SOLUTIONS MANUAL

. Zomre

5

|I - ;: ' ‘I |
. Second Exition |




INSTRUCTOR’S

SOLUTIONS MANUAL
SINGLE VARIABLE

MARK WOODARD

Furman University

CALCULUS
SECOND EDITION

William Briggs

University of Colorado at Denver

Lyle Cochran

Whitworth University

Bernard Gillett

University of Colorado at Boulder

with the assistance of

Eric Schulz

Walla Walla Community College

PEARSON

Boston Columbus Indianapolis New York San Francisco Upper Saddle River
Amsterdam Cape Town Dubai London Madrid Milan Munich Paris Montreal Toronto

Delhi Mexico City Sao Paulo Sydney Hong Kong Seoul Singapore Taipei Tokyo




This work is protected by United States copyright laws and is provided solely
for the use of instructors in teaching their courses and assessing student
learning. Dissemination or sale of any part of this work (including on the
World Wide Web) will destroy the integrity of the work and is not permit-
ted. The work and materials from it should never be made available to

students except by instructors using the accompanying text in their

classes. All recipients of this work are expected to abide by these

restrictions and to honor the intended pedagogical purposes and the needs of
other instructors who rely on these materials.

The author and publisher of this book have used their best efforts in preparing this book. These efforts include the
development, research, and testing of the theories and programs to determine their effectiveness. The author and
publisher make no warranty of any kind, expressed or implied, with regard to these programs or the documentation
contained in this book. The author and publisher shall not be liable in any event for incidental or consequential
damages in connection with, or arising out of, the furnishing, performance, or use of these programs.

Reproduced by Pearson from electronic files supplied by the author.

Copyright © 2015, 2011 Pearson Education, Inc.
Publishing as Pearson, 75 Arlington Street, Boston, MA 02116.

All rights reserved. No part of this publication may be reproduced, stored in a retrieval system, or transmitted, in any
form or by any means, electronic, mechanical, photocopying, recording, or otherwise, without the prior written

permission of the publisher. Printed in the United States of America.

ISBN-13: 978-0-321-95485-5
ISBN-10: 0-321-95485-8

1234560PM 1716 15 14

www .pearsonhighered.com

PEARSON



Contents

1 Functions 5
1.1  Review of Functions . . . . . . . . . . . 5
1.2 Representing Functions . . . . . . . . . . . L L 15
1.3 Trigonometric Functions . . . . . . . . . . . Lo 31
Chapter One Review . . . . . . . . . . . e 39

2 Limits 47
2.1 The Idea of Limits . . . . . . . . . . . . e 47
2.2 Definitions of Limits . . . . . . . . .. . 52
2.3 Techniques for Computing Limits . . . . . . . .. .. ... o 60
2.4 Infinite Limits . . . . . . . . oL 68
2.5 Limits at Infinity . . . . . . . ... 74
2.6 Continuity . . . . . . . . . e 83
2.7 Precise Definitions of Limits . . . . . . . . . . . ... 94
Chapter Two Review . . . . . . . . . . e 101

3 Derivatives 109
3.1 Introducing the Derivative . . . . . . .. . . 109
3.2 Working with Derivatives . . . . . . . ... 120
3.3  Rules of Differentiation . . . . . . . . . . .. L 131
3.4  The Product and Quotient Rules . . . . . . . . . . .. L 137
3.5  Derivatives of Trigonometric Functions . . . . . .. .. .. ... ... ... .. 145
3.6 Derivatives as Rates of Change . . . . . . . . . . . . . .. ... 154
3.7 The Chain Rule . . . . . . . . . e 167
3.8 Implicit Differentiation . . . . . . . . . . .. 178
3.9 Related Rates . . . . . . . . . e 193
Chapter Three Review . . . . . . . . . . e 203

4 Applications of the Derivative 213
4.1 Maxima and Minima . . . . . . ..o 213
4.2 What Derivatives Tell Us . . . . . . . . . oo e 229
4.3  Graphing Functions . . . . . . . . .. L 246
4.4 Optimization Problems . . . . . . . . . . .. 278
4.5  Linear Approximation and Differentials . . . . . . . .. . ... oo oL oL 296
4.6 Mean Value Theorem . . . . . . . . . . . e 305
4.7 L’Hopital’s Rule . . . . . . . . . 310
4.8 Newton’s Method . . . . . . . . . . 316
4.9  Antiderivatives . . . . . .. L 329
Chapter Four Review . . . . . . . . . . 338



Contents

Integration

5.1 Approximating Areas under Curves

5.2 Definite Integrals . . . . . ... ... ... ...
5.3  Fundamental Theorem of Calculus

5.4  Working with Integrals . . .. ... ... ...
5.5  Substitution Rule . . ... ... ... ... ..
Chapter Five Review . . . . . . . .. ... ... ...
Applications of Integration

6.1  Velocity and Net Change . . . . ... ... ..
6.2 Regions Between Curves . . . ... ... ...
6.3 Volume by Slicing . . .. ... ... ......
6.4 Volume by Shells. . . . ... ... ... ...
6.5 Lengthof Curves. . . . ... .. ... .....
6.6 Surface Area . . . . . ... ... ...
6.7 Physical Applications . . . . .. ... ... ..
Chapter Six Review . . . . . .. ... ... .....

Logarithmic and Exponential Functions

7.1 Inverse Functions . . .. ... .. ... ....
7.2 The Natural Logarithmic and Exponential Functions
7.3 Logarithmic and Exponential Functions with Other Bases
7.4 Exponential Models . . . . .. ... ... ...

7.5 Inverse Trigonometric Functions

7.6 L’Hopital’s Rule and Growth Rates of Functions
7.7  Hyperbolic Functions . . . .. ... ... ...
Chapter Seven Review . . . . .. .. ... ... ...

Integration Techniques

8.1 Basic Approaches . . .. ... ... ... ...
8.2 Integration by Parts . . . . ... ... ... ..
8.3  Trigonometric Integrals . . . . . ... .. ...
8.4  Trigonometric Substitutions . . . ... . ...
8.5  Partial Fractions . . . . . .. ... ..o
8.6  Other Integration Strategies . . . ... .. ..
8.7  Numerical Integration . . . . .. .. ... ...
8.8 Improper Integrals . . . . .. ... ... .. ..
8.9 Introduction to Differential Equations
Chapter Eight Review . . . . . ... ... ... ...
Sequences and Infinite Series

9.1 AnOverview . . . ... .. ... ... .....
9.2 Sequences . . . . . . .. ...
9.3 Infinite Series . . . . . . . . ... ... .. ...

9.4  The Divergence and Integral Tests
9.5 The Ratio, Root, and Comparison Tests
9.6  Alternating Series . . . . . ... ... ... ..
Chapter Nine Review . . . . .. .. ... ......

10 Power Series
10.1 Approximating Functions With Polynomials
10.2 Properties of Power Series . . ... ... ...
10.3 Taylor Series . . . . ... ... ... ... ...
10.4 Working with Taylor Series . . . . . ... ...
Chapter Ten Review . . . . . .. .. ... ... ...

Copyright (©) 2015 Pearson Education, Inc.



Contents

11 Parametric and Polar Curves
11.1 Parametric Equations . . . . . . . . . . L L

11.2 Polar Coordinates

11.3 Calculus in Polar Coordinates . . . . . . . . . . . . . e

11.4 Conic Sections . .

Chapter Eleven Review

Appendix A

Copyright (© 2015 Pearson Education, Inc.

829
829
849
869
881
901

919



Contents

Copyright (©) 2015 Pearson Education, Inc.



Chapter 1

Functions

1.1 Review of Functions

1.1.1 A function is a rule which assigns each domain element to a unique range element. The independent
variable is associated with the domain, while the dependent variable is associated with the range.

1.1.2 The independent variable belongs to the domain, while the dependent variable belongs to the range.

1.1.3 The vertical line test is used to determine whether a given graph represents a function. (Specifically,
it tests whether the variable associated with the vertical axis is a function of the variable associated with
the horizontal axis.) If every vertical line which intersects the graph does so in exactly one point, then the
given graph represents a function. If any vertical line z = a intersects the curve in more than one point,
then there is more than one range value for the domain value = = a, so the given curve does not represent a
function.

114 £2) = w7 = §. %) = e =

1.1.5 Item i. is true while item ii. isn’t necessarily true. In the definition of function, item i. is stipulated.
However, item ii. need not be true — for example, the function f(x) = 22 has two different domain values
associated with the one range value 4, because f(2) = f(—2) = 4.

1.1.6 (fog)
(9o f)(x) =
(fo )(I)Zf(f(l’)

7)) = gz -2 :(z‘sz)‘3 2 =129 — 626+ 1223 — 10
(=2)

1.1.7 f(g(2)) = f(=2) = f(2) = 2. The fact that f(—2) = f(2) follows from the fact that f is an even

function.

9(f(=2)) = 9(f(2)) = 9(2) = —2.

1.1.8 The domain of f o g is the subset of the domain of g whose range is in the domain of f. Thus, we
need to look for elements z in the domain of g so that g(x) is in the domain of f.

When f is an even function, we have f(—x) = f(z)

1.1.9 for all  in the domain of f, which ensures that
the graph of the function is symmetric about the
y-axis.




6 Chapter 1. Functions

y
st
When f is an odd function, we have f(—z) =
1.1.10 —f(2) for all z in the domain of f, which ensures ‘ /\ ‘ .
that the graph of the function is symmetric about -2 -1 L 2
the origin. \/
s}

1.1.11 Graph A does not represent a function, while graph B does. Note that graph A fails the vertical line
test, while graph B passes it.

1.1.12 Graph A does not represent a function, while graph B does. Note that graph A fails the vertical line
test, while graph B passes it.

The domain of this function is the set of a real
1.1.13
numbers. The range is [—10, 00).

1.1.14 The domain of this function is (—oo, —2)U(—-2, 3)U

(3,00). The range is the set of all real numbers. } -2 4 O
£
Pyl
The domain of this function is [—2,2]. The range
1.1.15 s [0,2]. i 2 2 P

Copyright (©) 2015 Pearson Education, Inc.



1.1. Review of Functions

F
2.0
\1.5'
1.1.16 The domain of this function is (—oo, 2]. The range Lol
is [0, 00).
0.5
-3 -2 1 0 1 2

1.1.17 The domain and the range for this function are ‘ ‘
both the set of all real numbers. -5 ) 5

oy

50
40+

30

1.1.18 The domain of this function is [—5, 00). The range
is approximately [—9.03, c0).

20+

1.1.19 The domain of this function is [—3,3]. The range
is [0, 27].

L L
-3 -2 -1

Copyright (©) 2015 Pearson Education, Inc.



