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30. a. lim f(x) does not exist. b. lim f(x) does not exist.
x—-3 x—1

b. f(-3)=1 c. f)=2
c. f(-1)=1 d. lim f(x)=2
x—1"

d lim f(x)=2
x—-1

34. ¥
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x—1
g lim f(x)=1 [ L1 |
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i. lim f(x)=2 -5
x—-1*
31 a. f(-3)=2 a. limg(x)=0
b. f(3) is undefined. b. g(l) does not exist.
¢ Jlim fy=2 c. limg(x)=1
X—2
d. lim T()=4 d.lim g(x)=1
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sinbx 5 7. If x is within 0.001 of 2, then 2x is within 0.002

52. lim =—
x—0 3X 3 of 4.
1 ~ ¥
53. lim cos(—) does not exist. 4.004
x—0 X Lo /
54.  lim xcos l -0 1,098 1999 7001 7002 :\_
' x—0 X 1998 '
/ 3.996
. x3-1
55. lim———> -6 o 2
x—l2x 42 2 8. If x is within 0.0005 of 2, then x“ is within 0.002
of 4.
56. lim X" 2X _ Ay
x=0sin(x%) 4,004 /
2 4.002
XS =Xx=-2
S7. “”2[ W =-3 1098 1.999 001 2oz
X—> - ;
H9%
/‘}'}6
9. If x is within 0.0019 of 2, then +/8X is within
59. Iirrg)\/;; The computer gives a value of 0, but 0.002 of 4.
X—
lim v/x does not exist. A
Xx—0" 4.004
4,002
B 1.998 1.99 2.001 2.002 >
2.2 Concepts Review 3,008 x
1. L-¢ L+¢ 3.996

2. 0<|x-al<s; [f(x)-U<e 8
10. If x is within 0.001 of 2, then — is within 0.002

> % of 4. X
4. ma+b wns
\ 4002
Problem Set 2.2 1995 199 i 00T T2,
1. O<t-a<s=|f(t)-M|<e oo \

2. 0<|u-b|<s=]g(u)-L|<e 11. 0<|x-0l<s=|@x-D-(-1)|<¢
|2x-1+1 <& < |2x|< e

3. 0<[z-d|<s=|n(z)-P|<e o o<

4. 0<|y-¢<5=1p(y)-Bl<e <:>|x|<§

5. 0<c-x<d=|f(x)-Ll<e
5:§;O<|x—0|<5

6. O<t-a<s=lg(t)-D|<e |(2x-1) - (D)= [2x =2[x| <26 =&
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12. 0 21| < 5 = |(3x-1) - (64 2_
<2 <o =|Ex-n- (64 < 15. 0<|x—5|<5:>—2x 11)(Jr5—€3<,9
|3x—1+64| < & < [3x+63| < & x—5
< 3(x+2))|< & 2 _ _ _
| | 2 -11x+5_ | |@x-D(x-5) |
o 3x+21<e X-5 X-5
<:>|x+21|<£ e[2x-1-9<e
3 < |2(x-5)|<e
& _5l<&
5=2i0<[x+2q <o < |x=5<3
|(3x—1) - (-64)| =|3x+ 63| =3|x+ 21| <35 = ¢
s=%,0<|x-5/<s
2_25 2
13. 0<[x-5<d=——=_10/<¢ 2x2 —11x+5 (2x-1)(x~5) ‘
X=5 e Mt o) [P I ol A S A |
X-=5 X—-5
2
X ‘25_10<5®W_10‘<5 —[2x-1-9=[2(x-5)| = 2|x-5| <26 = ¢
X—5 X-5
< |x+5-10/<e 16. 0<|x—]j<§:>‘\/ﬂ—\/§‘<g
o |x-5<e ‘\/5—\/5‘<g
5=e,0<|x-5<& |62 -Vaeex 2|
2 V2x +4/2
X =25 g0 w—10‘=|x+5—10| |
x-5 x-5 ol 2x=2 | .
—|x-5<5=¢ V2x++2
<:>2X—_1 <&
2%x2 _x 2x ++/2
14. 0<|x-0/<s= —-(-Dl<e
V2¢
2% - x x(2x —1) 5:T;O<|X_q<5
X +l<e S |——+1l<¢ |\/_\/_\/_\/_|
1 |V2x =V2)(V2x ++2)
el2x-1+1<e ‘\/ﬂ \/E‘_| J2x ++2 |
ol2x|<e | 2x-2
o 2x|<e CV2x+42
. 2x-1 _2x-1 25 _
<:>|x|<§ Tl h <\/§_g
5=§;0<|X—0|<5 17. 0<|x-4/<5= F“zx)(__;—ﬁq
2x% - 2x-1
%4_1) = ¥+J_‘=|2x—1+1| \/2x—1_ﬁ <€<:>|x/2x—1—1/7(x—3)|<g
Vx-3 | Vx-3 |

=|2x|=2|x|<26:g

(\/2x—1—\/7(x—3))(\/2x—1+\/7(x—3))|<g
IX=3(2x=1+,/7(x=3)) |
o 2x-1-(7x-21) e
Vx=3(2x-1+7(x-3))
-5(x-4)
Vx=3(2x-1+7(x-3))

=
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18.

84

X—4- > <e
Vx=3(2x-1+/7(x-3))

=|

5

To bound , agree that

Vx=3(2x-1+,7(x-3)) J
531. If 533, then Z<x<g, SO

2 2 2 2
0.65 < > <1.65 and
X =3(W2x-1+47(x=3))
5
hence [x—4|- <&
x=4 Jx=3(2x-1+7(x-3))
<:>|x—4|<i
1.65

For whatever ¢ is chosen, let & be the smaller of
1 &
= and —.
2 1.65

1
5:min{—, i} O<x-4<6s

2 165
N2x-1 7 ~[x-4]- 5
Jx-3 VX =3(/2x-1+/7(x-3))

<|x-4|(1.65) <1655 < ¢

1 1
since o =— only when — <— 5o 1.656 < e
2 2 165

14x% —20x +6 ~
x-1

0<|x-1<5= 8 <e¢

14x% = 20x+6
x-1

< [2(7x-3)-8| <«

o la(x-1)|<e

o l4x-1<e

8<e 8‘<g

‘2(7x—3)(x—1)_
x-1

<:>|x—]4<ﬁ

5:§;0<|x—11<5

|14x% - 20x+ 6 _d_[27x=390x-1)
| x-1 - x-1
=[2(7x-3)-§|

=[14(x-1)|=14|x-1 <145 =¢

Section 2.2

19.

20.

3 2
0<|X_]4<5:>|10x ikt Ll P
| (x-1)
11053 - 26x% + 22x - 6
-4 <¢g
| (x=1)2
2
& w_4 <&
(x-1)°
< [10x-6-4| <
e o(x-1|<e

<:>10|x—]j <&

<:>|x—1|<i
10

5:%;0<|x—]1<5

|10x - 26x2 + 22x 6 | @0x - 6)(x-1)?
—4|= -4

| (x—1)2 (x—1)2

=[10x—6—4| = [10(x - 1)|

=10|x-1] <106 = ¢

0<|x—]j<§:>‘(2x2 +1)—3‘<g
‘2x2 +1—3‘ =‘2x2 —2‘ =2|x+1|x -1
To bound |2x+2|, agree thats <1.
|x-1 <& implies
|2x+2|=|2x-2+4]

<[2x-2+|4]

<2+4=6

5££;5:min{1,£};0<|x—]4<5
6 6
‘(2x2+1)—3‘:‘2x2—2‘

:|zx+z||x_q<s.@:g
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2
21. 0<|X+]4<5:>‘(X —2X—1)—2‘<5 25. Forallx#0, OSSinz(ljﬁl S0
X

2 2

X —2x—1—2‘:‘x —2x—3‘:x+ X-3
‘ | ]“ | x4sin2[1)3x4 forallx=0.
To bound |x-3| , agree thats <1. X

|x+1 <& implies
|x=3|=|x+1-4| <|x+1+|-4/<1+4=5

. 4
limx " =0, so,
Xx—0

lim x4sin2(lj =0.
x—0 X
0<x<5:>‘x/;—0‘=‘\/;‘:\/;<g

[x+1|x-3<5 2 Forx>0, (WX)? =x.
=|x+1|[x-3/<5-= =
5 ° Ix<eo (Wx)?=x<se?

§=52;0<x<5:>\/;<\/3=\/5_2=g

5£§;5:min{1,%};0<|x+]4<5

‘(x2—2x—1)—2‘=‘x2—2x—3‘ 26.

22. O<|x|<5:‘x4—0‘:‘x4‘<g

X

‘x4‘:|x|‘x3‘. To bound ‘xs‘ , agree that 21. X'LT 0< X<5:>||X|‘0|<5
5 < 1. x| < §< 1 implies ‘x3‘=|x|3 <1 s0 Forx>0, [x|=x.

5:3;0<x<5:>||x|—0|:|x|=x<5=g

o<e.

s=min{l, e};0<|X <5 = ‘x4‘ =|x|‘x3‘ <el Thus, XI_':QJXI: 0.

=g lim |x|:0<0—x<§:>||x|—0|<g
x—0"

23. Choose £> 0. Then since )|(I_r‘)r':: f(x) =L, thereis Forx <0, x| = —x: note also that ||x|| =|x|
some & >0 such that since |x| > 0.
O<|x-c|<s=|f(0)-L<e. 5:5;0<—x<5:>||x||:|x|:—x<§:g
Since lim f(x) = M, there is some &, >0 such Thus, lim |x|=0,

X—C Xx—0"
that 0 <|x—c| <&, =|f(x)-M|<e. since lim |x|= lim |x|=0, lim |x|=0.
Let & = min{d;, &} and choose x such that x0T xo0” x>0
0<|xg-¢ <5. 28

. Choose ¢> 0. Since lim g(x) =0 there is some
X—a

Thus, |f(Xg)-Ll<e=>-e< f(Xg)-L<e¢
|(0) | (%) 61 > 0 such that

=-—f(Xg)—e<-L<—-f(Xg)+¢
(Xo) (Xo) 0<|x-al<& :>|g(x)—0|<—§.

= f(xg)—e<L<f(xg)+e

Similarly, Let 5 =min{lL, 5}, then |f (x)| < B for
f(X)—e<M < f(x)+e¢. |x—a]<& or [x—a| <& =|f(x)|<B. Thus,
Thus, _ —0l=

26<L-M <26 As =0, L—-M 0, 50 [x-al<a=[f(99(x)-0|=|f ()9 (x)
L=M. :|f(x)||g(x)|<B~§:g 0. lim 1(x)g(x) =0.

24. Since lim G(x) =0, then given any € > 0, we
X—C

can find o> 0 such that whenever
|x—c|<3,|G(x)|<e.

Take any &> 0 and the corresponding ¢ that
works for G(x), then |x—c|< & implies

|F(x) -0 =|F(x)| <|G(x)| < & since
lim G(x) = 0.

X—C
Thus, lim F(x)=0.

X—C
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29. Choose ¢> 0. Since lim f(x) =L, thereisa
X—a

&> 0 such that for 0 <|x—a| < &, |f(X)—L|<g.

That is, for
a-o<Xx<aora<x<a+o,
L-e<f(X)<L+e.

