 from the right, f(x) approaches 7. No,
the limit does not exist because the left- and right-hand limits are different.

3 (a) wl_i‘ngs f(z) = co means that the values of f(z) can be made arbitrarily large (as large as we please) by taking =
sufficiently close to —3 (but not equal to —3).
(b) ml—i»T+ f(x) = —oo means that the values of f () can be made arbitrarily large negative by taking z sufficiently
close to 4 through values larger than 4.
4 @ lim f() =3 (®) lim f(z) =4 (©) lim f(z)=2

(d) ll-.n}z, f(z) does not exist because the Jimits in part (b) and part (c) are not equal.
(e f(3) =
5. (a) f(x) approaches 2 as x approaches | from the left, so I1_121_ fz) =2.
(b) f(z) approaches 3 as  approaches | from the right, so mli,r?+ f(z) =3.
(c) alEer11 f(x) does not exist because the limits in part (a) and part (b) are not equal.
(d) f(z) approaches 4 as « approaches 5 from the left and from the right. so il_)ms f(z) =4

(e) f(5)is not defined, so it doesn’t exist.

6. (a) I_l}g_ g(z) = -1 (b) ;1;—1}le+ glz) =1 (©) ZEIQ2g(m) doesn’t exist
dg(-2)=1 (e) Ili_gl_ glz) =1 ) xl_1’1121+ g(z) =2
(g) ierlz g(x) doesn’t exist (h) g(2) =2 (1) IIE?+ g(zx) doesn’t exist
€) zl_i'rzl_ g(z) =2 (k) g(0) doesn’t exist ) llir%)g(m) =0

1. (2) tl_ibr(?i g(t) =—1 (b) tl_i}lgg_ g(t) = -2

() lim g(t) does not exist because the limits in part (a) and part (b) are not equal.
t—0



10.

1. L5 (@ lim f(z)=1
z—0~
N .
V=TT 0k (b) Il_l‘r(r)l+ (z)=0
(c) lin%) f(x) does not exist because the limits in part (a) and part (b)
-2 2
L J are not equal.
-0.5
12. lim f(x) exists for all @ except @ = +1. \ y
1
-1 I X
_l L
13. ,l_lgh flz) =4, zl—lgl— flz) =2, 14. IEI‘IJI‘ flz)=1. ml_ifg)lJr flz) = —1.
Ili,m_zf(m) =2 f3)=3 f(-2)=1 lim f(z) =0, lim+ flz)=1. f(2) =1,
T—2 x—2
£(0) is undefined
1
\\__ . y
—Fiiiﬁoniiii:GX
8 X

SECTION 2.2 THE LIMIT OF A FUNCTION

(d) lim g(t) =2 (e) ff& g(t)=0

t—2—

(f) lim g(t) does not exist because the limits in part (d) and part (e) are not equal.
t—2

drug in the patient’s bloodstream at ¢ = 12 h. The left-hand limit represents the amount of the drug just before the

fourth injection. The right-hand limit represents the amount of the drug just after the fourth injeetion.

]
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(®9(2) =1 (h) lim g(t) = 3
. (a) lim2 R(z) = —oc0 (b) lim R(z) = oo (©) lin13_ R(z) = -~
(d) lim R(z)=o0
z——3+
(e) The equations of the vertical asymptotes are z = —3. z = 2. and z = 5.
. (a) lim7f(:t) = —00 (b) lin_l3 flz) =00 (c) limo f(x) =00
(d lim f(z) = -0 (e) lim f(z)=o00
z—6" z—6t
(f) The equations of the vertical asymptotes are z = —7. z = —3. z — 0,and z = 6.
lim f(¢t) = 150 mg and lim+ f(t) = 300 mg. These limits show that there is an abrupt change in the amount of
t—12— t—12
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% — 2z )

x f(=) z f(z)

2.5 0.714286 1.9 0.655172
2.1 0.677419 1.95 0.661017
2.05 0.672131 1.99 | 0.665552
2.01 0.667774 1.995 | 0.666110

2.005 | 0.667221 1.999 | 0.666556
2.001 | 0.666778

. % — 2z )
It appears that lli’n2 _232——-_11:_—_2_ =0.6= 3
17. For f(z) = E—_——i—_fz
T
T f(z) T f(z)
1 0.718282 -1 0.367879
0.5 0.594885 -0.5 0.426123
0.1 0.517092 -0.1 0.483742
0.05 | 0.508439 —0.05 | 0.491770
0.01 | 0.501671 —0.01 | 0.498337
It that Li e-l-z_h5-1
appears that lim = =05=3.
V4 4—2
19. For f(z) = ——zim—:
T f(z) T f(x)
1 0.236068 -1 0.267949
0.5 0.242641 —0.5 0.258343
0.1 0.248457 —-0.1 0.251582
0.05 | 0.249224 —0.05 | 0.250786
0.01 | 0.249844 —0.01 | 0.250156
Vetd=2 g95-1

It appears that lim
PP z—0 T

16. For f(z) = ;;L__;Tmz:
s | f@) z | f@)
0 0 -2 2
-0.5 -1 -15 3
-0.9 -9 -1.1 11
—-0.95 -19 -1.01 101
—0.99 -99 —1.001 | 1001
—0.999 | —999

z? — 22

It appears that lim — does not exist
z——1T

—z—2
since f(z) — —ocasz — —1~ and f(x) — o0

asx — —17.

18. For f(z) = zIn(z + z?):

z f(z)
1 0.693147
0.5 | —0.143841
01 | —0.220727

0.05 —0.147347
0.01 —0.045952
0.005 | —0.026467
0.001 | —0.006907

It appears that lim z In(z + z?) = 0.
xz—0

tan 3z
20. For f(z) = tonba.
x f(=)
+0.2 0.439279
+0.1 0.566236
+0.05 0.591893
+0.01 0.599680
+0.001 | 0.599997
tan 3z
» i =06=2.
It appears that l% tan bz 5
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6 912 _ 52
z -1 _ .
2. For f(z) = T 22. For f(z) = e
z f(z) z f(=) z f(=) z f(z)
0.5 0.985337 1.5 0.183369 0.5 1.527864 -0.5 0.227761
0.9 0.719397 1.1 0.484119 0.1 0.711120 -0.1 0.485984
0.95 | 0.660186 1.05 | 0.540783 0.05 | 0.646496 —0.05 | 0.534447
0.99 | 0.612018 1.01 0.588022 0.01 0.599082 —0.01 | 0.576706
0.999 | 0.601200 1.001 | 0.598800 0.001 | 0.588906 —0.001 | 0.586669
6 ) T _ T
It appears that al31_r>nl ;10 _11 =0.6= g It appears that zh_'rr%) o = (0.59. Later we
will be able to show that the exact value is
In(9/5).
. . + 6 .
23. lim = oo since (x —5) — 0asz — 5% and > 0forz > 5.
z—5+ T — 5 -5
. . _ 6
24. lim = —oosince (z — 5) — 0asz — 5~ and <Oforz <5.
z—5— T — r—5
25. lim1 (2;5)2 = 00 since the numerator is positive and the denominator approaches 0 through positive values
T— T —
asz — 1.
. z—1 . 2 z—1
2. lim ———— = —ocosince 2> > 0asz — 0 and —0——~__ <0for0 <z < 1landfor-2 <z <0.
=0 222+ 2) 2@+
2]. lim z 1 = —oosince (z +2) —» 0asz — —2% and z 1 <0Ofor-2<z<0
Com—2t+ 22(x 4 2) z3(z + 2) ’

28. lim cscz = lim (1/sinz) = cosince sinz — 0 as  — 7 andsinz > 0for0 < z < 7.

T—TT T—TT

29. (lim/ secz = lim (1/cosz) = —oo0 since cosz — 0 as z —s (—=7/2)™ and cos z < 0 for
z—(—m/2)~ z—(—7/2)"
-T<z<—7/2

30. lim In(z —5) = —cosincez — 5 — 0+ asz — 5.
z—5

3. (a) f(z)=1/(z® - 1)

z f(z) z f(=)
0.5 —-1.14 1.5 0.42
0.9 —3.69 1.1 3.02
0.99 —33.7 1.01 33.0
0.999 —-333.7 1.001 333.0
0.9999 -3333.7 1.0001 3333.0
0.99999 | —33,333.7 1.00001 | 33,333.3
From these calculations, it seems that zl_lgl_ f(z) = —oco0 and IET+ f(z) = o0.
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(b) If z is slightly smaller than 1. then 2% — 1 will be a negative number close to 0, and the reciprocal of z3 — 1, that
is. f(z). will be a negative number with large absolute value. So lim f(z) = —oo.
z—1"

If z is slightly larger than 1. then 23 — 1 will be a small positive number, and its reciprocal. f(z), will be a large
positive number. So lim+ f(z) = oc0.
z—1

(c) It appears from the graph of f that lim f(z) = —ooand 10
rz—1"

lim f(z) = oo. \\ ]
r—1+ :‘
: 2

-10
32 (ay= z = z Therefore, as ¢ — —17 or (b) 5
' 22—z—-2 (z-2)(z+1) o
z — 27 the denominator approaches 0, and y > 0 for z < —1 and w
forz >2.s0 lim y= lim y=o00.Also,asxz — —1" or -2 3
z——1t z—2+ : '
2 — 2~ . the denominator approaches 0 and y < 0 for =1 < z <2, D
so lim y= lim y= —oc. —
rz——1" r—27
33. (a) Let h(z) = (1 +2)"/". (b) 6 \
x h(z) \
~0.001 | 2.71964 S~ |
—0.0001 2.71842 -4 4
—0.00001 2.71830 L »
2

—0.000001 | 2.71828 -
0.000001 | 2.71828
0.00001 2.71827
0.0001 2.71815
0.001 2.71692

It appears that lirr%) 1+ z)'/® ~ 2.71828. which is approximately e.
T—

In Section 3.8 we will see that the value of the limit is exactly e.

34. For the curve y = 2% and the points P(0, 1) and Q(z,2%):

z Q mpQ
0.1 (0.1, 1.0717735) | 0.71773
0.01 (0.01, 1.0069556) | 0.69556

0.001 (0.001, 1.0006934) 0.69339
0.0001 | (0.0001,1.0000693) 0.69317

The slope appears to be about 0.693.



35. For f(z) = z* — (2%/1000):

(a)

36. h(z)

(a)

x f(z)
1 0.998000
0.8 | 0.638259
0.6 0.358484
0.4 | 0.158680
0.2 0.038851
0.1 0.008928
0.05 | 0.001465

It appears that lin%) f(z)=0.

_tanz -2z
3
x h(z)

1.0 0.55740773
0.5 0.37041992
0.1 0.33467209
0.05 0.33366700
0.01 0.33334667
0.005 | 0.33333667

(b) It seems that lir% h(z) = 3.

(b)

(c)

Here the values will vary from one calculator to another.

SECTION2.2 THELIMITOF AFUNCTION O

z f(z)
0.04 0.000572
0.02 —0.000614
0.01 —0.000907
0.005 | —0.000978
0.003 | —0.000993
0.001 | —0.001000

It appears that lin% f(z) = —0.001.

z h(z)
0.001 0.33333350
0.0005 0.33333344
0.0001 0.33333000
0.00005 0.33333600
0.00001 0.33300000
0.000001 | 0.00000000

Every calculator will eventually give false values.

(d) As in part (c), when we take a small enough viewing rectangle we get incorrect output.

=5%107¢ "—0o

1

(

\

0.2

5x107° -107°

0.4

0.1

107¢

B



74 O CHAPTER2 LIMITS AND DERIVATIVES

37. No matter how many times we zoom in toward the origin. the graphs of f(z) = sin(r/x) appear to consist of
almost-vertical lines. This indicates more and more frequent oscillations as z — 0.

1.2

—-0.01 0.01

38. lim m = lim —%. Asv — ¢, /1 —vYc2 — 0", and m — co.
v—cT v—cT — v4/c

39. 6 There appear to be vertical asymptotes of the curve y = tan(2sin )

U ﬂ at £ &~ +0.90 and z ~ £2.24. To find the exact equations of these
J m

asymptotes, we note that the graph of the tangent function has vertical
asymptotes at z = 5 -+ 7n. Thus, we must have 2sinz = 5 + 7n.
-6 have sinz = =7 andso z = +sin~! Z (corresponding to
z ~ £0.90).

Just as 150° is the reference angle for 30°. m — sin~" 7 is the reference angle for sin™* - So

or equivalently, sinz = § + §n. Since —1 < sinz < 1. we must

T = :I:(7r —sin™! %) are also equations of the vertical asymptotes (corresponding to © = 12.24).

0. (a) Lety = (* — 1)/ (Vz —1).

z Y 6.6
— 7
0.99 5.92531 0 y=65
0.999 5.99250 _x -1
YU R
0.9999 | 5.99925
1.01 6.07531 P y=55
5 07, £ — 13

1.001 6.00750 5.4
1.0001 | 6.00075

From the table and the graph. we guess that the limit of y as = approaches 1 is 6.

ZES*

V-1
P(0.9313853,5.5) and Q(1.0649004, 6.5). Now 1 — 0.9313853 ~ 0.0686 and 1.0649004 — 1 ~ 0.0649, so
by requiring that  be within 0.0649 of 1, we ensure that y is within 0.5 of 6.

(b) We need to have 5.5 <

< 6.5. From the graph we obtain the approximate points of intersection
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2.3 Calculating Limits Using the Limit Laws

2
1. @ lim [f(z) + h(@)] = lim f(@) + lim h(z) ® Jim [/(z))* = [Im f(@)] = (-3 =9
=-3+8=5

1 h(z lim h(z) = ¥/8 =2 @ lim— =1 1 _ 1

© Jim, Vh(@) = §/lim hz) = ¥8 = P T@  Imf@ 3 3
lim f(z) lim g(z)
f(w) _ T—a _ _3 _ _§ (27) x—a — i —

© I @) ~ mh@) ~ 8 ~ 8 ® lim 555 f@) " Tm @ =3 "

(g) The limit does not exist. since lim g (z) = 0 but lim f(z) # 0

r—a r—a

2@ 2mI@ 5y
W @ Ik - m i@ 58 - 1

2 (a) lim2 [f(z) +g(z)] = lim2 fz) + lin}zg(x) =2+4+0=2
(b) lim1 g(z) does not exist since its left- and right-hand limits are not equal, so the given limit does not exist.
(©) lim [f(z)g(z)] = lim f(z)- lim g(z) =0-1.3=0

(d) Since lim1 g(z) = 0and g is in the denominator. but Iim1 f(z) = —1 # 0. the given limit does not exist.

© lim 2°f(z) = [lim z3] [iiglzf(x)] =2%.2-16

T—

(f)ierll\/3+f(x)=\/3+ier11f(x)=\/3+1=2

3. lim (3:1: +222 —z+1) = hm 3z* + lim 22°% — 11m x+ hm 1 [Limit Laws 1 and 2]

=3 hm z*4+2 lim 22 — lim z+ lim 1 [3]
-2 r——2 T——2 z——2
3(=2)* +2(-2)2 - (-2) + (1) [9. 8. and 7]
=48+8+2+1=59
3 2
T lim (227 + 1)
4 lim =2 *1 e [Limit Law 5]

2212 + 6z — 4 lim (w2+6x—4)

211m:c + lim 1

T—2

hm xQ - 6 hm2x - 11rr§4 [2.1.and 3]
222 +1 9 3
—m—ﬁ—z [9,7.and8]
5. il_’ng(mz —4)(@® + 5z —1) = zIin}i(z'2 —4)- liné(z?’ +5z—1) [Limit Law 4]

_ . 2 . . . .
= (e ) (i 45 ms— 1) 21 anay
=(3%-4)- (3 +5.3-1) [7. 8. and 9]
=5-41 =205
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6. tlirgl(t2 +1)3(t+3)°= tlin_ll(ﬁ +1)3- i (¢ + 3)° [Limit Law 4]
3 5
— 1 2 ;
= Lkrgl(t + 1)} . Lgrgl(tJrB)] [6]

—

3 5
[llm 2+ hm 1} . [lim t+ lim 3] [1]
t——1 t——1 t——1

=[(-1)?+1]° [-1+3°=8-32=256  [9.7.and8]
3

143z

7. lim | ——————— 14 3z
z—1 \ 1+ 4z2 + 324

3
= (1 i) o

11311(1%—312) s
[

hml(l + 42 4 3z4

lim1 143 1im1 T 3
2= ] [2, 1, and 3]

lim 1 + 4 lim z2 + 3 lim z*
z—1 z—1 z—1

[t - Q) -3 e

ull.n_l Vut +3u + —\/lin_lz(u4+3u+6) [11]
hm2 ut+3 hn_lzu + hm26 [1,2, and 3]
= J(-2)t +3(-2)+6 [9. 8. and 7]
=16—6+6= \/’6 =4
9. lim V16 —z% = hm (16 — z2) [
r—4~
lim 16 — lim z? [2]
z—4— rz—4 .
= -(4)?*= [7 and 9]

10. (a) The left-hand side of the equation is not defined for z = 2, but the right-hand side is.

(b) Since the equation holds for all z + 2, it follows that both sides of the equation approach the same limit as
x — 2. just as in Example 3. Remember that in finding hm f(z), we never consider z = a.

2 —
M, lim 20 i mEFNE =2 i p 3 =243=5
r—2 x—2 z—2 xr — 2 z—2
12 lim 2?45 +4 @+t ct+1 -4+1 -3 3
C e T T oz (g —1) ezl —4-1 -5 5
2;
13. ling——m_—‘——6 doesnotexistsincex—2—>Obut:c2~z+6—»8as:v—>2.
T—r xr —
z? — 4z z(xz — 4) z 4 4
14. P TP fim—————t—=1 __> =
43&14:#—33:74 alnligi(x~4)(m+l) ooiz+1 441 5
2_9 (t+3)(t—-3) . t—3 -3-3 -6 6
. lim —————— lim ——= =1 79 2t == =
15 im32t2+7t+3 =0 ) rs) s+l 2(-3)+1 -5 5
ZE — 4z . . 2 2
16. lim —————— does not exist since & _ 37 —4—0butz? —4z — Hbasz — —L
z——122 —3x—4



11.

18.

19.

20.

21.

23.

24.

25,

26.

2].

28.

SECTION23 CALCULATING LIMITS USING THE LIMIT LAWS O

2
. (4+h)*-16 _ . (16+8h+h*) 16 . 8h+h® h(8+h) _ 8408
e h TR TR T TR T imBea) =8+
-1 @-DEP+z+1) 2?4zl 124141 3
lim = lim = lim = = -
z—1 g2 — 1 z—1 (mhl)(mﬁ—l) z—1 g +1 1+1 2
(4R =1 (14+4h+6R2+4RP+hY) 1 ah 4 6h2 4 4h® 4+ bt
lim = lim = lim
h—0 h h—0 h h—0 h

2 3
:}Lm})h(‘l%h*h‘lh +h):}llimo(4+6h+4h2+h3):4+0+0+O:4

_(24+h)°—8 (84 12h+6R*+h%) -8  12h4+6K2 4+ A3
lim = lim = lim
h—0 h h—0 h h—0 h

= lim (12+ 6h + h*) = 124040 = 12

9—t . (3+Vt) (3—v1)

22%3_ t:tl—lg 3_\/2 :}1—%(3+\/i):3+\/§:6
fim YIth-1 o VITR-1 VIth+1 _ o (LER -1 h
" h—0 h h=0 h VI+h+1  h=0h(VIth+1) h=0h (vI+h+1)
. 1 1 1
= lim = ==
=0 T+h+1 V1+1 2
hm\/w+2—3_lim\/a:+2—3'\/x+2+3_hm (z+2)-9
e—7 T z=7 -7 VZ+243 =7 (z-7)(Vz+2+3)

. -7 1 1
= lim

1
=hrn = = —
=T (z-7)(Vz2+2+3) <=7z +2+3 0+3 6

z* — 16 . (z+2)(z-2)(z? +4)
z—=2 T — 2 :c—IpZ r —2
=(242)(2°+4) =32

= lim (z +2)(2® + 4) = lim (2 +2) lim (2 +4)

1+1 44
gtz . 4 1 1 1
N e Ve s Sl D -4~ 16
. (1 1 (P +t) —t t? 1 1
hm - — =1 _ — i =1 — —
t—»O(t t2+t> ) AT M oyl

2
lim & =81 _ lim (z—-9)(z+9) - lim (VZ =3)(v/+3)(z+9) .factorx—9asa
z—9 /T -3 59 V-3 z9 V-3 difference of squares

=lm [(vz+3)(z2+9)] = (VI+3) (9+9) =6-18 = 108

3+h)"! — 371 +h 3 — -
R0 h h—0 h h=0 h(3+h)3 ~ h=o0h(3+h)3
1 1 1

lim [— ! J = - = - = —=
K=o | 3(3+h) m 3B +R)]  3B+0) 9

Il
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29, lim 1>=1im1_‘/1+t—1~ (1-vI+t)(Q+vi+t)
t—0

1 t
t—>0<t\/1+t t

= lim = lim —
tvi+t =0 t/t+1(1+V1+1) tl—»Ot\/1+t(1+\/1—|—t)

-1 1

-1
O Trt(l+Vi+e) VIr0(1+vIit0) 2

3/2
. VE—a? ﬁ(l‘“’ ) . VE(l-VE)(1+ VT ta)
30. 1 = iff
lim =z lim =z alzl—>m1 -z [difference of cubes]

:iﬁ[ﬂ(l—l—ﬁ%—w)]:ierql[l(1+1+1)]:3

Another method: We “add and subtract” 1 in the numerator. and then split up the fraction:

-z -1 1—2? _
limﬁ z :lim(ﬁ )+ ( m):lim _1+(1 z)(1 + x)
x—»ll—\/i z—1 1—\/5 z—1 ]_—\/5
: (1-vz)1+Vz)(1+2)
=1 -1 =-1 1 1 =
lim |1+ T +(1+V1)1+1) =3
3. (a) LS (b)
T f(z)
—0.001 0.6661663
e —0.0001 | 0.6666167
-1 1 —0.00001 | 0.6666617
L J ~0.000001 | 0.6666662
-0.5
0.000001 | 0.6666672
lim —\/1—__%— ~ % 0.00001 | 0.6666717
z—0 + —1
’ 0.0001 0.6667167
0.001 0.6671663
. 2
The limit appears to be 3
© 1i ( T ‘/1+3$+1)—hm a(vVI+3z+1) i z(vI+3z+1)
D\ Ttse—1 Vitdz+1) =0 (1+3z)-1  =-0 3z
= % lim (vT+ 3z + 1) [Limit Law 3]

—l[ /lim (1 + 3z) + lim 1] [1and 11]
3 xz—0 x—0
( /lirr%)1+3lin})a:+1> [1.3,and 7]

(\/1+3-0+1) [7 and 8]

Wl Wl Wi

1+1=2
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32. (a) 05 (b)
z f(z)
~0.001 0.2886992
—0.0001 | 0.2886775
—0.00001 | 0.2886754
. , —0.000001 | 0.2886752
0 0.000001 | 0.2886751
lim 3++—\/?—> ~0.29 0.00001 | 0.2886749
0.0001 | 0.2886727
0.001 0.2886511

The limit appears to be approximately 0.2887.

(C)hm<\/3+$—\/§‘\/3+z+\/§>: o (B+2)-3 i 1
=0 z V3+az+v3) =0z (\3¥z+V3) +0Btz+ 3
lin&)l
= == Limit Laws 5 and |
lim0 VvV3+z+ lin})\/g [ ]
= ! [7and 11]
/limo(3+:z)-|-\/§
= L [1.7. and 8]
V3F0+3 o
1

BEYE

3. Let f(z) = —2°, g(z) = 2 cos 207z and h(z) = 2. Then

—1<cos20mz <1 = —z?<22cos20mz <z? =
f(z) < g(z) < h(z). So since lin}J flz) = lin}J h(z) = 0. by the

Squeeze Theorem we have lin}) g(z) = 0.