8 Chapter 1. Functions

1.1.20 The domain of this function is (—oc,00)]. The
range is (0, 1].

1.1.21 The independent variable ¢ is elapsed time and the dependent variable d is distance above the ground.
The domain in context is [0, 8]

1.1.22 The independent variable ¢ is elapsed time and the dependent variable d is distance above the water.
The domain in context is [0, 2]

1.1.23 The independent variable h is the height of the water in the tank and the dependent variable V is
the volume of water in the tank. The domain in context is [0, 50]

1.1.24 The independent variable r is the radius of the balloon and the dependent variable V' is the volume
of the balloon. The domain in context is [0, {/3/(4)]

1.1.25 f(10) =96 1.1.26 f(p?) = (p*)? —4=p*t—4
1.1.27 g(1/2) = (1/2)* = & 1.1.28 F(y') = ;a5
1.1.29 F(g(y)) = F(4*) = = 1.1.30 f(g(w)) = f(w?®) = (w?)? — 4 =ub —4

1.1.31 g(f(u)) = glu? — 4) = (u? — 4)°

1.1.32 f(2+h}27f(2) _ (2+h);‘;7470 _ 4+4hzh274 _ 4h;lrh2 —41h

1.1.33 F(F(z)) = F (#) = <15 = oy = ke = 553
T— T3 23 =

1.1.84 g(F(/(2) = g(F (e~ 4) = g (5) = (55
1.1.35 f(Vr+4)=(Vz+4)? —4d=z+4—4=u.

1.1.36 F((3z +1)/2) = mr— = mrizw = 5 = &
1.1.37 g(z) = 2® — 5 and f(z) = 2'°. The domain of & is the set of all real numbers.

g
1.1.38 g(z) =25 + 2% + 1 and f( = . The domain of h is the set of all real numbers.
g

x) =
1.1.39 g(z) = 2* + 2 and f(z) = /o. The domain of h is the set of all real numbers.
1.1.40 g(z) = 2® — 1 and f(x) = ﬁ The domain of h is the set of all real numbers for which 2% — 1 > 0,
which corresponds to the set (1, 00).
1.1.41 (fog)(z) = f(g(x)) = f(z*—4) = |2? —4]. The domain of this function is the set of all real numbers.

1.1.42 (go f)(z) = g(f(z)) = g(|z|) = |#|*> — 4 = 22 — 4. The domain of this function is the set of all real
numbers.

Copyright (©) 2015 Pearson Education, Inc.



1.1. Review of Functions 9

1.1.43 (foG)(z) = f(G(x)) = f (%2) -

except for the number 2.

ﬁ ’ The domain of this function is the set of all real numbers

1.1.44 (fogoG)(x) = f(9(G(x)) = f (g (ﬁ)) —f ((112)2 - 4) - ‘(52)2 - 4‘. The domain of this

function is the set of all real numbers except for the number 2.

1.1.45 (Gogo f)(z) = G(g(f(x))) = G(y(|z])) = G(2® —4) = "= = 2. The domain of this function
is the set of all real numbers except for the numbers +/6.

1.1.46 (Fogog)(z) = F(g9(g9(x))) = F(g(z? —4)) = F((2? —4)? —4) = /(22 — 4)2 — 4 = Va1 — 822 + 12.
The domain of this function consists of the numbers z so that z* — 822 4+ 12 > 0. Because z* — 822 + 12 =
(22 — 6) - (#2 — 2), we see that this expression is zero for x = £1/6 and x = £+/2, By looking between these
points, we see that the expression is greater than or equal to zero for the set (—o0, —v/6]U[—v/2, v2]U[v/2, 00).

1.1.47 (gog)(z) = g(g(x)) = g(2*> —4) = (22 —4)? —4 = 2* — 822 + 16 — 4 = 2* — 82% + 12. The domain is
the set of all real numbers.

1.1.48 (GoG)(z) =G(G(z)) =G(1/(z—2)) = m%i_2 = 1,2@;2) = 1_‘”2;2_'_4 = £=2. Then G oG is defined

except where the denominator vanishes, so its domain is the set of all real numbers except for x = g

1.1.49 Because (22 + 3) — 3 = 22, we may choose f(x) =z — 3.

1
2430

we may choose f(z) = %

1.1.50 Because the reciprocal of 22 + 3 is
1.1.51 Because (2% + 3)? = 2 + 622 + 9, we may choose f(x) = .

1.1.52 Because (22 + 3)? = 2% + 622 + 9, and the given expression is 11 more than this, we may choose
flx) =22 4+ 11.

1.1.53 Because (22)? + 3 = 2* + 3, this expression results from squaring #? and adding 3 to it. Thus we

may choose f(z) = x2.

1.1.54 Because 2%/% + 3 = ({/x)? + 3, we may choose f(z) = ¥/z.

1.1.55
a. (fog)(2) = f(g(2)) = f(2) =4 b-g(f(2) =g(4) =1
c. flg(4) =f(1)=3. d. g(f(5)) =g(6) =3
e. f(f(8)=/(8)=8. £ 9(f(9(5)) =9(f(2)) =9(4) =1
1.1.56
a. h(g(0)) = h(0) = -1 b. g(f(4)) =g(=1) = -1
c. h(h(0)) = h(-1) =0 d. g(h(f(4))) = g(h(-1)) = g(0) =0
e. f(F(f(1))=F(f(0))=f(1)=0 £. h(h(h(0))) = h(h(-1)) = h(0) = —1
g f(h(g(2))) = f(h(3)) = f(0) =1 h. g(f(h(4))) = g(f(4)) = g(-1) = -1
i g(9(9(1))) = 9(9(2)) = g(3) =4 J- F(f(R(3))) = f(f(0)) = f(1) =0
1.1.57 f(x+h});f(m) _ (a:+h})ffﬂﬂ2 _ (12+2h$’jh2)7x2 _ h(29;;+h) 9wt h

1.1.58 f(w+h});f(ﬂﬂ) _ 4(w+h)*27(4173) _ 4;c+4h—h3—4x+3 _4h _ gy

Copyright (©) 2015 Pearson Education, Inc.



10 Chapter 1. Functions

2z —2(z+h)
Fath)—f(@) _ TR 2 Taterh) 2z—22—2h 2h
1.1.59 - — -
.1. !

_ 2
A h ha(z+h) —  hx(z+h) x(z+h)’

1.1.60 flx+h)=f(x) _ 2(z+h)*=3(z+h)+1— (22> =3z+1) _ 222+44ach+2h>—3z—3h+1—2224+3z—1 __
.1. 7 h - h -

dzht2h®=3h _ hAat2h=3) _ gy 4 9p 3,

wih : (a+h)(z+1) —a(z+ht1)
1.1.61 fath)—f(@) _ T e (@I D(athtD) 2 yathath—z?—zh—x
-1. h = D = h = T h(ztD)(z+htl)

h _ 1
h(z+1)(z+h+1) — (z+1)(z+h+1)

1.1.62 f(z)—f(a) _ x4 gt _ (22 —a?) (% +a?) _ (z—a)(z+a)(z>+a?)

r—a r—a r—a

= (x + a)(2? + a?).

1.1.63 {@=fla) _ 2°20—(a®~2a) _ (2*—a®)-2(x—a) _ (2—a)(@’tazta®)-2(x—a) _

x— r—a T—a T—a
2 2
_ 2
(x a)(m +ax+a ) 2 . 2 2.

1.1.64 f@=f@ _ 4—de—a’~(4—da—a®) _ —4(@—a)=(@’—a®) _ —4(@—a)=(@=a)(ata) _

(Iia)(747(x+a)) _ r—a r—a r—a

p— —4 —x—a.
_ —4 -4 —4a?+4a22 2 2 B
Lies Loz ot Sl e deosern _ dGry)
1.1.66 f(I,)*f(a) — 2—a®—(5-a®) — %_% _z?-a® _ ' (z—a)(zta) _ _i, _ (x—|—a)
r—a r—a r—a r—a r—a r—a ax
1.1.67
d
b. The slope of the secant line is given by
% = 335 — 112 feet per second. The
object falls at an average rate of 112 feet per
second over the interval 2 <t <5.
a t
1.1.68
D
ot (20,120
1 b. The slope of the secant line is given by
sor % = %g = 6 degrees per second. The
6of second hand moves at an average rate of 6
wf (5,30) degrees per second over the interval 5 <t <
20.
201
a 5 10 15 20 !

Copyright (©) 2015 Pearson Education, Inc.



1.1. Review of Functions 11

1.1.69
v
A4 1/2,4)

b. The slope of the secant line is given by
af % = —% = —2 cubic cm per atmo-
, sphere. The volume decreases at an average
] 2,1) rate of 2 cubic cm per atmosphere over the
1} interval 0.5 < p < 2.
a. 05 10 13 20 25 30 P
1.1.70

60

(150,30V5) b. The slope of the secant line is given by

30v65—10V15
om0 ~ .2835 mph per foot. The

speed of the car changes with an average rate
of about .2835 mph per foot over the interval

50 <1 < 150.

50
(50,10V 15)
40
30

20

1.1.71 This function is symmetric about the y-axis, because f(—z) = (—z)*+5(—z)>—12 = 21 + 522 - 12 =
f().

1.1.72 This function is symmetric about the origin, because f(—x) = 3(—x)° + 2(—2)% — (—x) = —32° —
223 + 1 = —(32° + 223 — x) = f(x).

1.1.73 This function has none of the indicated symmetries. For example, note that f(—2) = —26, while
f(2) = 22, so f is not symmetric about either the origin or about the y-axis, and is not symmetric about
the xz-axis because it is a function.

1.1.74 This function is symmetric about the y-axis. Note that f(—z) = 2| — z| = 2|z| = f(z).

1.1.75 This curve (which is not a function) is symmetric about the z-axis, the y-axis, and the origin. Note
that replacing either by —z or y by —y (or both) yields the same equation. This is due to the fact that
(—)%/3 = ((—2)*)'/? = (22)'/3 = 2%/3, and a similar fact holds for the term involving y.

1.1.76 This function is symmetric about the origin. Writing the function as y = f(x) = x3/°

f(=2) = (~a)/* = ~(@))° = ~ f (@)

1.1.77 This function is symmetric about the origin. Note that f(—xz) = (—z)|(—x)| = —z|z| = —f(z).

, we see that

1.1.78 This curve (which is not a function) is symmetric about the z-axis, the y-axis, and the origin. Note
that replacing either by —z or y by —y (or both) yields the same equation. This is due to the fact that
| — | = |z| and | —y[ = [y|.

1.1.79 Function A is symmetric about the y-axis, so is even. Function B is symmetric about the origin, so
is odd. Function C' is also symmetric about the y-axis, so is even.

1.1.80 Function A is symmetric about the y-axis, so is even. Function B is symmetric about the origin, so
is odd. Function C' is also symmetric about the origin, so is odd.

Copyright (©) 2015 Pearson Education, Inc.
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1.1.81

a.

1.1.82  real numbers.

1.1.83 equation becomes —x —y = 1, which is a straight i - \< x

True. A real number z corresponds to the domain element z/2 + 19, because f(z/2 + 19) = 2(z/2 +
19) —38=2+38—38==2.

False. The definition of function does not require that each range element comes from a unique domain
element, rather that each domain element is paired with a unique range element.

True. f(1/x) = # =z, and ﬁ = 1/% = 1.

False. For example, suppose that f is the straight line through the origin with slope 1, so that f(z) = =.
Then f(f(x)) = f(z) = x, while (f(z))? = 22

False. For example, let f(z) = 242 and g(x) = 2¢—1. Then f(g(z)) = f2z—1) =2z —-14+2 =2z+1,
while g(f(z)) =g(z+2) =2z +2) -1 =22 +3.