Let f(a) = A,

M :max{|L—g|,|L+g|,|A

}.c=a-g

d=a+ . Then for x in (c, d), |f(X)| <M, since

either X = a, in which case
|f(x)|:|f(a)|=|A|£M or O<|x—a|<5 SO

L-e<f(X)<L+e and |f(x)|<M.

30. Suppose that L> M. Then L - M = o> 0. Now

take & <§ and & = min{5;, S} where

0<|x—aj<s; =|f(x)-L|<e and
0<|x-a| <& =[g(0)-M|<e.

Thus, for 0< |x—a| <0,
L-e<fX)<L+ecand M-—e<g(X)<M + ¢
Combine the inequalities and use the fact
that f (X) < g(x) to get

L — e<f(X) £ g(X) <M + gwhich leads to
L-e<M+egorL-M<2e

However,

L-M=a>2¢

which is a contradiction.

ThusL<M .

31. (b) and (c) are equivalent to the definition of
limit.

32. Forevery £> 0 and > 0 there is some X with
0<|x—c|<& such that |f(x)—L| > e.

X3 —x%2 —2x—4

33. a. X) =
9(x) X~ 43 +x2+x+6
X+6
b. No, because 7 R +1 has
X7 —4X7 +X° +X+6

an asymptote at X = 3.49.

1
C. If5£2, then 2.75 <x <3

or 3 <X <3.25 and by graphing

| x> —x2 —2x—4 |
2

= X)) =
y |g( )| |x4—4x3+x +x+6|

on the interval [2.75, 3.25], we see that

x> —x%—2x—4

3 |<3

+ X+ 6|
so m must be at least three.

0<|
|x4—4x3+x
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1.
2.
3.
4.

1.

2.3 Concepts Review

48
4
—-8;—4+5c

0

Problem Set 2.3

lim(2x +1) 4

x—1

= lim 2X + lim 1 3
x—1 x—1

=2 lim X+ lim 1 2,1
X —1 x—1

=2(1)+1=3
lim (3x% - 1) 5
Xx—>—1

= lim 3x> — lim 1 3
X——1 X——1

=3 lim x> — lim 1 8
X——1 X——1

2
:3( lim Xj — lim 1 2,1

Xx—-1 X——1

=3(-1P% -1=2

lim [(2x +1)(x —3)] 6

X—0

= lim (2x +1)- lim (x —3) 4,5
x—0 x—0

=(lim2x+liml)~(limx—lim3) 3
x—0 Xx—0 Xx—0 Xx—0

:(2 1imX+lim1j~(limX—lirn3j 2,1

x—0 Xx—0 x—0 x—>0

=[2(0)+1](0-3)=-3

lim [(2x% +1)(7x% +13)] 6

x—>2

= lim_(2x* +1)- lim_(7x* +13) 4,3
X2 X2

=(2 lim_x%+ lim 1]-(7 lim x*>+ lim 13] 8,1
X2 X2 X2 X2

2 2
= 2[ lim Xj +1 7( lim Xj +13 2
{ X—)\/E X—)\/E

=[2(2)? +1[7(2)? +13] = 135
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5. lim 2%t

x—25-3X
lim(2x +1)

_ X2
lim (5 — 3X)
X—2
lim 2Xx + lim 1

—_ x>2 X—>2
lim 5 — lim 3x
X—2 X—2

2lim x+1
X—2

T 5 3limx
X—2

2+
T5-32)

3
6. lim Xt
x—>-37_2%x>2

lim (4x3 +1)
X—>—3

lim (7 —2x?%)
X—-3

lim 4x° + lim 1
X——3 X——3

lim 7— lim 2x?
X—-3 X—-3

4 lim x* +1
Xx—>-3

©7-21im X2

X—-3

3
4( lim Xj +1
X—>—3

2
7—2( lim x)
X—-3
A3+l 107

7-2(-3)> 11

7. lim+/3x-5

X—3

= [lim(3x-5)
X—3
= 3lim Xx— lim 5
X—3 X—3

=53B3)-5=2

8. lim v5x% +2x

X—-3

= [ 1im (5x2 +2x)
X—>-3

=\/5 lim x> +2 lim X

X—>-3 X—-3

2
:\/5( lim x) +2 lim X
X—-3 X—>-3

=5(=3)% +2(-3) =+/39

Instructor's Resource Manual

4,5

3,1

4,5

3,1

53

2,1

9.

10.

11.

lim (2t +15)° 8

t—>-2
r 13

=| lim (2t3+15)} 4,3
Lt—>-2
r 13

={2 lim t3 + lim 15} 8
L t—>-2 t—>-2
r 3 13

- Z(Iim t) + lim 15 2.1

t—>-2 t—>-2

[2(-2)° +157% = -1

lim v—3w> + 7w? 9

wW—-2
= | lim (3w’ +7w?) 4,3
w——2
= -3 lim W’ +7 lim w? 8
wW—-2 w—-2

lim
y—2

3 2
ol m ) < g w] 2
w—-2 w—-2
V=32 +7(=2)? =2413

3 1/3
4y~ +8y 9
y+4

4 3 g 1/3 7
. u]
y—>2 Yy+4

- 3 1/3
lim (4y° +8y)
y—>.2— 4,3
lim (y+4)
L y—2
1/3
41im y* +8 lim y /
y—2 y—2
lim y+ lim 4
y—2 y—2

81

r 1/3

3
4[lim yj +8 lim y
y—2 y—2

lim y+4
y—2

o3 1/3
4(2)° +8(2) 5
2+4 }
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12, lim @w* —9ow® +19) 12 AT L (x+2)(X45)

w5 18. lim
1 X—2 X+2 X—2 X+2
= hm# 7 = 11m(X+5):7
WS owt —ow? +19 x->2
lim 1
_ W5 1.9 1 limx2+x—2:hm(x+2)(x—1)
lim v 2w* —9w3 +19 ol 321 xsl (x+D(x=1)
5
o X2 12 3
= = 4,5 x>l X+1  1+1 2
lim 2w* —9w® +19)
5
v X2 14x—51 . (x+3)x=17)
1 20 111’1’1 2— = m =
= y 1,3 Xx—>-3 X* —4x =21  x>-3 (X+3)(x-7)
lim 2w* — lim 9w’ + lim 19 o ox-17 -3-17
W—>5 W—5 W—5 = lim = =
Xx—>-3 X—=7 -3-7
\/2 lim w* =9 Tim w® +19 oy WSR2 (Ue2)u-x)
w—5 wW—5 ’ U—-2 u2_U_6 _u_>72(u+2)(u73)
= ! 2 .oU=x x+2
n 3 = 11m2u_3:—5
\/Z(lim w) —9(lim wj +19 i
wW—5 wW—5
| S X2 +UX—X—U . (X=1)X+U)
. m-—-5 _ ____=uum--_
= n 3 x>l X242X=3  xol (X=1)(X+3)
V2(5)" =9(5)" +19 . X+u 14+u u+l
= |l1m = =
_ 11 x»>1X+3 1+3 4
Vs 12
. 2X*—6Xn+4n , X —m)(X—2n
2x% —6xm+ 47 2(X — ) (X —27)
. 5 23. lim 7 2 = lim —
W2 _4 hm(x —4) 4_4 X—>n X% -1 xon (X—7m)(X+m)
13. lim — :Xf’z 5 = =  lim 2(X—2n):2(n—2n):_1
x>2x% +4 ){anz(x +4) 4+4 xon X+T T+7
W+ 2) (W2 —w— 6
14, i X6 (X23)(x=2) 2. lim { 2)( )
M= um (x—2) w2 w ;§W+43
W W —
~lim (x-3) = -1 = g WD o)
X—2 w—-2  (W+2) w—-2
=2-3=-5
2 _ox— x=3)(x+1
5. fim X223 g, (230D e
x>-1  X+1 x>-1  (x+1) 25. lim 4/ f(X)+ g~ (X)
X—a
= lim (x-3)=—4
x—>—1( ) = [lim f2(x)+ lim g2(x)
X—a X—a
2 lim (x* +x 2 2
16. lim =% - fim (€ +x) 9y =\/( lim f(x)) +(lim g(x))
x—>-1 %2 +1 lim (X2+1) 2 X—a X—a
-1
" =3+ =10
(X=X =2)(x=3) . Xx-3
17, m e = Jim lim[2 f (%) - 3g(0)]
x>-1(X=1)(X=2)(X+7) x>-1Xx+7 26 Hmzf(x)—3g(x)_)Ha
_-1-3_ 2 Cooa F(0+g(x) ){i_ffa}l[f(X)Jrg(X)]
-1+7 3 : ST
A T390 233 _9
lim f (x)+ lim g(x) 3+(-) 2
X—a X—a
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27.

~

=6

4
28. lim[f(x)-3]* :[lim(f(x)—3)}
X—a

X—a

4
[hm f(x)— hm 3} =(3-3)*=0

X—a

29. lim[|f(O)[+[3g(®)[]= lim|f (t)|+3 lim|g(D)]
t—a t—a t—a

=|lim f (t)[+3|lim g(t)‘
t—a t—a
=[3|+3|-1|=6

3
30. lim[f(u)+3g(u)]’ = ( lim[ f(u)+ 3g(u)])
u—a u—a
3
= [lim f(u)+3 lim g(u)} =[3+3(-DP =0
u—a u—a

3x2-12 . 3(x=2)X+2)
— = lim—

31. lim
x—2 X—=2 X—2 X—2
=31lim (x+2)=32+2)=12
X—2
2 2
3 lm(3x +2x+1)—17:lirn 3X“+2x-16
X—2 X—2 X—2 X—2
w 1111’1(3X+8)
x—>2 X—2
=31imx+8=3(2)+8:14
X—2
2-x _x2

> |—

_1
33. lim Z = |im —2*— = lim —2%
X252 X—2 xo2X—2 x-2X-2

I e

lim ===
x>2 2X 2limx 22) 4
X—2

_3 3(4-x%) Bx2)(x-2)
2 4

. . 2 . 2
34. lim=ZX =lim—**— = lim 4x
Xx—2 X—2 x—2 X—2 X—2 X—2

3| lim x+2
 lim 73(X+2) (Xﬂz

X—2 4X (

j _-3(2+2)

jz 42)

4| lim X
X—2
_3

Instructor's Resource Manual

lim 3/ g(X)[ f (X)+3]= lim3/g(x) - im[ f (x) + 3]
=3[lim g(x) -[lim f (x)+ lim 3} =Y-1-3+3)

35.

36.