34. Let f(z) = —vVa3 + 22. g(z) = V23 + 22 sin(r/x). and

h(z) = V&3 + z2. Then —1 < sin(m/z) <1 =
VT3 + 22 < /13 F £2 sin(n/z) < vVz3 ¥ 22 =
f(z) < g(x) < h(z). So since lin}J f(z) = lin}) h(z) = 0. by the

Squeeze Theorem we have lim0 g(z) = 0.

T——

35. 1 < f(z) < 2 4 2z + 2 for all z. Now limll = 1and

Jim (2* 4+ 2z +2) = Jim z? + 2 lim z+ Jim 2= (=1)? +2(—1) + 2 = 1. Therefore. by the Squeeze

Theorem, lim1 flz)=1.

1
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3. 3z < f(z) < z®+2for0 < z < 2. Now lim 3z = 3and lim (z° +2) = lim 2® + lim 2 = P+2=3.
T— T— x— z—1

Therefore. by the Squeeze Theorem, lim1 f(z) =3.

37 -1 <cos(2/z) <1 = —z*<z'cos(2/z)< z*. Since lirr%) (—z*) = 0and lirrb:c4 = 0, we have

lim0 [m4 cos(2/z)] = 0 by the Squeeze Theorem.

8 —1<sin(r/z) <1 = e <P <! = Vrfe< Vz (™™ < \/ze. Since
lirng (v/z/e) = 0and lir:)1+ (v/xe) = 0. we have 1im+ [\/E eSi“("/m)] = 0 by the Squeeze Theorem.

r— r— z—0

39. If £ > —4.then |z + 4| =z + 4,50 lim+|x+4| = lim+(w+4) =-4+4=0.
z——4 rz——4
Ifz < —4.then|z+4| = —(z+4).s0 lim |z+4/= lim —(z+4)=—(-4+4)=0.
T——4" r——4-
Since the right and left limits are equal. 1im4 |z + 4] =0.

|_Qﬁ_4_|: lim —(z+4)

80. If z < —4.then |z +4| = — (z +4),s0 lim = lim (-1)=-1

o—o—a- T+ 4 zo—4- T+4 r——4~
|z =2 .ox—2 .
M. Ifx > 2. then |z — 2| =z — 2.s0 lim —— = lim = lim 1 =1 Ifz <2 then
z—2t T — z—2t T — z—2t
—2 —(z—2
|z — 2| =—(z—2).50 lim o — 2| = lim —z-2) = lim —1 = —1. The right and left limits are
z—2- T — z—2- T—2 T2~
|z — 2|

does not exist.

different, so lim
z—2 I —

2 1fz > g.then |2z — 3| = 2z — 3, s0

2z% — 3z 2z% — 3z z(2z — 3) . 3
hm 25T gy 2T o im = ] =15 Ifz < 2. the
oL 5+ |2z — 3| soist 273 e L5+ 2z — 3 ot T < g then
227 — 3z 222 — 3z . z(2z—3) .
_3=3— i - = 1 = =1 =] —z = —1.5.
2o-3=3-2ms0 lm Tor—or = W Trog) Ll —@e-3) et
22% — 3z

The right and left limits are different, so lim ==——— does not exist.
z—15 |2z — 3|

1 1 L2 .
43. Since |z| = —z for & < 0. we have lim (i - —1—> = lim_ (- - —) = lim =, which does not exist

z—0— r —T z—0~ T

since the denominator approaches 0 and the numerator does not.

1 1 1 1 .
44. Since |z| = z forz > 0. we have lim (— ) = lim (— - —) = lim 0=0.

x—0 X a m z—0t+t (T T z—0
45. (a) Y (b) (i) Sincesgnz = 1forz > 0. 11_1?3+ sgnz = zl_i,%l+ 1=1.
1
(i) Since sgnz = —1 forz < 0, lim sgnx = lix;r)l —1=-1
— x—0~ x—0"

0 X .
(iii) Since lim sgnz # lim sgn, lim sgn « does not exist.
z—0— xz—0t x—0

(iv) Since |sgnz| = 1 for z # 0. limolsgnml = 1in%1 =1.
T— r—
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46. () lim f(z) = lim (4 - m2) = 1iI;1 4— 1i1121 z? (c) y
z—2- z—2- z—2- T2
4
=4-4=0 /
:cl—lgl+ f(m) - zl-l-gl“" (13 B 1) - ::1—1}?“‘ T a:l—lgl'*' 1 -2 a
0 2 x
=2-1=1 /
(b) No, lim2 f(z) does not exist since lir;l_ flz) # 1iI£l+ f(z).
41. (@) (i) 1'mﬁ_ limi‘_l: lim (z+1)=2 (©) y
- @ ' :c-l»l‘*' I$ - 1' - z—1+t x — 1 rz—1+ 21 /
z? -1 z? -1 .
i) lim —— = lim ————— = lim —(z+1) = —2
R o T By ey L B ) 0
\ . X
i ist since lim F lim F(x).
(b) No. il_'m1 F(z) does not exist since ml_lgl+ (z) # Jim (z) \
I 1 = 1 2 = 2 = b
48. (a) (i) zl_l.r(r)l+ h(z) zl_l)I(I)l_'_.’E 0 0 (b) y
(i) lim A(z) = lim = =0.s0 lir% h(z) = 0. 61
x—0— z—0— T—
4 L
PR, 2 g2
(111)il_rfllh(m):mltrr11w =1"=1 Z_Z
(iv) lim h(z) = lim 2> =22 =4 0, x
r—2~ Tz—2~ / 2
(v) ml_lg,]+ h(z) = zl_lglJr B8—-z)=8-2=6

(vi) Since lim h(x) # lim+ h(z), lin}z h(z) does not exist.
T—2~ T—2 z—

4. @) () [z] = -2for—2<z < —1,50 lim [z] = lim (-2)= -2

z—-—2+ z— -2+

(i) [z] = -3for -3 <z < —2.s0 i

T

m [z] = lim (—3) = —3. The right and left limits are different.

-2 T——2-

s0 lim2 [] does not exist.
T——

(iii) [z] = -3 for -3 <z < —2. s0 lin; . [zf] = lim (-3)= -3

rT——2.4

®) ()[z]=n—-1forn—1<z<n.so lim [z] = lim n-1)=n-1.

T—n— T—n"
(i) [t) = nforn <z <n+1.s0 lim [z] = lim n=n.
z—nt z—nt

(¢) lim [z] exists < @ isnotan integer.
T—a

22097

(b) (i) lim f(z) = zEr::— (z—[z]) = zEm_ t~(n-1))=n-(n- 1)=1

T—n—

50. (a)

(i) lim+ flz) = EE.T+ (z - [z]) = mET+ (x—n)=n-n=0

r—n

(©) lim f(z)exists < aisnotan integer.
r—a
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51. The graph of f(z) = [] + [—2] is the same as the graph of g(x) = —1 with holes at each integer. since f(a) = 0
for any integer a. Thus, liI;l f(z) =—-1and lim+ f(z) =-1.s0 lim2 f(z) = —1. However.
T2 z—2 z—

£(2) = [2)+[-2] = 2+ (=2) = 0.50 lim f(z) # f(2).

v—CT

2
. / v
52. lim (LU 1- = > = Lov/1 =1 = 0. As the velocity approaches the speed of light, the length approaches 0.

A left-hand limit is necessary since L is not defined for v > c.
53. Since p(x) is a polynomial, p(z) = ao + a1z + asx? + - - - + anz™. Thus, by the Limit Laws,
lim p(z) = lim (a0 + a1z + agz® + -+ anaz")

—ap + a1 lim z + az lim z° + - -+ + an lim z"
r—a T—a T—a

=ao + a1a + aza’ + - + ana” = p(a)

Thus. for any polynomial p. lim p(z) = p(a).

54. Letr(z) = p(z) where p(z) and g(z) are any polynomials, and suppose that q(a) # 0. Thus,

q(z)
lim p(x)
lim r(z) = lim I—;—Ei—; = %:'rfl—“—(m—) [Limit Law 5] = %EZ—; [Exercise 53] = r(a).

55. Observe that 0 < f(z) < 2 for all . and 1imO0 =0= liu}) z2. So, by the Squeeze Theorem, 1irr}) f(z)=0.
T— T— r—
56. Let f(z) = [z] and g(x) = —[z]. Then lin% f(z) and lim3 g(z) do not exist (Example 10) but
lim (f(z) + g(=)] = lim, ([=] - [z]) = lim 0 = 0.

57. Let f(z) = H(z) and g(x) = 1 — H(z). where H is the Heaviside function defined in Exercise 1.3.59.
Thus, either f or g is O for any value of z. Then 1'1m0 f(z) and lin}) g(z) do not exist, but
xr— xr—

lim [f(2)g(2)] = lim 0 = 0.

58. lim

V6—xz—2 — lim <\/6—x—2 \/6—z+2.\/3—x+1)
z~21/3—g;——1 —1:—>2

faoz-1 Vo-—z+2 V3-z+1

i (VG_w>2’22.\/3—m+1 _1im(6—x—4_\/3—m+1>
= am (V3-g)’ -12 Jo—z+2| =2\3-z-1 6-a+2
(2—1)(\/3—x+1)7hm\/3_—7c+1_1
2-2)(V6-z+2) =2v6-z+2 2

59. Since the denominator approaches 0 as z — —2, the limit will exist only if the numerator also approaches 0 as

& — —2. In order for this to happen, we need lim (322 +az+a+3)=0 &
T — —

3(=2)2 +a(-2)+a+3=0 & 12-2a+a+3=0 < a=15 Witha = 15, the limit becomes
3z% + 15¢ + 18 3z+2)(@+3) _ 1, 3(z+3) _3(-2+3) _ 3

lim &=————— = lim

= = -1
z——2 x24T —2 a2 (x—1)(z+2) =2—-2 -1 -2-1 -3
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60. Solution I: First, we find the coordinates of P and Q as functions of 7. Then we can find the equation of the line
determined by these two points. and thus find the z-intercept (the point R), and take the limit as r — 0.
The coordinates of P are (0, 7). The point Q is the point of intersection of the two circles 22 + y® = r? and
(z — 1) + y* = 1. Eliminating y from these equations. we get 7% — £ = | — (z-1? & rP=1+422-1
& = %rzA Substituting back into the equation of the shrinking circle to find the y-coordinate, we get

(%TQ)Q +P =1 o 2= r’(1-1r?) & y=r/1- 272 (the positive y-value). So the coordinates
of Q are (%rz’, ry/1— 372 ) The equation of the line joining P and Q is thus

1.2 .
ry/1— g7 T

y—r= T (z —0). We set y = 0 in order to find the z-intercept, and get

r = —r

1,2 —ip2 (,/1—1r2+1)
27 _ 2 4 _ 1.9 )
: =—— T =2(1-ir ).
r(,/l—zﬂ—l) 4

Now we take the limitas r — 07: lim z = lim 2(, /11— %rz + 1) = lim 2 (\/I+ 1) =4.

r—0+ r—0t+ r—0+
So the limiting position of R is the point (4, 0).

Solution 2: We add a few lines to the diagram. as shown. Note that ZPQS = 90° (subtended by diameter PS).
S0 ZSQR = 90° = ZOQT (subtended by diameter OT). It follows that 20QS = LTQR. Also

£LPSQ =90° — ZSPQ = ZORP. Since AQOS is isosceles. so is AQTR, implying that QT = TR. As the
circle Cs shrinks, the point Q plainly approaches the origin, so the point R must approach a point twice as far from
the origin as T', that is, the point (4, 0). as above.

y
P

2.4 The Precise Definition of a Limit

1. (a) To have 5z + 3 within a distance of 0.1 of 13, we must have 12.9 < 5z + 3 <131 = 99<5z<10.1
= 1.98 < z < 2.02. Thus,  must be within 0.02 units of 2 so that 5z + 3 is within 0.1 0f 13.
(b) Use 0.01 in place of 0.1 in part (a) to obtain 0.002.
2. (a) To have 6z — 1 within a distance of 0.01 of 29, we must have 2899 <6z-1<2901 =

29.99 < 6z < 30.01 = 4.9983 < z < 5.0016. Thus. z must be within 0.0016 units of 5 so that 6z — 1 is
within 0.01 of 29.

(b) As in part (a) with 0.001 in place of 0.01, we obtain 0.00016.
(c) As in part (a) with 0.0001 in place of 0.01, we obtain 0.000018.
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3.

VA F1-3|<05 & 25<viz+1<3.5 Weplotthe 4 W
three parts of this inequality on the same screen and identify the y=35

O CHAPTER2 LIMITS AND DERIVATIVES

On the left side of z = 2, we need |z — 2| < |32 — 2| = 2. On the right side, we need |z — 2| < ]1—30 -2 = 2
For both of these conditions to be satisfied at once. we need the more restrictive of the two to hold, that is,

lz—2| < %. So we can choose 6 = %. or any smaller positive number.

. On the left side. we need |z — 5| < |4 — 5| = 1. On the right side, we need |z — 5[ < |5.7 — 5| = 0.7. For both

conditions to be satisfied at once. we need the more restrictive condition to hold; that is, |z — 5| < 0.7. So we can

choose § = 0.7. or any smaller positive number.

. The leftmost question mark is the solution of 1/ = 1.6 and the rightmost. /T = 2.4. So the values are

1.62 = 2.56 and 2.42 = 5.76. On the left side, we need |& — 4| < |2.56 — 4| = 1.44. On the right side, we need
|z — 4] < |5.76 — 4] = 1.76. To satisfy both conditions., we need the more restrictive condition to hold — namely.

|z — 4| < 1.44. Thus, we can choose § = 1.44. or any smaller positive number.

A

. The left-hand question mark is the positive solution of z? = % thatis, x = 5. and the right-hand question mark is

the positive solution of 2 = % that is, x = \/g On the left side, we need |z — 1| < I—\}_ﬁ — 1’ ~ 0.292 (rounding

down to be safe). On the right side, we need |z — 1| < \\/g - 1} ~ 0.224. The more restrictive of these two

conditions must apply, so we choose § = 0.224 (or any smaller positive number).

z-coordinates of the points of intersection using the cursor. It appears

that the inequality holds for 1.3125 < x < 2.8125. Since y=25
|2 — 1.3125| = 0.6875 and |2 — 2.8125| = 0.8125. we choose 11 ) ) . 29
0 < 6 < min {0.687&0.8125} = 0.6875.

lsina: — %l <01 < 0.4<sinz < 0.6. From the graph, we see that for this inequality to hold. we need
0.42 < z < 0.64. So since 0.5 — 0.42| = 0.08 and |0.5 — 0.64| = 0.14, we choose
0 < § < min {0.08,0.14} = 0.08.

0.7

pa—
y=06 )

y=04

0.3 — 0.7
0.3
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3. Fore = 1. the definition of a limit requires that we find § such that | (4 + = — 32°) — 2| <1 &

10.

1.

1 <4+z -3z < 3 whenever 0 < |z — 1| < 6. If we plot the graphs of y = 1.y =4+ — 3z® andy = 3 on
the same screen. we see that we need 0.86 < z < 1.11. So since |1 — 0.86| = 0.14 and |1 — 1.11] = 0.11. we
choose 6 = 0.11 (or any smaller positive number). For ¢ = 0.1, we must find § such that

|(4+ T — 3w3) - 2| <01 & 19<4+z—32%<2.1 whenever0 < |z — 1] < 8. From the graph. we see
that we need 0.988 < z < 1.012. So since |1 — 0.988| = 0.012 and |1 — 1.012| = 0.012, we choose § = 0.012

(or any smaller positive number) for the inequality to hold.

4 22
( ) C
N y=3
y=1
OASOP L \ 1.2 0.981? 1.02

e® —

For e = 0.5. the definition of a limit requires that we find 6 such that

1—ll<0.5 <

e —1 *

< 1.5 whenever 0 < |z — 0| < §. If we plot the graphsof y = 0.5,y = e -1

0.5 <

.andy = 1.5 on the
same screen, we see that we need —1.59 < z < 0.76. So since |0 — (=1.59)| = 1.59 and |0 — 0.76] = 0.76, we

z oa—
choose § = 0.76 (or any smaller positive number). For € = 0.1. we must find § such that | €

1—1~<0.1 &

x_
0.9< &1

< 1.1 whenever 0 < |z — 0| < 8. From the graph. we see that we need —0.21 < z < 0.18. So since
|0 — (-0.21)] = 0.21 and [0 —0.18]
inequality to hold.

= 0.18. we choose § = 0.18 (or any smaller positive number) for the

sl 7

y=05
-2 L . . 2 -0.5
0
z
From the graph, we see that 5 T > 100 whenever 130

(@2 +1) (z - 1)
0.93 <z < 1.07. So since [1—-0.93| = 0.07 and

[1—1.07| = 0.07. we can take § — 0.07 (or any smaller positive
number).
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12. For M = 100. we need —0.0997 < z < 0 or 0 < = < 0.0997. Thus, we choose § = 0.0997 (or any smaller
positive number) so that if 0 < |z| < 8, then cot® z > 100.

200 y=cot’x

y=100 / \

=~—0.0997 0 =0.0997

For M = 1000. we need —0.0316 < < 0 or 0 < z < 0.0316. Thus, we choose 6 = 0.0316 (or any smaller
positive number) so that if 0 < |z| < 6. then cot? z > 1000.

2000

y = cot’x

y=1000

1 : : 0.1
~—0.0316 9 =0.0316

13. (a) A = nr®and A = 1000 cm® = ar? =1000 = =190 =
r=,/20  [r>0] ~17.8412cm.
(b) |[A—1000] <5 = —5<mr?-1000<5 = 1000 — 5 < wr? <10004+5 =
JEB << [BE o 177966 < < 178858 10 558~ 0.04466 and
/I [ 0.04455. So if the machinist gets the radivs within 0.0445 o of 17.8412. the area will be

within 5 cm? of 1000.

(c) z is the radius, f(x) is the area, a is the target radius given in part (a), L is the target area (1000), € is the
tolerance in the area (5). and 6 is the tolerance in the radius given in part (b).

14. (a) T = 0.1w? + 2.155w + 20 and T = 200 = 202 (°C)
0.1w? + 2.155w + 20 = 200 = [by the quadratic formula or | T =201 /
from the graph] w = 33.0 watts (w > 0)

32.5 / — 335

198 (watts)

(b) From the graph. 199 < T<201 = 3289<w< 33.11.
(¢) z is the input power, f (z) is the temperature. a is the target input power given in part (a), L is the target
temperature (200). € is the tolerance in the temperature (1), and § is the tolerance in the power input in watts

indicated in part (b) (0.11 watts).
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15. Given e > 0, we need 6 > 0 such that if 0 < |z — 1| < &. then 5+;’ y=2x+3
|(2z+3) =5|<e But|2r+3)-5|<e & [2z-2|<e 5-2--

& 2[z-1l<e & |z—1]<e/2 Soif wechoose § = e/2,
then0 < |z 1| <6 = |(2z+3)—5|<e. Thus,

lim (2z + 3) = 5 by the definition of a limit.

rz—1

1- +6
16. Given & > 0. we need 6 > 0 such that if 0 < |z — (—2)] < 8. then y
|(Go+3)—2) < Bu|(le43) -2 <e 2/
- +e
32+1<e & Lllz+2<e & |z-(-2)|< 2. Soif ,{
we choose 6 = 2e.then 0 < |z — (-2)| < § = y=7x+3 \2—8
l(%x +3) — 2| <e. Thus, lim (37 + 3) = 2 by the definition of a .
T——2 _‘2 0 X
limit. -2-686 -2+96
17. Given € > 0, we need & > 0 such that if 0 < |z — (—=3)| < 6. then .VT
y=1-4x 13+¢
I(1-4z) 13| <e. But|(1-4z) — 13| <e & ) N—113
13—
[—4z-12<e & |-4[lz+3]<e & |- (-3)<e/a ¢
Soif we choose § = £/4, then 0 < |z — (=3)<é =
[(1 —4z) — 13| < e. Thus, li1n3(1 — 4x) = 13 by the definition of
a limit.
3 o\ x
-3-5 3+
18. Given e > 0, we need 6 > 0 such that if 0 < |z — 4| < 6. then y
(7 —3z) — (-5)| <. But [(7-3z) - (-5)|<e « 73
y=7-3x
[-3z4+ 12| <e & =3 |lz—4]<e & |z —4] < e/3. So
ifwechoose6=€/3.then0<|a:—4[<6 = 4-5
[(7 = 3z) — (=5)| < . Thus. lim (7 — 3z) = —5 by the definition \4 4+
T—4 =/ _
of a limit. 0 *
—5+a\
-5
-5-&

x

19.Givene>0,weneed6>()suchthatif0<[m—3]<(5.then 5—g'<5 e tz-3l<e &

|x—3]<55.Socho<>se6:55.Then0<lx_3’<6 S Jz-3<be = l:v—3]<6

5 =

3
g - g’ < €. By the definition of a limit, zlg% = g
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4

20. Given ¢ > 0, we need § > 0 such that if 0 < |z — 6] < &, then [(£+3) — 3| <e & [§-3|<e &

21.

23.

24,

25.

26.

21.

28.

29.

30.

ilz—6l<e & |z — 6] < 4e. Sochoose § =4e. Then 0 < |z — 6| < § = |z -6/ <4e =
=6
4

x

= |2-8<e = [(2+3) -3 <e By thedefinition of a limit. lim (§ +3) = 3.
z—6

Given e > 0. we need 6 > 0 such that if 0 < |z — (—=5)| < é.then |(4 — 32) = 7| <e &
|-3z-3|<e & r+5l<e & |z — (~5)| < 2e. Sochoose § = 3e. Then |z — (=5)| <6 =

|(4— 2z) — 7| <e. Thus. im_ (4 — 2z) = 7 by the definition of a limit.

. ) " 2?2+ —12 . .
. Given e > 0, we need § > 0 such that if 0 < |z — 3| < 6. then ————3———7 < e. Notice that if 0 < |z — 3.
2
zé+x—12 4)(xz -3
then z # 3. so z = (z+d)@=3) _ z + 4. Thus. when 0 < |z — 3|. we have
x—3 x—3
2 +x—12
—-xi-'i__? <e & |(z+4)-T<e & |m~3|<5.Wetak66:sandseethat0<|x~3|<6
2+ z—12 a® +z—12
——————7~<€. By the definition of a limit. lim ————— =T.
z—3 z—-3  x—3

Given e > 0. we need § > 0 such that if 0 < |z — a| < 6. then |z — a| < &. Soé = e will work.

Given e > 0. we need 8 > 0 such that if 0 < |z — a| < é. then [c — ¢| < e. But |c — ¢| = 0. so this will be true no
matter what 6 we pick.

Given e > 0. we need § > 0 such that if 0 < |z — 0] < 6. then |e* -0l <e & 22 <e < |x| <€ Take
§=yE Then0<|z—-0[<é6 = |z — 0| < e. Thus. linhxz = 0 by the definition of a limit.

Given & > 0. we need § > 0 such that if 0 < |z — 0] < 6. then |x3 -0l<e & lz®P <e & |z|< Ie.
Take § = ¢/e. Then 0 < |z — 0] <6 = ].7:3 -0| < 8% = ¢. Thus, 1in})m3 = 0 by the definition of a limit.

Given e > 0. we need § > 0 such that if 0 < [z — 0] < 6, then ||z| = 0] < e. But ||z|| = |x]. So this is true if we
pick 6 = €. Thus. lin}) || = 0 by the definition of a limit.