True. This is the definition of f o g.

True. If f is even, then f(—z) = f(z) for all z, so this is true in particular for z = ax. So if
g(z) = cf(az), then g(—z) = cf(—ax) = c¢f(ax) = g(x), so g is even.

False. For example, f(x) = z is an odd function, but h(z) = x + 1 isn’t, because h(2) = 3, while
h(—2) = —1 which isn’t —h(2).

True. If f(—x) = —f(z) = f(x), then in particular —f(z) = f(x), so 0 = 2f(x), so f(x) =0 for all x.

If n is odd, then n = 2k 4+ 1 for some integer k,
and (z)" = (x)?**! = z(z)?*, which is less than 0
when x < 0 and greater than 0 when = > 0. For
any number P (positive or negative) the number
{/P is a real number when n is odd, and f(/P) =
P. So the range of f in this case is the set of all

If n is even, then n = 2k for some integer k, and
2" = (22)*. Thus g(—z) = g(z) = (%)% > 0 for 2or
all . Also, for any nonnegative number M, we 1sf
have g(/M) = M, so the range of ¢ in this case
is the set of all nonnegative numbers.

We will make heavy use of the fact that |z| is x if y
x>0, and is —x if x < 0. In the first quadrant |
where = and y are both positive, this equation
becomes v — y = 1 which is a straight line with .l
slope 1 and y-intercept —1. In the second quad-
rant where x is negative and y is positive, this

line with slope —1 and y-intercept —1. In the third
quadrant where both = and y are negative, we ob-
tain the equation —x — (—y) = 1, or y = x + 1,
and in the fourth quadrant, we obtain x 4+ y = 1.
Graphing these lines and restricting them to the
appropriate quadrants yields the following curve:

Copyright (©) 2015 Pearson Education, Inc.



1.1. Review of Functions 13

1.1.84
a. No. For example f(z) = 22 + 3 is an even function, but f(0) is not 0.

b. Yes. because f(—x) = —f(x), and because —0 = 0, we must have f(—0) =
f(0) = —f(0), and the only number which is its own additive inverse is 0, so f(0)

£(0) = —£(0), so
=0.

1.1.85 Because the composition of f with itself has first degree, f has first degree as well, so let f(x) = az+b.
Then (f o f)(z) = f(ax +b) = a(azx +b) + b = a®x + (ab+ b). Equating coefficients, we see that a®> = 9 and
ab+ b= —8. If a = 3, we get that b = —2, while if @ = —3 we have b = 4. So the two possible answers are
f(z) =3z —2and f(z) = -3z + 4.

1.1.86 Since the square of a linear function is a quadratic, we let f(z) = az+b. Then f(z)? = a?x?+2abx+b?.
Equating coefficients yields that a = +3 and b = +2. However, a quick check shows that the middle term
is correct only when one of these is positive and one is negative. So the two possible such functions f are
f(z) =3z —2and f(z) = -3z + 2.

1.1.87 Let f(z) = ax? + bx +c. Then (fo f)(z) = f(ax® + bz +¢) = a(az? + bx + ¢)? + b(az? + bz +¢) + c.
Expanding this expression yields a®>z* + 2a2bx> + 2a’cx? + ab®x? + 2abcx + ac? + abx? + b?x + be + ¢, which
simplifies to ax* 4 2a2bx® + (2a2c + ab® + ab)x? + (2abc + b*)x + (ac? + be + ¢). Equating coefficients yields

a® = 1,50 a = 1. Then 2a?b = 0, so b = 0. It then follows that ¢ = —6, so the original function was

f(z) =22 —6.

1.1. 88 Because the square of a quadratic is a quartic, we let f(z) = ax? + bx + c¢. Then the square of f
is ¢ + 2bcx + b2x? + 2acx?® 4 2abx® + a®z*. By equating coefficients, we see that a®> = 1 and so a = +1.
Because the coefficient on 23 must be 0, we have that b = 0. And the constant term reveals that ¢ = +6. A
quick check shows that the only possible solutions are thus f(z) = 22 — 6 and f(x) = —2% + 6.

1.1.89 fla+h)—f(z) _ Vath—vz _ Vath—vz Vath+yvzr _  (ath)—a 1
-1. 2 h R Vothtvz  h(Vathivz)  Vathtva'

f(x) f(a) — f f Vz—va  JVazta _ z—a — 1
- - z—a  Vr+va o (z—a)(Va+va)  Vatva’

1.1.90 f(g,;+h f(g;) \/1— 2(x+h )—v1-2z \/1 2(;c+h )—vV1-2z \/1 2(x+h)+v1-2x
\/1 2(x+h)+«/71 2z

1—2(m+h)—(1—2m) _
h(y/1=2(z+h)+vT—2z) \/172(z+h)+\/172x.

f@)—f(a) _ V1-22—v1-2a _ V1-22—+1-2a  1-2z+1-2a _ (1—2x)—(1-2a) _
z—a T—a T—a 1—2z+v1-2a = (z—a)(y/1—2z++/1-2a)
(=2)(z—a) 2

(z—a)(V1=2z+~/1— 2a) T (VI—2z++/1—2a)"

1.1.91 [eth=i() _ FEm 7 _ 3(/E-VaER) _ 3(E-VaR) | VE+VaTh _

hvzvo+th  hvavath  Jatvath
3oz ) 5
N = WAV Y N e TN ARV = IR
[@-fe) _ A=A _ BEF) _ avE-vE | varvE _ (3)(—a) _ 3
—a T T-a GmaVave  Var/s — G Veva Vatve) — Varvarve)”

1.1.92 f(z+h —f@) _ V/(@+h) 2+1ﬂ/T V (z+h) 2+17\/T V (z+h)2+14+Va2+1

V@t Ve
(TJFh) +1*($ +1) — T +2hw+h27w2 2x+h
R(\/(z+h)2+1+vV2Z+T)  h(y/(z+h)2+1+V2Z+]1) \/(m+h)2+1+w;2+1'
f@)—fla) _ Va®+1-vVa®+1 _ Va2+1-va?+1  Va2il+vVa?il _ z24+1—(a®+1) _
z—a z—a Tz—a z2+1+Va2+1 (z—a)(Vz2+1+Va2+1)
(z—a)(z+a) z+a

(@—a) (VP +1+var 1)  VaRtl+Varil’
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14 Chapter 1. Functions

a. The formula for the height of the rocket is
valid from ¢t = 0 until the rocket hits the
ground, which is the positive solution to

1.1.93 —16t% 4 96t + 80 = 0, which the quadratic
formula reveals is t = 3 + v/14. Thus, the .
domain is [0, 3 + v/14]. b.
The maximum appears to occur at t = 3.
The height at that time would be 224.
1.1.94

a. d(0) = (10 — (2.2) - 0) = 100.
b. The tank is first empty when d(¢) = 0, which is when 10 — (2.2)t = 0, or t = 50/11.

c. An appropriate domain would [0,50/11].

2

1.1.95 This would not necessarily have either kind of symmetry. For example, f(z) = z is an even function

and g(z) = 2® is odd, but the sum of these two is neither even nor odd.

1.1.96 This would be an odd function, so it would be symmetric about the origin. Suppose f is even and g

is odd. Then (f - g)(=x) = f(=2)g(-2) = f(2) - (=g(2)) = =(f - 9)(2).

1.1.97 This would be an odd function, so it would be symmetric about the origin. Suppose f is even and g

is odd. Then g(—x) = gE:ig = ,fg(g) = _5 (z).

1.1.98 This would be an even function, so it would be symmetric about the y-axis. Suppose f is even and
g is odd. Then f(g(—x)) = f(—g(x)) = f(g9(x)).

1.1.99 This would be an even function, so it would be symmetric about the y-axis. Suppose f is even and
g is even. Then f(g(—z)) = f(g(x)), because g(—z) = g(x).

1.1.100 This would be an odd function, so it would be symmetric about the origin. Suppose f is odd and
g is odd. Then f(g(—x)) = f(—g(z)) = —f(g(x)).

1.1.101 This would be an even function, so it would be symmetric about the y-axis. Suppose f is even and
g is odd. Then g(f(—z)) = g(f(x)), because f(—z) = f(x).

1.1.102
a. f(g(—1)) = f(—g(1)) = f(3) =3 b g(f(=4)) = g(f(4)) = 9(—4) = —g(4) = 2
c. f(9(=3)) = f(=9(3)) = f(4) = —4 d. f(9(=2)) = f(—g(2)) = f(1) =2
e. g(g(=1)) = g(—g(1)) = g(3) = —4 f. f(9(0)—1) = f(-1) = f(1) =2
g fl9(9(=2))) = f9(=9(2))) = f(g(1)) = f(=3) =3 h. g(f(f(—4))) = g(f(—4)) = g(-4) =2
i. g(g(9(=1))) = g(g(=9(1))) = 9(9(3)) = g(—4) =2
1.1.103
a. f(9(—2)) = f(—g(2)) = f(—2) =4 b. g(f(=2)) =9(f(2)) =9(4) =1
c. f(g(=4)) = f(-9(4)) = f(-1)=3 d. g(f(5) = 8) =g(-2) = —g(2) = -2
e. 9(9(=7)) = g(—9(7)) = g(—4) = -1 f.fA-f@®)=f(=7)=7
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1.2. Representing Functions 15

1.2 Representing Functions

1.2.1 Functions can be defined and represented by a formula, through a graph, via a table, and by using
words.

1.2.2 The domain of every polynomial is the set of all real numbers.
1.2.3 The domain of a rational function % is the set of all real numbers for which g(x) # 0.

1.2.4 A piecewise linear function is one which is linear over intervals in the domain.

1.2.5 1.2.6

Y
151 y
10 1.0f

5

0.5
1 x
-2 1 2
. x

-5 -2 -1 1 2
-10F -0.
-5k -1.0}

1.2.7 Compared to the graph of f(x), the graph of f(x 4 2) will be shifted 2 units to the left.

1.2.8 Compared to the graph of f(x), the graph of —3f(x) will be scaled vertically by a factor of 3 and
flipped about the z axis.

1.2.9 Compared to the graph of f(x), the graph of f(3x) will be scaled horizontally by a factor of 3.
1.2.10 To produce the graph of y = 4(x + 3)? 4 6 from the graph of 2%, one must

1. shift the graph horizontally by 3 units to left

2. scale the graph vertically by a factor of 4

3. shift the graph vertically up 6 units.

1.2.11 The slope of the line shown is m = _3%(51) = —2/3. The y-intercept is b = —1. Thus the function
is given by f(z) = (—=2/3)x — 1.
1.2.12 The slope of the line shown is m = 15:(8) = —4/5. The y-intercept is b = 5. Thus the function is

given by f(z) = (—4/5)x + 5.

1.2.13

The slope is given by % = 2, so the equation of
the line is y — 3 = 2(x — 1), which can be written
asy=2x—2+3,ory=2x+1. . N , .
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16 Chapter 1. Functions

1.2.14

The slope is given by 0;(:23) =1, so the equation

of the lineis y — 0= 1(x — 5), or y = = — 5.