Suppose lim f(x) =L and lim g(x)=M
X—C X—C

[ (0900 - LM|<|g0] f (¥) = L|+|L|g () - M|
as shown in the text. Choose £; =1. Since

lim g(x) = M, there is some J; > 0 such that if
X—C

0<|x—c|<d, |[g(x)-M|<g =1 or
M-1<gX)<M+1

|M —l|S|M|+1 and [M + 1/ <[M|+1 so for
0<|x—c|<&},|g(x)| <[M]|+1. Choose &> 0.
Since lim f(x)=L and hm g(x) = M, there

X—C
exist 0, and 03 such that O < |x - c| <Oy =

[f00-L|< and 0<|x—¢|<d; =

&

|L|+[M]|+1
&

|g(X)*M|<W Let

5 =min{d, 5,, 83}, then 0<|x—c|<5=

[T (0)g(x)— LM|<|g(0)] f () — L]+ |L|g(x) - M|

& &
<(|M|+1)|L|+|M|+l+|L||L|+|M|+1_

Hence,

lim f(x)g(x)=LM :(lim f(x)j(lim g(x))
X—C X—C X—C
Say limg(x)=M , M =0, and choose

X—C

1
&= §|M | ,
There is some ) > 0 such that

0<[x=c| <6y =>[900~ M| <25 =[M] or

1 1
M—5|M|<g(x)<M+5|M|.
‘ 21|M| and [M +
2 2
1 1 2
so [g(X)[>=|M| and —— <—

Choose £> 0.
Since lim g(x) = M there is 0, > 0 such that

X—C
0<|x—c|< &, :>|g(x)—M|<%M2.
Let 6 =min{d;, 65}, then
1 1] [M-g)
Ig(x) M| [ gooM |

21,
X)—M|:W'EM8

0<|x—c|]<6=

2
oo 900~ Ml <o

=&
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1 1 1
Thus Im— =—=—7—m——
x—=c gxX) M 11m gx)’

Using statement 6 and the above result,

lim F(x )— lim f(x)- llm;
x=>c g(X) x-c x—c g(Xx)
| lim f(x)
= lim f(x)-— =22¢C )
X—C lim g(x) lim g(x)
X—C X—C

37. lim f(x)= L < lim f(x)=lim L

X—C X—>C X—>C
& lim f(x)— lim L=0

X—>C X—>C
& lim[f(x)—L]=0

X—C

2
38. lim f(x)=0 <:>[hm f(X)}

X—C
< lim f (X):O

X—>C
lim f2(x) =0
X—>C
< lim+/f2(x) =0
X—C

& lim|f(x)|=0
X—C

39. hm X| 1/ hm /11m [hmx

(hm x) —\/7—|C|

X—C

40. a. If f(x)—x—+1,g( x) ==

; and ¢ =2, then
hm [f(X)+g (x)] ex1sts, but neither
-

hm f(Xx) nor hm g(x) exists.
X—C

b. If f(x):g,g(x):x, and ¢ = 0, then
X

lim [ f(X)-g(X)] exists, but lim f(x) does
X—C X—C

not exist.
. V3+x  A/3-3
41. lim = " =0
x—»>-3t X -3

\/TC3+X3 _ \/TE3+(—TC)3 _

+ X —T

42,  lim

X—>—-T
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43, lim 223 m XN 9 3)”‘ -
x—3"\x2 -9 x—>3+ x> -9

(x 3)\/x - lim VX2 -9

x—>3+ (X=3)(x+ 3) x—>3+ X+3

I
343

1+ Ji+1 Q
8

g

44, lim = =
e 44X 4+4(1)

5 b (x? +1)[[x]] (22+1)[[2]]

5.2
2t (3x-1)?  @3-2-1)* 52

W o

46. lim (x=[x])= lim x— lim [x]=3-2=1

X—3" X—3" X—3"

47, lim S =_1
X—0" |X|

48, lim [|x2 +2x]H[32 +2-3]|:15

x—3"
49. 10900 =1 g(X) = ——
' ’ f(x)
hm gd(x)=0< lim ;: 0
x—a f(X)
1
&S —=
lim f(x)
X—a
No value satisfies this equation, so lim f(x)
X—a

must not exist.

1
50. R has the vertices (i%, + Ej

Each side of Q has length m so the
perimeter of Q is 4 x% +1. R has two sides of
length 1 and two sides of length \/Xi so the
perimeter of R is 2+ 2\/X72 .

lim per.imeter of R - fim 2\/X_2 +2

x0T perimeter of Q o+ ax2 +1
270?42

440% +1

_2_ 1
4 2
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2
51. a. NO=4/(0-0)%+(1-0)> =1 3 lim — = fim =

OP:\/(X—O)2+(y—O)2 =\/x2+y2 2
=x? +x ‘ .

to>—ot—5 t—Fool—Y

=\/x2+x—2\/§+1
2 2
MO =/(1-0)* +(0-0)* =1 5. 1 X lim X

m =
x—>® (X=5)(3=X) x>0 —x? +8x—15
MP = (X 12 +(y—0)2 =+/y? + 52 —2x+1

= lim ;——1
=Vx2—x+1 x—>o-1+8_15
lim perimeter of ANOP X x2
x—0+ perimeter of AMOP 5
. X . 1
. 1+\/x2+x+\/x2+x72\/;+1 6. lm ————= lim ——==1
= lim > > X—>0x” _8x+15 X—>w]-S412
X—0 1+\/x +x+\/x —X+1 X x2
1441
= =1 X 1
1+1 7. lim— = lim——=—
Xm0 27 —100x°  x>e2-2% 2
1 X
b. Areaof ANOP= E 1)(x) :E
. 6’ . i
1 JX 8. lim —— = lim — =
Area of AMOP :E(l)(y) = >0 @ —50% O—>-0l-2
X
oy area of ANOP _ lim 2= 1m X 33 o2 3_1 3
x_sot area of AMOP | o+ x x—0T Jx 9. lim ———= lim X_2
2 X> o —5x2 X—owog-2 T
= lim J/x=0 X
x—0"
sin? @ 2
10. lim ;0<sin“ @ <1 forall and
. 00— 92 -5
2.4 Concepts Review 1 )
5 .
, , lim —— = lim —%— —0 so lim S22 _ ¢
1. xincreases without bound; f(x) gets close to L as 050 9% _5 6wl —% -0 02 _5
X increases without bound 0
2. f(x) increages without bound as?(approachesc o3 a3k 332 43x
from the right; f(x) decreases without bound as X 11, lim = lim
X—00 X—00 \/EXS/Z
approaches ¢ from the left V2Xx
3+-2
3. y = 6; horizontal - fim —x -3
X—0 \/E \/5
4. x=6; vertical
12 1im i/ i +3X _i/lim o 43X
Problem Set 2.4 T o2 £ 7% \xoe v2X3 47X
L lim %= fim =1 -
x—0 X —5 x—mol-%
o
2. lim = lim =0
X—0 § — X3 X—>ooi—
3
X
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21, lim (\/2x2 +3-+2x2 fsj

13.

X—0
(\/sz+3—\/2x2—5j(\/2x2+3+\/2x2—5)
= lim
X—® V2 434422 =5
2x2 +3-(2x% - 5)
= lim
X2 +X+3 X2 +X+3 x—>oo\/2X +3+\/2X2 5
14. lim ,|———— =, lim ——— §
x| (X=D(x+1) Vx>0 x2_1 8
= lim = lim
X_’“\/2x +3+\/2x2 5 X—"”M
= lim
X—0 ,2_,’_ 3 [
15. 1im2”1=1im 11=%
n-w 2N+ n—o0
2+ 22. 1im(\/x2+2x—xj
X—00
. n’ . 1 1 \/X2+2X7X \/x2+2x+x
16. lim = lim = =1 .
naoon2+1 naool_i_ 1 1+0 = lim
n2 X—® \/x2+2x+x
x +2x— X2 lim 2
2 lim n =
17. lim —"— = lim " = __now - * _» X—m\/x F2X+X X720 x% 42X + X
no>oN+1 n—o 1 . 1 1+0 2 2
1+H lim|1+— - lim _2_
n—w n 5 2
X—>°°1/1+;+1
1
n 1
18, lim —"— = lim - _ 9yl W
n—on® +1 n—ml_i_i 1+0 23. lim = lim 75 =
n? yo>-oyS —2y+2 Y- oolfy =
y
[2
19. Forx>0, x=vXx". aOXn+a1Xn_1+ +a, x+a,
2x+1 2+1 241 24. lim -
lim X+ = lim X — lim X X%wbox +bx" T +. 4+ by X+ Dy,
X—>o0 X2+3 x—o Yx*43 x> 143 a
v e X2 g+l +.. +—Xn_}+x—n 2
= lim -0
-2 Xﬁwb0+b1+ Dy By
\/I an Xn

V2x+l 2,1 25. lim = lim =1
20 lim V2X+1 . \/)(72 T X+x2 —0 ”_)w\ln +1 n—wo \/1+

n2

3/2
26. lim = lim

ﬁﬁ o ﬁ

3

27. As Xx—> 47, x—> 4 while x-4 > 0",

. X
Iim —— =
x4t X—4
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2 _ _ 38. For-1<x<0, [x]|=-1, so for—1 <x <0,
2. fim L0 i DY [X]

o+ t+3 at t+3 X X

t—-3 t—>-3 U:—l thus lim U=oo.

= lim (t-3)=-6 X X x—0" X
t—>-3*

1
(Since x <0, —; >0.)
29. Ast—3,t> 59 while 9-t> 0",

.t 39. Forx<0, |X=-x, thus
lim =
t—>3~ 9t

tim X2 him X
x—0~ X x—0~ X
30. As x— 35, x% 523 while 5-x> 0.

2 M x
lim - o 40. Forx >0, |x| =X, thus lim —= lim —=1
- + X + X
x—¥5" 55— X Xx—0 x—0

31 As x—>5’,x2—>25,X—5—>0*, and 41. As X—> 0 ,1+cosX —> 2 while sinx—>0".

I_X-—-2. lim 1+cosx=_
x? x50~ SInX
60
- (X— —X
xos” (X=3)3-%) 42. —1<sinx<1 forall x, and
+ 22 2 . . _ .1 . sinXx
32. As@—>n",0° > whilesind— 0 . lim —=0,s0 lim =0.
5 X—00 X X—oo X
lim — 7 =—© ; ;
o—n” SN 43, lim ——=0, lim ——=0;
x—0 X +1 x——o0 X+1
33. As X —>37,x> 527, while x-3 0. Horizontal asymptote y = 0.
3 . 3 .
. X lim —— =0, lim ——=—ox;
lim 5=~ kot XL ]
X3 Vertical asymptote X = —1
+ 2 g

34. As 6—)% ,nB—)% while cos @ — 0 .

no

|
I
llm 6:700 :
+
9_)% cos o :
-10 ] 10+
]
2 v _ I
35, fim X0 gy HDHI) !
X—3 X-3 X—3 X-=3
= lim (x+2)=5 -10
X—3"
2
36. lim > 2X°° +22X_8= Jim D=2
x—>2t X" -4 x—2t (X+2)(x=2)
_ fim X*4_6_3
xs2t X+2 4 2
[x]
37. For 0<x<1, [[X]]:O,sof0r0<x<1, =—=0
X
X
thus lim U=0
x—0T X
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44, lim S 0 3 ; 14 14

3 , lim 5=0; 47. lim =0, lim =0;
X—0 (X +1) X—=>-o (X +1) X0 2X +7 X—=>—0 2X" 47
Horizontal asymptote y = 0. Horizontal asymptote y = 0
| Since 2x% +7 > 0 for all X, g(X) has no vertical
im =00, lim = o0}
x——1T (X+ 1)2 x—>—1" (X+ 1)2 asymptotes. Ay
Vertical asymptote X = —1 5
1 Fo B
I
I
I
! n
i M L .
! -5 - 5%
I
i -
I
! L
I |
I
1 -5+
-5 5 X
2 2
. 2X . 2 48. lIm ———=lim ——=—=2,
45. xlgrc}ox_—3_x1ir;ol—_§_2’ X—>00 X2+ X—>00 1+ 5 \/I
X
2X 2 2 2
lim = lim =2, lim = lim ——=—+~=-2
X—-0 X—3 x—wool—% X—>— w\/ﬁ X—>=0 _ l+ _\/I
Horizontal asymptote y = 2
2X 2X Since Vx> +5 >0 forall X, 9(X) has no vertical
lim —— =00, lim —— = —o0;
oyt X— 3 X—3 asymptotes.
Vertical asymptote X =3 51_"
y =
4= B
— 1
L
I
=
L
I
—
_____ S
T I -
-6 AW 14 X -
-\, -5
6 I
49. f(x)=2x+3 ! th
. = ———, thus
46, lim —— = 0, lim 3 _ 0; X3 —1
X—0 Q _ x2 X—>—0 Q X2 1
Horizontal asymptote y = 0 lim [ f (X)—(2x+3)] = lim { 3 } =0
X—>00 X—o| X7 —1
lim =-o0, lim =00, The oblique asymptote is y = 2X + 3.
x—>3t 9— X2 x>3~ 9—x2
lim S=oo, lim — = o, 50. f(x)=3x+ 4—4“3, thus
x—>-3T 9—X x—>-3"9-X X2 +1
Vertical asymptotes X =-3,X =13
s lim [ f ()~ (3x+4)] = [ 4’2”3}
5 = X_)Oo X“+1
~ 4, 3
- xT 2

= = lim | -——2%~|=0.
|L:) X—> 1+L2
Ll ! I X
-10 \l L 'r 10* The oblique asymptote is y = 3X + 4.