Givens>0,weneed6>Osuchthatif9—5<cc<9.then|\4/9— -0l<e & Y9—z<e &
9g-—z<e* & 9_et<x<9 Sotake§ =e*. Then9 —6 <z <9 = l\4/9—m—0|<5.Thus.
lim /9 — z = 0 by the definition of a limit.

z—9~

Given e > 0. we need § > 0 such that if 0 < |z — 2| < 6, then |(z* — 4z + 5) -1l<e &
‘12;4;34_4' <e & l(m~2)2‘ < Sotake § = /2. Then0 < [z —2| <6 e -2l < Ve &
|(z — 2)?| < e Thus, lim (2 — 4z + 5) = 1 by the definition of a limit.

o

Givene>0,weneed§>()suchthatif0<\w~3\<6,then|(12+x—4)—8\<s & |P+z-12[<e
& l(z‘B)(m+4)[<5.N0ticethatif|mf3|<1.then*1<r—3<1 =

6<z+4<8 = |x+4\<8.Sotake6:min{1,5/8}.ThenO<|x—3l<5 &

l(z —3)(z+4)| < |8(z — 3)| =8 |z — 3| <88 < e. Thus. }:1313 (2 +z— 4) = 8 by the definition of a limit.
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Given e > 0. we need 6 > 0 such that if 0 < |z — (—2)| < 6. then |(z* — 1) — 3| < & or upon simplifying we
need ’12 — 4| < e whenever 0 < |z + 2| < 6. Notice that iflz+2/<lthen-1<z+2<1 =
—5<z-2<-3 = |z-2/<5 Sotake§ =min{e/5,1}. Then0 < |z 42| < § = |z — 2| < 5and
|z +2[ <e/bso|(z® 1) =3 =|(z+2)(z ~ 2)| = |o + 2| |z — 2| < (e/5)(5) = e. Thus. by the definition

of alimit. lim (z°—1) =3.
Tx——2

Given e > 0. we need § > 0 such that if 0 < |z — 2| < 6. then |z® — 8] < €. Now
|2° — 8| = (& = 2)(2® + 22 + 4)|- If | — 2| < L. thatis. 1 < z < 3. then 2 + 22 + 4 < 32 +2(3)+4=19
and so [2® — 8| = [z — 2] (2®+2z+4) <19]z—2|. So if we take § = min {1, 5}, then

0<]z—-2/<6 = |[2%- 8| = |z -2 (z® + 2z +4) < 519 = &. Thus. by the definition of a limit.

lim 2® = 8.
z—2
Givenz—:>0.welet6:min{2,§}.If0<]x—3[<6.then|m-3|<2 > -2<z-3<2 =

4<z+3<8 = |ac+3|<8.Also|a:—3]<%.so]w2—9|:|$+3

z—3| <85 =e. Thus,

lim 22 = 9.
z—3
From the figure. our choices for § are §; = 3 — V9 — e and Y
62 = V9 +¢€ — 3. The largest possible choice for § is the minimum ? +S

9-¢
value of {61, 82}; that is, § = min{é; . 82} =62=+9+F¢c-3.

y=x
0 /3‘\ X
V-& o+e
(a) The points of intersection in the graph are (z1,2.6) and (2, 3.4) 4 7
with 21 &~ 0.891 and 2 ~ 1.093. Thus. we can take § to be the 3 /

smallerof 1 — z; and x5 — 1. S0 § = z2 — 1 =~ 0.093. /

L ;
L 1

-1

(b) Solvinga® 4+ z+1=3 + € gives us two nonreal complex roots and one real root. which is

(216 + 108¢ + 121/336 + 324¢ 1 812 ) > _ 12
z(e) = 773 Thus. 6 = z(e) — 1.
6 (216 + 108e + 121/336 + 324z + 81¢2 )

(c) If e = 0.4, then z(e) ~ 1.093272342 and § — z(e) — 1 ~ 0.093, which agrees with our answer in part (a).
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1. Guessing a value for & Lete > 0 be given. We have to find a number 6 > 0 such that

1 1
— — =| < € whenever
r 2

1 1| _[2-=z|_|z=2 1
0<|z—-2/<é6. But|——-|= A iti —_—
| | - 2‘ ‘ 5 oAl < &. We find a positive constant C such that 2] <C =
|z — 2| . £ : .
2] < C'|x — 2| and we can make C' |z — 2| < ¢ by taking |z — 2| < C= 6. We restrict z to lie in the

. 1 1 1 1 1 1 1
interval |z — 2| <1 = 1<z<3s01l>=->- = < ~-<7; = 57<35 ==

o =2 2”3 6 <2 <2 |22] < SoC =3

suitable. Thus. we should choose § = min {1,2¢}.
2. Showing that 6§ works ~ Given e > 0 we let6 = min {1,2}. If0 < |z — 2| < §,then [z — 2| <1 =
1| _le—2 _1

5 — 2] 5 - 2¢ = &. This shows

1 1
l<z<3 = — < - (asinpartl). Also|z — 2| <2e.s0 1_
|2z] 2 z

that ;Lnlz(l/x) =1

1. Guessing a value for 6 ~ Given & > 0, we must find 6 > 0 such that |/z — v/a| < € whenever
0< |z—a| <& But|yz—+a|= \/|§ f}_ < ¢ (from the hint). Now if we can find a positive constant C' such
|z — al |z —

a < &. and we take |z — a| < Ce. We can find this number by

VT +/a C

restricting z to lie in some interval centered at a. If |z — a| < a.then —%a <z—a< %a = ia<z< %a

that v/ + /a > C then

= JT++a>/3a++aandsoC = 1a+ \/ais a suitable choice for the constant. So

|z —a| < <\/Ta + \/_)5 This suggests that we let 6 = mln{ (\/——a + \/—> }

2. Showing that 6 works ~ Given g > 0, we leté—mln{ (,/-a-{—\/—) } If0 < |z —a| < . then
|z —al < ia = \/5+\/5>\/%a+\/ﬁ(asinpartl).AIso\w—a]<(\/%a+\/a>5.so

e (VaP2+a)e

z—+a|l=—F———7< — ¢. Therefore, lim /Z = +/a by the definition of a limit.
|\/_ \/_l \/E + ﬁ (\/E/—2 + \/5) T—a

Suppose that lir% H(t) = L. Givene = 3. there exists 6 > 0 suchthat 0 < [t| <& = [H(t) — L[ < I e
t—

L—%<H(t)<L—|—%.For0<t<(5,H(t):1,301<L+% = L>%.For—6<t<0.H(t):0.so

L-1<0 = L< 1. This contradicts L > 1. Therefore, %ir% H (t) does not exist.

Suppose that lim f(z) = L. Given & = 3, there exists § > 0 suchthat0 < |z| <8 = |f(z)—LI< 1. Take

any rational number 7 with 0 < |r| < é. Then f(r)=0.5010—L| < 3,50 L < |L| < 1. Now take any irrational
number s with 0 < |s| < 6. Then f(s) = 1.s0 |1 —L| < 3 Hence.1—L <3 1 so L > 3. This contradicts

L < 3,50 ll_g}] f(x) does not exist.
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40. First suppose that lim f(z) = L. Then, given ¢ > 0 there exists § > 0 so that 0 < lt—al<b§ =

a.

42.

|f(z) —L|<e.Thena—6<z<a = 0<|z—a|<é&so|f(z)—L|<e. Thus. lim f(z) = L. Also

Tz—a~

a<z<a+é = 0<|z—a|l<8so|f(z)—L|<e Hence, lim f(x)=L.

Tr—a

Now suppose lim f(z) =L = hm f(z). Lete > 0 be given. Since lim f(z) = L. there exists §; > 0 so

T—a~ z—at T—a~

thata — 61 <z <a = |f(z) - L| <e. Since hm f(z) = L. there exists 62 > O sothata < z < a + 6,

= |f(w)—L|<e.Let6bethesmaller0f§1andﬁg.ThenO<]m—al<6 = a-61<z<aor

a<z<a+bzs0|f(z) - L| <e. Hence, lim f(z) = L. So we have proved that lim f(z) = L &

lim f(z)=L= hm f(z).

1 . 1 1 1
- . —_— & < ——r— & - (-3) < =
@+3) 10000 & (z+43)" < s l2+31 < Z5550 [z = (=3 <15
1
Given M > 0. we need 6 > Osuchthat 0 < |z + 3| < § = 1/(z+3)* > M. Nowm >M o
(x+3)* < ! & |r+3] < —=.Sotake § = 1 Then0 < |z +3| < § = L =
M \/M VM VM
1 1
—_— lim — .
@13y > M, Sow—1>m3(x~|—3) =00
- Given M < 0 we need § > 0 so that Inz < M whenever 0 <z < 8:thatis. z = ™% < &M whenever 0 < z < 4.
This suggests that we take § = e™  If 0 < z < e™ . then Inz <IneM = M. By the definition of a limit,
lim Inz = —o0.
z—0+

- (a) Let M be given. Since lim f(z) = oo, there exists 61> 0Osuchthat0 < |z —a| < 6§; =

T—a

f(x) > M+ 1 — c. Since ii_rgg(z) = c. there exists 6 > 0 such that 0 < |z — al <8 = |g(z)—c <1
= g(z) > ¢~ 1. Let § be the smaller of &, and 5. Then 0 <lt—a|<b§ =
fl@)+g(z) > (M+1-¢)+ (c— 1) = M. Thus, ,}lir; [f(z) + g(x)] = o0
(b) Let M > 0 be given. Since xh_rg g(z) = ¢ > 0, there exists §; > 0 such that0 < [z —a| < 6, =
lg(x) —cl <c/2 = g(z)> ¢/2. Since zh_r'r}1 f(z) = oo. there exists 6, > 0 such that 0 < |z — a| < 6,

= f(x)>2M/c.Let6:min{61,62}.Then0<lx—a|<6 = f(z)g (z)>%4g—M SO

lim f(z) g(a) =

(c) Let N < 0 be given. Since lim 9(x) = ¢ < 0. there exists §; > 0 such that 0 <l|lt—al<éb =

T—a

lg(x) —c| < —¢/2 = g(x) < ¢/2. Since Iim f(x) oo. there exists 62 > 0 such that 0 < |z — al < 62

= f(z) >2N/c. (Note thatc < Qand N < 0 = 2N/c > 0.) Let § = min {6, 62}. Then

O0<l|lz—a|<é = f(x) >2N/c = f(x)g(t)<&-——N sohmf(:z:)g(w)——
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2.5 Continuity

1. From Definition 1. Iinif(x) = f(4).

2. The graph of f has no hole, jump. or vertical asymptote.

3. (a) The following are the numbers at which f is discontinuous and the type of discontinuity at that number:
—4 (removable), —2 (jump), 2 (jump), 4 (infinite).

(b) f is continuous from the left at —2 since 1in;_ f(x) = f(—2). f is continuous from the right at 2 and 4 since
1iI£l+ f(z) = f(2)and 1iI;l+ f(z) = f(4). Itis continuous from neither side at —4 since f(—4) is undefined.

4. g is continuous on [—4, —2), (=2,2). [2,4), (4,6). and (6,8).

5. The graph of y = f(x) must have a discontinuity 6. y
at z = 3 and must show that lim f(z) = f(3). .
z—37
y . —
—t—++ 0 \.2\‘0/ +—+ x
1. (a) (in dolii(:':; (b) There are discontinuities at times t = 1,2,3.and 4. A
oe person parking in the lot would want to keep in mind
o-e that the charge will jump at the beginning of each hour.
o—e
l llllllll 3
o1 Time

(in hours)
8. (a) Continuous; at the location in question, the temperature changes smoothly as time passes, without any
instantaneous jumps from one temperature to another.
(b) Continuous; the temperature at a specific time changes smoothly as the distance due west from New York City
increases. without any instantaneous jumps.

(c) Discontinuous; as the distance due west from New York City increases, the altitude above sea level may jump
from one height to another without going through all of the intermediate values —ata cliff, for example.

(d) Discontinuous: as the distance traveled increases, the cost of the ride jumps in small increments.

(e) Discontinuous; when the lights are switched on (or off ). the current suddenly changes between 0 and some
nonzero value, without passing through all of the intermediate values. This is debatable, though. depending on

your definition of current.
9. Since f and g are continuous functions,
il}g 2f(z) — g(x)] =2 illg fz) — iﬁ g(x) [by Limit Laws 2 and 3]
=2f(3) — g(3) [by continuity of f and g at z = 3]
=2.5-g(3) =10 - g(3)
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Since it is given that ling [2f(z) — g(x)] = 4. we have 10 — g(3) = 4. 50 g(3) = 6.

lim f(2) = lim (2% +V7=2) = lm2® + [lim7—Tmz =42+ V7-1=16 +v3 = f(4).

r—4

By the definition of continuity, f is continuous at a = 4.

4
lim f(z)= lim (z+22°)" = ( lim z+2 lim $3> = [-1+2(-1)°]" = (=3)* =81 = f(~1).

By the definition of continuity, f is continuous at @ = —1.
lim z + lim 1

= = = =-—==y9(4).8 continuous at 4.

Img(@)=lim o5 —1=3 limo? —Tim1 ~ 2(4)2 —1 31 9(4)- So g is continuou
2% +3 lim (2z + 3) 2lim z + lim 3

. i ) = li — = I Limit Law 5] = ——2 e

Fora > 2. we have alcl—rng(‘T) zh—r»liz x—2 lim (z — 2) [Limit Law 5] lim z — lim 2
2a+3

[1,2,and 3] = [7and 8] = f(a). Thus, f is continuous at z = a for every a in (2, 00); that is, f is
a—

continuous on (2, c0).
Fora < 3, we have lim g(z) = lim 23—z = 2 lim V3 —=z [LimitLaw 3] =2 /lim B-=z) [I11]
=2 /lim3-limz [2] =2y3—a [Jand8] = g(a). so g is continuous at z = a for every a in

r—a r—a

(—00,3). Also, lim g(z)=0= g(3). so g is continuous from the left at 3. Thus. g is continuous on (—oo, 3].
z—3~

f(z) = In|z — 2| is discontinuous at 2 since f(2) = In0is not y ix=2
defined. '

1/(z~1) ifz#1
flz) = ] is discontinuous at 1 because
2 ifz=1

lim1 f(x) does not exist.
Tr—

e ifr<o0
f(w):{2

¢ ifx>0

The left-hand limit of f ata = 0is lim f(x) = lim e® =1. The

z—0~ z—0—

right-hand limit of f ata = 0 is Iim+ f(z) = lim 2% = 0. Since
x—0 z—0+

these limits are not equal, lin}) f(z) does not exist and f is
ZT—

discontinuous at 0.
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2
- —x
if
8 )= 2-1 TP ,
1 if £=1 5
2 i
. Tt z(z — 1) : =1
lim f(z) = lim = lim ——~— = T ; Y
lim f(=) = lIm o = M G D@ - 1) R pe——
. T 1 i /1o x
= lim —— = =, :
z—1x+1 2 ;
but f(1) = 1. so f is discontinous at 1. x=-1
2
¢ —x—12 .
- if -3 z—4 if x# -3
19, f(z) ={ «+3 z7 :{ ; 7 y
_5 for=_3 (o fz=-3 /.
So wl_ﬂr%f(w) = Il_1+1r~13(:c —4)=—7and f(-3) = —5.
Since lim3 f(z) # f(—3), [ is discontinuous at —3.
T——
2. f(z) 14+2® ifz<l
. f(z) =
4-z ifz>1 Y
: . 2 ) (1.3)
lim f(z)= lim (1+2°)=1+1"=2and
r—1" z—1"
lim f(z)= lim (4—z)=4-1=3. ,/‘)”)
z—1T1 z—1t X
Thus, f is discontinuous at 1 because lim1 f(z) does not exist. o1 AN
Jraia

. F(z) = ;2—_*_%?3- is a rational function. So by Theorem 5 (or Theorem 7), F" is continuous at every number in
its domain. { | 22 +52+6#0) ={z|(z+3)(z+2) #£0}={z|z# -3 —2}or
(—00, —3)U(-3.-2)U (=2, 00).

22. By Theorem 7, the root function ¢/z and the polynomial function 1 + z® are continuous on R. By part 4 of
Theorem 4. the product G(z) = ¢/z (1 + z°) is continuous on its domain, R.

23. By Theorem 5. the polynomials 22 and 2 — 1 are continuous on (—oo, 00). By Theorem 7, the root function \/z is
continuous on [0, c0). By Theorem 9. the composite function v/2z — 1 is continuous on its domain, [%, 00). By
part 1 of Theorem 4. the sum R(z) = x* + +/2x — 1 is continuous on (3, 00).

24. By Theorem 7. the trigonometric function sin z and the polynomial function z + 1 are continuous on R. By part 5
of Theorem 4. h (x) = 5111:1 is continuous on its domain, {z | © # —1}.

x

25. By Theorem 5. the polynomial 5z is continuous on (—00, 00). By Theorems 9 and 7. sin 5z is continuous on
(—00, 00). By Theorem 7. €” is continuous on (—00, 00). By part 4 of Theorem 4, the product of €” and sin 5z is
continuous at all numbers which are in both of their domains, that is, on (—00, 00).

26. By Theorem 5, the polynomial 22 — 1 is continuous on (—o0, 00). By Theorem 7, sin~! is continuous on its

domain, [—1, 1]. By Theorem 9. sin~!(z® — 1) is continuous on its domain, which is

{z|71§x2~1§1}:{xl0§m2§2}:{xilrlgﬁ}:[‘\/is\/_é}
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By Theorem 5. the polynomial t* — 1 is continuous on (—oo, 00). By Theorem 7, In z is continuous on its
domain, (0, c0). By Theorem 9. In(t* — 1) is continuous on its domain. which is
{t1t*—1>0 = {t|t*>1} ={t][t| > 1} = (o0, —1) U (1, 00).

By Theorem 7. /z is continuous on [0, o). By Theorems 7 and 9. eV is continuous on [0, 00). Also by

Theorems 7 and 9, cos (eﬁ) is continuous on [0, co).

1 Lo .
The function y = Trei/z discontinuous at z = 0 because the ( —

left- and right-hand limits at z = ( are different.

The function y = tan® z is discontinuous at z = 5 + k. where k is 6

any integer. The function y = ln(tan2 :c) is also discontinuous where

tan® z is 0. that is, at z = 7k. So Y= ln(tan2 x) is discontinuous at -27

z = Zn.n any integer.

-6

Because we are dealing with root functions, 5 + V/Z is continuous on [0, 00). vz 45 is continuous on [—5, 00). $0

the quotient f(z) = f/—;%i is continuous on [0, 00). Since £ is continuous at z = 4. lin}1 flz) = f(4) = %
z z—

Because z is continuous on R, sin z is continuous on R. and z + sinz is continuous on R, the composite function
f(z) = sin(z + sin z) is continuous on R, so lim f(@) = f(7) =sin(r 4 sin7) = sint = 0.
T—T

. . . 4 2_, . .

Because z° — z is continuous on R. the composite function f(z) = e~ is continuous on R. so
limlf(.'):) =f(l)=e'""t=¢"=1.

2

Because arctan is a continuous function, we can apply Theorem 8.
2
. z° -4\ (2 +2)(xz-2) ) 2
1111"1'% arctan <m> = arctan (hm m = arctan | lim ? = arctan 3 ~ 0.588

T—2 x—2
z? if r<1
f(z) =

vz o ifz>1
By Theorem 5. since f(z) equals the polynomial z2 on (—oo, 1). f is continuous on (—oo, 1). By Theorem 7.
since f(x) equals the root function v/z on (1.00). f is continuous on (1. 00). Atz =1,

lir? flz) = lir? z? = 1and linlq+ flz) = lim+ vz = 1. Thus, lirr} f(z) exists and equals 1. Also,
z—1" x—1— T— T—1 =

f(1) = V1 = 1. Thus. f is continuous at  — 1. We conclude that f is continuous on (—00, 00).
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sinz if z <7/4

cost if x> m/4

By Theorem 7. the trigonometric functions are continuous. Since f(z) = sin on (—oco,/4) and f(z) =coszon

(m/4,00), f is continuous on (—oo, 7 /4) U (7/4, 00). 1(1151 ) f(z)= lim sinz=sinf§ = 1/+/2 since
z—(7/4)~ z—(mw/4)”

the sine function is continuous at 7/4. Similarly, lim f(z) = lim cosz = 1/4/2 by continuity of the
z—(n/4)t z—(m/4)t

cosine function at /4. Thus, lim " f(z) exists and equals 1/+/2, which agrees with the value f(m/4).

z—(7/

Therefore, f is continuous at 7/4, so f is continuous on (—00, 00).

1+a®> if2<0 ’
flz)=<2—-=x if0<z<2 0,2)
(x—2)° ifz>2 ©,1)
f is continuous on (—00,0), (0,2). and (2, 00) since it is a polynomial on 0' (2.0) x

each of these intervals. Now lim f(z) = lim (1+z*)=1and
z—0~ z—0~
lim+ f(z) = lirn+(2 — ) = 2, so f is discontinuous at 0. Since f(0) = 1. f is continuous from the left at 0.
z—0 z—0
Also, lim f(z) = lim (2—-x)=0, 1im+ f(z) = lim+(m —2)2=0,and f(2) = 0, so f is continuous at 2.
T—27 T—27 r—2 z—2

The only number at which f is discontinuous is 0.

z+1 if z <1

flz) =4 1/z ifl<z<3 W
Vz—3 ifz>3 (1.2)
f is continuous on (—o0, 1), (1,3), and (3, o0). where it is a polynomial, a (3,%)
rational function, and a composite of a root function with a polynomial, (@1 >
respectively. Now zllr{l_ flz)= Il_lgl_ (x +1) =2and 0 (3.0 *

lim f(z)= lim (1/z) = 1,so f isdiscontinuous at 1.
z—1t z—1t
Since f(1) = 2. f is continuous from the left at 1. Also. lim f(z) = lil;l (1/z) = 1/3. and
x—37 rz—37
lim f(z) = lim vz —3=0=f(3).s0fis discontinuous at 3, but it is continuous from the right at 3.
z—3t z—37t

r+2 ifz<0 iy

(Le)
fl@)=1¢€ fo<z<1 @m//
2—z ifz>1 % ¢

AN
G

f is continuous on (—o0,0) and (1, 00) since on each of these intervals it is / 0

a polynomial; it is continuous on (0, 1) since it is an exponential. Now

lim f(z) = lim (z+2)=2and lim f(z) = lim e” = 1,50 fis
z—0~ z—0~ z—0t z—0t

discontinuous at 0. Since £(0) = 1, f is continuous from the right at 0. Also lim f(z) = lim e =eand

z—1~" z—1~

lim f(z) = lim (2—xz)=1s0f1is discontinuous at 1. Since f(1) = e, f is continuous from the left at 1.
z—1t z—1t
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40. By Theorem 5, each piece of F is continuous on its domain. We need to check for continuity at 7 = R.
. . GMr GM . .. GM GM . _GM .
SR F = I e = T and g, PO = lim, =5 = o Jim Fr) = g Sinee

F(R) = C;Z . Fis continuous at R. Therefore, F' is a continuous function of 7.
41. f is continuous on (—o0, 3) and (3, 00). Now lir;l_ f(z) = lirél_ (cx+1) =3c+ 1and
lim f(z)= lim (cz®—1) =9c—1.So fiscontinuous < 3c+1=9c—-1 & 6c=2 & c= 3.
z—3t r—3+

Thus, for f to be continuous on (—00,00). ¢ = 1.

42. The functions z° — ¢? and cz + 20. considered on the intervals (—00.4) and [4, co) respectively. are continuous
for any value of c. So the only possible discontinuity is at z = 4. For the function to be continuous at z = 4. the

left-hand and right-hand limits must be the same. Now lim g(z) = liril (m2 — c2) =16 — ¢ and
T—4~ Tx—4~

lim g(z) = lim (cx+20) =4c+20=g(4). Thus. 16 —c®* =4c+20 < A +4dc+4=0 <

z—4t z—4t
c=—-2.
2 — — -_—
43. (a) f(z) = z . —%02 8 _ (2 ;)_ia;-{_ 2) has a removable discontinuity at —2 because g(z) = = — 4 is
continuous on R and f(z) = g(x) for £ # —2. [The discontinuity is removed by defining f(—2) = —6.]
() f(z) = |z — ;l = lim f(z) = —1and lim+ f(z) = 1. Thus, lim7 f(x) does not exist, so the
- T—T7" z—T7 z—

discontinuity is not removable. (It is a jump discontinuity.)

3 2
_x°+64  (z+4)(z* -4z +16)
© fle) = T+4 z+4
g(z) = 2* — 4z + 16 is continuous on R and f(@) = g(z) for z # —4. [The discontinuity is removed by
defining f(—4) = 48,

has a removable discontinuity at —4 because

3- 3 - . -
@ f(z) = 5 _\f = G- \/E)(\iS/i %) has a removable discontinuity at 9 because g(z) = 3 +1\/5 is
continuous on R and f(z) = g(z) for z # 9. [The discontinuity is removed by defining f(9) = é.]