1.2.15 Using price as the independent variable p and the average number of units sold per day as the
dependent variable d, we have the ordered pairs (250, 12) and (200, 15). The slope of the line determined by
these points is m = zo=32= = — 2. Thus the demand function has the form d(p) = (—3/50)p + b for some
constant b. Using the point (200,15), we find that 15 = (—3/50) - 200 + b, so b = 27. Thus the demand
function is d = (—3/50)p + 27. While the domain of this linear function is the set of all real numbers, the

formula is only likely to be valid for some subset of the interval (0,450), because outside of that interval
either p <0 or d < 0.

100 200 300 a0 P

1.2.16 The profit is given by p = f(n) = 8n — 175. The break-even point is when p = 0, which occurs when
n = 175/8 = 21.875, so they need to sell at least 22 tickets to not have a negative profit.

p

200
100
V * * o

=100

1.2.17 The slope is given by the rate of growth, which is 24. When ¢ = 0 (years past 2015), the population
is 500, so the point (0,500) satisfies our linear function. Thus the population is given by p(t) = 24t 4+ 500.
In 2030, we have ¢ = 15, so the population will be approximately p(15) = 360 + 500 = 860.

p
1000

800+
600
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1.2. Representing Functions 17

1.2.18 The cost per mile is the slope of the desired line, and the intercept is the fixed cost of 3.5. Thus, the
cost per mile is given by ¢(m) = 2.5m + 3.5. When m = 9, we have ¢(9) = (2.5)(9) + 3.5 = 22.5+ 3.5 = 26

dollars.

1.2.19 For z < 0, the graph is a line with slope 1 and y- intercept 3, while for « > 0, it is a line with slope
—1/2 and y-intercept 3. Note that both of these lines contain the point (0, 3). The function shown can thus

be written

Tz +3 if x < 0
flz) =
—3r+3 ifz>0.

1.2.20 For z < 3, the graph is a line with slope 1 and y- intercept 1, while for x > 3, it is a line with slope
—1/3. The portion to the right thus is represented by y = (—1/3)xz + b, but because it contains the point
(6,1), we must have 1 = (—1/3)(6) + b so b = 3. The function shown can thus be written

rz+1 if z < 3;
fz) =

f%:z:+3 if x > 3.

Note that at x = 3 the value of the function is 2, as indicated by our formula.

1.2.21

The cost is given by

0.05¢ for 0 <t <60 of
e(t) = .
1.2+ 0.03t for 60 < ¢ <120 1

1.2.22

The cost is given by

3.5+25m for0<m<5

c(m) =
85+ 1.5m form>5
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1.2.23 1.2.24
y
af y
51
3|
4 [}
2 [}
3[
1k
20
1 2 3 4~ . .
1 2 3 4
1.2.25 1.2.26
1 7 x
1.2.27 1.2.28
3.0, 4{
25
3[
20F
15 2
1 \
0.5
2 1 1 2 * Z1 1 F) 3 ik
1.2.29

. The function is a polynomial, so its domain is the set

of all real numbers.

. It has one peak near its y-intercept of (0,6) and one

valley between x = 1 and x = 2. Its z-intercept is
near x = —4/3.
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1.2.30

1.2.31

1.2.32

1.2.33

15

.
4

x

b. The function’s domain is the set of all real numbers.

c. It has a valley at the y-intercept of (0, —2), and is very

steep at © = —2 and = 2 which are the x-intercepts.
It is symmetric about the y-axis.

. The domain of the function is the set of all real num-

bers except —3.

. There is a valley near x = —5.2 and a peak near

x = —0.8. The z-intercepts are at —2 and 2, where
the curve does not appear to be smooth. There is a
vertical asymptote at © = —3. The function is never
below the z-axis. The y-intercept is (0,4/3).

. The domain of the function is (—oo0, —2] U [2, c0)

. x-intercepts are at —2 and 2. Because 0 isn’t in the

domain, there is no y-intercept. The function has a
valley at © = —4.

b. The domain of the function is (—o0, c0)

¢. The function has a maximum of 3 at x = 1/2, and a

y-intercept of 2.
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20 Chapter 1. Functions

1.2.34
15)
1.0 r— . . .
b. The domain of the function is (—o0, o)
0.5
c. The function contains a jump at © = 1. The max-
= L 4 2 N imum value of the function is 1 and the minimum
-0.5} value is —1.
——C)
a. -15

1.2.35 The slope of this line is constantly 2, so the slope function is s(x) = 2.

—x ifx <0
1.2.36 The function can be written as |z| = ToRE=T

x ifx>0

-1 if 0

The slope function is s(z) = sy
1 ifxz>0

1 if x < 0;
1.2.37 The slope function is given by s(z) = ne

~1/2 ifz > 0.

if © < 3;
1.2.38 The slope function is given by s(x) = ne

~1/3 ifz > 3.
1.2.39

12.

a. Because the area under consideration is that of a rectangle with base 2 and height 6, A(2)

b. Because the area under consideration is that of a rectangle with base 6 and height 6, A(6) = 36.

c. Because the area under consideration is that of a rectangle with base x and height 6, A(z) = 6z.
1.2.40

a. Because the area under consideration is that of a triangle with base 2 and height 1, A(2) = 1.

b. Because the area under consideration is that of a triangle with base 6 and height 3, the A(6) = 9.

c. Because A(z) represents the area of a triangle with base x and height (1/2)z, the formula for A(x) is

1 x_i
2T 3 = -

1.2.41

a. Because the area under consideration is that of a trapezoid with base 2 and heights 8 and 4, we have
A(2) =284 =12,

b. Note that A(3) represents the area of a trapezoid with base 3 and heights 8 and 2, so A(3) = 3-842 = 15.

So A(6) = 154 (A(6) — A(3)), and A(6) — A(3) represents the area of a triangle with base 3 and height
2. Thus A(6) = 15+ 6 = 21.
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c. For a between 0 and 3, A(x) represents the area of a trapezoid with base x, and heights 8 and 8 — 2.
Thus the area is z - 3822 = 8z — 22, For z > 3, A(z) = A(3) + A(z) — A(3) = 15+ 2(x — 3) = 2z +9.
Thus

—22 f0<z<3;
Az) = r—x* if0<x<3;

20 +9 ifx>3.
1.2.42

a. Because the area under consideration is that of trapezoid with base 2 and heights 3 and 1, we have
A(2)=2-3t =4

b. Note that A(6) = A(2)+ (A(6) — A(2), and that A(6) — A(2) represents a trapezoid with base 6 —2 = 4
and heights 1 and 5. The area is thus 4 + (4~ %) =4+ 12 =16.

c. For x between 0 and 2, A(x) represents the area of a trapezoid with base x, and heights 3 and 3 — z.
Thus the area is - 343=% = 3z — %2 For z > 2, A(z) = A(2)+ A(z) — A(2) =4+ (A(x) — A(2)). Note
that A(z) — A(2) represents the area of a trapezoid with base x — 2 and heights 1 and = — 1. Thus
A@)=4+(x—2)- 221 =4 4 (z-2) (2) =% — 2 +4. Thus

IQ :
Az) = 3r — 5 ifo0<z<2;

22 .
ST —x+4 ifz>2

1.2.43 f(z) = |z — 2|+ 3, because the graph of f is obtained from that of |z| by shifting 2 units to the right
and 3 units up.

g(x) = —|x 4 2] — 1, because the graph of g is obtained from the graph of |z| by shifting 2 units to the
left, then reflecting about the z-axis, and then shifting 1 unit down.

1.2.44
Yy 4}1
4r
2t 3
2,
. X sy
- -2 2 4
_2/\
X
a -4 b.
y
4r
3,
2»
c. -2 -1 0 1 2 3 i d x
y
8,
6»
4M
e. -4 ) 0 2 i £ x

Copyright (©) 2015 Pearson Education, Inc.



22 Chapter 1. Functions

1.2.45

a. Shift 3 units to the right.

P

)
T

[S)
T

b. Horizontal scaling by a factor of 2, then shift 2 units to the right.

P

a\
T

-
T

c. Shift to the right 2 units, vertical scaling by a factor of 3 and flip, shift up 4 units.

- X

d. Horizontal scaling by a factor of %, horizontal shift right 2 units, vertical scaling by a factor of 6,
vertical shift up 1 unit.

1.2.46

a. Shift 4 units to the left.
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c. Shift 1 unit to the right.

The graph is obtained by shifting the graph of 2
1.2.47  two units to the right and one unit up.
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Write 22 —2z+3 as (22 —22+1)+2 = (z—1)2+2.
1.2.48 The graph is obtained by shifting the graph of z2 1o}
one unit to the right and two units up.

-2 2 4

This function is —3f(z) where f(x) = z%. Verti-
1.2.49  cally scale the graph of f by a factor of 3 and then
flip.

This function is 2f(z) — 1 where f(z) = 2%, Ver-
1.2.50 tjcally scale the graph of f by a factor of 2 and
then vertically shift down 1 unit.

30F
25F

This function is 2f(x + 3) where f(z) = 22, Ver- “
1.2.51 tjcally scale the graph of f by a factor of 2 and
then shift left 3 units.

By completing the square, we have that p(x) =
(22 432+ (9/4)) — (29/4) = (z+(3/2))? — (29/4).

1.2.52  So it is f(z + (3/2)) — (29/4) where f(z) = 2.
Shift the graph of f 3/2 units to the left and then
down 29/4 units.
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10}
By completing the square, we have that h(z) = ‘ /\ ‘ .
Az + 2 -3) = —A(®+z+1-1-3) = -7-2 -1 TN
where f(r) = x2. Vertically scale the graph of f _20f
by a factor of 4, then reflect about the z-axis, then
shift left 1/2 unit, and then up 13 units. -
¥
\8,
Because |[3z—6|+1 = 3|z—2|+1, thisis 3f(z—2)+1 ‘I
1.2.54 Where f(x) = |z[. Shift the graph of f 2 units to al
the right, vertically scale by a factor of 3, and then
shift 1 unit up. 2t
-1 0 1 i 3 4 x
1.2.55

a. True. A polynomial p(x) can be written as the ratio of polynomials @, so it is a rational function.

However, a rational function like % is not a polynomial.

b. False. For example, if f(z) = 2z, then (f o f)(z) = f(f(x)) = f(2z) = 4z is linear, not quadratic.

c. True. In fact, if f is degree m and g is degree n, then the degree of the composition of f and g is m-n,
regardless of the order they are composed.

d. False. The graph would be shifted two units to the left.
1.2.56 The points of intersection are found by solving #2 4+ 2 =  + 4. This yields the quadratic equation
22 —x—2=0o0r (z—2)(x+1) =0. So the z-values of the points of intersection are 2 and —1. The actual
points of intersection are (2,6) and (-1, 3).
1.2.57 The points of intersection are found by solving 22 = —x2 + 8. This yields the quadratic equation
222 — 8z = 0 or (2z)(z — 4) = 0. So the z-values of the points of intersection are 0 and 4. The actual points
of intersection are (0,0) and (4, 16).

1.2.58 y = x + 1, because the y value is always 1 more than the x value.

1.2.59 y = \/x — 1, because the y value is always 1 less than the square root of the x value.