5
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51. a. Wesaythat lim f(x)=—co ifto each e. As X — oo, sin X oscillates between —1 and 1,

X—C . 1/2 1
negative number M there corresponds a 5> 0 while x % = N —0.
suchthat 0 <x—-c< = f(X) <M. 12
] ) lim X" “sinx=0
b. Wesaythat lim f(x)=o0 iftoeach X—00
X—C 1
positive number M there corresponds a 5> 0 f. Letu=—, then
such that 0 < ¢ — x < & = f(x) > M. X
lim sin(— +—j = lim sin(E + uj
52. a. Wesay that lim f(x)=o0 ifto each X—>® 6 X) us0° 6
X—o0 T 1
positive number M there corresponds an =sin—=—
N > 0 such that N <x = f(x) > M. 6 2
b. We say that Xl_l)r?wf(x):oo ifto cach g. As X—)oo,X+l—)oo, so lim sin(x+lj
.. X X—»0 X
positive number M there corresponds an :
N < 0 such that x <N = f(x) > M. does not exist. (See part a.)
. 1 . 1 .
53. Let &> 0 be given. Since lim f(x)= A, there is h. sm(x +_j = SIn XCOS—+ COS Xsin—
X—>0 X X X
a corresponding number M; such that ) { ] ( 1 j ) }
lim | sin| X+— |—sin X
x>M; = f(x)- A< g Similarly, there is a X X
P = lim [sin X(cos—lj+cosXsin—}
number M, such that x> M, = |g(x) - B| < 5 X—>0 X X
Let M =max{M;, M,}, then As X — oo, cosl —1 so coslfl — 0.
X X
x>M =|f()+g(x)—(A+B)| 1
From partb., lim sin— =0.
=|f() - A+g(x)-B|<|f(x)— A|+|g(x) - B] p Koo X
c & As X — o both sin X and cos X oscillate
<ot =¢ between —1 and 1.
2 2 I
Thus, lim [ (0-+9(00]= A+B lim {Sm(m_j_sm x} ~o.
X—>00 X—>00 X
54, Written response m
56. lim m(v) = lim 0 =
55. a. lim sin X does not exist as sin X oscillates Ve Voo y1-v? /c?
X—>00
between —1 and 1 as X increases. 32 4x+1 3
1 S/, lim —/———= 5
b. Letu:;,thenas X —o0,u— 07 X—o  2X7 -1
NPT T 22 -3x 2
lim sin—= lim sinu=0 58. lim LA ol
x>0 X ysof x—>-\ 5% 41 5
1 +
c. Letu=—, thenas X —>oo,u—>0". .
X 59. lim (\/zx2+3x—\/2x2—5j=—i
1 1 sinu X7 22
lim xsin—= lim —sinu= lim ——=1
X—>00 X usotu u»ot U . 2x+1 2
1 60 lim —2 = T
d. Letu:;,then X2 3x" +1 3
1 1 3/2 10
lim x*? sin—= lim [—j sinu 61. lim [1+lj =1
X—>0 X u->0*( U X—>00 X
= lim || = [Sin“j —
u—0* \/U u
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1) . 3xtanx . 3x(sinX/cosX) . = 3X
62. lim|1+—| =e~2.718 4. lim==——=lim , = lim
X—500 X -0 sinX x>0 sin X x—0 cos X
1 !
63. lim (1+—j =
X—>00 X . osinx 1. sinx 1 1
5 Ilm—=—lim——=—-1=—
x—0 2X 2 x>0 X 2 2
1 sin X
64. Xll_l;l’io(l-f-;j =1 6. lim sin36 ~lim . sin30 3 3 im sin 36
00 260 0502 30 260 30
. sin|xf3| 3 l—é
65. Iim ——=-1 TH T,
x—3~ X=3
. . sin30 . sin38 .. cosdsin3d
. sin|x=3| 7. lim = lim ——— = lim .
66. lm —=-1 60 tand -0 Sm—g 60 sin@
vy tan(x—3)
cos(X—3) = hm{cosﬁ 3~M-%1
67. lim === 00 30 %%
x>3~  X-— .
:3(£irré{cost9-81§;6-Siie}:3-1-l~1:3
N sin@
68. lim 2 =1 8
X_)§+ X 2 0 sin 50 . 0
8. lim 210 _ ji cos30 _ gy, SN
| 0—-0sin20 6-0sin20 6—0cos50sin20
69. lim (14+vx)VX =e~2.718 _hm[ I .sin50 1 29}
x—0" 0—0| cos 50 50 2 sin20
y 3 1 1 sinSH. 20
70, lim (1++%)"* =0 _29a0 cos56 50 sin280
x—0" 5 5
=3 11-1= 5
71 lim (+/%)* =1
x—0* i cos1lgin g
9. lim cotndsind — iy sinzo
60 2sect -0 2
cosé
2.5 Concepts Review i COsTOsinOcos
=lim—M——~
1. 0 9—0 2sinmtd
. [cosn@cos@ sind 1 =6 }
= lim . C——
2. 1 6—0 2 0 = sinmd
3. the denominator is 0 when t =0. :an {cosnﬁcos& sin ¢ n_g}
27 60 6 sinmé
4. 1 __L __1
n -1-1-1-1= o
.2
Problem Set 2.5 10, lim sin” 3t —lim 9t sin3t sin3t _ —0-1.120
t—-0 2t t>02 3t 3t
1. lim Cosi‘:%:l
Xx—0 X+
11, gim 3, sin®3t
- t—0 2t t-0 (2t)(cos’ 3t)
2. lim Hcosfd=—-0=0
Omi2 2 —lim 3(sin 3t) s1n3t_0 1=0
t>02cos?3t 3t
2
cos”t cos? 0 1
3. lim =1
t>01+sint 1+sin0 140 12, lim—02t _0
t->0sin2t—1 -1
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13, JimSMGULA_ i [sindt 4t 19 lim1+22%X _»
t—-0 tsect t—-0\ tsect tsect x—0 X
sin3t . 4t A
=lim——+lim—— g
t->0tsect t—0tsect
=lim3cost~sm3t+lim4cost l
t—0 3t t—0
=3.144=7 -2 -1 1 2.
) . . 20. The result that lim cost =1 was established in
. sin“ ¢ . sinf@ sin@ t—0
14.  lim = lim
050 92 650 0 0 the proof of the theorem. Then
. . lim cost = lim cos(c + h)
= im SO SO to>c -0
0—-0 0 o050 0 = lim (cosCcosh—sincsin h)
h—0
; ; _ = lim cosc lim cosh—sinc lim sinh
15. il_r)%Xsm(l/X)—O hso hso hs 0
A =cosC
sint limsint sincC
21. limtant = lim =1=2¢ = =tanc
t—c t>c cost limcost coscC
> t—c
- . . _cost }L“;C"St cosC
limcott =lim——=—"——=——=cotC
t—c toc sint limsint sincC
t—>c
. . ) . . 1
16. lim XSln(l/X ):0 22. limsect=lim——= =secC
x—0 t—c t->c cost coscC

LY
N

limesct :limL: =cscC

t—c tocsint sincC

23. BP= sint,@ =cost
area(AOBP) < area (sector OAP)
< area (AOBP) +area(ABPQ)

=Y

%@-ﬁs%t(l)z s%@-ﬁﬂlf@)ﬁ

17. lim (l—cos2 X)/X =0 lsintcost < lt < lsintcost+(l—cost)sint
X—0 2 2 2
[

t
cost <——<2—cost
i sint

1 <smt< 1

oY

V4 V4
< < for ——<t<—.
2 —cost t cost 2 2

g, . 1 . sint .
' lim——< hmﬂ < lim
t>02—cost t—0 t t—0 cost
_ 1< 1im 3 <
18. limcos® x =1 to0 1 -
X—0
7 ¥ Thus, 1imﬂ =1.

l“ t—0

=2 ] 1 T
-1
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24. a.  Written response 11. a. Graph D; the graph of f (X) =e*" will be

[E— the graph of y =e*, but shifted 1 unit to the
b. D:%ABBP:%(l—cost)sint graph ot y ut shifted 1 u

right.
sint(l —cost)
== 5 b. Graph B

E= lt(l)z _l@ﬁ _1_sintcost c. Graph C; the graph of y =e* is strictly

2, 2 2 2 increasing and passes through the point
D sint(I—cost)
— - (0.1).
E t-—sintcost

d. Graph A; the graph of f (X) =e* will be
C. lim (—) =0.75

t—>0" the graph of y =e* reflected about the y-

axis and stretched horizontally by a factor of

2.6 Concepts Review 4. The graph will be strictly decreasing.

1 lima® 12. a. Graph A; The graph of f (X) =1Inx will be

n—o strictly increasing, will rise slowly, and will
have a vertical asymptote at X =0.

2. natural logarithm; In X
b. Graph D; The graph of f (X) = ln(x—l)
3. 10006 = $1197.22 . .
will be the graph of y =1n X, but shifted 1
4. even; odd unit to the right.
€. Graph C; The graph of
1
f(x)=In—=Inx"=-Inx will be the
Problem Set 2.6 (x) X
5 graph of y =In X, but reflected about the X-
1. 10302035 — 1ol =52 =25 . . . .
‘ axis. The graph will be strictly decreasing.

9. llogyx _ Hlogy  _ x2 d. Graph B; The graph of

f(x)=Inx* =4Inx (x>0) will be the
3. g3hnx _gln 3 _ x3 graph of y =In X, but stretched vertically by

a factor of 4. The graph will be strictly
) 1 increasing, but will rise at a faster rate than
2Inx _ JInx“° _ -2 _
4, e =e =X ‘= - y=Inx.
X
13.

5. Ine®®* =cosx 5

T T T 1o

6. Ine2¥3=_2x-3

7. (e ) =Inx> +Ine>* =3Inx-3x -5 5%

X X
g eXInx _ € € ~

eIIIX - X —58-
5 y =In X is reflected across the y-axis.
9. e1n3-¢—21nx =e1n3'821nx =3'elnx =3X2
2
Inx 2 2
eylnx mxY  xY
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14.