44

ol o025 | x of o025 1 x
f does not satisfy the conclusion of the f does satisfy the conclusion of the
Intermediate Value Theorem. Intermediate Value Theorem.

85. f(x) = «® — 2® + z is continuous on the interval [2.3]. f(2) = 6.and f(3) = 21. Since 6 < 10 < 21. there is a
number c in (2, 3) such that f(c) = 10 by the Intermediate Value Theorem.

46. f(z) = z* is continuous on the interval [1.2]. f(1) = 1.and f(2) = 4. Since 1 < 2 < 4. there is a number c in
(1,2) such that f(c) = ¢ = 2 by the Intermediate Value Theorem.
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f(z) = z* + 2 — 3 is continuous on the interval [1,2], f(1) = —1, and f(2) = 15. Since —1 < 0 < 15, there is a
number ¢ in (1, 2) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation
z* 4+ 2 — 3 = 0in the interval (1, 2).

. f(x) = ¥z + x — 1 is continuous on the interval [0, 1], f(0) = —1, and f(1) = 1. Since —1 < 0 < 1, thereis a

number ¢ in (0, 1) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a root of the equation

¥z +x—1=0,0r ¥z =1-z, intheinterval (0,1).

f(z) = cosz — z is continuous on the interval [0,1]. f(0) = 1, and f(1) = cos1 — 1 ~ —0.46. Since

—0.46 < 0 < 1. there is a number c in (0, 1) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is
a root of the equation cos x — = = 0, or cos z = z. in the interval (0, 1).

. f(x) =Inz — e~ is continuous on the interval [1,2], f(1) = —e™' ~ —0.37.and f(2) = In2 — e~* ~ 0.56.

Since —0.37 < 0 < 0.56. there is a number c in (1, 2) such that f(c) = 0 by the Intermediate Value Theorem.

Thus. there is a root of the equation Inz — e~ = 0, or Inz = e~ %, in the interval (1,2).

(a) f(z) = €% + z — 2 is continuous on the interval [0, 1], f(0) = —1 < 0.and f(1) =e -1~ 1.72> 0. Since
—1 < 0 < 1.72, there is a number ¢ in (0, 1) such that f(c) = 0 by the Intermediate Value Theorem. Thus,

there is a root of the equation e® + z — 2 = 0. or e = 2 — z, in the interval (0, 1).

(b) £(0.44) =~ —0.007 < 0 and f(0.45) ~ 0.018 > 0, so there is a root between 0.44 and 0.45.

(a) f(z) = 2° — 2 + 2z + 3 is continuous on [~1,0], f(—1) = -1 <0, and f(0) =3 > 0. Since —1 < 0 < 3,
there is a number ¢ in (—1, 0) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there is a root of
the equation z° — 2 + 2z + 3 = 0 in the interval (—1,0).

(b) £(—0.88) ~ —0.062 < 0 and f(—0.87) ~ 0.0047 > 0. so there is a root between —0.88 and —0.87.

(a) Let f(z) = 2° —2® — 4. Then f(1) = 1° — 1> =4 = -4 < Oand f(2) = 25 — 22 — 4 =24 > 0. Soby the
Intermediate Value Theorem, there is a number c in (1,2) such that f(c) = S - —-4=0.

(b) We can see from the graphs that, correct to three decimal places, the root is ¢ ~ 1.434.
25 L5

If/ JZ 1.4L JLS

-10 -0.5
54. (a) Let f(z) = vz — 5 — —% Then f(5) = —% < 0and f(6) = § > 0.and f is continuous on [5,00). So by
x
the Intermediate Value Theorem. there is a number c in (5,6) such that f(c) = 0. This implies that
! =+c—5.
c+3

(b) Using the intersect feature of the graphing device, we find

that the root of the equation is z = 5.016, correct to three r / =x—5 1

decimal places. -

5 . L . 5.1
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(=) If f is continuous at a, then by Theorem 8 with g(h) = a + h, we have
lim f(a+h) = f(lim (a+h)) = f(a),
(<) Lete > 0. Since lim f(a+ h) = f(a). there exists § > Osuchthat 0 < |h| <6 =
h—0

|f(a+h) = f(a)] <e. Soif0 < |z —a| <é.then |f(z) — f(a)| = |f(a+ (z — a)) — f(a)| <e.

Thus, lim f(z) = f(a) and so f is continuous at a.
T—a

lim sin(a + h) = lim (sinacosh + cosasin k) = lim (sinacosh) + lim (cos asin h)
h—0 h—0 h—0 h—0

= (lim sin a) (lim cos h) + (lim cos a) (lim sin h)
h—0 h—0 h=0 h—0
= (sina)(1) + (cosa)(0) = sina
As in the previous exercise, we must show that }lLiné cos(a + h) = cosa to prove that the cosine function is

continuous. . . .
lim cos(a + h) = lim (cosacos h — sin asin h)
h—0 h—0

= lim (cosacosh) — lim (sinasin h)
h—0 h—0

-t ) () - i) (i)
= (cosa)(1) — (sina)(0) = cosa

(a) Since f is continuous at a. lim f(z) = f(a). Thus, using the Constant Multiple Law of Limits, we have

r—a

lim (ef )(z) = lim cf(x) =c 11_1'1}1 f(z) = cf(a) = (cf )(a). Therefore. cf is continuous at a.

(b) Since f and g are continuous at a. lim f(z) = f(a) and lim g(z) = g(a). Since g(a) # 0, we can use the

. mits: tim (£ ) (2) — 1 £@ _ 2@ @)y ! con
Quotient Law of Limits: 711_1)1}1 <§> (z) = Ill_r)rcx1 g_(:c_) = W = g_(cJ = <§> (a). Thus, P is continuous

at a.

0 if z is rational ) ) )
flz) = o 1s continuous nowhere. For, given any number a and any 6 > 0, the interval
1 if z is irrational

(a — 6,a + 6) contains both infinitely many rational and infinitely many irrational numbers. Since fla)=0orl,
there are infinitely many numbers z with 0 < |z — al < éand |f(z) — f(a)| = 1. Thus, lim f(x) # f(a).

(In fact, lim f(x) does not even exist.]

0 if z is rational )
g(z) = L 1s continuous at 0. To see why. note that — |z| < g(z) < |z]. so by the Squeeze
z if x is irrational

Theorem lin}) g(z) = 0 = g(0). But g is continuous nowhere else. For if a # 0and § > 0, the interval
T

(a — 6, a + &) contains both infinitely many rational and infinitely many irrational numbers. Since g(a) =0ora,
there are infinitely many numbers z with 0 < |z —al < 6 and |g(z) — g(a)| > lal /2. Thus, lim g(z) # g(a).

If there is such a number, it satisfies the equation 2° +1=2 < 3 —g + 1 = 0. Let the left-hand side of this
equation be called f(z). Now f(—2) = —5 < 0. and f(=1) =1> 0. Note also that f(z) is a polynomial, and
thus continuous. So by the Intermediate Value Theorem, there is a number ¢ between —2 and —1 such that

f(c) =0.sothatc = ¢® + 1.
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62. (a) lim+ F(z) =0and lim F(z)=0.s0 lin%)F(x) = 0, which is F'(0), and hence F is continuous at z = a if

z—0 z—0~

a=0.Fora> 0. lim F(z) = lim z = a = F(a). Fora < 0. lim F(z) = lim(—z) = —a = F(a). Thus,

T—a T—a T—a

F is continuous at z = a; that is, continuous everywhere.

(b) Assume that f is continuous on the interval I. Then for a € I, lim |f(z)| = }lim f(w)‘ =|f(a)| by
Theorem 8. (If a is an endpoint of I. use the appropriate one-sided limit.) So | f| is continuous on I.
o 1 ifx>0
(c) No. the converse is false. For example, the function f(z) = . 0 is not continuous at z = 0. but
- i<
| f(z)| = 1is continuous on R.

63. Define u(t) to be the monk’s distance from the monastery. as a function of time. on the first day. and define d(t) to
be his distance from the monastery. as a function of time. on the second day. Let D be the distance from the
monastery to the top of the mountain. From the given information we know that u(0) = 0. u(12) = D. d(0) =D
and d(12) = 0. Now consider the function u — d. which is clearly continuous. We calculate that (u—d)(0) =-D
and (u — d)(12) = D. So by the Intermediate Value Theorem. there must be some time to between 0 and 12 such
that (u — d)(to) =0 & u(to) = d(to). So at time to after 7:00 A.M.. the monk will be at the same place on
both days.

2.6 Limits at Infinity; Horizontal Asymptotes

1. (a) As z becomes large, the values of f(x) approach 5.

(b) As z becomes large negative. the values of f(x) approach 3.

2. (a) The graph of a function can intersect a The graph of a function can intersect a horizontal asymptote.
vertical asymptote in the sense that it It can even intersect its horizontal asymptote an infinite
can meet but not cross it. number of times.
¥ ; y
: y
/ / _________________________________ ~
H 0 X
o/ T v
../ ;. X

(b) The graph of a function can have 0, 1. or 2 horizontal asymptotes. Representative examples are shown.

¥ y

No horizontal asymptote One horizontal asymptote Two horizontal asymptotes
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3. (@) lim f(z) = oo (b) lim_f(z) = oo
(©) i lir_n1+ f(z) = -0 (d) lim f(z)=1
() lim f(z)=2 (f) Vertical: = —1, x = 2; Horizontal: y = 1,y = 2
4. (a) Ilim g(z) =2 (b) lim g(z) = -2
(c) ilinsg(w) =00 (d) lin}) g(z) = —o00
(e) . lir_r§+ g(z) = —o0 (f) Vertical: = -2,z = 0, z = 3; Horizontal: y = —2, y =2
5 f(0)=0. f(1)=1. lim f(x)=0. 6. 1i1(r)1+ f(x) =00, lim f(z)= —o0.
T— 00 T— z—0~
fisodd lim f(z)=1. lim f(z)=1
y
y
' k
of 2l S~
I x
0 x
7 zh_}mz f(z) = —oo, ,11.120 f(z) = o0 8 Il_i’rgz (z) =00 zli'r_nwf(:v) =3,
A f@) =0, lim f(s) = o0 EYCES
lim f(z)= -
z—0~

9. If f(z) = 2°/2”. then a calculator gives f(0) = 0. f(1) = 0.5, f(2) = 1. f(3) =1.125, f(4) =1,
f(5) = 0.78125. £(6) = 0.5625. f(7) = 0.3828125. £(8) = 0.25. £(9) = 0.158203125. £(10)
f(20) = 0.00038147, £(50) ~ 2.2204 x 102 f(100) ~ 7.8886 x 1027,

It appears that mlirrgo (m2/2”) =0.

= 0.09765625,

10. (a) From a graph of f(z) = (1 — 2/z)" in a window of [0, 10.000] by [0, 0.2].

we estimate that lim f(z) = 0.14
(to two decimal places.) T
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(b) From the table, we estimate that lim f(z) = 0.1353
z f(=z) e
10.000 | 0.135308 (to four decimal places.)

100,000 | 0.135333

1,000,000 | 0.135335

[divide both the numerator and denominator by z?
. 3z® -z +4 , (322 —z +4)/2°
1. lim ————— = lim

z—oo 222 + 52— 8 —00 (2;’62 + bx — 8)/:132

(the highest power of x that

appears in the denominator)]
lim (3 — 1/ + 4/z%)

r—00

= it L 5
lim (2 + 5/ — 8/22) [Limit Law 5]
T—00
lim 3~ lim (1/2) + lim (4/2%)

= o T T Limit Laws 1 and 2
lim 24+ lim (5/%) — lim (8/:62) [ imit Laws 1 an ]
Z—+00 T—00 T—00

3 — lim (1/z) +4 lim (1/2%)
245 lim (1/z) — 8 lim (1/22) [Limit Laws 7 and 3]

__3-0+40)
" 24 5(0) — 8(0)
3

2

12z° — 5z + 2 [ 122° -5z +2 .
.1 o =41 _— Limit Law 11
12 zllngo \/1 + 4x2 + 328 aee 1 + 422 + 323 [ ]

[ 12-5/2"+2/d° ., 3.
= = 1= divide b
a:h—>n;o 1/x3 +4/x +3 [divide by 7]

lim (12 — 5/2% +2/2%)

= | == [Limit Law 5]
lim (1/23 + 4/z + 3)
r— 00

[Theorem 5 of Section 2.5]

lim 12 — lim (5/z%) + lim (2/2°)
= | E== rooo L0 [Limit Laws 1 and 2]
\ lim (1/23) + zan;o(4/a:) + I11_)12103

12 — 5 lim (1/2%) 4 2 lim (1/2°)
= 200 R i [Limit Laws 7 and 3]
\ lim (1/w3)+4zan;o(1/w)+3

_ [12=2500) +2(0) [Theorem 5 of Section 2.5]
014(0)+3
=4 /% =/4=2

S R V. 2 fim@/e)  fm@/) 0 0
B Jim o = i o e = T (24 3/2)  lm 2+ lim (1/z) ~ 2+3(0) 2

=0




SECTION 2.6 LIMITS AT INFINITY; HORIZONTAL ASYMPTOTES O 103

1
o 325 _ g BeS)a L 34s/e  JMSTONMG 3450)

14. lim = Jim "y = lim 1~ 1-4(0)
z—o0 & —4 T—00 (w—4)/(17 z—oo 1 — /.’17 111’1’11—411111—
T—00 Tr—oo T
. 2 _ _

15. i l-—z—z° li (1-z—2/z* xl{r—noo(l/x Yz -1)
el 2227 emlee (222 —7)/a? lim (2 -7/x?)
2y 1 B E
B lim 2 - 7 hm . (1/2?) 2 —17(0) 2

T— —00

. 2 . 2y 1
. m 223 _ L (2=347)/° m (2/y" - 3) 2 Jim (1/y7) ~ lim 3 2000-3 3

.1 - = =3 : - -3
v 5y 4y uoeo (524 dy)/yE - Tm (BT 4/y) ~ lim 5+4 lim (1/y)  5+4(0) 5
y—o0 y—00 y—oo

17. Divide both the numerator and denominator by 3 (the highest power of & that occurs in the denominator).

3 5
z° + bz 5 li 142
. z® + 5z . 23 . 1+ zl?c:o< +m2>
lim ﬁ = lim =3 35 = lim =
=00 273 — 22 44 z-00 273 _ 22 44 z—><>°2__+i I 5 1,4
— 2o Jm(2-24 g
. . 1
__ amthSlm s 1450 1
lim 2~ Jim = 44 lim ~  2-0+4(0) " 2
r— 00 Tr—oo I Tr—oo I
2 t2 2 t3 3
- 242 - +2) /t+2/ 040 0

m — — \—l -
w42 1 T Sl B 1) 8 S TR 1 18~ T3 00

19. First, multiply the factors in the denominator. Then divide both the numerator and denominator by u*.

qu* +5 5
lim du’ +5 = lim dul+5 = lim ul li iy ut
U— 00 (u2 — 2)(2’&2 — l) u—oo 2ud — 5u2 + 2 U— 00 2U — 5u +2 ulIaIc}o 9_ E_ 3
R u? ot
lim (4 + _5_) . . 1
__we\"Twd) o lmds 53220 W 4+50)
lim 2—£+£ hm2 511m——|—211m— 2_5(0)+2(0)
uU— 00 u? ud u—oo Y2 u—oo Ul
4
= 5 =2
2 lim 212 x+2 1, (x+2)/x . 1+2/x 1+0 1

z—00 \/93:2 /92 + /1/ z_.oo \/9 +1/z2 - V940 - 3
I — . /926 — = z /z° Eli’n;o V(926 — z) /26

21, lim ———~ — |jim = i 3 _ /x6
oo 3 +1 smoo (23 + 1)/20 lim (1 + 1/2%) [since ° = v/z6 for 2 > 0]

lim /9 —1/z5 Jim 9 — lim (1/25)
" lim 1+ lim (1/2%) 1+0
T—00 T—00
=v9-0=3
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22,

23.

24,

25.

26.

21.

28.

29.

30.

31.

lim

Vot =z _ . V9 —z/a’ i —/(92° - 2)/2°

— , — . 3 _ Yars
g——c0 341 e (z3 + 1)/ lim (14 1/x%) [since 27 = —va® forz < 0]
T——00
2_11111 —v/9—1/z5 — ./ lim 9— lim (1/x5)
T Thm 1+ lm (1/2%) 140
=—v9-0=-3

i (VOTE — 32) = i (PE 23 (B ratie) (Vo7 +a)’ ~ (3)°

m

z—00 z—00 V9?2 +z + 3z z—00 922 + x4+ 3z
. (99U2 + a:) — 92 1/z

lim ~————— =

z—00 /9z2 + x + 3z

T

= lim ————— -
s—oo /022 +z + 3¢ 1/z
1 1

lim

: z/x 1
= hm = = = _ —
smco \[072 22 + x/22 +3z/z e \O+1/z+3 VO+3 3+3 6

N ;v 2_ (.2
lim (z++v22+2z) = lim (m+«/w2+2x){?——i+—2£]: lim = (z* + 22)

=00 x—Vz? +2z s——c0 g — /72 + 23
. —2z . -2 —2
= lim ————== lim = =-1
e——oo g — 22 ¥ 2z e—-14/1+2/z 1+/1+2(0)
Note: In dividing numerator and denominator by z. we used the fact that for z < 0, z = —Vz.
Va2 +az — Va2 +bz) (\/P—Faw-lr\/wz—!—bw)

lim (vVz2 + az — Vx2 + bz )= lim (
z—00 ( ) z—00 Vz? +az +Va? + bz

o @Pran) @b [(a— b)a]/z

e—oo /22 faz+Vz2+ bz == (Va2 +az+ vzt + bz ) /Vx?

et a—b _ a—"b _a-b
e—oo /T4+a/z+\/1+b/z V1I+0++v1+0 2

lim cos z does not exist because as x increases cos T does not approach any one value, but oscillates between 1

T— 00

and —1.

\/Z is large when z is large. so lim VT = co.
T — 00
/7 is large negative when z is large negative. so lim ¥z = —oo.
r——00

lim (z —vz)= lim \/E(\/:E—l):oosinceﬁ—»ooandﬁ—l—»ooasweoo.

T—00

3 3 2
-2 —2 - . . .
zh—arl;lo z—s___;;z-’ii = lim (_IE’__;%)%/TQC [divide by the highest power of z in the denominator]
_ 2
= lim —z—m—i?)—/—x— — —oo because z — 2/ + 3/z* — oo and 5/x> —2 — —2as T — 0.
z—00 5/x% — 2
lim (z*+2°) = lim «®(% + 1) [factor out the largest power of z] = —oo because z® — —oo and
r— —00 T — — 00

1/z+1—lasz — —oo.

1
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32. lim tan"' (2% — 2*) = lim tan™! (2?(1—2%)). Ifwelett = 2 (1 — z?). we know that t — —oc0 as z — oo,
=00 r—00

. . ~1/.2 2 _ 1 1, _ =
since 22 — ooand 1 — 22 — —o00. So lim tan (z (l—m))—thmootan t=-%.
Tr— 00 _—

3, .5 3 .5y/.4

B olim ZXEAE oy, (de bl
z—oo 1 —22 424 aoo00 (1—1z2+2a4)/z
/23 +1/z+z

zlllvoo 1zt —1/x2 +1 -

[divide by the highest power of z in the denominator]

because (1/z° + 1/z 4+ z) — oo and (1/z* = 1/2° +1) > lasz — oco.

3. Ifwelett =tanz. thenasz — (1/2)*,t — —oco. Thus. lim "% = lim et =0
c—(mw/2)t t——oo

35. (a) —~100 0 (b)

z f(z)
—10.000 | —0.4999625
—100,000 | —0.4999962
—1,000,000 | —0.4999996

-1

From the graph of f(z) = V22 + z + 1 + 2. we From the table. we estimate the limit to
estimate the value of lim f(z) to be —0.5. be —0.5.

: Vel+z+1 -2 (z> +z+1) - 22
© lim (Va?+z+1+z)= lim (V2toztitq)| X2tz lim e — 00—
1—>—°°( ) z——00 ( ) Vri4+z+1-—2 zo-00 g2tz 41 -2

N R VeV . 1+ (1/z)
eo—oo (VZ?+z +1— )(l/z) T~ 00—\/1 +(1/z) + (1/22) -1
1+0 _ 1
\ﬂ+0+0—1— 2
Note that for z < 0, we have vz = |z| = —z. so when we divide the radical by z, with z < 0, we get
1
;\/$2 t+tz+1= —\/?\/1?2 tz+1l=-\/1+(1/z) + (1/22).
36. (a) L5 (b)
z f(=z)
10,000 | 1.44339
100,000 | 1.44338
1,000,000 | 1.44338
0]4 100
From the graph of From the table, we estimate (to four decimal

laces) the limi . .
f(x) =322 48z +6 — 322 + 3z + 1, we estimate places) the limit to be 1.4434

(to one decimal place) the value of lim f(z)tobe 14,
T—00
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2 _ 2
© lim f() = lim (Y3280 67 Viz +30+1)(V32 + 8+ 6+ V322 +3x +1)
200 x—00 V322 +82+6++/322 +3z+ 1
i (3m2+8w+6) - (3x2—|—3m+1)
z—00 /322 + 82 +6+3z2+3zx+1

— lim (52 +5)(1/x)
s—oo (/322 + 8z + 6 + v/3z% + 3¢ + 1) (1/2)
545/x 5 5 54/3

= lim = = = ~ 1.443376
amoo /31 8/z +6/a2+\/3+3/z+1/z2 V3+V3 2V3 6

: 1
37. 1 = i — = ——=1s0y=1Iis¢ i
z-lriloo oo xlglw vy 150 1. soy = 1 is a horizontal

T
asymptote. lim —— =ooand li = —00.$ = —4is
ymp zo—a- T+ 4 coan z_.H_Iiﬁ r+4 0. 50 & s

a vertical asymptote. The graph confirms these calculations.

38. Sincew2—1——>0asx—>:l:1andy<0f0r—1<x<1andy>0f0r

2 2
4 4
z < —landz > 1, we have lim e —oco. lim T e
z—1— 2 -1 z—1t 2 —1
2 2
4
lim 2 +4 =oo,and lim Tl —oo,s0z =1landz = —1
z——1" z2 -1 zo—1+ 22 —1
are vertical asymptotes. Also
2 2
1 .
lim z 14 = lim L+d/e 140 =1l,soy=1isa

zotoo g2 — 1 w—d:oo].—-l/:ﬂr“'—l—()

horizontal asymptote. The graph confirms these calculations.

.'E3 x

NI
LM e 10 emiee 1+ (3/2) — (10/22)

no horizontal asymptote.
7 2 |
' - 10

= +00. so there is

39.

i e T ey 12
m > 0 for z > 2. Similarly, xl_lgl_ m = —00,

. z° . z® o
Jim o - e M e 0
z — 2 and z = —b5 are vertical asymptotes. The graph confirms these

calculations.
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3
41 1+ 1/ T — 1 ica hors 3
= ——— = l.soy = 1is a horizontal . .
241 @+1
i = = > 0forz > 0and y < O for
asymptote. Since y Biz 2@+ 1) Y s N g
3 3
1 v +1 .
_ = 1 = —00,50 =018
1<:c<011_1’r(x)1+x3+ OOdndz_l'I(I)l_x e 'S} u )
a vertical asymptote. -3
1z . 1 1 12
41. = =1land :
A% \/:c4 +1 1/\/ . 1 V140 R
1+ poy
T 1/:1: 1 _ 1 __ -5 5
e——co YA {1 —1/Vz? . 1 —-v1+40
1+ J
z S
. ——
so y = =1 are horizontal asymptotes. There is no vertical asymptote. —12
- 1-9 1-0 1
2. hm—i:l [z __1-0 _1
vmeo VA +3x+2 w0 \ /A4 (3/z) + (2/22) VA+0+0 2
Using the fact that vz2 = |2| = —z for z < 0, we divide the numerator by —z and the denominator by v/z2.
Th li z—9 im -1+9/x —-140 1
us, lim —— —— = = =—.
Tomeo VAZR +3z+2  e—-o /11 (3/z) + (2/22) VAFLO+0 2
The horizontal asymptotes are y = j:%. The ! - “10 0 5
polynomial 4z + 3z + 2 is positive for all z, 4 { 50
so the denominator never approaches zero.
and thus there is no vertical asymptote.
-8
43. Let’s look for a rational function.