1.2.60 y =23 — 1. The domain is (—o0, o). = -1 — 1 2
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250
The car moving north has gone 30t miles after

t hours and the car moving east has gone 60t

1.2.61 miles. Using the Pythagorean theorem, we have 150
s(t) = 1/(30t)2+ (60t)2 = /900t2 + 360012 = ol
V4500¢2 = 304/5t miles. The context domain
could be [0,4].

200 -

50

<

12
10

y = 2. Theoretically the domain is (0,00), but

1.2.62  the world record for the “hour ride” is just short o
of 50 miles. 4t

10 20 30 40 50

y : miles
7000

32IOO. Note that & dollars per gallon 6000 F

y = 32 miles 11 ’ ymiles
per gallon
would represent the numbers of dollars, so this
1.2.63 must be 100. So we have 55 = 100, or y = @.
We certainly have x > 0, and a reasonable upper
bound to imagine for x is $5 (let’s hope), so the

context domain is (0, 5].

5000
4000 |
3000
2000
1000 |

0 1 3 3 4 T x: dollars

1.2.64 1.2.65
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1.2.66 1.2.67

=
]
=

1.2.68 1.2.69
" ¥y
80|
20
60
1F
40+
_‘2 1 i *
20
X
-2 -1 1 2
1.2.70
y
2.0¢
151
101
0.5
1 2 é 4 5 *
1.2.71

a. The zeros of f are the points where the graph crosses the z-axis, so these are points A, D, F', and 1.

b. The only high point, or peak, of f occurs at point F, because it appears that the graph has larger and
larger y values as x increases past point I and decreases past point A.

c. The only low points, or valleys, of f are at points B and H, again assuming that the graph of f
continues its apparent behavior for larger values of z.

d. Past point H, the graph is rising, and is rising faster and faster as x increases. It is also rising between
points B and E, but not as quickly as it is past point H. So the marked point at which it is rising
most rapidly is I.

e. Before point B, the graph is falling, and falls more and more rapidly as = becomes more and more
negative. It is also falling between points F and H, but not as rapidly as it is before point B. So the
marked point at which it is falling most rapidly is A.

1.2.72
a. The zeros of g appear to be at t =0, x =1, z = 1.6, and = ~ 3.15.

b. The two peaks of g appear to be at x ~ 0.5 and = &~ 2.6, with corresponding points =~ (0.5,0.4) and
~ (2.6,3.4).
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c. The only valley of g is at ~ (1.3, —-0.2).

d. Moving right from x = 1.3, the graph is rising more and more rapidly until about z = 2, at which
point it starts rising less rapidly (because, by z ~ 2.6, it is not rising at all). So the coordinates of the
point at which it is rising most rapidly are approximately (2.1, ¢(2)) ~ (2.1,2). Note that while the
curve is also rising between x = 0 and x ~ 0.5, it is not rising as rapidly as it is near x = 2.

e. To the right of &~ 2.6, the curve is falling, and falling more and more rapidly as x increases. So the
point at which it is falling most rapidly in the interval [0,3] is at = 3, which has the approximate
coordinates (3,1.4). Note that while the curve is also falling between x =~ 0.5 and = & 1.3, it is not
falling as rapidly as it is near = = 3.

1.2.73
b. This appears to have a maximum when § = 0. Our
vision is sharpest when we look straight ahead.
c. For |6] < .19°. We have an extremely narrow
range where our eyesight is sharp.
a. s =T 75 ! B 10 is ©
1.2.74

a. f(.75) = #%2)(25) =.9. There is a 90% chance that the server will win from deuce if they win 75%
of their service points.

b. f(.25) = #5;(75) =.1. There is a 10% chance that the server will win from deuce if they win 25%
of their service points.

1.2.75

a. Using the points (1986, 1875) and (2000, 6471) we see that the slope is about 328.3. At t = 0, the value
of p is 1875. Therefore a line which reasonably approximates the data is p(t) = 328.3t + 1875.

b. Using this line, we have that p(9) = 4830.

1.2.76

a. We know that the points (32,0) and (212,100) are on our line. The slope of our line is thus 2= =

128 = 2. The function f(F) thus has the form C' = (5/9)F + b, and using the point (32,0) we see that
0= (5/9)32+b, 50 b = —(160/9). Thus C = (5/9)F — (160/9)

b. Solving the system of equations C' = (5/9)F — (160/9) and C = F, we have that F' = (5/9)F —(160/9),
so (4/9)F = —160/9, so F' = —40 when C' = —40.

1.2.77
a. Because you are paying $350 per month, the amount paid after m months is y = 350m + 1200.
b. After 4 years (48 months) you have paid 350 - 48 + 1200 = 18000 dollars. If you then buy the car for

$10,000, you will have paid a total of $28,000 for the car instead of $25,000. So you should buy the
car instead of leasing it.
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Because S = 4712, we have that 72 = =2 so ||

=2,
1.2.78 %, but because r is positive, we can write r
VS
2

3

1.2.79  The function makes sense for 0 < h < 2.

0.5 1.0 15 2.0

1.2.80

a. Note that the island, the point P on shore, and sook

the point down shore  units from P form a right 600[
triangle. By the Pythagorean theorem, the length
of the hypotenuse is v/40000 + 22. So Kelly must 400¢
row this distance and then jog 600—x meters to get
home. So her total distance d(x) = +/40000 + z2+
(600 — x).

200

N N N N N A
100 200 300 400 500 600

300
250
200F

b. Because distance is rate times time, we have that

time is distance divided by rate. Thus T'(z) =
\/40000+22 4 600z 100
2 i -

S50F

150

N N N N N sy
100 200 300 400 500 600

c. By inspection, it looks as though she should head to a point about 115 meters down shore from P.
This would lead to a time of about 236.6 seconds.

1.2.81

y
500

a. The volume of the box is z2h, but because the box 400}

has volume 125 cubic feet, we have that z2h = 125,

so h = 112—25 The surface area of the box is given

by 22 (the area of the base) plus 4 - hx, because
each side has area hx. Thus S = 22 + 4ha = 100f
R S )

300

200

0 s 10 15 2
b. By inspection, it looks like the value of x which minimizes the surface area is about 6.3.

1.2.82 Let f(z) = ana™ + smaller degree terms and let g(z) = by, 2™ + some smaller degree terms.
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a. The largest degree term in f- f is a,2™ - a,2™ = a22™*", so the degree of this polynomial is n+mn = 2n.

b. The largest degree term in f o f is ay, - (a,2™)", so the degree is n?.

c. The largest degree term in f - g is apb,px™ 1™, so the degree of the product is m + n.
d. The largest degree term in f o g is a, - (byz™)™, so the degree is mn.

1.2.83 Suppose that the parabola f crosses the x-axis at ¢ and b, with a < b. Then a and b are roots of the
polynomial, so (z — a) and (z —b) are factors. Thus the polynomial must be f(z) = ¢(x — a)(x — b) for some
non-zero real number c. So f(x) = cx? — c¢(a + b)x + abe. Because the vertex always occurs at the x value

—coefficient on x cla+b) _ a+

which is 3 : 5 we have that the vertex occurs at =5— = 222, which is halfway between a and b.
-coefficient on =

b
2c 2
1.2.84

a. We complete the square to rewrite the function f. Write f(z) = az®+bz+cas f(z) = a(z*+ 2z + £).
Completing the square yields

SN W CCH i N WY R S S
A a 4a " T, )

Thus the graph of f is obtained from the graph of z? by shifting % units to the left (and then

doing some scaling and vertical shifting) — moving the vertex from 0 to —=. The vertex is therefore

2a°
—b b2
(e %)
b. We know that the graph of f touches the z-axis twice if the equation axz? + bx + ¢ = 0 has two real

solutions. By the quadratic formula, we know that this occurs exactly when the discriminant b? — 4ac
is positive. So the condition we seek is for b?> — 4ac > 0, or b? > 4ac.

1.2.85

120}

100

nl || 1]2]6]|24] 120 6o

40f

20F

c. Using trial and error and a calculator yields that 10! is more than a million, but 9! isn’t.

1.2.86

n o |[1]2]3|4 56| 7|8]9]10
Stn) || 13]6]10|15 |21 |28]|36|45 |55

b. The domain of this function consists of the positive integers. The range is a subset of the set of positive
integers.

c. Using trial and error and a calculator yields that S(n) > 1000 for the first time for n = 45.
1.2.87

n 1123 | 4|5 1|6 7 8 9 10
T(n) || 1|5] 14|30 | 55|91 | 140 | 204 | 285 | 385

b. The domain of this function consists of the positive integers.

c. Using trial and error and a calculator yields that T'(n) > 1000 for the first time for n = 14.
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1.3 Trigonometric Functions

1.3.1 Let O be the length of the side opposite the angle x, let A be length of the side adjacent to the angle
x, and let H be the length of the hypotenuse. Then sinx = %, cosx = %, tanx = %, cscr = %, secr = %,
and cotx = %.

1.3.2 We consider the angle formed by the positive x axis and the ray from the origin through the point
P(z,y). A positive angle is one for which the rotation from the positive x axis to the other ray is counter-
clockwisg. We then define thre six trigonometric functions as follows: let r = /22 4-y?. Then sinf = £,

cosf =% tanf = £, csc =L, secld ==, and cotf = Z.
s x Y x Y

1.3.3 The radian measure of an angle 6 is the length of the arc s on the unit circle associated with 6.

1.3.4 The period of a function is the smallest positive real number k so that f(z + k) = f(x) for all z in
the domain of the function. The sine, cosine, secant, and cosecant function all have period 27. The tangent
and cotangent functions have period 7.

1.3.5 sin®z +cos?z =1, 1 + cot? z = csc? z, and tan? 2 + 1 = sec? z.

1.3.6 cscx = - secx = ——, tanz = $2Z and cotxz =

sina’ cosz’ cosz’

cos
sinx *

1.3.7 The tangent function is undefined where cosz = 0, which is at all real numbers of the form 7 +
km, k an integer. This is the set of odd multiples of /2.

1.3.8 secx is defined wherever cosx # 0, which is {x: 2 # T + kn,k an integer}. This is the set of odd
multiples of 7/2.

1.3.9

The point on the unit circle associated with 27/3

is (—1/2,v/3/2), so cos(27/3) = —1/2.

1.3.10 The point on the unit circle associated with 27/3 is (—1/2,4/3/2), so sin(27/3) = v/3/2. See the
picture from the previous problem.

1.3.11

The point on the unit circle associated with —3m /4

is (—v/2/2,—v/2/2), so tan(—3m/4) = 1.
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1.3.12

The point on the unit circle associated with 157 /4

is (v/2/2,—/2/2), so tan(157/4) = —1.

1.3.13

The point on the unit circle associated with
—137/3 is (1/2,—/3/2), so cot(—137/3) =
~1/V3=—-V3/3.

1.3.14

The point on the unit circle associated with 77/6
is (—v3/2,—-1/2), so sec(7r/6) = —2/V/3 =
—21/3/3.

1.3.15

The point on the unit circle associated with
—17m/3 is (1/2,4/3/2), so cot(—177/3) = 1//3 =
V3/3.
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1.3.16

The point on the unit circle associated with 167/3 T 0 P

is (—1/2,—+/3/2), so sin(167/3) = —/3/2.