18. a.  lim(1+x)!%%0 =1'0%0 =
x—0

b. lim1"*=1liml=1

L1111 | T x>0 x>0
-5 3 . 1/X _ 1 n_
c. lim (I+&)'" =lim(l+¢&) =
= x—0" Nn—o
- d.  lim (1+&)"* = lim =0
| X0 n—o (14 )"
The y-values of y = In X are multiplied by —,
2 19 : 1/x 1 1 _ 1
ca lim(1-X) —llm—l——
X—0 x>0[1+(—x)]/ % e

since In \/_ = %ln X.

3
1
15. b. lim (1+3%"* = lim {(st)ﬂ =’
X—0

x—0

¥
i ) ]
K c. lim (”sz - lim [ng
I I | | n—o n n—oo n

- N = lim (1+2x)"*

B x—0"
B 1P
sk = lim {(nzx)zﬁ =e?
x—0"
y =In X is reflected across the x-axis since
1 n—1)>" 1"
In [—j =-Inx. d.  lim (—j = lim (1 ——]
X n—owo\ N n—oo n
‘ = lim (1-x)*"*
16. SJ ) %0t
- B -2 1
B = lim {(I—X)X} =
n x—07" e
I I L1 1
-3 - 7 100
B 20. a. lim [1+—j =0
B n—0 n
5 B (note that the exponent, while large, is still
’ fixed)

y = In X is shifted two units to the right.
b. lim (1.001)"=1.001° =1

17. ¥ n—0
I_
n+1 n+ ’
c. lim (”—*3] = lim (1+§J 3=
4 L | So n—o n n—oo n
_I P
2 2
. 1/x
d. 11m(1+x) =e

x—0

21, a. In6=In(2-3)=In2+1In3

1 I
y=Incosx+insecx = 0.693 + 1.099 = 1.792

=IncosX+In

oS X b. 1n1.5zln(%)zln3ln2:1.0990.693

T
=IncosXx—Incosx=0 on | ——,—
22 =0.406
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c. In8l=In3*=4mn3= 4(1.099) = 4.396

730
c. ($375)(1+0'046) ~$411.13
365

d. Inv2=m2"? :%In2 :%(0.693) =0.3465 d (83757962 L s411.14
12t
€. 1n(i]=—1n36:—1n(22-32) 29. a [14200) )
36 12
= —211’12 —211’13 = —2(0693) —2(1099) 1'00512t =2
=-3.584
=2 po_M2 ysg
A In1.005 121n1.005
f. In48=In(2"-3)=4In2+In3 It will take about 11.58 years or
=4(0.693)+1.099 =3.871 11 years, 6 months, 29 days.
22. a. 1.792 b. 0.405 b. e%06t-2 - t:% ~11.55
c. 4394 d. 0.3466 It will take about 11.55 years
or 11 years, 6 months, and 18 days.
e. -3.584 f. 3.871
) 30. $20,000(1.025)° ~$22,628.16
o 2 o (x+D)
23. 2Mn(x+D-Inx=In(x+1)" ~Inx =In 31. 1626 to 2000 is 374 years.
y =24e%96-37% £ $133.6 billion
24, l1n(x—9)+11nx =Inv/Xx-9 —In/x
2 2 32, $100(1.04)°% ~ $3.201x10'8
VX—=9 X—-9
By PR In12
X 33, 10g512::1—5z1.544
n
25. In(x—2)—In(x+2)+21Inx
_ 9 2
_1n(x2 2)—In(X+2)+1Inx 34 log, PETTRLCA L S
' X (x—22)
X+
35, log;((8.12)"° :%% ~0.1747
26. In(x*> —9)—2In(x—3)—In(x+3) n
(X2 —9) — In(x —3)2 —
=In(x” =9)~In(x=3)" ~In(x+3) 36. logyo(8.57)7 =787 6 5309
2 In10
X° -9 1
=In 3 =In
(x=3)"(x+3) X=3 37. xIn2=In17
In17
27. a.($375)(1.035)2 ~ $401.71 X= 5 = 408746
24
b. ($375)[1+ 0'10235j ~ $402.15 38. xIn5=In13
o X =11n—153 ~1.5937
n
c. ($375)(1+Mj ~ $402.19
365 39. 2s-3)In5=In4
d. ($375)e%9352 £ $402.19 25 3104
In5
2 1(, In4
28. a. ($375)(1.046)- =$410.29 s=—|3+— |~1.9307
" 2 In5
b. ($375)(1+ 0'0246) ~$411.06
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1 e2X L g 2X  g2X _ 42X
40. ——Ini2=In4 42. cosh2x+sinh2x=>— "
0-1 2 2
In12 22X
—Z=0-1 _E e
In4 =— = e
49:1+11n—142z2.7925 o
n p—
43. coshXx—sinh X = e+e €€
X X X X 2 2
. e” +e e” —e _
41. coshXx+sinhXx = 2 + 5 _ 2e % e X
2
26" o
- 2 B 2X -2X 2x 42X
44, cosh2X—sinh2X:e +e £ €
2 2
-2
_2e i _a2X
2
X -X LY -y X X LY -y
. . e"—-e " e’ +e e +e e’ —e
45. sinh Xcosh y+cosh Xsinh y = 5 +2 + +2 B
~ XY L XY g HY _gmXy N XY _ XY Lo XHY _gXY
4 4
2ex+y - 2e—(x+ y) ex+y - e—(x+y)
= = =sinh(X+Y)
4 2
X _a=X AY L ay X | a=X aY Y
46. sinh Xcosh y—cosh Xsinhy = ¢ 2e £ +2€ _E +2e £ 2e
eX+y +eX7y _e—x+y _efx—y B eX-%—y _ex—y +e7X+y _e—x—y
4 4
26X e XY XY _g Xy
= 4 = > =sinh(X-Y)
X, a=X aY oY X _ a=X Y Ay
47. coshXxcosh y+sinh xsinh y = € +28 £ +2e + € Ze £ Ze
R L e S . XY Y ey oY
4 4
2%ty 42 XY XY L e (XHY)
= 1 = 5 = cosh(X+Y)
X, a=X aY oY X _ a=X Y Ay
48. coshXcoshy—sinthinhy:e +2e £ +2e ¢ 2e £ 2e
e e e Y XY e XY e XY
4 4
20XV 427 XY e (XY
= 4 = 2 = cosh(X—Y)
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sinhx , sinhy between a™ and a™ (the order will depend
tanhX+tanhy  coshx t coshy ( P

49, = : - on whether a<1or a>1). Hence, because
l+tanh Xtanhy | sinhx  sinhy . . X 1o U X
coshX coshy lima™ =lima* =a*, lima™ =a* by the
. . . n—oo n—o0 n—oo
_ sinh X cosh y + cosh xsinh y _ sinh(X + Y) Squeeze Theorem.
cosh Xcosh y +sinh xsinhy  cosh(X+ Y)
= tanh (X +Y) (b) Now choose any s, ; then , since
' limrs, =s, limr, =s,X,
sinh X sinh y n—o0 n—o0
tanh X —tanh y coshx ~ coshy S s
50. = - xS = 1 " =N W)™
1—tanh xtanh y 1_M.Smhy @) Dl—ga J rlgr;[(a ) }
coshXx coshy
: : : = lim[arﬂsk ] =a’
_ sinh Xcosh y—cosh xsinhy  sinh(x—Y) N0
cosh Xxcosh y —sinh xsinh y  cosh(X—Y) Define u, = Xs,; then limu, = xlims, =Xy .
n—o n—oo
= tanh(x - y) Hence, from part (a),
. Sﬂ .
51. 2 sinh X cosh X = sinh X cosh X + cosh X sinh X @y = llm(ax) = 11m<aXsn ) =av.
nN—oo n—oo

= sinh (X + X) = sinh 2x

) ) (4) Follows from (2) by letting x=0.
52. cosh” X +sinh” X = cosh X cosh X + sinh X sinh X

= cosh(X + X) = cosh 2X (5) (ab)* = lim(ab)" = lim(a"b™)
53. (1) Let x be irrational and let y be any number. = lim ar -lim b" =a’*b*
Further, let {r.} and {s,} be sequences of
rational numbers such that limr, = X and al e (1Y 1 &
n—o (6) —| =la-—|] =a"| =] =a ==
lims, =y. b b b b* b

n—o0

54. (1) lim sin”'(t) = sin"'
(2) Since lim(r, —s,)=limr, — lims, = x—y (1) Lim sin " (t) =sin " (c)
n—owo n—o0 n—oo

lim cos ' (t) = cos ' (c)

we have t—>¢
a* lirrnlirn . (a® lim tan ' (t) = tan "' (C)
a’  lma® _Aﬂ[asnj t-% -1 -1
oo 11301 cot  (t)=cot (c)
- }iiga(rn_sn) =a”’ lim sec ' (t) = sec ' (C)

t—c

lim csc (t)=csc'(c)
—C

(3) (a) We first prove: if {u, }is any sequence

of numbers (need not be rational) such that o

Kmu. =7 . then lima% = aZ (2) the validity of these statements follows

now 07 oo directly from Theorem 2.5A and Theorem
2.6C. For example, let C be in the domain of

sin '(t) and let a be such that sin(a) =c.
By Theorem 2.5A, limsin(X) =sin(a) =cC;
1 X—a

place and let q, = p, +; then so by Theorem 2.6C,

Proof: Let p, be the truncation of the

decimal expansion of U, at the nth decimal

. P | I |
Oﬁun—pn<% and OSqn—un<% so that Pirclsm ®)=sin(©).