(1) lirin f(x) =0 = degree of numerator < degree of denominator

2) lim f(z) = —co = there s a factor of z2 in the denominator (not just z, since that would produce a

sign change at ¢ =

lim f(z) =

z—3~

0). and the function is negative near z = 0.

3) ocoand lim f(z)

r—3

= —00 = vertical asymptote at z = 3; there is a factor of (z —3)in

the denominator.

@ f(2)=0 = 2isan z-intercept; there is at least one factor of (z — 2) in the numerator.

Combining all of this information and putting in a negative sign to give us the desired left- and right-hand limits

2—x —
) as one possibility.

giVCS us f(x) = m

107
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44, Since the function has vertical asymptotes z = 1 and = 3, the denominator of the rational function we are looking

45,

46.

41.

49. (a) Since —1 < sinz < 1 for all x, - <

for must have factors (z — 1) and (z — 3). Because the horizontal asymptote is y = 1, the degree of the numerator

must equal the degree of the denominator, and the ratio of the leading coefficients must be 1. One possibility

2
X

SO TE

y = f(z) = 2*(z — 2)(1 — z). The y-intercept is f(0) = 0. and the z-intercepts y
occurwheny =0 =z =0, 1, and 2. Notice that, since z? is always positive, the 0 /\
graph does not cross the z-axis at 0, but does cross the z-axis at 1 and 2. A
lim z2(z — 2)(1 — ) = —oo. since the first two factors are large positive and the

r—00

third large negative when  is large positive. lim z2(z — 2)(1 — &) = —oo because

the first and third factors are large positive and the second large negative as & — —00.

y=(2+z)°(1 —z)(3 — z). As z — oo, the first factor is large positive, and *
24
the second and third factors are large negative. Therefore, lim f(z) = oo. As / ]
o — —o0. the first factor is large negative, and the second and third factors are /:2 of 1 3 0«
large positive. Therefore, lim f(z) = —oo. Now the y-intercept is
£(0) = (2)3(1)(3) = 24 and the z-intercepts are the solutions to f(z) =0

= 1 = —2.1and 3, and the graph crosses the z-axis at all of these points.

y = f(z) = (z +4)°(z — 3)*. The y-intercept is f(0) = 45(-3)* = 82.944. y
The z-intercepts occur wheny =0 = == —4, 3. Notice that the graph does
not cross the z-axis at 3 because (z — 3)* is always positive, but does cross the

z-axis at —4. lim (z 4 4)°(z — 3)* = oo since both factors are large positive

when z is large positive. lim (z +4)°(z — 3)* = —oo since the first factor is (—4 of 3 x
T — —00
large negative and the second factor is large positive when z is large negative.
Ly=(1—2z)(r— 3)%(z — 5)%. As  — oo, the first factor approaches —oo while y |
the second and third factors approach co. Therefore. lim (z) = —o0. As 0 1 3 5\ *
T— 00

£ — —oo. the factors all approach co. Therefore, lim (z) = co. Now the

y-intercept is f(0) = (1)(—3)%(—5)* = 225 and the z-intercepts are the solutions
to f(x) =0 = =1.3,and5. Notice that f(z) does not change sign at

z = 3 orx = b because the factors (z — 3)% and (z — 5)? are always positive, s
the graph does not cross the z-axis at £ = 3 or z = 5. but does cross the z-axis

atz = 1.

1 sinx

< lfor:c>(). As & — 00, —1/x — 0 and 1/z — 0, so by the
z x

sinx
=0.

Squeeze Theorem, (sinz)/x — 0. Thus, lim
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1

(b) From part (a). the horizontal asymptote is y = 0. The function
y = (sinx)/x crosses the horizontal asymptote whenever sin z = 0;

that is, at z = 7n for every integer n. Thus, the graph crosses the

-25 25
asymptote an infinite number of times.
-0.5
50. (a) In both viewing rectangles, lim P(z) = lim Q(z) = oo and mE@m P(z) = IEer Q(z) = —oo. In the

larger viewing rectangle, P and @ become less distinguishable.

2 10,000

N JA

-2 l/ 7 2 —-10 10
/
) Plo
-2 =10,000
. P(x) . 3a®-5%+2x 5 1 2 1 5 )
= = T — - — ] =12 2z =1
® Q) T T e S A Ry A DS (UL

P and Q have the same end behavior.

51. Divide the numerator and the denominator by the highest power of z in Q(z).

(a) If deg P < deg Q. then the numerator — 0 but the denominator doesn’t. So lim [P(z)/Q(z)] = 0.

(b) If deg P > deg Q, then the numerator — =00 but the denominator doesn't. so lim [P(z)/Q(z)] = oo

(depending on the ratio of the leading coefficients of P and Q).

ﬂU /I

0 x 0 x

WHn=0 (i)n>0(nodd) (ii)n >0 (neven) (iv)n < 0 (n odd) (v) n < 0 (n even)
From these sketches we see that
] 1 ifn=0
1 ifn=0
0 ifn>0
(@ lim 2" =0 ifn>0 (b) lim z™ = o
z—0+ ] z—0~ —oo if n <0, nodd
oo ifn<0
oo if n <0, neven
1 ifn=
1 ifn=0 =0
— f A
© lim z" = {00 if n>0 @ lim gn={ o0 "m>0 modd
0 ifn<o oo if n >0, neven
0 ifn<o0
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53.

54.

55.

56.

57.

58.

—00 T T —00 T —00 2 T—00

4z -1 1 42’43
lim = lim (4_ _> =4. and lim damtdr lim (4+ %) = 4. Therefore. by the Squeeze
Theorem, lim f(z) = 4.
Tr—00

(a) After t minutes. 25t liters of brine with 30 g of salt per liter has been pumped into the tank. so it contains
(5000 + 25t) liters of water and 25t - 30 = 750¢ grams of salt. Therefore. the salt concentration at time ¢ will

750t 0t g
be C(t) = = g
eClt) = 5000+ 25t ~ 200+ ¢ L

. 0t 30t/t 30
= lim ——— = lim =
t—00 2004+t t—o0200/t+1t/t O+1
the brine being pumped into the tank.

(b) 7:lir{.lo C(t) = 30. So the salt concentration approaches that of

lim v'(l—e_gt/”) =v*(1-0)=v" 12

t—oo

@ f v

(b) We graph v(t) = 1 — e~ %" and v(t) = 0.99v", or in this case,
v(t) = 0.99. Using an intersect feature or zooming in on the point

of intersection. we find that t = 0.47 s.

(@) y= e %/10 and y = 0.1 intersect at 1 ~ 23.03.

J/
|

If £ > 21, then e 2/ < 0.1.

() e /<01 = -z/10<n01 =

z>-10ln% = -10In107" = 10In10
G

30
6x° +5c — 3 62> + 5z — 3
_— 2 28 < ———— <3.2.50 4
222 -1 3| <02 & S T 1 " )
we graph the three parts of this inequality on the same screen, and y=32
. 6z% + 5z — 3 . .
find that the curve y = 527 — 1 seems to lie between the lines Y
y = 2.8and y = 3.2 whenever z > 12.8. So we can choose N = 13 S L Ju
(or any larger number) so that the inequality holds whenever > N. 2
For & = 0.5, we must find N such that whenever z > N. we have 3-L
[A72 Vaz? + 1 ) =
vazr 1 20<05 & 15< via® +1 < 2.5. We graph y=25
z+1 r+1
the three parts of this inequality on the same screen. and find thatit -
holds whenever > 3. So we choose N = 3 (or any larger o [ 0
0.5
Vaz? +1
number). For € = 0.1, we must have 1.9 < vdaZ + 1 < 2.1, and 25
z+1 o
the graphs show that this holds whenever z > 19. So we choose y=21
N = 19 (or any larger number).
/ y=19
0 L : — 40



59.

61.

62.

63.

64.

65.

SECTION 2.6 LIMITS AT INFINITY; HORIZONTAL ASYMPTOTES O

Y
vazt+1 (-2)| < 0.5 -20
T

+1

For e = 0.5, we need to find N such that
Vdz? +1
z+1
three parts of this inequality on the same screen. and see that the y=-25 \ J
1
—

& —25< < —1.5 whenever z < N. We graph the

inequality holds for z < —6. So we choose N = —6 (or any smaller \

number).

241
Fore = 0.1, we need —2.1 < —@——F— < —1.9 whenever (
z+1 y=-19

z < N.From the graph, it seems that this inequality holds for

z < —22. So we choose N = —22 (or any smaller number). y=-21 ’\
o\ g

—25
2z +1 150
. We need N such that > 100 whenever £ > N. From the

vr+1 [ M

graph, we see that this inequality holds for 2 > 2500. So we choose 100
y=
N = 2500 (or any larger number).
0 5000

(@) 1/2* <0.0001 & 2% >1/0.0001 = 10000 < z>100 (z> 0)

(b) Ife > Ois given. then 1/2” <e & 2°>1/e & z>1//E Let N = 1/\/E.

1
——0|= ! < €,50 lim %:0.
2

1
Thenz >N = z>-—- = 5
T z—00 T

NG

(@) 1/v/x <0.0001 < /z>1/0.0001=10* < z>10°
(b)If5>Oisgiven.thenl/\/_<5 S Vr>lle & z>1/6% LetN:1/52.
1
Thenz >N = — = —
nz x> ‘\/_ , \/E<€SO:canolo\/_
Forz <0, |1/ — 0] = ~1/z. Ife > 0is given. then —1/z < ¢ <« T < —1/e.

Take N = —1/e. Thenz < N = r<-1/e = |(1/z)-0/=—-1/z<e so lim (1/z) = 0.

Given M > 0, weneed N > Osuchthatz > N = > M. Nowaz® >M < x> VM. sotake

N:\S/M.Thenm>N:\3/M = 23> M.so lim 23 = co.

T—00

Given]\1>0,weneedN>()suchthatm>N = "> M Nowe®* > M o x > In M, so take

N = max(1,In M). (This ensures that N > 0.) Thenz > N — max(1.InM) = e” > max(e, M) > M,

so lim e* = oo.

Z— 00

m
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66. Definition Let f be a function defined on some interval (—o0o,a). Then lim f(z) = —oo means that for every

negative number M there is a corresponding negative number N such that f(z) < M whenever z < N. Now we

use the definition to prove that lim (1 + x3) = —oo0. Given a negative number M, we need a negative number
r— —00

Nsuchthatz < N = 1423 <M. Nowl+2°<M o 22<M-1 & z< /M -1 Thus, we

take N = &/M —1andfindthatz < N = 1+ ° < M. This proves that lim (1+ z®) = —oo.

67. Suppose that lim f(z) = L. Then for every € > 0 there is a corresponding positive number N such that
T— 00

|f(z) — L| < € wheneverz > N.Ift =1/z.thenz > N & 0<1/z<1/N & 0<t< 1/N. Thus,
for every € > 0 there is a corresponding 6 > 0 (namely 1/NN) such that |f(1/t) — L| < & whenever 0 < t < 4.
This proves that 1im+ f(1/t)y =L = lim f(zx).

t—0 z—00

Now suppose that lim f(z) = L. Then for every £ > 0 there is a corresponding negative number IV such that

|f(x) — L| < e wheneverz < N.Ift =1/z.thenz <N & 1/N<1/z<0 <« 1/N <t<O0.Thus, for
every € > 0 there is a corresponding § > 0 (namely —1/N) such that |f(1/t) — L] < € whenever —6 <t < 0.
This proves that lim f(1/t) = L = lim f(z).

t—0— z— —00

2.7 Tangents, Velocities, and Other Rates of Change

Ay _ f(=) - fB)

1. (a) This is just the slope of the line through two points: mpq = Ae = 23

r—3
1) - £3)

(b) This is the limit of the slope of the secant line PQ as @ approaches P: m = im 3

2. (a) Average velocity =

As _ fla+h)—f(a) _ flath) — f(a)
At (a+h)—a h

h) —
(b) Instantaneous velocity = Illin%) &L}i_f_(al

3. The slope at D is the largest positive slope, followed by the positive slope at E. The slope at C is zero. The slope at
B is steeper than at A (both are negative). In decreasing order, we have the slopes at: D, E.C, A, and B.

4. The curve looks more like a line as the viewing rectangle gets smaller.

2

y=e€

-1 1 -05 05 -0.1
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5. (a) (i) Using Definition 1,

f@)—f@) . f@-f(=3) . (@+22)-(B) (243 (x—1)
m= lim S i STy = i gy = S

= lim (z—1)=—4

z——3
(i) Using Equation 2,
m = lim JOFR) = F@) 3 4R) —F(=8) L [(3 4R 423+ k)] - (3)

h—0 h h—0 h h—0 h
— 2 — — —
:limg 6h + h 6+ 2h 3:1imh(h 4):lim(h—4):—4
h—0 h h—0 h h—0

(b) Using the point-slope form of the equation of a line, an equation of the tangent line is y — 3 = —4(z + 3).

Solving for y gives us y = —4x — 9, which is the slope-intercept form of the equation of the tangent line.
(©) 4 y=x +2 4
-3,3) (—3,3)
(=3.3) ,
4 2 y=x"+2x
2
y=x"+2x A
L \ J 4 _4 y=—4x-9 s
y=—4x-9 -2 y=—4x-9 0 2
. - f(-1 3 (- 1)(z? —
6. () (i) m = lim f@) - 11 = lim mm(l): lim (+D)(e z+1)
z—-1 T — (—1) z—-—1 r+1 z——1 T+ 1
= lim (z*-2+1) =3
r——1
. . —14+h)— f(~ - S (- 3 _3p2 —
(i) m = Jim LEIFR ZFCD L4 R - (1) -3k 3h 141

h—0 h h—0 h R0 h
— 1 2 _ —
= }ltlino (h* —3h + 3) =3

b y—(-1)=3[z~(-1)] & y+1=32+3 & y=23z+2
(©) 4

-2
y=x
y=3x+2
—4 4
l (—1,—/1/ J

4

-0.8

Y=3x+2 fy=y3

(=1.-1)

—0.8

1. Using (2) with f(z) = 1+ 2z — 2% and P(1,2),

— 3
m = lim LT = f@) o AR - fQ) 1204 h) (14 h)) 2
h—0 h h—0 h h—0 h
= i LT 2+2h = (1+3h4+3h2 4+ A% —2 3 _3p2 _p
= lim = lim ————°
h—0 h h—0 h

— 2_ —
i M(=h? =30 — 1)
h—0 h
Tangentline: y — 2= -1(z - 1) Yy—2=-z+1 & y=-z+3

. H B2 _ _ - _
= lim(=h* —3h—1) = 1
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8. Using (1),
m = lim V2z+1-/2(4) +1 i Y22+ -3 V2o +1+3
z—4 z—4 m—»4 z—4 V2e+1+3
= lim (2x+1)~32 = lim Az —4)
a4 ( \/2m+ -1—3 a4 (z — 4)(v2z + 1 +3)
1

= ,/_zx+‘" 1+3) 3 33
4

Tangent line: y — 3 = 3(z —4) < y—-3=3x—3 & y=3z+3

9. Using (1) with f(z) =

: ; and P(3,2).

z—1_2 z—1-2(z—2)
m:hmM—_f(_a_):hmx_L:hm__w:L__hm_f*—_m__
e T —a z—3 T —3 z—3 z—3 =3 (z — 2)(z — 3)
-1 -1
=i -t -
i e

Tangentline: y —2=—-1(z-3) & y—-2=-z+3 & y=—-z+5

2z —0
. CESE N im —2 2
10. Using (1), m = lim ~—— et S (@r1) 12

Tangent line: y —0=2(z —0) & y=22z

f(z) — f(a) ~ lim 2/(z+3)—2/(a+3) - 2(a+3)—2(z+3)

N @m= il—r.r}l T—a z—a T—a Pyt (z — a)(z + 3)(a+3)
= lim 2a — ) = lim —2 = —2
T @—a) z+3)a+3) s—a(z+3)(a+3) (a+3)?
) -2 1 o =2
b)) Ha=-1 = m——(_—lm-——é (ila=0 = m————(0+3)2—
=2 1
(li)a=1 = m—(1+3)2— 3
12. (a) Using (1),
2\ 2 2 _ 2 _ —
m— lim (1+m+z) (1+a+a):hmx+x a—a ——-limm a+ (z—a)(z+a)
z—a T —a Tz—a r—a z—a r—a

Lo taeta)

=1lim(1+z+a)=1+2a

z:—>a, r— a T—a
® Hrz=-1 = m=1+2(-1)=-1 () 3.5
(z=-3 = m=1+2(-3)=0 y=l+x+x?

i)z=1 = m=1+2(1)=3

1.25
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13. (a) Using (1),

(z* — 4z +1) — (a® —4a +1) z® —a®) — A(z - a)

:lim(

m = lim

Tz—a r—a T—a r—a
2 2\ _ _
= lim (x—a)(m +az+a) e a):lim(z2+ax+a2—4):3a2~4
T—a Tr—a z—a
(b) At (1, —2): m = 3(1)® — 4 = —1. s0 an equation of the tangent line is y—(-2)=-1(z-1) <«
y=—z— 1 At(2.1): m = 3(2)? — 4 = 8. 50 an equation of the tangentlineisy — 1 =8(z —2) <«
y = 8x — 15.

(©)

14. (a) Using (1),

1t Va—_ e
m VA NE T Vaw (A yE) (it vE)
= =1 =1
mn alcl—r»rzlz z—a e T_a ml—IBz\/ax(w—a)(\/E+\/5)
lim a-z lim ! = 1 = L or la‘3/2
=11 = = = — J—
e Ver(z —a)(Vatve) emavaz(Va+vz)  Va(aya) | 2a372 2
(b) A[(l.l):m:—%.soanequationofthetangent]ineisy—lz—%(z—l) & y:—%z—l—%.
At(4,%):m=—1—16.soanequationofthetangenllineisy—%:—%(m—él) & y=-—Fz+3

(c) 2

15. (a) Since the slope of the tangent at ¢ = 0 is 0, the car’s initial velocity was 0.
(b) The slope of the tangent is greater at C' than at B, so the car was going faster at C.

(c) Near A, the tangent lines are becoming steeper as z increases, so the velocity was increasing, so the car was
speeding up. Near B, the tangent lines are becoming less steep. so the car was slowing down. The steepest
tangent near C'is the one at C, so at C the car had Just finished speeding up, and was about to start slowing
down.

(d) Between D and E, the slope of the tangent is 0, so the car did not move during that time.
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16. Let a denote the distance traveled from 1:00 to 1:02, b from 1:28 to 1:30, and ¢ from 3:30 to 3:33. where all the
times are relative to ¢ = 0 at the beginning of the trip.

s
distance in miles
200+a+b+c |
200+a+b
slope = 65
70+a+b
70+a #F
70 S]OPC =0
slope = 55
15 102 130 3:33
0 1:00 128 3:30 1

time in hours

17. Let s(t) = 40t — 16t>.

s —s(2) . (406 —16t%) —16 . —16t°+40t —16 _ —8(2t2 — 5t +2)
@) =fn =S5 =i t—2 = lim t— 2 = jing )

L 8 -Et-1) - B

= ll_rg ) = —8th_rg(2t ~-1)=-8(3) =-24

Thus. the instantaneous velocity when t = 2 is —24 ft/s.

18. (2) v(1) = lim H(+h) - H(1)

h—0 h
58 + 58h — 0.83 — 1.66h — 0.83h%) — 57.17
= lim ( ) = lim (56.34 — 0.83h) = 56.34 m/s
h—0 h h—=0
. H(a+h)—H(a)
(b) v(a) = IILI-IR) h
. (58a.+ 58h — 0.83a% — 1.66ah — 0.83h”) — (58a — 0.83a%)
= lim
h—0 h
= ’llin}) (58 — 1.66a — 0.83h) = 58 — 1.66a m/s
(c) The arrow strikes the moon when the height is 0, thatis. 58t — 0.83t2 =0 <« t(58-083t)=0 <«
t= 6% ~ 69.9 s (since t can’t be 0).
. . 58 58 . .
(d) Using the time from part (¢). v| 5% | = 58 — 1.66( —— | = —58 m/s. Thus, the arrow will have a velocity
0.83 0.83
of —58m/s.
- 4(a+ h)® +6(a+ h)+2— (4a® + 6a + 2
19, v(a) — lim 2@ =@ _ i, (ath) +6@+h) ( )
h—0 h h—0 h
" 40® + 12a2h + 12ah? + 4h® + 6a + 6h + 2 — 4a® — 6a — 2
= lim
h—0 h

2 2 3
iy 120%h 412007 + AR OR (1962 4 120k + 4h7 4 6) = (1207 +6) m/s

h—0 h h—0

Sow(l) = 12(1)? + 6 = 18 m/s, v(2) = 12(2)2 + 6 = 54 m/s, and v(3) = 12(3)2 +6 =114 m/s.
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20. (a) The average velocity between times t and t + h is
s(t+h) —s(t) (t+h)*—8(t+h)+18— (t* — 8t +18)
(t+h)—t h
_ " 4+2h+h*—8t—8h+18 —t>+8 — 18  2th+h?—8h
B h h

=(2t+h—8) m/s
(i) [3,4]: t =3.h =43 = 1. 50 the average (ii) [3.5.4]: t = 3.5, h = 0.5, so the average velocity
velocity is 2(3) +1 — 8 = —1 m/s. i52(3.5) 4+ 0.5 -8 = —0.5m/s.

(iii) [4,5]: ¢ =4, h = 1. so the average velocity is (iv) [4,4.5]: t =4, h = 0.5, so the average velocity is
2(4)+1-8=1m/s. 2(4)+0.5-8=0.5m/s.

(b) v(t) = lim i”ﬁz;s(t)

:}llin}](2t+h—8):2t—8.50v(4):O.

—0
() 7
31 4,2)
21
14
o1 2 3 4 § 7
21. The sketch shows the graph for a room temperature 22. The slope of the tangent (that is, the rate of
of 72° and a refrigerator temperature of 38°. The change of temperature with respect to time) at
initial rate of change is greater in magnitude than the t = 1 h seems to be about
rate of change after an hour. 75 — 168 ~ —0.7°F/mi
m_ ~ O /min.
Temperature T(F)
(in °F)
72
2001
P
1001
0 ]. 2 Time
(in hours) Pt 5
Of 30 60 90 120 150 180 !
(min)
. 7.9 —-11.5
23. 20,23 —/—= =_1.2° T
(@) (i) [20,23] 2 50 1.2°C/h
.. 9.0 -11.5
20,22 —————= = —1.25°
(i) [20, 22 %~ 20 1.25°C/h
10.2-11.5
20,21 /=~ = _13°
(iii) | ] 21 =20 1.3°C/h

(b) In the figure, we estimate A to be (18,15.5)
and B as (23,6). So the slope is

6— 155 of 2 4 6 8 10 12 14 16 18 20 22 24 >
318 = —1.9°C/h at 8:00 p.M.
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2. (a) (i) [1992, 1996]: P(1996) — P(1992)  10.152 — 10,036 _ 116

- = 29 thousand/year

1996 — 1992 4
)  P(1996) — P(1994) _ 10,152 — 10,109 _ 43
(i) [1994, 1996]: 1996 — 1994 = 5 =5 = 21.5 thousand /year
X - P(1998) — P(1996) 10175 —10,152 23
(iii) [1996, 1998]: 1998 — 1996 = 3 =5 = 11.5 thousand /year
(b) Using the values from (ii) and (iii), we have 2—1—5;—1—1—5 = 16.5 thousand/year.
(c) Estimating A as (1994, 10.125) and B as P A(in thousands)
(1998, 10,182) , the slope at 1996 is 10.186 1 C B
10.175T
10,182 — 10,125 57 10.152 1
= - = — =14.25 thous: . '
1998 — 1994 n 4.25 thousand/year A
10109+

10,036 4

<

>

1992

25. (a) (i) [1995,1997):

1994 1996 1998 2000 !