1.3.17 Because the point on the unit circle associated with § = 0 is the point (1,0), we have cos0 = 1.

1.3.18 Because —7/2 corresponds to a quarter circle clockwise revolution, the point on the unit circle
associated with —7/2 is the point (0, —1). Thus sin(—7/2) = —1.

1.3.19 Because —7 corresponds to a half circle clockwise revolution, the point on the unit circle associated
with — is the point (—1,0). Thus cos(—m) = —1.

1.3.20 Because 37 corresponds to one and a half counterclockwise revolutions, the point on the unit circle
associated with 3w is (—1,0), so tan3r = % = 0.

1.3.21 Because 5m/2 corresponds to one and a quarter counterclockwise revolutions, the point on the unit
circle associated with 57 /2 is the same as the point associated with 7/2, which is (0,1). Thus sec 57 /2 is
undefined.

1.3.22 Because m corresponds to one half circle counterclockwise revolution, the point on the unit circle
associated with 7 is (—1,0). Thus cot 7 is undefined.

1.3.23 From our definitions of the trigonometric functions via a point P(z,y) on a circle of radius r =

V% 4 y?, we have sec = L = T}r = L.

1.3.24 From our definitions of the trigonometric functions via a point P(z,y) on a circle of radius r =
V22 + 92, we have tanf = £ = y/r sinf
x xz/r cos 6

1.3.25 We have already established that sin? # 4 cos? @ = 1. Dividing both sides by cos? # gives tan® 6 + 1 =
sec? 6.

1.3.26 We have already established that sin? 6 + cos? § = 1. We can write this as (17;30) + (1;‘;139) =1,or

sin 0 + cosf __ 1.

csc sec

1.3.27
Using the triangle pictured, we see that

sec(n/2 —0) = L 0
a

This also follows from the sum identity cos(a+b) =
cosacosb — sinasinb as follows: sec(w/2 — 0) = f

1 _ 1 —
cos(7r/12+(70)) — cos(n/2) cos(—0)—sin(7/2) sin(—0) 2
0_(_78111(0)) = CSC(G).

1.3.28 Using the trig identity for the cosine of a sum (mentioned in the previous solution) we have:

sec(x +m) = ! = ! = 1 = ! = —secx
~ cos(w+m)  cos(x)cos(m) —sin(z)sin(r)  cos(z)- (1) —sin(x) -0  —cos(x) '
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/6

1.3.29 Using the fact that {5 = == and the half-angle identity for cosine:
1 1 2 2
cos?(m/12) = + COQS(W/G) _ o ;/ﬁ/ = +4\/§.

Thus, cos(m/12) = 2%‘/5.

3m/4

: 3T __
1.3.30 Using the fact that <t = =5

and the half-angle identities for sine and cosine, we have:

1+cos(3m/4) 1+ (—V2/2) 2-+2
2 B 2 o4

cos? (31 /8) =

and using the fact that 37/8 is in the first quadrant (and thus has positive value for cosine) we deduce that
cos(3m/8) = V2 —/2/2. A similar calculation using the sine function results in sin(37/8) = /2 + v/2/2.

Thus tan(37/8) = zfg, which simplifies as

2+Vv2 24V2 _ [(24+V2)?2  24V2
\/2—¢§'2+¢5‘ > LY

1.3.31 First note that tanx = 1 when sinx = cosz. Using our knowledge of the values of the standard
angles between 0 and 27, we recognize that the sine function and the cosine function are equal at w/4. Then,
because we recall that the period of the tangent function is 7, we know that tan(n/4 + k) = tan(n/4) = 1
for every integer value of k. Thus the solution set is {m/4 4+ k7, where k is an integer}.

1.3.32 Given that 20 cos(f) + 0 = 0, we have 0(2cos(f) + 1) = 0. Which means that either § = 0, or
2cos(d) + 1 = 0. The latter leads to the equation cosf = —1/2, which occurs at § = 27/3 and 0 = 47/3.
Using the fact that the cosine function has period 27 the entire solution set is thus

{0} U {27/3 + 2kx, where k is an integer} U {47/3 4 2lm, where [ is an integer}.

1.3.33 Given that sin®¢ = %, we have [sinf| = %, so sinf = 1 or sind = —3. It follows that § =

7/6,57 /6,77 /6,117 /6.

1.3.34 Given that cos? 6 = %, we have |cosf| = % = § Thus cosf = § or cosf = —?. We have
0 =m/4,3m/4,57 /4,7 /4.
1.3.35 The equation v/2sin(x) — 1 = 0 can be written as sinz = % = g Standard solutions to this

equation occur at © = m/4 and & = 37/4. Because the sine function has period 27 the set of all solutions
can be written as:

{m/4 + 2km, where k is an integer} U {37 /4 + 2lm, where [ is an integer}.

1.3.36 Let u = 3z. Note that because 0 < z < 27, we have 0 < u < 67. Because sinu = \/5/2 for u = m/4,
3r/4, 97 /4, 117 /4, 17 /4, and 197/4, we must have that sin 3z = v/2/2 for 3z = 7/4, 37/4, 97 /4, 117 /4,
17w /4, and 197 /4, which translates into

x = n/12,7/4,37/4,117/12,177/12, and 197 /12.

1.3.37 As in the previous problem, let u = 3x. Then we are interested in the solutions to cosu = sinu, for
0<u<b6m.
This would occur for u = 3z = w/4,57/4,97 /4,137 /4,177 /4, and 217 /4. Thus there are solutions for the
original equation at
x=m/12,5m/12,3mw /4,137 /12,177 /12, and T /4.

1.3.38 sin?(A) — 1 = 0 wherever sin®(@) = 1, which is wherever sin(f) = +1. This occurs for § = 7/2 +
km,where k is an integer.
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1.3.39 If sinfcos @ = 0, then either sinf = 0 or cos = 0. This occurs for § = 0,7/2, 7, 37/2.

1.3.40 If tan? 20 = 1, then sin® 260 = cos? 26, so we have either sin20 = cos26 or sin20 = —cos20. This
occurs for 20 = w /4,37 /4,57 /4, Tr /4 for 0 < 20 < 27, so the corresponding values for 0 are 7/8, 37/8, 5 /8,
T/8,0<0<m.

1.3.41
a. False. For example, sin(m/2 + 7/2) = sin(w) = 0 # sin(7/2) +sin(7/2) =1+ 1 = 2.
b. False. That equation has zero solutions, because the range of the cosine function is [-1, 1].
c. False. It has infinitely many solutions of the form /6 + 2k7, where k is an integer (among others.)
d. False. It has period % =24.
e. True. The others have a range of either [—1,1] or (—oo, —1] U [1, 00).

1.3.42 If sinf = —4/5, then the Pythagorean identity gives | cosf| = 3/5. But if 7 < 6 < 37/2, then the
cosine of 6 is negative, so cos = —3/5. Thus tanf = 4/3, cot 0 = 3/4, secd = —5/3, and cscl = —5/4.

1.3.43 If cos 6 = 5/13, then the Pythagorean identity gives |sinf| = 12/13. But if 0 < 6 < 7/2, then the
sine of 6 is positive, so sinf = 12/13. Thus tanf = 12/5, cot @ = 5/12, secf = 13/5, and cscd = 13/12.

1.3.44 If sec = 5/3, then cos = 3/5, and the Pythagorean identity gives |sinf| = 4/5. But if 37/2 < 0 <
27, then the sine of 6 is negative, so sinf = —4/5. Thus tanf = —4/3, cot 0 = —3/4, and cscf = —5/4.

1.3.45 If cscf = 13/12, then sinf = 12/13, and the Pythagorean identity gives |cosf| = 5/13. But if
0 < 0 < w/2, then the cosine of 0 is positive, so cosf = 5/13. Thus tanf = 12/5, cotf = 5/12, and
sec = 13/5.

1.3.46 The amplitude is 2, and the period is 27“ =.
1.3.47 The amplitude is 3, and the period is 127”3 = 6.
1.3.48 The amplitude is 2.5, and the period is 12% =A4r.
1.3.49 The amplitude is 3.6, and the period is % = 48.

1.3.50 Scale the graph of y = sina horizontally by a factor of 2 (steepening it) and vertically by a factor of
3.

1.3.51 Stretch the graph of y = cos z horizontally by a factor of 3 and vertically by a factor of 2, and reflect
across the z-axis.

L L L sox
-20 -10 10 20
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1.3.52 Write p(x) = 3sin ((2 ((x — %)) + 1. Shift the graph of y = sinx § units to the right, then scale
horizontally by a factor of 2 (steepening it), then stretch vertically by a factor of 3 and then shift vertically
by 1 unit.

1.3.53 Stretch the graph of y = cosx horizontally by a factor of Q—f, then stretch it vertically by a factor of
3.6 and then shift it up 2 units.

—1F

1.3.54 It is helpful to imagine first shifting the function horizontally so that the = intercept is where it
should be, then stretching the function horizontally to obtain the correct period, and then stretching the
function vertically to obtain the correct amplitude. Because the old z-intercept is at x = 0 and the new one
should be at = 3 (halfway between where the maximum and the minimum occur), we need to shift the
function 3 units to the right. Then to get the right period, we need to multiply (before applying the sine
function) by 7/6 so that the new period is :—76 = 12. Finally, to get the right amplitude and to get the max
and min at the right spots, we need to multiply on the outside by 4. Thus, the desired function is:

f(z) = 4sin((7/6)(x — 3)) = 4sin((7/6)x — 7/2).

1.3.55 It is helpful to imagine first shifting the function horizontally so that the z intercept is where it
should be, then stretching the function horizontally to obtain the correct period, and then stretching the
function vertically to obtain the correct amplitude, and then shifting the whole graph up. Because the old
2-intercept is at & = 0 and the new one should be at = 9 (halfway between where the maximum and the
minimum occur), we need to shift the function 9 units to the right. Then to get the right period, we need
to multiply (before applying the sine function) by 7/12 so that the new period is % = 24. Finally, to get
the right amplitude and to get the max and min at the right spots, we need to multiply on the outside by
3, and then shift the whole thing up 13 units. Thus, the desired function is:

f(z) = 3sin((n/12)(x —9)) + 13 = 3sin((n/12)x — 37/4) + 13.
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-10 -5 0 5 10 15

1.3.56 It is helpful to imagine first shifting the function horizontally so that the ¢ intercept is where it should
be, then stretching the function horizontally to obtain the correct period, and then stretching the function
vertically to obtain the correct amplitude, and then shifting the whole graph up. Because the old t-intercept
is at t = 0 and the new one should be at ¢t = 12 (halfway between where the maximum and the minimum
occur), we need to shift the function 12 units to the right. Then to get the right period, we need to multiply
(before applying the sine function) by 7/12 so that the new period is WQ/’{Q = 24. Finally, to get the right
amplitude and to get the max and min at the right spots, we need to multiply on the outside by —10, and
then shift the whole thing up 15 units. Thus, the desired function is:

F(t) = —10sin((7/12)(t — 12)) + 15.

y
251

20+

s L L L
5 10 15 20

1.3.57 Let C be the circumference of the earth. Then the first rope has radius r; = % The circle generated

by the longer rope has circumference C' + 38, so its radius is 7o = 0;5’8 = % + % ~ r1 + 6, so the radius of
the bigger circle is about 6 feet more than the smaller circle.