1 1
Uy =~ < Py <0, <U, +— . Thus

lim(un —l) <lim p, <limg, < 1im(un +i)
n—o n—oo n—oo n

n—w n

or

z<lim p, < lim < ¢, <z ,and we conclude
n—oo n—oo

that lim p, = limq, = x. Since
n—w n—w

p, <Uu, <(q,, it follows that a™ will be
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55. A. (Hyperbolic) X c

1
0<|Xm—c|<— but |a™ —a°|>¢g,. Foreachm,
m

(1) Statement: .
lim sinh(x) = sinh(a) let .1, ,,... be a sequence of rational numbers
X—a

. that converges to X,,. This means limr, =X,
lim cosh(X) = cosh(a) nowo ™
X—a

i d, by definition, @* = lim a™ . Thus it i
lim tanh(X) = tanh(a) and, by dehinition nm us it is
X—a

possible (by going far enough out in the sequence

ilgr; coth(x) = coth(2) l15Tn2»---) to find a rational number t such

lim sech(x) =sech(a)

that both 0 <|t, —c|<i and [a" —a°| > ¢,
lim csch(x) = csch(a) m
X—a
o 1 1
(2) Proof This yields c——<t, <C+— and
(a) By Theorem 2.3A and Theorem 2.6B(1), m m
e _p a" ¢ (@° —¢g,,a° +¢&,) which means limt =c
limsinh(x) = lim m—e
e a2 but lim a™ =a°.
B lim(e” —e ™) This contradicts the definition of a° and so our
- lim?2 original assumption is wrong, and, in fact,
e lima* =a°.
(lime*)—(lime ™) e
— X—a X—>a
2 (0 L a0 g7X 4 X
57. cosh(—x) = € ¢ _£ *e
4 2 2
=[E£28 |- h(a) e*+e”
2 s = = cosh(X)
h (X) i function.
(b) The proof for cosh(x) is the same with so cosh (x) is an even function
“-“replaced by “+”. n
1 " 1 n "
(c) The remaining proofs follow from 58. I_H i no1
Theorem 2.3A(7). (I’H)
B. (Inverse Hyperbolic) _ ((n —D+ 1jn _ (1 L1 jn
n-1 n-
(1) Statement: L™ .
lim sinh ™' (t) = sinh 7' (¢) :(H_J [1+_j_
toe n-1 n-1
{im cosh 7' (t) = cosh () Thus:
—c
. Sy - . 1"
lim tanh ' (t) = tanh " (c) lim (1 _H)
lim coth “(t) = coth ' () NS |
lim sech™'(t) =sech ' (c) - %EI}OKIJF n _J (1+ n—lﬂ m=n-1
lim csch ™ (t) = csch ' (c) 1\" 1
e = lim (1+—j (1+—j
m—o m m
(2) Proof Follows directly from part A. and N
Theorem 2.6C. lim (1+ 1 j im (1+ 1 j
m—oo m m—oo m
56. Suppose the result is not true. Then there is an e (1+0)=¢
&, >0 such that: for every & >0 there exists a - B
value X; where 0<|x;—¢[<J but
a“ —a‘’|>¢,. Inparticular, for every positive
integer m there is an X, such that
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59. (1) We first note that if 0<a<1 and 0<y <X Problem Set 2.7

a . .
then a*” <1 sothat — <l ora”*<a’. 1. lim[(x-3)(x-4)]=0= f(3); continuous
a X—3
Hence, taking reciprocals, a> <a™.

b 2. lim (X2 -9)=0=g(3); continuous
Also: if 0<a<b and x>0 then 1<— so x—3
a

that 1<(Bj =(b—XJ . Hence a* <b*.
a a

w

lim
Xx—3X-3
continuous at 3.

and h(3) do not exist, so h(x) is not

1 . .
(2) For any D) <h<0 there is an integer m, 4. lim+/t—4 and g(3) do not exist, so g(t) is not
t—>3
l .
such that m, <——<m,+1 . Thus continuous at 3.
h
1 -3 . :
—(m, +1)<—<-m, and 5. lim and h(3) do not exist, so h(t) is not
h h h t>3t-3
1 continuous at 3.
I-—<1+h<1- .
m, m, +1 6. h(3) does not exist, so h(t) is not continuous at 3.

. 1 .
Since 0 < 1_m_h’ 1+h, 1- m, +1<1 it 7. lim[t|=3= f(3); continuous
t—>3

follows from (1) that

o ! D 8. lim|t—2|=1=g(3); continuous
(I—LJ < (I+h)n < [1— ! J . t—>3| | 96)
m, m, +1
Using the fact that m,,(m, +1) — o as 9. h(3) does not exist, so h(t) is not continuous at 3.
h— 07, and the result from Problem 58, we 10. f(3) does not exist, so f(X) is not continuous at 3.
have
-m, —-my 3 2
Lt =27 0 (A=-3)(°+3t+9

lim 1_L = lim 1_L —e 11. lim = lim (t=3X )

h—0° m, My —<0 m, t>3 t-3  t-3 t-3
and = lim(t? +3t+9) = (3)* +3(3)+9 =27 =r(3)

—(my +1) t—3
lim| 1= . continuous
h—0 m, +1

12. From Problem 11, limr(t) =27, so r(t) is not
-3

(1 ~(m, +1) )
- mhi{i‘w - m, +1 =€ continuous at 3 because t11_13 r(t) = r(3).

Thus, by the Squeeze Theorem,
13. lim f(t)= lim 3-t)=0

1
hlirn (I+h)n =e. t—3t t—>3"
-0~
lim f(t)= lim (t-3)=0
t—>3" t—3"
2.7 Concepts Review tlm§ f(t) = f(3); continuous
-
1. lim f(x)
X—>e 14. lim f(t)= lim 3-t)> =0
5 . t—>3" t—>3"
. t
every tieget lim f(t)= lim ¢ —9)=0
3. lim f(x)=f(); lim f(x)=f(b >3 3
X_)IZ+ ®="1@ X_I,Hblf =10 tll_rg f(t) = f(3); continuous
4 @ bife)=w 15. lim f(X)=—2 = f(3); continuous
t—>3
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16. gis discontinuous at X =3, 4, 6, 8; g is left 27. Discontinuous at all & =nn +% where n is any
continuous at X =4, 8; g is right continuous at

X=-3.6 integer.

17. his continuous on the intervals 28. Discontinuous atall u<-5

(=0,-5), [_5’4]’ (4,6), [6’8]’ (8,90) 29. Discontinuous at U =—1
2_ _ 30. Continuous at all points
18, tim X =% _ jim EZDCHED i (x4 7) P
x—7 X=7 x—7 X— x—7

—7+7=14 3. G(X) e
Define f(7) = 14. V@2 =X)(2+X)
Discontinuous on (-, -2]U[2,0)
2% 18 . 2x+3)(x-3)

19. i1_>m3 3—X - i1_>3 3—X 32. Continuous at all points since
= lim[-2(x+3)] = 2(3+3)=-12 lim f(x)=0=f(0) and lim f(x)=1= f(1).
X—3 x—0 X—1

Define f(3) =-12. ]
33. lim g(x)=0=g(0)
x—0

20, 1im 309D _, lim g(x)=1, lim g(x)=-1

-0 6 x—1F x—1~

Define g(0) =1 lim g(x) does not exist, so g(X) is discontinuous

Xx—1
_ _ atx=1.

21 tim Y i E=DOEED

ol t=1 51 (t-DHE+1) 34. Discontinuous at every integer

. t-1 . 1 1
=lm———=1lMm—F=— . . 1 : :
t—1(t— 1)(\/f +1) t-l Jt+1 2 35. Discontinuous att= n +5 where n is any integer
1
Define H(1) =—.
2 36. 4y
2 fe
4 2 2 2

29 X" +2X —3: lim (x*=D(x* +3)

X—-1 X+1 x—-1 X+1 \ ¢ * /

o 2
i (DD +3) AW AR
x—-1 X+1 - / -

= lim [(x— D(x% +3)] -

=(1-D[=1)>+3]=-8 2t

Define ¢(—1) =-8.

2
2
23, lim sin[x ‘IJ: fim sin(wj

x—>-1 X+1 x—>-1 X+1
= lim sin(Xx—1) =sin(-1-1) =sin(-2) = —sin 2
X—>—1

Define F(—1) = —sin 2.

=Y

24. Discontinuous at X = 7,30

33-x2
(m—X)(X-3)

Discontinuous at X =3, 7

25. f(x)=

26. Continuous at all points
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38 Ay 49. f(x)=+/25-%

Let g(x)=25-x*;then f(X)=+/g(X). To find

the domain of f(X) we require
1k
/ 0<25-%> or -5<X<5.

Now g(X) is continuous on [-5,5] by Thm. 2.7A;

T i ’;c hence f(x)is continuous on [-5,5]by Thm
2.7C.
39. 1
50. f(x)=

N25-%2

Refer to problem 49. Let g(X)=25-x> and

h(x)=1;then f(x)= M The domain of
VI(X)
f(X)is (-5,5); g(x)is continuous on (-5,5) by
prob. 49 and h(x) by Thm. 2.7A.

40. sn)-‘ Thus f(x)is continuous on (-5,5) by Thm 2.7C.
L 51. f(x)=sin"(x)
e The domain of sin ' (x) is [~1,1], so by Thm
JS co ].: :.I Ll é - 2.7D, sin ' (X) is continuous on (~1,1). Now
R since (2.7D again) lim_sin(t) =sin(- %) =1
.... — '.o. t%—%
-~ -5 : %, and lim sin(t) = sin(g) =1, we have (Thm. 2.6C)
t>Z
2
D.iscontinuous at all points ex§ept x=0, t?ecause lim sin"'(x) =sin "' (~1) and
lim f(x)= f(c) forc#0. lim f(x) exists only xo>—1*
X—C X—C

. P | P
atc=0and lim f(x)=0= f(0). lim sin™ (x) =sin (1) .
Xx—0

Thus sin ' (x) is continuous on [-1,1].

41. Continuous.
52. f(x)=sech(x)

42. Discontinuous: removable, define f(10) =20 Since cosh(x) is positive for all X , the domain of
sech(x) is (—o,00). Now cosh(X) is continuous
on (—o0,0) (Thm. 2.7D) asis g(x)=1 (Thm.
44. Discontinuous: nonremovable. 1 .

2.7A). Therefore sech(X) =——— is

cosh(x)

continuous on (—0,%)by Thm 2.7C.

43. Discontinuous: removable, define f(0)=1

45. Discontinuous, removable, redefine g(0)=1

46. Discontinuous: removable, define F(0)=0
53. f(x)=sec'(x), x>0

47. Discontinuous: nonremovable. The domain of this function is [1,00) and by Thm.

2.7D, sec '(x) is continuous on (I,e0) . Further,
since lim sec(t) =sec(0) =1 (Thm. 2.7D), we
t—>0"

48. Discontinuous: removable, define f(4) =4

In problems 49-54 we will show that the function is . 1 :
continuous on its entire domain, which therefore is the have (Thm.. 2.6C) Xlinll sec (X)=sec (1)

largest interval.
Thus sec'(X) is continuous on [1,0) .
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54. f(x)=sech™(x) 58. Let f(x)= x> +3x—2. fis continuous on [0, 1].

The domain of sech ™' (x) is (0,1] and by Thm. f(0) =2 <0 and f(1) = 2 > 0. Thus, there is at
least one number C between 0 and 1 such that

-1 . .
2.7D, sech ™ (x) is continuous on (0,1). W 43X—2 =0,

Further, since lim sech(t) =sech(0) =1 (Thm.
t—0"

2.7D). we have (Thm. 2.6C) 59. Because the function is continuous on[0,27 ] and

lim sech ' (x) =sech ' (1).. (c0s0)0* +6sin° 0—3=-3 <0,
X—>1"
(cos2m)(2n)° + 6sin® (21) —3 =87 —3 > 0, there

Thus sec ' (X) is continuous on (0,1]. .
is at least one number C between 0 and 27 such

4

T Y 5
I 2 3 4 5 6

e -
Length of call in minutes v 5
2 X
56. The function is continuous on the intervals

55. The function is continuous on the intervals that (cost)t® +6sint—3=0.
(0,1],1,2], (2,31, ...
A Cost$ 60. Let f(X)=x’ —7x* +14x—8. f(x)is
0.72 - continuous at all values of X.
0.60 L O—e f(0) =-8, f(S) =12 .
B Because 0 is between —8 and 12, there is at least
Oo—=e
0.48 - one number C between 0 and 5 such that
. f(x)=x"—7x> +14x-8 =0
036 O - o
024 - o—e This equation has three solutions (X = 1,2,4)
Mo
0.12 - e

[0,200], (200,300], (300,400], ... .
A Cost $ -6
80— -
Oemsn
61. Let f (X) =/X —cosx.. f(x) is continuous at all
60 —
O—=o values of x>0.  f(0)=-1, f(n/2)= 7z /2
40 - Because 0 is between —1 and +/7z/2 , there is at

least one number ¢ between 0 and 7/2 such that
20 . f(x):\/;—cosX:O.
The interval [0.6,0.7] contains the solution.

| | | | [ '
100 200 300 400 500 0.2
Miles Driven
57. The function is continuous on the intervals /
(0,0.25], (0.25,0.375], (0.375,0.5], ... e W -
) Cost $ / B
4 —
O=—9
oo 02
3 o—e
— 62. Let f(x)=x5+4x3—7x+14
2 f(x) is continuous at all values of X.
f(-2) =-36, f(0) = 14
e Because 0 is between —36 and 14, there is at least
one number C between —2 and 0 such that
! ! ! L f(x)= x> +4x° —7x+14=0.
0.25 0.5 0.75 1
Miles Driven
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63.