N(1997) — N(1995) _ 2461 —873 _ 1588 _ /o1 o cond fyear

1997 — 1995 2 2
(ii) [1995, 1996]: N “fggé — 11\2)215995) = 15131’ 873 _ 640 thousand /year
(iii) [1994, 1995]: N (13333) — %&994) _ 8 I 572 _ 301 thousand/year
(b) Using the values from (ii) and (iii), we have 64%&1- = %—1 = 470.5 thousand /year.
(c) Estimating A as (1994,420) and B as (1996, 1275), the slope B (:J J-(in thousands)

1275 — 420 855

A e — —— =4275th d
1996 — 1994 5 5 thousand /year

at 1995 is

15131

N(1998) — N(1996) _ 1886 — 1015 _ 87

1
2. (a) (i) [1996.1998): ——o0e—7 505 2 2

(i) [1997,1998]: 1998 — 1997

(i) [1998,1999]: ——550"7908

474 +249 723

(b) Using the values from (ii) and (iii), we have —s =5 =361.5~3

1994 1995 1996

= 2~ = 435.5 locations/year

N(1998) — N(1997) _ 1886 = 412 424 locations fyear

N(1999) — N(1998) _ 2135I 1886 _ 510 |ocations year

62 locations/year.

1997 ¢



(c) Estimating A as (1997, 1525) and B as (1999, 2250). the slope 330’(‘)’_[
2250 — 1525 725 .
IS ——————— = — = 362.5 locations/vear.
at 1998 is 1999 — 1997 2 ocations/y
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AC _ C(105) — C(100) _ 6601.25 — 6500

2. @ ) z= 105 — 100

5

AC _ C(101) — C(100)  6520.05 — 6500

) A7 101 — 100

C(100 + h) — C(100)

1

i

1996 197 1998 1999 2000 !

= $20.25/unit.

= $20.05/unit.

(5000 +10(100 + k) + 0.05(100 + )?] — 6500 _ 20h +0.05R°

(b) 3 =

=20+ 0.05h. h # 0

So the instantaneous rate of change is }Ilim
—0

2
28. AV = V(t+h) - V(¢) = 100.000 <1—%> -
_ t+h  (t+h)?
—lO0,000{(l 30 +W - (1~

100,000
3600

C(100 + h) — C(100)

h h

A = flll_I'I}](QO + 0.05h) = $20/unit.

£\ 2
100, 1-—
OOOOO< 60>

t2 h  2th h?
—_ 4 — =100, _
30" 3600)} 00 000( 30 T 3600 T 3600)

h(—120 + 2t + h) = ?h(—l%ﬁ- 2t + h)

Dividing AV by h and then letting h — 0, we see that the instantaneous rate of change is % (t — 60) gal /min.

t

Flow rate (gal /min)

Water remaining V' (¢) (gal)

0
10
20
30
40
50
60

—3333.3
—2777.7
—22222
—1666.6
—1111.1
- 5555
0

100, 000
69,444.4
44,4444
25,000
11,111.1

2,777.7
0

The magnitude of the flow rate is greatest at the beginning and gradually decreases to 0.
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2.8 Derivatives

1. ” ; 0_— The line from P(2, f(2)) to Q(2 + k. f(2 + h))
y=1rfx)
p fa+n—-f2) is the line that has slope JC(L}Z_&
f2) h f2+h

2. As h decreases. the line PQ becomes steeper. so its slope increases. So

HOES{)PPIC) =2  im f@) = F?) .0 < L1f(a) - f(2)] < £(3) — f(2) < f'(2).

0
ST 32 Jim ==

3. 4'(0) is the only negative value. The slope at z = 4 is smaller than the slope at = 2 and both are smaller than the
slope at z = —2. Thus. g'(0) < 0 < ¢'(4) < ¢'(2) < g'(-2).

4. Since (4.3)isony = f(z). f(4) = 3. The slope of the tangent line between (0,2) and (4, 3) is ;. so f'(4) = 3

5. We begin by drawing a curve through the y1 y}
origin at a slope of 3 to satisfy f(0) = 0 and 1
f(0) = 3. Since f'(1) = 0. we will round L t)"
off our figure so that there is a horizontal 1 * S l 1 \x
tangent directly over z = 1. Lastly. we make

sure that the curve has a slope of —1 as we
pass over z = 2. Two of the many

possibilities are shown.

6. y

7. Using Definition 2 with f(z) = 322 — 5z and the point (2, 2), we have
FR+R) =@ _ i [3(2+h)* —5(2+h)] —2

F@)= ;lll_rﬂ) h h—0 h
12 + 12h + 3h%2 — 10 — bh) — 2 3h?
= lim (12+12h+ ) —lim TR g (Bh+7)="17.
h—0 h h—0 h h—0

So an equation of the tangent line at (2,2) isy — 2 = T(z —2)ory =Tz — 12.
8. Using Definition 2 with g(z) = 1 — 2 and the point (0, 1), we have

3 1 3
g0 g ORGP L (g2 =
g0 =Jim T — =ik = Jim = = fm () =0

So an equation of the tangent line isy — 1 = O(x —0)ory =1
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9. (a) Using Definition 2 with F/(z) = z* — 5z + 1 and the point (1, —3), we have

- [(1+h)> =5(1+h)+1] —(-3)

FUL+h) - F(1) _

F'(1) = lim

h—0 h h—0 h
. (1+3r+3h*+h%—5-5h+1)+3 . K> +3h%—2h
= lim = lim
h—0 h h—0 h
2, 91
= lim MAZF3h—2) lim (h? + 3h — 2) = —2
h—0 h h—0

So an equation of the tangent line at (1, —3) isy — (=3) = —2(z — 1) < y=—2z—1.

(b) 8

a+h __a
- 1+2 h 1+2
10. (a) G'(a)= lim Glath) -~ Gla) = lim +2ath) +2a
h—0 h h—0 h
. a+2a®+h+2ah—a—2a% - 2h . 1 P
= =1 =(142
fimy h(1 + 2a + 2h)(1 + 2a) nob (15 2a 4 21 +20) ~ (L H24)
So the slope of the tangent at the point (~1, —1) is (b) 4

m = [142(~1)]7% = 4. and thus an equation is [J(‘f\‘il) /

vty =4+ 1) ory=4dz+1 -1 ; 05

—4
, im LA - fQ) 33!
@ £ = fim SO i T o,
31+h _
So let F'(h) = G We calculate:
h F() || h F(h)
0.1 3.484 || —-0.1 3.121
0.9 ﬁ 1.1
0.01 3.314 || —0.01 3.278 26
0.001 3.298 || —0.001 3.294 From the graph, we estimate that the
0.0001 | 3.296 || —0.0001 3.2& slope of the tangent is about
32-28 04 ~ 3.3
We estimate that f'(1) ~ 3.296. 1.06 —0.94 ~ 0.12

a

121
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T4p) —g(T
12 (a)g'(%)—ln})—————g(‘* ’)l 9(%) (b)
. T s 1.
- lim tdn(z—{-h) —tan(z)' rl
h—0 e
tan (F +h) —1
Solet G(h) = 2(4—:—)—
We calculate: /l
073 S 0.83
h G(h) h G(h) 0.85
0.1 2.2305 [ —0.1 1.8237 From the graph, we estimate that the slope of the
0.01 2.0203 || —0.01 1.9803 . 1.07-091 0.16
tangent is about 082-0.74 =00~ 2.
0.001 | 2.0020 || —0.001 | 1.9980 82074 0.08
0.0001 | 2.0002 || —0.0001 | 1.9998

We estimate that g’ (5 ) = 2.

13. Use Definition 2 with f(z) = 3 — 2z + 4a”.
F(a) = tim LEFW =@ _ gy [3—2(a+h)+4(a+h)*] - (3—2a+4a’)

h—0 h h—0 h
, (3—2a—2h+4a2+8ah+4h2)—(3—2a+4a2)
= lim
h—0 h
— 2 —
g —2htBahan? o h(Z2+8a AN 94 ga 4 dh) = 2+ 8a
h—0 h h—0 h h—0

[(a+ h)* —5(a+h)] — (a* — 5a)

L fath) — f(@

14 f’(a) = e h — }lll_r_{%) h
. (a* +4a®h + 6a®h* + dah® + h* — ba — 5h) — (a* —5a)

= lim

h—0 h

AaPh + 6a°h% + dah® + k4 —5h . h(4a® + 6a*h + 4ah® + h® —5)

= lim = lim

h—0 h h—0 h
= ’lin}] (4a® + 6a2h + 4ah® + h® —5) = 4a® -5

15. Use Definition 2 with f(t) = (2t + 1)/(t + 3).
2(a+h)+1 2a+1
(a+h)+3 a+3

 fla+h) = f(a)

f'(a) :Aao h :}ILLmO h
- lim (2a +2h + 1)(a+3) — (2a+1)(a+h +3)
R0 h(a+h+3)(a+3)
K (20,2+6a+2ah+6h+a+3)—(2a2+2ah+6a+a+h+3)
= o h(a +h +3)(a +3)
5h 5 5

:. :1. —_—
TR 9@sd) A @rht3)@ts)  (a+d?
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(a+h)2+1 _a2+1
6. f/(a) = lim L@FR = f@) _ (ath) -2 a2

h—0 h h—0 h
— lim (a2+2ah+h2+1)(a—2)— (a2—|—1)(a+h—2)
h—0 ha+h—2)(a—2)
 (a® —2a° +20°h — dah +ah® —2h* + a = 2) — (a® + a®h — 2> + a+ h - 2)
= fim hath-2)a-2)
_a’h—4ah+ah® =2k —h _ h(a®—4a+ah—2h—1)
ST harho 2o A h(a+h—2)(a—2)
_ o a®—4da+ah—2h—1 ao®—4da—1
k=0 (a+h—2)(a—2) (a—2)2

17. Use Definition 2 with f(z) = 1/y/z + 2.
1 1
fla) = 1im L@FN =@ _ o Ve+h)+2 Va+?2

h—0 h h—0 h

Va+2-+va+h+2
~ lim mm — lim \/a+2—\/a+h+2.\/a+2+\/a+h+2}
h~0 h=0 hva+h+2va+2 Vat2+vVa+ht2

(a+2)—(a+h+2)

= lim
"0hvat+h+2vVa+2(Va+t2+Vath+2)

= lim —h

_h—>0h\/a+h+2\/a+2(\/a+2+\/a+h+2)
. -1

= lim
h—>0\/a+h+2\/a+2(\/a+2+\/a+h+2)

-1 1

(\/a+2)2(2,/a+2) :_2(a+2)3/2
18. f'(a) = lim % \/W_ V3aT1

h—0 h—»O

— lim (\/3a+3h+1—\/3a+1)(\/3a+3h+1+\/3a+1)
h—0 h(\/3a+3h+1—|—\/3a+1)
i (Ba+3h+1) — (3a+1) . 3h
= hm = lim
h—>0h(\/3a+3h+1+\/3a+1) h—*Oh(\/3a+3h+l+\/3a+l)
. 3 3
= lim =
h—=0v3a+3h+1++3a+1 2v3a+1

Note that the answers to Exercises 1924 are not unique.

19. (1 +h)10 / 10
By Definition 2, hrn }\L = f'(1), where f(z) = z'° and a = 1.

.. . 1+h)" —-1
Or: By Definition 2, AIH(I) HT) = f'(0). where f(z) = (1+2)"% and @ = 0.

123
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V16 +h -2
h

20. By Definition 2, ’ll_r% = f'(16), where f(z) = /z and a = 16.

. . Y16+h -2
Or: By Definition 2. }1113}) ———_;—— = f(0). where f(z) = v/16 + z and a = 0.

. 2732
21. By Equation 3, lim — = f'(5). where f(z) = 2% and a = 5.
tanx —

. . 1
22. By Equation 3. zl_l};l/4 Py = f'(n/4). where f(z) =tanz and a = 7/4.

cos(m+h) +1

23. By Definition 2, 1?2}) = f'(m), where f(z) = coszand a = 7.

h
.. . > h)+1
Or: By Definition 2, }{LIHO m_%ﬂ— = f'(0). where f(z) = cos(m + ) anda = 0.
th+t—2

24. By Equation 3, lim = f'(1), where f(t) =t*+tanda = 1.

t—1

F2+h) -2 [(2+R)? —6(2+h) — 5] — [2° — 6(2) — 5]

= lim

25. v(2) = f'(2) = lim

h—0 h h—0 h
. (4+4h+h*—12-6h—5) — (-13) h® — 2h
o h fim — = fmy(h 2= 2m/s
_ f(24+h) = f(2)
%, v(2) = /(2) = lim LEFR =)
v(2) = f'(2) = lim h
lim [22+R)° — (2+h) +1] - [2(2)° —2+1]
o h—0 h,
. (2h% +12h% + 24h+16 =2~ h+1) — 15
e h
3 2 2
g 212 BR (052 4 1204 23) = 23 m/s
h—0 h h—0

21. (a) f'(z) is the rate of change of the production cost with respect to the number of ounces of gold produced. Its
units are dollars per ounce.
(b) After 800 ounces of gold have been produced, the rate at which the production cost is increasing is $17/ounce.
So the cost of producing the 800th (or 801st) ounce is about $17.
(c) In the short term, the values of f'(z) will decrease because more efficient use is made of start-up costs as =

increases. But eventually f’(z) might increase due to large-scale operations.

28. (a) f'(5) is the rate of growth of the bacteria population when ¢ = 5 hours. Its units are bacteria per hour.

(b) With unlimited space and nutrients. f’ should increase as t increases; so f'(5) < f'(10). If the supply of
nutrients is limited, the growth rate slows down at some point in time, and the opposite may be true.

29. (a) f'(v) is the rate at which the fuel consumption is changing with respect to the speed. Its units are
(gal/h)/(mi/h).
(b) The fuel consumption is decreasing by 0.05 (gal/h)/(mi/h) as the car’s speed reaches 20 mi/h. So if you
increase your speed to 21 mi /h. you could expect to decrease your fuel consumption by about
0.05 (gal/h)/(mi/h).



30.

31.

32.

33.

34

35.
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(a) f'(8) is the rate of change of the quantity of coffee sold with respect to the price per pound when the price is
$8 per pound. The units for f’(8) are pounds/(dollars/pound).

(b) f'(8) is negative since the quantity of coffee sold will decrease as the price charged for it increases. People are

generally less willing to buy a product when its price increases.

T(10) is the rate at which the temperature is changing at 10:00 A.M. To estimate the value of T(10), we will

average the difference quotients obtained using the times ¢ = 8 and ¢ = 12. Let
T(8)-T(10) 72-81 T(12) —T(10) 88 —81

A= 8= 10 — 45and B 210 5 en
. T{t)-T(10) A+B 45+35 o
T'(10) = Jlim —=—5 2 2 /

For 1910: We will average the difference quotients obtained using the years 1900 and 1920.
E(1900) — E(1910)  48.3 —51.1

Let 4 1900 — 1910 ~10 0-28 an
E(1920) — E(1910)  55.2 — 51.1
B 1920 — 1910 10 0-41 Then

, _ . B()-EQ1910) A+B
E'(1910) = lim t—1910 2

at about 0.345 year/year in 1910.
For 1950: Using data for 1940 and 1960 in a similar fashion, we obtain E'(1950) ~ [0.31 + 0.10]/2 = 0.205. So
life expectancy at birth was increasing at about 0.205 year/year in 1950.

= 0.345. This means that life expectancy at birth was increasing

(a) S'(T) is the rate at which the oxygen solubility changes with respect to the water temperature. Its units are
(mg/L)/°C.

(b) For T = 16°C, it appears that the tangent line to the curve goes through the points (0, 14) and (32, 6). So

- 14
S'(16) ~ 5’2—_0 = —3% = —0.25 (mg/L)/°C. This means that as the temperature increases past 16°C, the

oxygen solubility is decreasing at a rate of 0.25 (mg/L)/°C.

(a) S'(T) is the rate of change of the maximum sustainable speed of Coho salmon with respect to the temperature.
Its units are (cm/s)/°C.

(b) For T' = 15 °C, it appears the tangent line to the curve goes through the points (10, 25) and (20, 32). So

32-25 . . .
S'(15) ~ 0-10 " 0.7 (em/s)/°C. This tells us that at T = 15 °C. the maximum sustainable speed of Coho
salmon is changing at a rate of 0.7 (ecm/s)/°C. In a similar fashion for T = 25 °C. we can use the points
. 25 — 35
20, 35) and (25, 25) to ob ’ =~
( ) and ( ) to obtain S’ (25) 25 20
maximum sustainable speed decreases rapidly.

= —2(cm/s)/°C. As it gets warmer than 20 °C, the

Since f(z) = xsin(1/z) when = # 0 and f(0) = 0. we have

£(0) = ,IL’L% f(0+h}3 — f(0) — Jim hsin(l}{h) -0

Jim = ’Ilin}) sin(1/h). This limit does not exist since sin(1/h)

takes the values —1 and 1 on any interval containing 0. (Compare with Example 4 in Section 22)
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36. Since f(z) = z*sin(1/z) when z # 0 and f(0) = 0, we have
von o fO+R)—=f(0) . R’sin(1/h) -0 _ . . 1
f(0) = ;P_.mo = ;ILIL% ——h—)— = }lll_r'rthsm(l/h). Since —1 < sin 7 < 1. we have

1 1
—|h| < |h|sin n <|h] = —|h| <hsin n < |h|. Because }llin})(— |h]) = 0 and }llin%) |h| = 0, we know that

. 1
lim (h sin E) = 0 by the Squeeze Theorem. Thus, f'(0) = 0.

—0

2.9 The Derivative as a Function

1. Note: Your answers may vary depending on your estimates. By y
estimating the slopes of tangent lines on the graph of f. it appears that ] /‘\ f!
(@) f'(1) ~ -2 (b) f'(2) = 0.8 0 \/’ x
© f(3)~-1 @ f'(4) =~ -05

2. Note: Your answers may vary depending on your estimates. By Y
estimating the slopes of tangent lines on the graph of f. it appears that
(@) f'(0)~ -3 () f/(1)=0
) f'(2)=15 (d) f'(3) =2
(© f'(4) =0 () f'(5) ~ —1.2

3. It appears that f is an odd function, so f’ will be an even yw
function—that is. f'(—a) = f'(a). \'\ ‘ f///
(@ f'(-3)= 15 ®) f'(-2)=1 = -
© f(-1)=0 (d f(0) = —4
@ f'(1H)=0 0 f(2)=1
(® f(3)~15

4. (a)’ = 11, since from left to right, the slopes of the tangents to graph (a) start out negative, become 0. then positive,
then 0, then negative again. The actual function values in graph II follow the same pattern.

(b)Y = IV. since from left to right, the slopes of the tangents to graph (b) start out at a fixed positive quantity, then
suddenly become negative. then positive again. The discontinuities in graph 1V indicate sudden changes in the
slopes of the tangents.

(c)' = 1, since the slopes of the tangents to graph (c) are negative forz < 0 and positive for z > 0. as are the

function values of graph L.

(d)’ = IIL since from left to right. the slopes of the tangents to graph (d) are positive, then 0. then negative. then 0,
g P! p

then positive, then 0. then negative again, and the function values in graph III follow the same pattern.
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Hints for Exercises 5-13: First plot z-intercepts on the graph of f” for any horizontal tangents on the graph of £. Look for any comers on
the graph of f — there will be a discontinuity on the graph of £’. On any interval where f has a tangent with positive (or negative) slope,
the graph of f* will be positive (or negative). If the graph of the function is linear, the graph of £’ will be a horizontal line.

5. _ 6. 1.

y M
I
0 x !
0 X
8 y 9. . 10
! f y
3 f
OJ X A\/
. ;

" y 12 v 13.

=
s
A
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14. The slopes of the tangent lines on the graph of y = P(t) are always y
positive, so the y-values of y = P’(t) are always positive. These 1007

values start out relatively small and keep increasing, reaching a 50

maximum at about t = 6. Then the y-values of y = P'(t) decrease

and get close to zero. The graph of P’ tells us that the yeast culture

grows most rapidly after 6 hours and then the growth rate declines.

15. It appears that there are horizontal tangents on the graph of M for
t = 1963 and ¢t = 1971. Thus, there are zeros for those values of ¢
on the graph of M’. The derivative is negative for the years 1963
to 1971.

—0.03J[ A A

1950 1960 1970 1980 1990

16. See Figure 1 in Section 3.4.

1. . 18. v
i /
y=flx)=¢" 0(1 — x
y=f(x)=Inx
y
y=f'(x)
v=FW 1
of 1 %

0 T ox .
! As z increases toward 1, f'(z) decreases from

The slope at 0 appears to be 1 and the slope at 1 very large numbers to 1. As x becomes large,

appears to be 2.7. As x decreases. the slope gets /() gets closer to 0. As a guess, f(z) =1/2°

closer to 0. Since the graphs are so similar, we or f'(z) = 1/z make sense.

might guess that f'(z) = €”.

19. (a) By zooming in. we estimate that f'(0) = 0. ffG)=rf1=2 25
and f'(2) = 4. 1
(b) By symmetry. f'(—z) = —f'(z). So f(-3)=-L
f'(—1) = —2.and f'(-2) = —4.
(c) It appears that f’(z) is twice the value of x, so we guess that

f(z) =2z




SECTION 2.9 THE DERIVATIVE AS A FUNCTION

f(z+h)— f(z) (z+h) -2

4 - 1 = 1
@ f(z) = lim h i h
(22 + 2ha + h?) — 2* 2hz + h? h(2z+h)
1 =1 =1 = 2 h)=2
= Jim i T = Ty = m e ) =2
20. (a) By zooming in. we estimate that f'(0) = 0. f'(3) =~ 0.75. (c) ¥

f'(1) = 3. f/(2) ~ 12, and f'(3) ~ 27.

(b) By symmetry, f'(—z) = f'(z). So f' (1) = 0.75, f'(—1) ~ 3.
f'(—=2) ~ 12, and f'(-3) ~ 27.

(d) Since f(0) = 0. it appears that f' may have the form f(z) = az?.

O

- i
Using f'(1) = 3. we have a = 3. 50 f(z) = 32°. :

3 2 2 3 3
oy o fl@th) = fx) (z+h)?®—2®  (2°+32%h +3zh +h’) -z
@@ = = =i = Im h
§ 24+ R h (32® + 3zh + h? ‘
:limwz im (82 +3zh + ):lim(3:v2—i-3xh+h2):Z‘Iac2
h—0 h h—0 h h—0
) = lim LEHR) —f@) . 87-37 0
AT =y T = i T = im = Jimo =0

Domain of f = domain of f' = R.

T+ h) — f(z) ~ lim [12+7(z + h)] - (12 + 7x)

h—0 h h—0 h
—gim 2ETEATR 12270 TR
h—0 h h—0 h h—0

Domain of f = domain of f’ = R.

2. '(z) = lim LETN = /(@) 1-3(z+h)") - (1 - 30?)

:lim[

h—0 h h—0 h
(1= 3(2® + 2zh + h?)] — (1 - 32%) 1 —32¢® — 6zh — 3h% — 1 + 322
= lim = lim
h—0 h h—0 h
— —_— 2 p— —
= lim Gzh = 3h = lim h(=6z — 3h) = lim (—6z — 3h) = —6z
h—0 h h—0 h—0

Domain of f = domain of f’ = R,

A () = lim LETN = @) _ 5@ +h)°+3(+h) - 2] - (52% + 3z - 2)

h h—0 h
. 5x2+10wh+5h2+3m+3h—2—5:c2—3:v+2 . 10zh + 5h% + 3h
= lim = lim
h—0 h h—0 h
. h(10z +5h+3
= lim P02 +5h+3) lim (102 + 5h + 3) = 10z + 3
h—0 h h—0

Domain of f = domain of f’ = R.