1.3.58

a. The period of this function is % = 365.

b. Because the maximum for the regular sine function is 1, and this function is scaled vertically by a factor
of 2.8 and shifted 12 units up, the maximum for this function is (2.8)(1) + 12 = 14.8. Similarly, the
minimum is (2.8)(—1) + 12 = 9.2. Because of the horizontal shift, the point at ¢t = 81 is the midpoint
between where the max and min occur. Thus the max occurs at 814 (365/4) ~ 172 and the min occurs
approximately (365/2) days later at about ¢ = 355.

c. The solstices occur halfway between these points, at 81 and 81 + (365/2) ~ 264.

1.3.59 We are seeking a function with amplitude 10 and period 1.5, and value 10 at time 0, so it should
have the form 10cos(kt), where 2° = 1.5. Solving for k yields k = 4, so the desired function is d(t) =
10 cos(4t/3).

1.3.60
a. Because tanf = 22, we have d = 22,
d’ tan 6
b. Because sinf = 20 we have L = 20
L sin 6
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1.3.61 Let L be the line segment connecting the tops of the ladders and let M be the horizontal line
segment between the walls h feet above the ground. Now note that the triangle formed by the ladders and L
is equilateral, because the angle between the ladders is 60 degrees, and the other two angles must be equal
and add to 120, so they are 60 degrees as well. Now we can see that the triangle formed by L, M and the
right wall is similar to the triangle formed by the left ladder, the left wall, and the ground, because they are
both right triangles with one angle of 75 degrees and one of 15 degrees. Thus M = h is the distance between
the walls.

1.3.62 Let the corner point P divide the pole into two pieces, L; (which spans the 3-ft hallway) and Lo
(which spans the 4-ft hallway.) Then L = Ly + Ls. Now Lo = and L% = cosf (see diagram.) Thus

L=1L+Ly= 25+ 2. When L =10, 6 ~.9273.

cos 6 sin @ *

sin 67

L,

1.3.63 To find s(¢) note that we are seeking a periodic function with period 365, and with amplitude 87.5
(which is half of the number of minutes between 7:25 and 4:30). We need to shift the function 4 days plus
one fourth of 365, which is about 95 days so that the max and min occur at ¢ = 4 days and at half a year
later. Also, to get the right value for the maximum and minimum, we need to multiply by negative one and
add 117.5 (which represents 30 minutes plus half the amplitude, because s = 0 corresponds to 4:00 AM.)
Thus we have

s(t) = 117.5 — 87.5sin (& (t — 95)) )
A similar analysis leads to the formula
S(t) = 844.5 + 8T.5sin (7= (1= 67) ).

The graph pictured shows D(t) = S(t) — s(t), the length of day function, which has its max at the summer
solstice which is about the 172nd day of the year, and its min at the winter solstice.

D
800+
e
400+
200

- ‘50 5}) 160 1§0 260 2&0 360 !

1.3.64 Let 6, be the viewing angle to the bottom of the television. Then tan#; = (1%) Now tan(f + 6,) =
%:1, so 0 +0;=7%,800=7—0; ~0.494.

1.3.65 The area of the entire circle is 7r2. The ratio % represents the proportion of the area swept out
by a central angle 6. Thus the area of a sector of a circle is this same proportion of the entire area, so it is

6 2 _ r29
o wre = 5 -
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1.3.66 Using the given diagram, drop a perpendicular from the point (bcosf,bsinf) to the x axis, and
consider the right triangle thus formed whose hypotenuse has length c¢. By the Pythagorean theorem,
(bsin6)? + (a — beos 0)? = ¢2. Expanding the binomial gives b?sin? § + a? — 2abcos 6 + b? cos? § = ¢*. Now
because b%sin? 6 + b2 cos? = b2, this reduces to a? + b — 2abcosf = 2.

1.3.67 Note that sin A = % and sinC = 2. so h = ¢sin A = asin C. Thus

a’

sinA  sinC

a C

Now drop a perpendicular from the vertex A to the line determined by BC, and let ho be the length of

this perpendicular. Then sinC' = %2 and sin B = %, s0 hg = bsin C' = ¢sin B. Thus

sinC_ sin B
c b

Putting the two displayed equations together gives

sinA  sinB  sinC
a b ¢

Chapter One Review
1

2

a. True. For example, f(x) = 2? is such a function.

b. False. For example, cos(m/2 + m/2) = cos(m) = —1 # cos(7/2) + cos(w/2) =0+ 0 = 0.

c. False. Consider f(1+1) = f(2) =2m+0b# f(1)+ f(1) = (m +b) + (m +b) = 2m + 2b. (At least
these aren’t equal when b # 0.)

d. True. f(f(x)=f1l—-2z)=1-(1—-2) ==

e. False. This set is the union of the disjoint intervals (—oo, —7) and (1, c0).

a. Because the quantity under the radical must be non-zero, the domain of f is [0,00). The range is also
[0, 00).

b. The domain is (—o0,2) U (2,00). The range is (—o0,0) U (0,00). (Note that if 0 were in the range then

y%Z = 0 for some value of y, but this expression has no real solutions.)

c. Because h can be written h(z) = y/(z — 3)(z + 1), we see that the domain is (—oo, —1] U [3,00). The
range is [0,00). (Note that as z gets large, h(z) gets large as well.)
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3
.. 2—(=3) _ -2 -1
This line has slope =5~ = 5/2. Therefore the
4. equation of the line is y — 2 = %(m —4),s0y =
S5r—8
sr — 8.
—10F
—12F
y
6F
This line has the form y = (3/4)x+b, and because 4/
(—4,0) is on the line, 0 = (3/4)(—4) + b, so b =
b. 3. Thus the equation of the line is given by y = 2
(3/4)x + 3. ‘ ‘ ‘ ‘
-6 -4 -2 2 4 x
-2t
This line has slope %702) = %, and the y-intercept
C. s given to be —2, so the equation of this line is
y=(1/2)x — 2.
4
y
7t o—
6» G
st [c S—
The function is a piecewise step function which af o—
jumps up by one every half-hour step. ]

—

0.5 1.0 15 2.0 2.5 3.0
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5
y
—x ifx <0 -2 -1 1 2 "
Because |z| = v
x ifx>0, -
we have _al
2 — (—x)) =4z ifx <O0;
2 — |a]) = (x —(—xz)) =4z ifx !
2r —z) = if x > 0.
_8»
6 Because the trip is 500 miles in a car that gets 35 miles per gallon, % = @ represents the number of

gallons required for the trip. If we multiply this times the number of dollars per gallon we will get the cost.
Thus C = f(p) = @p dollars.

7

This is a straight line with slope 2/3 and y- 3t
a. intercept 10/3. ot

Completing the square gives y = (22 +2x+1) — 4, 2
b. ory = (x+1)?—4, so this is the standard parabola
shifted one unit to the left and down 4 units.

Completing the square, we have z2 4+ 2z + 14y +
C. 4y+4 = —1+1+4, so we have (z+1)2+(y+2)? = 4,
a circle of radius 2 centered at (—1,—2).
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Completing the square, we have z? — 2z 414y —
d 8y4+16=—-5+1+16,0r (z—1)>+ (y—4)? = 12, 4
which is a circle of radius v/12 centered at (1,4).

1.5¢
To solve z/3 = x1/4 we raise each side to the 12th

power, vielding * = 23. This gives 2* —2> = 0, or
8 23(z — 1) = 0, so the only solutions are = 0 and
x = 1 (which can be easily verified as solutions.)

Between 0 and 1, z'/* > z'/3, but for z > 1,
/3 > g1/,

0.5

9 The domain of z'/7 is the set of all real numbers, as is its range. The domain of z'/4 is the set of
non-negative real numbers, as is its range.

10

Completing the square in the second equation, we
have 2% 4+ y? — Ty + % = -8+ %, which can be
written as % + (y — (7/2))? = L. Thus we have a of
circle of radius v/17/2 centered at (0,7/2), along
with the standard parabola. These intersect when
y = Ty—1y? —8, which occurs for y2 —6y+8 = 0, so
for y = 2 and y = 4, with corresponding x values
of £2 and +/2. 2r

. . . 02122200 _ 12 _
11 We are looking for the line between the points (0,212) and (6000,200). The slope is 4=5505" = — 5005 =

__L
500"

12

Because the intercept is given, we deduce that the line is B = f(a) = —zf5a + 212.

a. The cost of producing = books is C'(z) = 1000 + 2.5x.

b. The revenue generated by selling x books is R(z) = Tx.
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13

C.

2500

2000

The break-even point is where R(z) = C'(x). This 0

is where 7x = 1000 + 2.5z, or 4.5z = 1000. So ]

_ 1000 ~ 2922 1000
15 :

500

100 200 300

- X
400

a. b.

y=(2(x-3)

Copyright (© 2015 Pearson Education, Inc.



44 Chapter 1. Functions

14
y y
10}
5»
5»
3 ) > il -4 -2 2 i
-5
10
a b.
y y
A . . ) x . -
-6 4 -2 2 4 6 -4 ) 4
-5 ‘5'\/\/
C d.
15

a. h(g(m/2)) = h(1) =1

b. h(f(z)) = h(z?) = 2%/%.

c. flg(h(2))) = f(g(v/x)) = f(sin(y/z)) = (sin(v/x))*.

d The domain of g(f(z)) is R, because the domain of both functions is the set of all real numbers.

e. The range of f(g(x)) is [—1,1]. This is because the range of g is [—1, 1], and on the restricted domain
[—1,1], the range of f is also [—1,1].

16
a. If g(x) = 2% + 1 and f(x) =sinz, then f(g(z)) = f(2% + 1) = sin(z? + 1).

b. If g(x) = 2 —4 and f(z) = 273 then f(g(z)) = f(2® —4) = (2® — 4)73.

17 f(m+h’1—f(x) _ (m—&-h)2—2(ac—}il-h)—(x2—2x) — 2?42hath®—20-2h—o’420 _ 2heth’®-2h _ 9\ L p 9

h - h -
f(z)—f(a) _ x27217(a272a) _ (127112)72(9:7(1) _ (z—a)(z+a)—2(z—a) —r4a—2.
f(@+h)—f(x) _ 4-5(z+h)—(4—52) _ 4—5x—5h—4+5z _ _ 5h _

18 h - h - h + - h — —5.
f(x)—f(a) _ 4—5x—(4—5a) _ _ 5(z—a) - _5

19 f(x+h’1—f(x) _ (x+h)3+i—(x3+2) _ m3+3m2h+3mh2+h3+2—m3—2 _ h,(3x2+ixh+h2) = 322 + 3zh + K2,

f@)—f(a) _ x*42—(a®>+2) _ 23 a3 _ (z—a)(z?+azx+a?)

r—a r—a r—a r—a

=22 + az + a>.