64.

65.

66.

67.

68.

108

Suppose that f is continuous at ¢, so
lim f(x)= f(c). Letx=c+t, sot=x-c, then
X—C

as X —> ¢, t »> 0 and the statement
lim f(x)= f(c) becomes lim f(t+c)= f(c).
X—C t—0

Suppose that lim f(t+c)=f(c) andletx=t+
t—0

C, sot=Xx—c. Since ¢ is fixed, t — 0 means that
X — ¢ and the statement lim f(t+c¢) = f(c)
t—0

becomes lim f(x) = f(c), so fis continuous at
X—C
C.

Since f(X) is continuous at C,
lim f(x)= f(c)>0. Choose &= f (C) , then
X—C

there exists a 0 > 0 such that
0<|x—c/<d=|f(x)-f(c)<e.

Thus, f(x)-f(c)>-s=-f(c),or f(x)>0.
Since also f(c)>0, f(x)>0 forallxin
(c—0,c+0).

Let g(X) = x — f(x). Then,

g(0)=0-1(0)=—f(0)< 0andg(1)=1-f(1)> 0
since 0< f(X)< 1 on [0, 1]. If g(0) = 0, then

f(0) =0 and ¢ = 0 is a fixed point of f. If g(1) =0,
then f(1) = 1 and ¢ = 1 is a fixed point of f. If
neither g(0) = 0 nor g(1) =0, then g(0) <0 and
g(1) > 0 so there is some C in [0, 1] such that
g(c)=0.Ifg(c)=0thenc—f(c)=0 or

f(c) = c and c is a fixed point of f.

For f(x) to be continuous everywhere,
f(l)=a(l)+b=2andf(2)=6=a2)+b
a+b=2

2a+b=6
-a=-+4
a=4, b=-2

For x in [0, 1], let f(X) indicate where the string
originally at X ends up. Thus f(0) =a, f(1) = b.
f(x) is continuous since the string is unbroken.
Since 0<a, b <1, f(x) satisfies the conditions of
Problem 65, so there is some ¢ in [0, 1] with

f(c) = ¢, i.e., the point of string originally at C
ends up at C.

The Intermediate Value Theorem does not imply
the existence of a number € between —2 and 2
such that f(c)=0. The reason is that the

function f(x) is not continuous on [-2,2].

Section 2.7

69.

70.

71.

72.

73.

Let f(X) be the difference in times on the hiker’s
watch where X is a point on the path, and suppose
x=0 at the bottom and X = 1 at the top of the
mountain.

So f(x) = (time on watch on the way up) — (time
on watch on the way down).
f(0)=4-11=-7,f(1)=12 -5 =7. Since time is
continuous, f(X) is continuous, hence there is
some C between 0 and 1 where f(¢) = 0. This ¢ is
the point where the hiker’s watch showed the
same time on both days.

Vs
Let f be the function on {0’5} such that f(6) is

the length of the side of the rectangle which
makes angle & with the x-axis minus the length of
the sides perpendicular to it. f is continuous on

{O’%} . If f(0) = 0 then the region is
circumscribed by a square. If f(0) = 0, then
observe that f(0)=—f (%) Thus, by the
Intermediate Value Theorem, there is an angle
6y between 0 and % such that f(6,)=0.

Hence, D can be circumscribed by a square.

Yes, g is continuous at R .

lim g(r):M: lim g(r)
r-R™ R2

No. By the Intermediate Value Theorem, if f
were to change signs on [a,b], then f must be
0 at some ¢ in [a,b]. Therefore, f cannot
change sign.

a. f(x)=f(x+0)=f(x) +(0), so f(0) = 0. We
want to prove that lim f(x)= f(c), or,
X—C

equivalently, lim[f(x)— f(c)]=0. But
X—C

f(x) — f(c) =f(x—¢), so
lim[ f(x)— f(c)]= lim f(x—c). Let
X—C X—C

h=x-cthenas x—>c¢, h— 0 and

lim f(x-c)= lim f(h)= f(0)=0. Hence
X—C h—0

lim f(x) = f(c) and fis continuous at C.
X—>C

Thus, f is continuous everywhere, since ¢
was arbitrary.

b. By Problem 43 of Section 1.5, f(t) = mt for
all tin Q. Since g(t) = mt is a polynomial
function, it is continuous for all real
numbers. f(t) = g(t) for all t in Q, thus

f(t)y =g(t) foralltin R, i.e. f(t)=mt.
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b

74. Iff(x) is continuous on an interval then ) [ 3 3}
Domain: | ——,—|;

lim f(x)= f(c) for all points in the interval: 4’4
X—C
lim f(x)= f(c)=> lim |f(x) Range: {_E,O,E}
X—C X—C 4 4
2
= lim  f2(X) = f(limf(x)) b. Atx=0
X—C X—C
2
=\(f(e)” =|f (o) c. If x=0,f(x)=0,if x:—%, f(x)=—% and
75. S £(x) {“fxzo fx) i 3 3 303
. Suppose = . . is .
_ if x==,f(X)==, so x=—=,0,— are
1ifx<0 2 1 0=7 207
discontinuous at X = 0, but g(x) = | f (x)| =1is fixed points of f.
continuous everywhere.
76. a. AV .
- 2.8 Chapter Review

Concepts Test

1. False. Consider f(x)=[x] at x=2.

2. False: ¢ may not be in the domain of f(x), or
it may be defined separately.

3. False: ¢ may not be in the domain of f(x), or
it may be defined separately.

4. True. By definition, where ¢ =0,L =0.
b. Ifris any rational number, then any deleted

interval about r contains an irrational 5. False: If f(c) is not defined, lim f(x) might
1 X—C
number. Thus, if f(r)=—, any deleted 2 _4
) ) q ) exist; e.g., f(X)= .
interval about r contains at least one point C X+2
1 1 2
such that | f(r)—f (C)| =|——0| =—. Hence, f(-2) does not exist, but lim X4 _ 4,
q q Xx—>-2 X+2
lim f(x) does not exist.
X—=>r 2
X7 =25 L (X=5)(X+5
If ¢ is any irrational number in (0, 1), then as 6. True: lim = lim ( X )
D p x5 X=5 x5 X=35
X=-——>C (where — is the reduced form = lim(x+5)=5+5=10
q q X—5
of the rational number) g — o, so o
7. True: Substitution Theorem
f(X) > 0 as x > c. Thus,
lim f(x)=0= f(c) for any irrational . sinX
X—C 8. False: lim——=1
Xx—=0 X
number C.
77. a. Suppose the block rotates to the left. Using 9. False: The tangent function is not defined for

3 all values of C.
geometry, f(x)= s Suppose the block

.. . sin X
rotates to the right. Using geometry, 10. True: If X is in the domain of tan X = osx
f(x)= 2 If x =0, the block does not rotate, then cos X # 0, and Theorem A.7
4 appli
pplies.
so f(x) = 0.
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11.

12.

13.

14.
15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

110
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True:

True.

False:

True:

True:

True:

False:

True.

False:

False.

False:

True:

True:

False:

True:

True:

Since both sinh X and cosh X are
continuous for all real numbers, by
Theorem C we can conclude that

f () = 2sinh? x—cosh x is also
continuous for all real numbers.

By definition, lim f (x)=f(c).

X—C

lim may not exist
X—=0"

See Example 8 of section 2.7.
By Theorem C of section 2.6.

By definition, if r, is a sequence of
rational numbers that converges to the
irrational number 7 , then 7”* is

defined to be 7" = lim 7™ .
n—o0

Consider f(x)=sin x.

By the definition of continuity on an
interval.

By Theorem C of section 2.6 and the
subsequent discussion.

It could be the case where
lim f (X) =2

X—>—00

The graph has many vertical
asymptotes; e.g., X =+ 1/2, + 31/2,
+5m/2, ...

X=2;Xx=-2

As X — 1" both the numerator and
denominator are positive. Since the
numerator approaches a constant and
the denominator approaches zero, the
limit goes to + o0 .

lim f(x) must equal f(c) for f to be
X—C

continuous at X = C.

lim f(x)= f(lim x): f(c), sofis
X—C

X—C
continuous at X = C.

lim Hﬂ]:l: f(2.3)

X—2.3

Section 2.8

27.

28.

29.
30.

3L

32. False:

33.

34.

True:

False:

True:

True:

False:

True:

True:

Choose ¢ =0.001f(2) then since
lim f(x)=f(2), there is some &
X—2

such that 0 <|x-2|< 6 =

[f(x)— f(2)|<0.001f(2), or
~0.001f(2)< f(x) - f(2)
<0.001f(2)

Thus, 0.999f(2) < f(x) < 1.001f(2) and
f(x) < 1.001f(2) for 0 <|x —2| < 6.
Since f(2) < 1.001f(2), as f(2) > 0,
f(x) < 1.001f(2) on (2 -6, 2+ &).

That lim[f(X) +g(X)] exists does
X—C

not imply that lim f(x) and
X—C

lim g(X)exist; e.g., f(x)= x=3 and
X—C X+
g(x)= X+7 for c=-2.

X+2

Squeeze Theorem

A function has only one limit at a

point, so if lim f(x)=L and
X—>a

lim f(x)=M, L=M

X—a

That f(x) # g(x) for all X does not
imply that lim f(x)# lim g(x). For
X—C X—C

2
example, if f(X)= X+—X26 and
X —

g(x) = %x, then f(x) # g(x) for all X,

but lim f(x)= lim g(x) =5.
X—2 X—2

Iff(x) <10, lim f(Xx) could equal 10
X—2
if there is a discontinuity point (2, 10).
For example,
F(x) = X~ +6X7 =2x-12
X—2
all x, but lim f(x)=10.