129
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%, flz) = lim @R ZS@ _ [(z +h)* —3(z + h) +5] — (z — 3z +5)

h—0 h h—0 h
s (z3+3m2h+3mh2—+—h3—39:—3h-|—5)—(m3—3a:+5)
= Al h
322h + 3zh? + k3 —3h . h(3z® +3zh+h* - 3)
= lim = lim
h—0 h h—0 h

= }llm}) (Bm2 + 3zh 4+ h? — 3) = 3z% -3
Domain of f = domain of f* =R.

26. f'(z) = lim flath) - f@)

(z+h+vVz+h)—(z+7)
h

h—0 h—0
= lim (E—i— x—}-h—\/i. w+h+ﬁ>*lim 1+_____(a:+h)—w
h—0 \ h h \/$+h+\/—f£ h—0 h(,/x-‘-h_*_ﬁ)

= lim —l4———e=1+—=

h~o<”ﬁ—;—+ﬁ> VAN

Domain of f = [0, 00), domain of f = (0, 00).

21. ¢'(z) = li
g(z) = Jim B0 h 1+2(z+h) +V1+2z

: - 2 2 1
~ lim (1+2z+2h) —(1+ 2z) — lim

h—»oh[\/ﬁQ(w‘{'h)—i—\ﬁ—f—?x] W Tt ozt 2h+ Vit 2Vit2x itz

g(x+h) —g(x) i Vi+2(+h)—vV1i+2 [\/17—#2(:c+h)+\/1+2m}
s =|lm

Domain of g = [—3.00). domain of g' = (—1,00).

3+(x+h) 34z
f(x—i—h)—f(:c):liml-B(:c—i—h) 1-3z

B. f'(z) = Jim, h Ko h
— lim B3+z+h)(1-3z)—(3+2)(1 -3z — 3h)
h—0 h(1 — 3z — 3h)(1 — 3z)
. (3—9x—l—w—3w2+h—3hx)—(3—~9w—9h+z—3332—3hx)
= jim h(1 — 3z — 3h)(1 — 32)
10h 10 10

=i =i -
i A — 3z —3h)(1—3z) =0 (1- 3z —3h)(1-3z) (1-32)

Domain of f = domain of f = (—00.3) U (5.00).

4(t + h) 4t 4t +h)(t+1)—4t(t+h+1)
29. G’(t):}l%G_(tj_’%:ﬂt_):g% (t+h)+hl t+1 :}111?0 (t+h+hl)(t+1)
(4% + 4ht + 4t + 4h) — (4¢° + 4ht + 4t)
= jrg, h(t+h+ 1)(t+1)
4h 4 4

= lim

= li =
A R D+ 1) 0 (E+h+D(E+1)  (E+1)

Domain of G = domain of G’ = (—00, =1) U (=1, 00).
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1 1
T T 2 2 2
(o) = lim $EFR) —9(@) _ . (z+h)? 22 2 (z+h)
0. g'(e) = ;111—% h N %{no h llzlir}) h(z + h)2z2
. @®— (2° + 2zh + ?) . —2zh —h? . =2z —h -2z
= lim = lim 5 = lim — = —
h—0 h h—0 h(z 4+ h)2z?  h—0 (z + h)2z T
=273
Domain of g = domain of ¢’ = {z | z # 0}.
— M=zt (z*+42°%h + 622R2 + 42k + hY) — 24
31 f(z) = lim fl+h) - flz) = lim (z+h) 2 = lim ( )
h—0 h h—0 h h—0 h
3 2,2 3, 14
= lim Ac’h + 627 + dzh” + h = lim (43:3 + 6x%h + 4zh? + h3) =423
h—0 h h—0
Domain of f = domain of f' = R.
32. (a) y y y[
) = :”7:“6») = \[é:—'
b= y=Jx ‘ — y=v=(x x
| | | \
-1 1 Cox -1 i T ox | ‘ X

(b) Note that the third graph in part (a) has small negative values for its slope, f'; butas z — 6™, f' — —o0.

See the graph in part (d).
© f'(z) = li f(x+h)_f(m)__l‘ V6—(z+h)—V6—=z \/6—(11+h)+s/6—z
¢ flz) = lim h = D oo Gih Ve
N R Y R N h
h_’oh[\/ﬁ_(x.}_h)_{_\/ﬁ_m} h=0h(vVB6—z—h+6—z)
= lim ! —!

h=0\6—2—h+v6-2z 26—z
Domain of f = (—o0, 6], domain of f’ = (—00,6).

@ t

o (G- C))

B. @) f(z) = lim LEFH) ~ f(2)

h—0 h = lll—r-vr(l) h
2 2
= lim (z+h) @ = lim 1+M = lim |1 2h
h—0 h h—0 hx(z + h) h=0 hz(x + h)

I
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(b) Notice that when f has steep tangent lines. f'(z) is very large. 10
When f is flatter. f’(z) is smaller.
f
_3 + + 3
— 1/ |
-4
6 6
— 2 2 2 _6_ 2
3. (@) f'() = lim fE+h)—f(t) _ lim 14+ (t+h) 1+t :lim6+6t 6 —6(t+ h)
h—0 h h—0 h h—0 h[1 + (t+ h)2] (1 +t2)
_ —12th — 6h° , —12t — 6h —12¢
= lim = lim =
h—0 h[1+ (t+R)2 (L +1t2) ~ h—0[1+(t+h)2](1+¢) (14 t2)?
(b) Notice that f has a horizontal tangent when t = 0. This corresponds 6
to f'(0) = 0. f” is positive when f is increasing and negative when f
is decreasing. f
) 2
-4

35. (a) U'(t) is the rate at which the unemployment rate is changing with respect to time. Its units are percent per year.
Ut+h)-U) Ult+h)— U(t)
h ~ h
U(1992) —U(1991) 7.5-6.8
1992 -1991 1

(b) To find U’ (t), we use ’llin% for small values of h.

For 1991: U’ (1991) =

=0.70

For 1992: We estimate U’(1992) by using h = —1and h = 1. and then average the two results to obtain a final
estimate.

h=-1 = U'(1992)~

U(1991) —U(1992) _ 6875 _ ;0

1991 — 1992 -1
, U(1993) — U(1992) 69-75
= =] = = —0.60.
h=1 = U'(1992) 1993 — 1992 T 60

So we estimate that U’ (1992) = £[0.70 + (—0.60)] = 0.05.

t 1991 1992 1993 1994 1995 1996 1997 1998 1999 2000
U'(t) | 070 0.05 —0.70 —065 -035 —0.35 -045 -035 —0.25 —0.20

36. (a) P’(t) is the rate at which the percentage of Americans under the age of 18 is changing with respect to time. Its
units are percent per year (%/yr).
P(t+h) — P(t) _ P(t+h)— P(t)
h - h
P(1960) — P(1950) _ 35.7-31.1 _ 0.46
1960 — 1950 10
For 1960: We estimate P’ (1960) by using h = —10 and A = 10. and then average the two results to obtain a

final estimate.

for small values of h.

(b) To find P’ (t). we use }Lirr%)

For 1950: P'(1950) =

h=-10 = P'(1960) ~ 0.46

P(1950) — P(1960) _ 31.1—35.7 _
1950 — 1960 a —10 -



37.

38.

39.

40.
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P(1970) — P(1960) _ 34.0 — 35.7
1970 -1960 10
So we estimate that P'(1960) ~ 1[0.46 + (—0.17)] = 0.145.

=-0.17

h=10 = P'(1960) ~

t 1950 1960 1970 1980 1990 2000
P'(t) | 0.460 0.145 —0.385 -0415 —0.115 0.000

(©)

P
0.5
[)
© 0.4+
37T
0.3
35T
0.2
33T
0.1
3T
291
,__0.1..
2771
_0.2__
251
‘0.3__
’ 1950 1960 1970 1980 1990 2000 ' —0.4+
—0.5"'

(d) We could get more accurate values for P'(t) by obtaining data for the mid-decade years 1955, 1965, 1975,
1985, and 1995.

[ is not differentiable at z = —1 or at 2 = 11 because the graph has vertical tangents at those points; at z = 4.

because there is a discontinuity there; and at z = 8, because the graph has a corner there.

(a) g is discontinuous at z = —2 (a removable discontinuity). at z = 0 (g is not defined there), and at z = 5
(a jump discontinuity).

(b) g is not differentiable at the points mentioned in part (a) (by Theorem 4), nor is it differentiable at
= —1 (corner), x = 2 (vertical tangent), or z = 4 (vertical tangent).

As we zoom in toward (—1, 0). the curve appears more and more like 2

astraight line, so f(z) = z + /|| is differentiable at £ — —1. But (

no matter how much we zoom in toward the ori gin. the curve doesn’t

straighten out—we can’t eliminate the sharp point (a cusp). So f is -2 1

not differentiable at z = 0. \ J

As we zoom in toward (0, 1), the curve appears more and more like a 3

straight line, so f is differentiable at z = (. But no matter how much
we zoom in toward (1,0) or (—1,0). the curve doesn’t straighten
out—we can’t eliminate the sharp point (a cusp). So f is not
differentiable at z = +1.

133
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41. (a) Note that we have factored  — a as the difference of two cubes in the third step.

f(a) = lim f@) = f@) _ M — lim z"/® —al/?
T—a r—a z—a r—a rz—a (;1,'1/3 01/3)(132/3 + w1/3al/3 —+ a2/3)
= lim 1 1 -2/3

— 1
I 273 1 21/3g1/3 + a2/3 | 3a2/3 orza

vy — i £0+R) = FO0) f—
(b) f(0) = lim b lim

T h—

1 . .. .
11 m 275 This function increases without bound, so the

limit does not exist, and therefore f/(0) does not exist.

. 1 . . . .
(c) hm0 |f/ (z)] = hrrb 3223 = = oo and f is continuous at z = 0 (root function), so f has a vertical tangent
z—> o
atz = 0.

— 2/3 _
42. (a) ¢'(0) = lim 9(z) = 9(0) = lim e o0 lim 1 which does not exist.

x—0 xr — O xz—0 x x—0 xl/s ’
_ 2/3 _ 2/3 1/3 _ g1/3)(41/3 1/3
(b) g'(a) = lim g(_:cl_g(g_) = lim 2% = lim (@ )z +a )
r—a Tr—a Tz—a r—a T—a (1;1/3 — a1/3)(;1,'2/3 + 1;1/3(1,1/3 —+ a,2/3)
‘ £1/3 4 gl/3 2q1/3 9 2 13
= lim = = or ;a
ol 7273 + £1/3g1/3 4 q2/3 ~ 3a2/3  3al/3 3
(c) g(z) = ?/* is continuous at z = 0 and (d) 04
o 2 . ([ )
ili% lg'(z)] = lm%] ————3| RE = oo. This shows that
g has a vertical tangent line at z = 0.
_oa\ i,
02 5 0.2
—(z—6) ifz<6 6—z if <6
8. f(z)=|z—6] = : = .
z—6 if £>6 z—6 if x>6
y
y = f'lx)
mf_(x)_—_f(i):h |_;n_—6_l___hm:c—6:hm1=. It o—
z—6+ z—6 z—61 z—6 z—6+ T — 6 z—61 )
0 6 x
— . 6— —
But lim f(a:) f(6) lim \—ﬁ—-ﬂ—— = lim z -1
z2—6~ T an6- x—6 z—6- T —6
= lim (-1)=-—
z—6"
) f(:B) £(6) ) , -1 ifz<6
"(6) = lim —=————=d t exist. However, =
So f'(6) lim —6 oes not exist. However, f'(z) L ifz>6

x—6

Another way of writing the answer is fl(z) = E 6|

44. f(x) = [] is not continuous at any integer n, so f is not
differentiable at n by the contrapositive of Theorem 4. If a is not an
integer. then f is constant on an open interval containing a, so

#/(a) = 0. Thus, f'(z) = 0.z not an integer.
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2 ifz>0 , )
8. (a) f(z) =z |z| = > 0 (b) Since f(z) = z* forz > 0, we have f'(z) = 2z for z > 0.
- 1 <
v ‘ [See Exercise 2.9.19(d).] Similarly, since f(z) = —z? for
y[ z <0, wehave f'(z) = -2z forz < 0. Atz = 0, we have
H0) = i L&) FO) x| _
FO=In==5 ~ = =lmkl=o0
0

So f is differentiable at 0. Thus, f is differentiable for all z.

2 ifz>0
(¢) From part (b), we have f'(z) = =2|z|.

-2z ifz<0
Cy= i LEEW @) so@am o1
SOy T s T = i =
L -1

. fA+h) —f4) . 5—(dth) m L=k _

U — _ 7 _— — —_— = = 1.
fr@) = lim, h W, h I TR =Ry A T
0 if <0
(b) y © flz)={ 5-=z f0<z<4

1/(5—2z) if z>4
_ These expressions show that f is continuous on the intervals
0 4 x (—00,0).(0,4). (4,5) and (5, c0). Since

im f(z)= lim (5-2)=5#0= lim f(z), lim f(z)
z—0+ z—0+ rz—0— z—0

v = f) x=5

does not exist, so f is discontinuous (and therefore not
differentiable) at 0.

1
At 4 we have i = lim (5—2)=1and li = lim —— =150 Ii 1=
we have Jim f(z) 1_1}11_( z) an Jim, f(z) Jim —— 1, s0 il_rg flz)=1= f(4)
and f is continuous at 4. Since f(5) is not defined, f is discontinuous at 5.
(d) From (a). f is not differentiable at 4 since fL(4) # f4(4). and from (¢). f is not differentiable at 0 or 5.
47. (a) If f is even, then

F-z) = tim LETHR —f2) o SR = fa) e b~ fa)

h0 h h—0 h h—0 h
f@—h) - f(z . +Az) - ,
L I SR T RS C R

Therefore, f’ is odd.
(b) If f is odd. then

f(=2) = lim L2+ — f(=a) _ lim L2@ = R)] - f(-2)

=L @= 1)+ f(@)
h

h h—0 h =)
 fz—h)—f ‘ + Az) — ,
= ;ILIL% % lletAz = —h] = Alzlcrgo m+azf(x) =/

Therefore, f’ is even.
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48. (a) T (©) dT/d1

0 t l ~ ’ t

(b) The initial temperature of the water is close to room temperature because of the water that was in the pipes.
When the water from the hot water tank starts coming out, dT'/d¢ is large and positive as T' increases to the
temperature of the water in the tank. In the next phase. dT/dt = 0 as the water comes out at a constant. high
temperature. After some time, dT’ /dt becomes small and negative as the contents of the hot water tank are
exhausted. Finally, when the hot water has run out. dT/dt is once again 0 as the water maintains its (cold)

temperature.
49, In the right triangle in the diagram, let Ay be the side opposite angle ¢ and
Az the side adjacent angle ¢. Then the slope of the tangent line Lis
m = Ay/Az = tan ¢. Note that 0 < ¢ < 7. We know (see Exercise 19)
1 that the derivative of f(x) = z? is f'(z) = 2z. So the slope of the tangent
\\ to the curve at the point (1, 1) is 2. Thus, ¢ is the angle between 0 and 3
: whose tangent is 2; that is, ¢ = tan~! 2 ~ 63°.
2 Review

CONCEPT CHECK

1. (a) lim f(z) = L: See Definition 2.2.1 and Figures 1 and 2 in Section 2.2.
T—a

(b) lim+ f(z) = L: See the paragraph after Definition 2.2.2 and Figure 9(b) in Section 2.2.

r—a

(¢) lim f(zx) = L: See Definition 2.2.2 and Figure 9(a) in Section 2.2.

T—a"

(d) lim f(z) = oo: See Definition 2.2.4 and Figure 12 in Section 2.2.
(e) lim f(z) = L: See Definition 2.6.1 and Figure 2 in Section 2.6.
r—00

2. In general, the limit of a function fails to exist when the function does not approach a fixed number. For each of the

following functions. the limit fails to existat z = 2.
y

— WiTVa

4 p s NS —)

—

(=3

_2_
x=2
The left- and right-hand There is an There are an infinite
limits are not equal. infinite discontinuity. number of oscillations.

3. (a)—(g) See the statements of Limit Laws 1-6 and 11 in Section 2.3.



4.

5.

1.

12.

13.

14.
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See Theorem 3 in Section 2.3.
(a) See Definition 2.2.6 and Figures 12—14 in Section 2.2.
(b) See Definition 2.6.3 and Figures 3 and 4 in Section 2.6.

. (@) y = z*: No asymptote (b) y = sinz: No asymptote

(¢) y = tanx: Vertical asymptotes z = 5 +mn, (d) y = tan™! z: Horizontal asymptotes y = £7

n an integer

(e) y = €”: Horizontal asymptote 3y = 0 (f) y = Inx: Vertical asymptote z = 0
( lim e®=0) (lim Inz = —00)
T— —o00 z—0+

(8) y = 1/x: Vertical asymptote z = 0, (h) y = \/z: No asymptote

horizontal asymptote y = 0

- (a) A function f is continuous at a number a if f(z) approaches f(a) as & approaches a; that is.

lim f(z) = f(a).
T—a

(b) A function f is continuous on the interval (=00, 00) if f is continuous at every real number a. The graph of
such a function has no breaks and every vertical line crosses it.

. See Theorem 2.5.10.
. See Definition 2.7.1.
10.

See the paragraph containing Formula 3 in Section 2.7.
(a) The average rate of change of y with respect to x over the interval [z1, z2] is f(m;);i(ml)
2 — 1
(b) The instantaneous rate of change of y with respect to z at z = z; is lim M
T2—T) T2 — Iy
See Definition 2.8.2. The pages following the definition discuss interpretations of f’(a) as the slope of a tangent
line to the graph of f at z = q and as an instantaneous rate of change of f(z) with respect to  when z = a.

(a) A function f is differentiable at a number a if its derivative f exists at z = a; that is, if [ (a) exists.

(b) See Theorem 2.9.4. This theorem also tells us that if f is nor continuous at a. then f is not differentiable at .

(c) y

0 2 x

See the discussion and Figure § on page 172.

£ W N

TRUE-FALSE QuIZ

137

. False. Limit Law 2 applies only if the individual limits exist (these don’t).
. False. Limit Law 5 cannot be applied if the limit of the denominator is 0 (it is).
. True.  Limit Law 5 applies.

. True.  The limit doesn’t exist since f(z)/g(z) doesn’t approach any real number as z approaches 5.

(The denominator approaches 0 and the numerator doesnt.)
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5. False. Consider lim oz =5) oy, 0@ —5)

m ——— Lim — . The first limit exists and is equal to 5. By Example 3 in

Section 2.2, we know that the latter limit exists (and it is equal to 1).

o : 1 o
6. False. Consider il_rg [f(z)g(z)] = hn}3 [(w —6) ;_—_6] It exists (its value is 1) but f(6) = 0 and g(6) does not

exist, so f(6)g(6) # 1.

7. True. A polynomial is continuous everywhere, so lin% p(z) exists and is equal to p(b).
T—

. . . 1 1 o
8. False. Consider im% [f(z) — g(x)] = lur}) (; - F) This limit is —oo (not 0), but each of the individual

functions approaches co.
9. True. See Figure 4 in Section 2.6.
10. False. Consider f(z) =sinz forz > 0. lim f(z) # oo and f has no horizontal asymptote.

1(z—1) if z#1

11. False. Consider f(z) =
f( ) {2 ifz=1

12. False. The function f must be continuous in order to use the Intermediate Value Theorem. For example, let

1 if0<z<3
f(z) = There is no number ¢ € [0, 3] with f(c) = 0.
1 ifxz=3
13. True. Use Theorem 2.5.8 with @ = 2, b = 5, and g(z) = 42 — 11. Note that f(4) = 3 is not needed.
18. True. Use the Intermediate Value Theorem witha = —1.b =1, and N = 7, since 3 < 7 < 4.
15. True, by the definition of a limit withe = 1.
z2+1 if z#0
16. False. For example, let f(z) =
2 if =0
Then f(x) > 1 for all z, but lim f(a) = lim (> +1) =1
T— T—

17. False. See the note after Theorem 4 in Section 2.9.

18. True. f'(r)exists = fis differentiable at # => f is continuous atr = lim f(z) = f(r).

T—T
EXERCISES
1. (@) (i) lim f(z)=3 Gi) lim f(z)=0
z—2F z——3+
(iii) 1im3 f () does not exist since the left and right (iv) iLIIlA flx)=2
limits are not equal. (The left limit is —-2)
) 1111}) f(x) =00 (vi) 1'11;1_ f(z) = —o0
(vii) lim f(z) =4 (viii) zEIPoo flz)=-1
(b) The equations of the horizontal asymptotes are y = —1 and y = 4.
(c) The equations of the vertical asymptotes are = Oand z = 2.
(d) f is discontinuous at T = —3.0. 2, and 4. The discontinuities are jump, infinite, infinite, and removable,

respectively.
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3. Since the exponential function is continuous,
lirn1 el — el7l =% =1,
X

Since rational functions are continuous. hm 2’ ~9 = 3° 9 = —9 =0
- Since rational functio c—322 12z -3 B +203) -3 12 O

i 29 im E+3)(@=3) lim £83_-3-3_ -6 _3
(a~-8224+20 -3 o—-3(z+3)(z—1) wosz—1 -3-1 4 2

2 2 _
11_1'1&52::279—3 :—oosincex2+2z—3——>0asz—v1+and#w9_3 <Oforl<z<3.
—1)8 R® —3h%4+3h—1) +1 3 _3p2

. lim (h—1) +1:lim( + ) =limh 3h +3h:1im(h2—3h+3):

h—0 h h—0 h h—0 h h—0

Another solution: Factor the numerator as a sum of two cubes and then simplify.

—-1)3 —1)3+13 h=1)+1][(h=1)* = 1(h— 1)+ 12
fm DL (A1) 41 i L= DA [(R 1) —1(h - 1) +17]
h—0 h h—0 h h—0 h
=lim [(h-1)?-h+2]=1-0+2=3

h—0

I

2— —
lim =2 gy D=2 42 2402 -4 1

= R R Y T B Ty S I ey ey Sy 3

9. ll_lg (r\—/i))“ :oosince(r—9)4—>0asr—>93nd( \/_9)4 > 0forr #9.
. 4—v 4—-v 1
10. - = lim —— = lim — = —
ot A=) oy Ty T Jm, =1
. 45 4- /5 -1 -1 1
"N lim —Y° = i A —— = -z
i 516 s~1e(\/‘+4)\[—4 R Y W by il
2 — p—
12. lim 2 -:211 8:lim (v+4)(v-2) - lim v+4 _ 244 _3
v—2 vt 16 v=2 (v +2)(v - 2)(v2 + 4) v=2 (v +2)(v2 + 4) (2+2)(224+4) 16
T—8 .
i o8 Py if z-8>0 { 1 ifz>8
. — 8 - _ _ = _ e
z (a:—88) if z—8<0 1 ifz<8
.z — 8| .
Thus, 1 - 1= _1
L s T Am(y =
14. li1191+ (\/w—9+[[m+1]]): lirgl+\/:c—9+ lim+[[a:+1]]:\/9—9+10:10
T— T— z—9
15. lim — V1 -z 1+ V122 - lim 1—(1—1:) 22
=0 z 141 - 22 wﬂom(l—#\/l—x?) I—*Om(1+\/l—x2) 1—’01«1—\/1—:102
16. lim Y2 1+2-V2z Vz+2++2z — lim —(z—2) -1 1

1% 2(z-2) Vzt2+vem w~2m—)(\/ﬁ+\/z‘x) mx(\/ﬁﬂ/‘) 8
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) 1 _ 2 2 2
g G LE2Z T (1422 —2%) /z ~ lim 1z’ +2/z -1 _0+0-1_ 1
gmoo | — 2+ 222 w00 (1—x+222) /22 2o l/z2 -1/z+2 0-0+2 2

3 _ .2 3,2 3 3
8 lim 2 L2 i (52°~2*+2) /s . 5-1/s+2/z® 5040 5
amroo 203+ T —3  a—-co (223 +z—3)/x}  a—-c2+41/2?—3/2%  2+0-0 2

19. Since z is positive, Vz2 = |z| = z.
VaE=9 . VaPo9ia? . V1-9/22 V1-0 1

lim = lim = lim = ==

om0 22 — 6 z—oo (2:13— )/x coo0 2—6/x 2-0 2

20. lim ln(lOO — 12) = —00 since as £ — 10, (100 _ m?) N 0+.

z—10"

21. lim e 3% = O since —3z — —ocoasz — oo and lim et =0.
xTr— 00 t— —o00

2 Ify=2>-z= x(2® — 1), thenas x — oo, y — oo. lim arctan(z® — ) = lim arctany = 3 by (2.6.4).
T—00 y— 00

23. From the graph of y = (cos2 x) /%, it appears that y = 0 is the horizontal 5

asymptote and z = 0 is the vertical asymptote. Now 0 < (cos m)2 <1

0 cos® 1 cos® 1

— — = 0L < —. But hm 0 = 0and
2 T2 x2 2 z—+o0

~[ ¢

lim —15 = 0, so by the Squeeze Theorem,

z—too T —1
cos’ x cos” T
1“}:1 = 0. Thus, y = 0 is the horizontal asymptote. hm Ll —s = 00 because cos® z — 1 and z* — 0 as
z—too I T

z — 0, so z = 0 is the vertical asymptote.