X—2

<10 for

lim | f ()| = lim y/ f *(x)
X—a X—a
2
= {limf(x)} =y(0)? =|p|
X—a

If f is continuous and positive on
[a, b], the reciprocal is also
continuous, so it will assume all

1 1
f(a) and b))

values between
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Sample Test Problems 1—

Xx—1
14, lim =1 lim ——X =1 since X—1<0 as

Xx-2 2-2 0 xo1m X=1 xm x=1
L. Iim—=——"=—= -
x>2X+2 2+2 4 x—>1
, 1jmu271—12_1— 15, lims1n5X:lim§sm5X
iU+l 1+l x—>0 3X x=>03 5X
5. sin5x 5 5
: T s 3073
3 1im Y = gim UEDUED e
ustu-1 u-st  u-1 u—l | — cos 2X 21— cos2X
—1+1=2 16. lim — 222 _ i = -~ 9522
x>0  3X x—=03  2X
2 .. 1-cos2x 2
4. lim u+l = lim u+l = lim ! ; =—lim ———=—x0=0
usly? -1 usl(U+Du—1) ustu—1 3x-0  2X 3
does not exist |
1——
1-2 x2 | 17. tim X=L = g X 210
5. lim —2* = lim X = lim ——— xow X+2 xomy 20 140
X2 x2 4 %52 (X=2)(X+2)  x52 X(X+2) X
N SR
2(2+2) 8 18. Since —1<sint <1 for all t and lim%zo,we
t—w
2 .
6. lim— 4 — jm L2272 get Tim S0t _ g
15272476 1o2(2+3)(z2-2) too t
Zz+2 2+2 4
T0z43 243 5 2
1>22+ + 19. lim e =
X—>00
sin X
7. tim 2K sy L cosx
x>08in2X x—>02sinXcosX x—02cos” X 20. lim =0, becauseas X = 0", cosx > 1
: 1 1 x—>0T X
T 2c0s20 2 while the denominator goes to 0 from the right.
6 I Vo1 (Y=Y +y+]) 21, lim tan2Xx=oo becauseas X - (7/4),
. m = um -
y=ly2 -1yl (Y=D(y+1) ol
2X /2) tan 2X )
Coyreysl 1Pelel 3 ~(7/2) 50 tan2x
= 141 2
-1 +
y y 22, lim In X =—o, because as x = 0",
5 N x—0"t
9. X-4 _ lim( X=2)VX+2) x2 - 0%, and Inx* decreases without

lim =
x4 X =2 x4 Ix=2 bound.

= lim(Vx+2)=4+2=4
x—4 23. Preliminary analysis: Let &€ > 0. We need to find
a 6 > 0 such that

0<x=3l<s=|(2x+1)-T|<e.
[2X-6|<e<=2|X-3k¢

. COSX .
10. lim —— does not exist.
x—>0 X

& &
X — — = ==
11. lim —| | = lim —XX = li]“,(_l) =—1 <:>| X-3 |< 2 ’ Choose 5 B 2 ’

x—0" X x>0~ X—0

Let £>0. Choose 6 =¢/2. Thus,
12.  lim [4x]=2
—+
o1 |(2x+1)-7|=[2x~ 6| =2[x~3| < 2(s/2) =&.
13, lim ([t]-t)= lim [t]- lim t=1-2=-1

t—2~ t—>2" t—2~
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24. a. f(1)=0 28.

b. lim f(x)= lim (1-x)=0

xo1t x—1
c. lim f(x)= lim x=1
Xx—1" X—1" I | I I _
. -2 g X
d. lim f(x)=-1 because —
X—-1 —
lim f(x)= lim x’=-1and —
X—>—1" X—>-1" I
lim f(x)= lim x=-1 -5
x—>—17 x——17
29. a(0)tb=-landa(l)tb=1
25. a. fis discontinuous at X = 1 because f(1) =0, =—1; a+bh=1
but lim f (x) does not exist. f is a-1=1
X—1 a=2
discontinuous at X = —1 because f(—1) does
not exist. 30. Let f(x)=x> —4x> —3x+1
b. Define f(-1)=-1 f(2) =-5, f(3). =127
Because f(X) is continuous on [2, 3] and
2. a. 0< |u _ a| <5 |g(u) _M | <e f(2) < 0 < f(3), there exists some number C
between 2 and 3 such that f(c) = 0.
b. 0<a-x<s=|f(x)-L|<e 31. Vertical: None, denominator is never 0.

27. a.  lim[2f(x)—-49(x)] Horizontal: lim X __ lim =0,s0
X—3 x> x2 41 x>0 x2 41
=2lim f(X)—4lim g(X —0; :

X3 ) X3 g(x) y =0 is a horizontal asymptote.
=203)-4(2)= 14 32. Vertical: None, denominator is never 0.
. x2-9 x2 2
b. lim g(x) = lim g(X)(x+3) Horizontal: lim = lim =1,s0
X—3 X-3 X—3 X—>00 X2 +1 X>-© X2 +1
= lim g(x)- lim(x+3)=-2-3+3)=-12 y =1 is a horizontal asymptote.
X—3 X—3
2
c. g3)=-2 33. Vertical: x=1,x=-1 because lim =
x—1T X7 =1
. B . _ _ 2
d.timg(1(0) = lim £ ]~ g(3) =2 ot X
x—>—1" X7 =1
e.  lim+y f2(x)-8g(x) 2 W2
x—=3 Horizontal: lim = lim = 1, so
> X—0 X< —1 X——0 X< —1
= \/[ lim f(x)} —8 lim g(x) y =1 is a horizontal asymptote.
X—3 X—3
_ /(3)2 _8(2)=5 34. Vertical: x=2,Xx=-2 because
3 3
lim o and lim —— =
¢ [900-00)_[2-96)_|-2-(2) I
oxs3 (0 3 3 \
=0 Horizontal: lim 3 =o0 and
X—00 X< —4
3
lim 3 = —0, so there are no horizontal
X——00 x“ —4
asymptotes.
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35. Vertical: X==*x/4,£37x/4,£5x/4,... because Review and Preview Problems

lim tan2Xx =o0 and similarly for other odd
x> /4 1L a f(2)=2"=4
multiples of 7 /4.

b. f(2.1)=2.1" =441
Horizontal: None, because lim tan2X and

X—>00
lim tan2X do not exist. c. f(21)-1(2)=441-4=041
X—>—0
36. Vertical: d. f (2'1)_ f (2) = 041 =4.1
None since the domain of tan™' x is all real 2.1-2 0.1
numbers. » 5
e. f(a+h)=(a+h)"=a"+2ah+h
Horizontal:
y =7 because lim 2tan”'x=2 lim tan~' X. f(a+h)-f(a)=a’+2ah+h*-a’
X—>0 X—>0 f.
ju =2ah+h?
=2.2 7
2 2
f(a+h)-f(a
_ i _ O g. ( )= ):Zah+h =2a+h
y=-rx because lim 2tan” X=2 lim tan " X (a+h)-a h
X—>—0 X—>—0
N LI f(a+h)-f(a
=2 ( 2)‘ " h. lim—( )= ):lim(2a+h):2a
h—0 (a+ h)—a h—0
37. f(x)=cos™ (;) 2.a  f(2)=1/2
The domain of cos ' (x) is [-1,1], so by Thm
o b. f(2.1)=1/2.1~0.476
2.7D, cos ™ (X) is continuous on (—1,1). Now
since (2.7D again) tlinol cos(t) = cos(0) =1 and e f (2.1)_ f (2) —0.476-05=—-0.024
lim cos(t) = cos(z) =—1 we have (Thm. 2.6C)
o q f(21)-f(2) 0024 o4
lim cos ' (x)=cos ' (~1) and ' 21-2 o1
X—>—17
lim cos ™ (x) = cos (1) . e. f(a+h)=1/(a+h)

-1 . . _
Thus cos " (X) is continuous on [—1,1]. f f(a+h)— ¢ (a):l/(a+h)—l/a

-h

X X -0
Let g(x):E, Ee[—l,l],then x e[-2,2] and a(a+h)
by Thm. 2.7A, g(x)is continuous on [-2,2].

-h
X _ . L

Therefore Xe[—2,2]:>56[—1,1]zcos 1(;) is ] f(a+h)-f(a) _ a(a+h) _
continuous at X by Thm. 2.7E. Thus the largest (a+h)-a h a(a+h)

interval is [-2,2].
f(a+h)—f -
2 ho g @rh)-f(a) -1
38. f(x)=In(25-x%) h>0 (a+h)-a a’
The domain of f(X)is {x|25-%" >0}= (-5,5).

Now 25— x*is continuous on (-5,5) by Thm. 8. a f (2) =2~1414

2.7A and In(X) is continuous on (0,c0) by Thm.
2.7D ; thus f(X) is continuous on (-5,5) by
Thm. 2.7E. This is the largest interval.

b. f(2.1)=+2.1~1.449
c. f(2.1)-f(2)=1449-1.414=0.035
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f(2.1)-f(2) 0.035
21-2 0l

e. f(a+th)=va+h
f. f(ath)-f(a)=va+h-+a
f(a+h)-f(a)_Jarh-va

(a+h)-a h

=0.35

__f(a+h)-f(a) . Ja+h-+a
h. lim = lim
h—0 (a+h)—a h—0 h

(Varh—va)(vazh+a)
w0 h(Jarh+va)

— lim a+h-a
w0h(Ja+h+a)

h

=lim———
h—0

h( a+h+«/§)

: 1 1 Ja
= lim = =—
—oJa+h+sa 2/a 2a

4. a  f(2)=(2) +1=8+1=9
b f(21)=(21) +1=9.261+1=10.261
c. f(21)-f(2)=10261-9=1261

f(2.1)-f(2) _1.261
2.1-2 0.1

=12.61

e. f(a+h)=(a+h) +1

=a’+3a’h+3ah? +h® +1
f. f(a+h)-f(a)=|(a+h) +1]-[a’+1]
=(a3 +3a’h+3ah? +h? +1)—(a3 +1)
=3a’h+3ah? +h?

f(a+h)-f(a) 3a’h+3ah’+h’

g (a+h)-a h
=3a’+3ah+h’
h. 1imM = lim 3a% + 3ah + h?
h—0 (a+ h)—a h—0
=3a?
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10.

11.

a. (a+b) =a’+3a’b+---
b. (a+b)' =a*+4a’b+--
c. (a+b)’=a’+5a%b+---
(a+b)' =a"+na" b+
sin(X+h) = sin xcos h +cos xsin h
cos(x+h) = cosxcosh—sinxsinh

a. The point will be at position (10,0) in all

three cases (t =1,2,3) because it will have
made 4, 8, and 12 revolutions respectively.

b. Since the point is rotating at a rate of 4
revolutions per second, it will complete 1

. 1
revolution after 2 second. Therefore, the

point will first return to its starting position

at time t:l.
4
4 3 3272' 3
V,=—7x(2) =——ocm
v=2x(2) =2
v, :iﬂ(2.5)3 _ 62.57[21257rcm3
3 3 6
AV =V, -V, :@cm3 —32—7[cm3

3

:%ﬂcm3 ~31.940cm’

a. North plane has traveled 600miles. East
plane has traveled 400 miles.

b d= 600% +400°
=721 miles

d =+/675% +500°
=840 miles
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12. lnx+21n(x2 +4)—31n(x+1)

zlnX+ln(X2 +4)2 —ln(x+1)3
zln_x(xz +4)2}—ln(x+1)3

_x X2 +4)
[ +4)

=In
(x+1)3

n
13. From section 2.6 we have lim (1 +£j =e".

n—o n
n n
Therefore, lim (l—zj lim [1+_—2j =2,
n—oo n n—o n
14. Let X=E.
h
2/h X
lim[l+nj = lim [1+lj =e
h—0 2 X—>o0 X
15. Let X=2.
h
1/h " 3h 73
lim[l—i-—j = lim [1+—j
h—0 h—0 3
- 1/3
3/h
= hm(l+EJ
h—0 3
: s
=| lim (1+lj =g!/3
X—>00 X
16. Letn=2.
h

1/h x/h
lim(l—knj = lim £1+Dj
h—0 X h—0 X

x/h
=| lim [1 +E]
h—0 X
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