24. From the graph of y = f(z) = V22 + o +1— \/zZ — z, it appears that there are 2 horizontal asymptotes and
possibly 2 vertical asymptotes. To obtain a different form for f, let’s multiply and divide it by its conjugate.

Val+z+1l+Vel—x
= (/22 1- V22—
( Tt +x+ \/; m) \/aﬁf—l—w+1+\/:;2—a:

(m2+w+1)—(m2—x) 2z +1

S Vitatlivai-z Vetztl+VeP-z

Now
lim fi(z)= lim 2z +1
im =
N e VP a1+ Vel — 2
2+ (1/x) .
= (since Va2 = z forz > 0)
A5 1+ (1/z) +(1/22) + 1 - (1/x)
j— 2 —_—
141
soy = 1 is a horizontal asymptote. For z < 0, we have vz2 = |z| = —x, so when we divide the denominator by

z, with z < 0, we get

\/w2+$+1+\/:82—:l:__\/2172+:13+1+\/$2—-T:_[ /1+l+_1_+ /1_1]
T - V2 N 2 T
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Therefore,
2z 41
li = lim
2 =200 filz) eo=o0 o2+ + 1+ Va2 — g
: 2+ (1/z) 2 _
= lim :—(1+1)h_1’
- VTR + (47 + T- (170)]
soy = —1is a horizontal asymptote. Asz — 07, f (z) — 1, s0 z = 0 is nof a vertical asymptote. Asz — 17,

f(@) — V3,50 z = 1is not a vertical asymptote and hence there are no vertical asymptotes.

4
(
g
-10 # 10
— /
—4

25. Since 2z — 1 < f(z) < z?for0 < z < 3 and lim1 2z-1)=1= lim1 z2, we have lim1 f(z) =1 by the
Squeeze Theorem.

2. Let f(z) = —22, g(z) = 2* cos(1/z?) and h(z) = . Then since 'COS(I/JI?)‘ < 1forz # 0, we have
f(z) < g(x) < h(z) for z # 0, and so lin(x) f(z) = lin}) h(z) =0= liH(l] g(z) = 0 by the Squeeze Theorem.

27.Givene>O,weneed6>030thatif0<Ix—5]<6,then|(7w—27)—8l<6 & |[Tt-35|<e o
|:c—5|<e/7‘Sotake6:5/7.Then0<lx—5|<¢5 = |(Tx —27) — 8] < e. Thus, liné(7m—27)=8

by the definition of a limit.

28. Given e > 0 we must find § > 0 so that if 0 < |z — 0] < 6, then |z — 0 < e. Now |z — 0| = |¥z| <e =
|lz| = |/z]> < €. So take 6 = %, Then 0 < [z -0l=z]<e® = [z-0/=|¥z|= Vlz) < Ved =e.
Therefore, by the definition of a limit. lin%) Yz =0.

23. Given e > 0, we need 6 > 0'so that if 0 < |z — 2| < 6, then |#* — 3z — (=2)| < e. First, note that if lz—2] <1
then-1<z-2<1,500<z-1<2 = |z — 1] <2.Nowlet6=min{s/2,1}.Then0<]x—2| <6
= |2® -3z — (=2)] = |(z - 2)(z - Di=lz -2z — 1] < (¢/2)(2) =e.

Thus, lim (2* — 32) = —2 by the definition of a limit.

s

30. Given M > 0, we need 6 > 0 such that if 0 < z — 4 < é.then 2/\/z —4 > M. Thisis true <
Ve—4<2/M & z-4<4/M2 Soif we choose § = 4/M? then0 <z —4 < § = 2Nz —4> M.
So by the definition of a limit, lim 2Nz =1) = 0.
r—4

3. (@) f(z) = V=zifz <0, f(z) =3-zif0<z<3. f(z) = (z—3)%ifz > 3.

() lim f(z)= lim (3-2)=3 (i) lim f(z)= lim /=2 =0
z—0+ z—0+ z—0~ z—0—
(ii1) Because of (i) and (i), lirr(lJ f () does not exist. (iv) lim f(z) = lim (3-z)=0
z— z—3~ z—3~

(v) zl_lgl+ flz) = $Er?+ (z—-3)2=0 (vi) Because of (iv) and (v), le,né f(z)=o0.
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(b) f is discontinuous at 0 since lin}J f(z) does not exist. (©)
r—

f is discontinuous at 3 since f(3) does not exist.

32 (a) g(z) =2z —22if0<z<2.g(z)=2-zif2<z <3 ®) ,
g(z) =z —4if 3 <z < 4,g(x) = 7 if z > 4. Therefore, T h—

lim g(z) = lim (2z —z*) =0and
T—27 r—27

lim g(z) = lim+ (2 — z) = 0. Thus, 1ing(z) =0=g9(2).509
z—2 —

z—2t

0 2 4 x
is continuous at 2. lim g(z) = lim (2 —z)= —land
z—3~ r—37

lim,_ g(z) = lix}}n)r (z —4) = —1. Thus, lim g(x) = —1 = g(3). so g is continuous at 3.
z—3 z— r—

lim g(z) = lim (z—4)=0and lim g(z)= lim m=m. Thus, lim g(x) does not exist, so g is
Tz—4~ T—4" r—4t r—4t r—4
discontinuous at 4. But lim+ g(z) = m = g(4), so g is continuous from the right at 4.

r—4

33. sin z is continuous on R by Theorem 7 in Section 2.5. Since e is continuous on R. €5 ® is continuous on R by
Theorem 9 in Section 2.5. Lastly, z is continuous on R since it’s a polynomial and the product ze*™® is continuous
on its domain R by Theorem 4 in Section 2.5.

34. 2% — 9 is continuous on R since it is a polynomial and \/z is continuous on [0, 00), so the composition V2 — 9 is
continuous on {z | 22— 9> 0} = (—o0,-3]U[3, 00). Note that 2> — 2 # 0 on this set and so the quotient
Vz2 —
function g(z) = —-52—79 is continuous on its domain, (—oco, —3] U [3, 00).
22 —
35. f(z) = 2¢° + 2 + 2 is a polynomial, so it is continuous on [—2, —1] and f(—2) = -10 <0 <1 = f(=1). So
by the Intermediate Value Theorem there is a number ¢ in (—2, —1) such that f (¢) = 0. that is, the equation
223 + 22 +2 = O has aroot in (—2, —1).

36. f(z) = e—=> _ 1 is continuous on R so it is continuous on [0, 1]. f(0) =1>0> 1/e —1 = f(1). So by the
2
Intermediate Value Theorem, there is a number ¢ in (0, 1) such that f(c) = 0. Thus, e —z=00re® =z,
has a root in (0, 1).
37. (a) The slope of the tangent line at (2,1) is
i 42 = 5(2) _

r—2 T

9% — _op2 (2 _ (g — 2 9
lim 9-2 -1 _ im 822" _ lim _QL:B___iQ — lim (z-2)(z+2)
z—2 r—2 z—2 x — 2 z—2 x—2 z—2 x—2

= lim2 [-2(z+2)]=-2-4=-8
(b) An equation of this tangent lineisy — 1 = —8(x —2)ory = —8x + 17.
38. For a general point with z-coordinate a, we have
e 2/(1 —3z) —2/(1 =3a) _ . 2(1 — 3a) — 2(1 — 3z)
~i1_rg z—a ':113}1 (1 —3a)(1 —3z)(z —a)
6(x — a) 6 6

2% T —3a)(1-3z)(z —a) =—a(l—3a)(1-32) BTEEDE
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Fora =0,m = 6 and f(0) = 2. 50 an equation of the tangent line is y — 2 = 6(x — 0) or y = 6z + 2. For

a=-1,m=3%and f(-1) = 2. 50 an equation of the tangent line isy— 1= 3(x+1)ory = Sz+ I

39. () s = s(t) = 1+ 2t + t> /4. The average velocity over the time interval (1,14 h]is
st+h)—s(1) _1+20+h)+ (1+h)/4-13/4 10h+h®> 10+h

B Py h ah 4
So for the following intervals the average velocities are:
() [1,3]: h =2.vave = (10 + 2)/4=3m/s
(i) [1,2]: h=1.vave = (10 +1)/4 = 2.75 m/s
(iii) [1,1.5]: h = 0.5, vave = (104 0.5)/4 = 2.625 m/s
(iv) [1, 1.1]: h =0.1. vaye = (10 + 0.1)/4 =2.525m/s

. 104+h 10
~£% 1 _T_Q.Sm/s.

h) —s(1
(b) When ¢ = 1. the instantaneous velocity is Ain}) s(L+ }3 s(1)

40. (a) When V increases from 200 in® to 250 in. we have AV =250 — 200 = 50 in®, and since P = 800/V,

AP = P(250) — P(200) = S—gg - % = 3.2 —4 = —0.81b/in® So the average rate of change is
AP 08 Ib/in?
N R

(b) Since V' = 800/ P, the instantaneous rate of change of V' with respect to P is

m AV _ . V(P+h) -V (P) . 800/(P+h) - 800/P
dm AP = A h = Jimy h
L 800[P—(P+h)] _ o =800 800
k0 A(P+R)P il (P+h)P P2

which is inversely proportional to the square of P.

M. (@) f(2) = lim M = lim w (©) 12

z—2 xr—2 T—2 r—2
. (z-2)(z®+2z+2
= 1im 222 ):lim(x2+2m+2)=10
T—2 xr—2 T—2 -4 4
®)y—4=10(x ~2)ory = 10z — 16 / J

42. 2° = 64.50 f(z) = 2% and @ = 2.

43. (a) f'(r) is the rate at which the total cost changes with respect to the interest rate. Its units are
dollars/(percent per year).

143

(b) The total cost of paying off the loan is increasing by $1200/(percent per year) as the interest rate reaches 10%.

So if the interest rate goes up from 10% to 11%, the cost goes up approximately $1200.

(c) As r increases, C increases. So f'(r) will always be positive.
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For Exercises 44—46, see the hints before Exercise 5 in Section 2.9.

44, y 45,

fz+h)—f(=) _ V3 - 5(m+h —V3=5z+/3-5(x+h)+V3-5z
h = Jg, V3 —5(z+h)++3-5z

B-5@+h)]-(B-52) _ -5 -5

41. (a) f'(z) = ’1113})

= lim

] =
h*Oh(\/?—s(erh)Jr\/?T—sx) h%\/ﬁ—5(x+h)+\/§—5x 2/3 -5z

(b) Domain of f: (the radicand must be nonnegative) 3 — 5z > 0 = 50<3 = z€(-00, 2

Domain of f: exclude 2 because it makes the denominator zero; z € (—00, 2)

(c) Our answer to part (a) is reasonable because f'(z) is always _

negative and f is always decreasing. \f

-6
48. (a) As x — o0, f(z) = (4 —2)/(3+z) — —Llsothereisa 3 1)‘
X=- H
horizontal asymptote aty = —1. As & — —3%, f(z) — oo, ;
and as x — —3~, f(z) — —oo. Thus, there is a vertical f
N X

asymptote at ¢ = —3. —
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(b) Note that f is decreasing on (—co, —3) and (-3, 00). so f R y
is negative on those intervals. As z — o0, f' — 0. As
z— -3 andasz — 37, f' - —c0. f
0 X

4—(x+h) 4-=z
3+(x+h) 3+=z

f(z+h) - f(z)

©(a) = fim TS = i SR
iy BF O A= (@ +h)] - (4-2) B+ (z+h)]
h—0 h(3+ (z+h)](3+z)
— lim (12-32—3h+dz —a® — ha) — (12+ 4z + 4h — 3z — 2° — ha)
T RS0 h[3+ (z + h)](3 + z)
—7h -7 7

T ABT G BT A BT E I RIGTE) (3 +a)’

(d) The graphing device confirms our graph in part (b).

49. f is not differentiable: at z = —4 because f is not continuous, at z = —1 because f has a corner, at z = 2 because
f is not continuous, and at & = 5 because f has a vertical tangent.

50. (a) Drawing slope triangles, we obtain the following estimates: F'(1950) ~ 2 =0.11,
F'(1965) ~ =& = —0.16, and F'(1987) ~ 82 = 0.02.

(b) The rate of change of the average number of children born to each woman was increasing by 0.11 in 1950,
decreasing by 0.16 in 1965, and increasing by 0.02 in 1987.

(c) There are many possible reasons:
e In the baby-boom era (post-WWII). there was optimism about the economy and family size was rising.

o In the baby-bust era, there was less economic optimism. and it was considered less socially responsible to
have a large family.

 In the baby-boomlet era. there was increased economic optimism and a return to more conservative attitudes.

51. B’(1990) is the rate at which the total value of U.S. banknotes in circulation is changing in billions of dollars per
year. To estimate the value of B’(1990). we will average the difference quotients obtained using the times t = 1985
and t = 1995, Let A — B(1985) — B(1990) _ 182.0 —268.2

1985 — 1990 5 1T2dand
B(1995) — B(1990)  401.5 — 268.2
C = = = . .
1995 — 1990 5 26.66. Then
. B(t)—B(1990) A+C  17.24 4 26.66 .
B'(1990) = 1 ~ =
(1990) (i ==— 1990 5 2 21.95 billions of dollars /year.
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52. The slope of the tangent to y = Tt i
z—

is

@+h)+1 z+1
lim (z+h)—-1 =z-1 _ . (x—D(z+h+1)—(z+1)(x+h-1)
h—0 h h—0 h(z —1)(z+h—1)

= lim —2h -2
“hsoh(z—1D(z+h-1) (z—-1)2

2

Soat(2,3),m:—m=~2 = y—3:—2(z—2) = _ 8

=247 At(—l())m———i————1 =

v= ‘ Y G

y:—%(w+1) = y:—%z—%. -3 \N4

-4
53. |f(z)] < g(z) & —g(z) < f(z) <g(z)and lim g(z) = 0 = lim —g(z). Thus, by the Squeeze Theorem,
lim f(z) =0.

Tr—a

54. (a) Note that f is an even function since f(z) = f(—=). Now for

any integer n. [n] + [-n] = n —n = 0, and for any real number
k which is not an integer,
[k] + [-k] = [k] + (= [k] — 1) = —1. So lim f(z) exists

(and is equal to —1) for all values of a.

(b) f is discontinuous at all integers.
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1. Lett = ¥z, s0z =15 Thent — lasz — 1, so
\3/92—1~i 2 -1 (t—1)(t+1) . t+1 1+1 2

li =1 - ==,
e Vz—1 el Ao D@erir) SR E il il 3
Another method: Multiply both the numerator and the denominator by (vVz +1) ( Va2 4+ Yz + 1).

2. First rationalize the numerator: lim vaz +b -2 . vaz +b+2 = lim az+b—4 . Now since the
20 z var+b+2 2—0 m(\/az+b+2)

denominator approaches 0 as z — 0, the limit will exist only if the numerator also approaches 0 as z — 0. So we
require that a(0) +b—4=0 = b= 4. So the equation becomes

a
lim ——%
a0 Jaz 1 4+ 2

a
—=—— =1 = a=4. Therefore,a = b = 4.
V42

3. For —3 <z < i wehave 2z — 1 < O and 2z + 1 >0.50[22 -1 = —(2z— 1) and |2z + 1| = 2z + 1.
2z — 1| — 1 -2z -1) - -
Therefore, lim 120 1] — |22 + 1] = lim Qz-1) - Qz+1) = lim Az = lim (—4) = 4.
x—0 T x—0 x x—0 x x—0

4. Let R be the midpoint of OP, so the coordinates of R are (32, 22%) since the coordinates of P are (z,2%). Let
2

. x 1 . .
Q = (0, a). Since the slope mop = — = g, mQR = —— (negative reciprocal). But
T T
1.2 2
2" —a  z°—2a
MQR = 21 = , 50 we conclude that —1 = 22 — 2¢ = 2a=z+1 = a:%w2+%.
32—0 T

Asz — 0,a — 3, and the limiting position of Q is (0,3).

. +1 T 1
5.Smcel[x]]gx<|[x]]+l.wehavem§i<ﬂmL = 1<= <14+ -—=forz>1 Asz — oo,
[~ ] ° Tl Tl TR -
1 1
[z] — oo, s0 m — O0and 1+ 5] — 1. Thus, zlingo ﬁ = 1 by the Squeeze Theorem.

6. (a) [z]* + [y]* = 1. Since []? and [y]? are positive integers or 0, there are only 4 cases:

Case (i): [zl =1.[y] =0 I<z<2and0<y<1

Case (ii):  [x] =-1.[y] =0 -1<z<0and0<y<1

Case (iii):  [z] =0,[y] =1 0<z<landl<y<?2

L R

Case (iv):  [z] =0, [y] = -1 0<z<land-1<y<0

(b) [z]* - [y]? = 3. The only integral solution of n2 — m? = 3isn = 42 and
m = +1. So the graph is

{(@9) | [2] = £2. [y] = +1) =

2<z<3 or -2<z<1,
(z.y) :
I1<y<2or -1<y<0

147
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(c)][m+y]]2:1 = [r+y]==1 dForn<z<n+l[z]=nThen[z]+[y]=1 =
= 1<z+y<2or
-1<z+4+y<0

[y]=1-n = 1-n<y<2-—n. Choosing integer
values for n produces the graph.

7. f is continuous on (—oo, a) and (a, c0). To make f continuous on R. we must have continuity at a. Thus,

lim+f(z): lim f(z) = lim 2°= lim (z4+1) = ?=a+1 = d*-a-1=0 =
T—a

T—a T—a z—a~

[by the quadratic formula] a = (1% V5)/2 ~ 1.618 or —0.618.

8. (a) Here are a few possibilities:

y
1

0 lx

(b) The “obstacle” is the line z = y (see diagram). Any intersection of the graph of f with the liney =«
constitutes a fixed point, and if the graph of the function does not cross the line somewhere in (0, 1), then it must
either start at (0, 0) (in which case 0 is a fixed point) or finish at (1, 1) (in which case 1 is a fixed point).

(c) Consider the function F(z) = f(z) — . where £ is any continuous function with domain [0,1] and range in
[0,1]. We shall prove that f has a fixed point.
Now if f(0) = O then we are done: f has a fixed point (the number 0), which is what we are trying to prove.
So assume f(0) # 0. For the same reason we can assume that f(1) # 1. Then F(0) = f(0) >0 and
F(1) = f(1) =1 < 0. Soby the Intermediate Value Theorem, there exists some number ¢ in the interval (0, 1)
such that F(c) = f(c) — ¢ =0.So f(c) = c. and therefore f has a fixed point.

9. lim f(z) = lim (3 [f(2) +9(@)) + 3 /(@) —9(@)])
— 1 lim [f(e) + g(@)) + § Jim [f(2) — 9()]

=1l.2+%-1=3.and

lim g(a) = lim (/@) + 9(@)] = /(@) = Bm[f(@) + a(o)] ~ lim f(&) =25 =3

So lim [f(«)g(=)) = [lim f(2)] [im g(@)] =3 5=1%
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Another solution: Since lim (f(x) + g(z)] and lim [f(z) — g(x)] exist, we must have

r—a

Jim [£(2) + 9(@))* = (1im [£(@) + 9(@)]) " and lim (@) - o(@))* = (lim [£(2) ~ g(a)]) " 50
lim [f(z) g(z)] = gl:ilr}l%([f(z) +9(@) = [f (z) - g(=)]?) [because all of the f? and g? cancel]

£(1im /(@) + 9(a))* - Jim [f(2) — g(@)?) = (22— 17) = &,

Il

10. (a) Solution 1: We introduce a coordinate system and drop a perpendicular y 4
from P. as shown. We see from ZNC P that tan 20 = 1 g .and
from ZNBP that tan 6 = y/x . Using the double-angle formula for Px.y)
2 tan 0 2(y/x)
tangents, we get =tan20 = = = .
1—- 1—-tan?0 1- x)? (]
z nl 2(y/ ) 8L N
After a bit of simplification, this becomes 2= 1:2—_:8272 < 0 M N 1 ox

y? =z (3z — 2). As the altitude AM decreases in length, the point P will approach the z-axis, that is. y — 0,
so the limiting location of P must be one of the roots of the equation z(3z — 2) = 0. Obviously itis not z = 0
(the point P can never be to the left of the altitude AM . which it would have to be in order to approach 0) so it
2

mustbe 3z — 2 = 0, thatis, z = .

Solution 2: We add a few lines to the original diagram, as shown. Now
note that ZBPQ = ZPBC (alternate angles; QP || BC by

symmetry) and similarly ZCQP = ZQCB. So ABPQ and ACQP Q P
are isosceles, and the line segments BQ, QP and PC are all of equal
length. As |AM| — 0, P and Q approach points on the base, and the

B C

point P is seen to approach a position two-thirds of the way between B

and C, as above.

(b) The equation y* = z(3x — 2) calculated in part (a) is the equation of Y

the curve traced out by P. Now as [AM| — 0o, 20 — 5.0 A

z — 1. andsince tanf = y/x. y — 1. Thus, P only traces out the

part of the curve with 0 < y < 1. P (x,y)

0

B 9 C
0 M % I x

11. (a) Consider G(z) = T(z + 180°) — T'(z). Fix any number a. If G(a) = 0, we are done:
Temperature at a = Temperature at a + 180°. If G(a) > 0. then G(a + 180°) = T(a+360°) — T(a + 180°)
=T(a) —T(a+180°) = —-G(a) < 0. Also. G is continuous since temperature varies continuously. So, by the
Intermediate Value Theorem. (3 has a zero on the interval [a.a + 180°]. If G(a) < 0. then a similar argument
applies.
(b) Yes. The same argument applies.

(¢) The same argument applies for quantities that vary continuously. such as barometric pressure. But one could

argue that altitude above sea level is sometimes discontinuous. so the result might not always hold for that
quantity.
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yoy o g@th) —g(@) . (@+h)f(@t+h) - 2f(z)
12 o (s) = i S — ;

i [ S 0) WE ]y SRS s

h—0 h h h—0
= zf'(z) + f(z) because f is differentiable and therefore continuous.

13. (a) Put z = 0 and y = 0 in the equation: £(0 + 0) = £(0) + £(0) +0>-0+0-0* = £(0) =2/(0).
Subtracting f(0) from each side of this equation gives f(0) = 0.

L fO+R) = fO) o [f0) 4 f(R) +0%h + 0R] — £(0)
(b) f/(0) = lim b = lim

h—0 h
= lim fh) _ lim f=) _ 1
h—0 h z—0 X
2 21
© f(z) = éof(x+h})l f ):}EL% [f(x)+f(h)+xhh+wh] f(z)
= limw = lim [m +$2+wh] =1+2?
h—0 h—0| h

14. We are given that | f(x)| < z? for all z. In particular, |f( )| < 0, but |a| > 0 for all a. The only conclusion is that

f(ma)s—f(O)\ f@)| _ 1f=)] Cle?] —|$|§iwz)‘%@ < |z]. But

-0 z || ’Ifﬂl |z

f(0) = 0. Now =lz| =

lim (=|zl)=0= l1m ||, so by the Squeeze Theorem, hm fz) = 1) ) (0) = 0. So by the definition of a

derivative, f is differentiable at 0 and, furthermore, f(o)y=o.