Tw+21— (To+7h+21)
90 fEth—flz) _ TTRTS 6 _ _ GEnGihin . _ 7h _ 7
h h A ) (@13)(z+hT3) @13) @t hi3)"
Ta421—(Tz421)
f@)—fla) _ ot ars _ T i3erd | _ _ 7(z—a) _ 7
T—a T—a T—a (z—a)(x+3)(a+3) (z+3)(a+3)"
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21
a. Because f(—z) = cos —3x = cos 3z = f(x), this is an even function, and is symmetric about the y-axis.

b. Because f(—x) = 3(—x)* — 3(—x)? + 1 = 32* — 322 + 1 = f(x), this is an even function, and is
symmetric about the y-axis.

c. Because replacing x by —z and/or replacing y by —y gives the same equation, this represents a curve
which is symmetric about the y-axis and about the origin and about the x-axis.

22
a 14cosf __ 14cosh  1—cosf __ 1—cos® 6 _ sin? 0 _ sin#
* sinf® T sinf 1—cosf ~ (sinf)(l—cos@) ~ (sinf)(l—cosf) ~ 1—cos@"
b secf—1 __ secO—1  secOh+1 __ sec? 9—1 _ tan? @ __ _tané
* tan® T tan@ secO+1 — (tanO)(secO+1) — (tan@)(secO+1) ~— secO+1°
23

a. A 135 degree angle measures 135 - (7/180) radians, which is 37 /4 radians.
b. A 47/5 radian angle measues 47/5 - (180/7) degrees, which is 144 degrees.

c¢. Because the length of the arc is the measure of the subtended angle (in radians) times the radius, this

arc would be 47/3 - 10 = 43T units long.

24
¥
2t

o, This function has period 12—/’72 = 4m and amplitude \ ‘ ‘ / .
4. -1 -5 5 10

2t
—4}F
b, This function has period 272:;3 = 3 and amplitude . 0
y
1.0
This function has period 27” = 7w and amplitude \

c. 1. Compared to the ordinary cosine function it is ‘ ‘ ‘ ‘ ‘ i
compressed horizontally, flipped about the z-axis, -3 -2 1 2 3
and shifted 7/4 units to the right. ~0s

-1.0
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25

a. We need to scale the ordinary cosine function so that its period is 6, and then shift it 3 units to the
right, and multiply it by 2. So the function we seek is y = 2cos((7/3)(t — 3)) = —2 cos(nt/3).

b. We need to scale the ordinary cosine function so that its period is 24, and then shift it to the right
6 units. We then need to change the amplitude to be half the difference between the maximum and
minimum, which would be 5. Then finally we need to shift the whole thing up by 15 units. The
function we seek is thus y = 15 + 5 cos((w/12)(t — 6)) = 15 + 5sin(nt/12).

26 The pictured function has a period of 7, an amplitude of 2, and a maximum of 3 and a minimum of —1.
It can be described by y = 1 + 2 cos(2(z — 7/2)).

27
a. —sinx is pictured in F.
b. cos2x is pictured in E.
c. tan(z/2) is pictured in D.
d. —secz is pictured in B.
e. cot2x is pictured in C.

f. sin? x is pictured in A.

28 If secz = 2, then cosz = i. This occurs for + = —7/3 and x = /3, so the intersection points are

2
(—7/3,2) and (7/3,2).
29 sinz = —3 for x = 7rr/6 and for z = 117/6, so the intersection points are (77/6, —1/2) and (117/6, —1/2).

30 Let N be the north pole, and C' the center of the given circle, and consider the angle C'N P. This angle
measures “52. (Note that the triangle CN P is isosceles.) Now consider the triangle NOX where O is the

origin and X is the point (z,0). Using triangle NOX, we have tan (%) = 55, 50 ¢ = 2Rtan (%) .
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Chapter 2
Limits

2.1 The Idea of Limits

2.1.1 The average velocity of the object between time ¢t = a and ¢ = b is the change in position divided by
s(b)—s(a)

the elapsed time: v,, =

2.1.2 In order to compute the instantaneous velocity of the object at time ¢ = a, we compute the average
velocity over smaller and smaller time intervals of the form [a, ], using the formula: v,, = M We let ¢
approach a. If the quantity M approaches a limit as ¢ — a, then that limit is called the mbtantaneous
velocity of the object at time t = a

2.1.3 The slope of the secant line between points (a, f(a)) and (b, f(b)) is the ratio of the differences f(b) —
f(a) and b — a. Thus mge. = f(b})) f(a)

2.1.4 In order to compute the slope of the tangent line to the graph of y = f(t) at (a, f(a)), we compute the
slope of the secant line over smaller and smaller time intervals of the form [a,t]. Thus we consider ! (t) f (a)
and let ¢ — a. If this quantity approaches a limit, then that limit is the slope of the tangent line to the curve

y=f(t) att=a.

2.1.5 Both problems involve the same mathematics, namely finding the limit as ¢ — a of a quotient of

differences of the form % for some function g.

2.1.6

Because f(z) = 2% is an even function, f(—a) =
f(a) for all a. Thus the slope of the secant line
between the points (a, f(a)) and (—a, f(—a)) is
Meee = w = % = 0. The slope of the
tangent line at x = 0 is also zero.

(—a.f(=a))

(a.f(a))

n
-4

=156 — 136 = 20.

o te S(3)=s(2)
2.1.7 The average velocity is ===

e S@—s(1) _ 144-84 _ 60 _
2.1.8 The average velocity is =——— = =5 = 5 = 20.

47
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2.1.9

a. Over [1,4], we have v,, =

s(4)—s(1) _
4-1

256—112 __
112 _ 43,

b. Over [1,3], we have vy, = *E)=30) —

3—1

c. Over [1,2], we have v,, = *2=20) _

240—-112 __
112 — 64,

192—-112 __
112 _ gy,

2
d. Over [1,1—|—h], we have v,, = s(1l+f}3:i(1) _ —16(1+h)2+1i8(1+h)—(112) _ —16h2—£‘;LQh+128h _ h(—16hh+96) _
96 — 16h = 16(6 — h).
2.1.10
a. Over [0, 3], we have v,, = 8(3:%:8(0) = 059220 — 153,
b. Over [0,2], we have v,, = 5(2;:3(0) = 004-20 — 20.2.
c. Over [0, 1], we have v,, = 8(13:3(0) =151220 — 95 1.
d. Over [0, h], we have vy, = S(h,zi‘s(o) = *4'9h2+3,?h+20*20 = (h)(_4h9h+30) = —4.9h + 30.

2.1.11

5(2)—s(0) _ 72—0 _ 36.

a. —5n 2

b, 2L8)=s0) — 66-0 _ g4,

1.5-0 1.5

(1)—-s(0) __ 52—-0 _
oo = =52

s(0.5)—s(0) _ 30—0 __
d. 0.5—0 - 05 60.

2.1.12

s(2.5)—s(0.5) _ 150—46 __
55-05 — 3 =92

a.

b. 5(2)—s(0.5) _ 136—46 __ 60.

2—-0.5 1.5

s(1.5)—s(0.5) _ 114—46 __
1.5—-0.5 - 1 = 68.

s(1)—s(0.5) _ 84—46 _
d 178‘5 =55 = 16.

2.1.13

1504

100+

The slope of the secant line is given by

5(2%:8&?'5) = 136-46 — 60. This represents the av-

erage velocity of the object over the time interval
[0.5,2].
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2.1.14
Lop The slope of the secant line is given by
i W = 5= = 2. This represents the aver-
s age velocity of the object over the time interval
i [0,0.5].

2.1.15 Time Interval [1,2] | [1,1.5] | [1,1.1] | [1,1.01] | [1,1.001]
Average Velocity 80 88 94.4 95.84 95.984

The instantaneous velocity appears to be 96 ft/s.

0116 | Time Interval | [2,3] | [2,2.25] | [2,2.1] | [2,2.01] | [2,2.001]

Average Velocity 5.5 9.175 9.91 10.351 10.395

The instantaneous velocity appears to be 10.4 m/s.

2.1.17

5(1.01)—s(1)

0.01

= 47.84, while 21000 =s) _ 47 984 apq 21-000D—s(1)

0.001

instantaneous velocity at ¢ = 1 is approximately 48.

2.1.18

s(2.01)—s(2)

—4.16, while

s(2000-5(2) _ _4 016 and 220001 —s(2)

0.0001

= 47.9984. It appears that the

—4.0016. It appears that the

0.01 - 0.001 0.0001
instantaneous velocity at t = 2 is approximately —4.
2.1.19 Time Interval [2,3] | [2.9,3] | [2.99,3] | [2.999,3] | [2.9999,3] | [2.99999, 3]
Average Velocity 20 5.6 4.16 4.016 4.002 4.0002
The instantaneous velocity appears to be 4 ft/s.
2.1.20 Time Interval [7/2,7) | [7/2,7/240.1] | [7/2,7/2+ .01] | [7/2,7/2+.001] | [7/2,7/2+ .0001]
Average Velocity || —1.90986 —0.149875 —0.0149999 —0.0015 —0.00015
The instantaneous velocity appears to be 0 ft/s.
2.1.21 Time Interval [3,3.1] | [3,3.01] | [3,3.001] | [3,3.0001]
Average Velocity || —17.6 | —16.16 | —16.016 —16.002
The instantaneous velocity appears to be —16 ft/s.
2.1.99 Time Interval [7/2,7/2+0.1] | [7/2,7/2+0.01] | [7/2,7/2+0.001] | [7/2,7/2+ 0.0001]
Average Velocity —19.9667 —19.9997 —20.0000 —20.0000
The instantaneous velocity appears to be —20 ft/s.
2.1.23 Time Interval [0,0.1] | [0,0.01] | [0,0.001] | [0,0.0001]
Average Velocity || 79.468 | 79.995 80.000 80.0000
The instantaneous velocity appears to be 80 ft/s.
2.1.94 Time Interval [0,1] [0,0.1] [0,0.01] | [0,0.001]
Average Velocity || —10 | —18.1818 | —19.802 | —19.98

The instantaneous velocity appears to be —20 ft/s.
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x Interval [2,2.1] | [2,2.01]

[2,2.001]

[2,2.0001]

2.1.25

Slope of Secant Line 8.2 8.02

8.002

8.0002

The slope of the tangent line appears to be 8.

2.1.26 z Interval [7/2,m/240.1] | [v/2,7/2+0.01] | [7/2,7/2+0.001] | [7/2,7/2+ 0.0001]
Slope of Secant Line —2.995 —2.99995 —3.0000 —3.0000
The slope of the tangent line appears to be —3.
2.1.27 x Interval [-1,-0.9] | [-1,-0.99] | [-1,—-0.999] | [-1,—0.9999]
Slope of the Secant Line 0.524862 0.5025 0.50025 0.500025
The slope of the tangent line appears to be 0.5.
0 1.98 z Interval [1,1.1] | [1,1.01] | [1,1.001] | [1,1.0001]
Slope of the Secant Line 2.31 2.0301 2.003 2.0003
The slope of the tangent line appears to be 2.
2.1.29
y
8k
a. Note that the graph is a parabola with ver- ol
tex (2, —1).
b. At (2,—1) the function has tangent line with
slope 0. 2\
1 l\i/i s s ¥
. x Interval [2,2.1] | [2,2.01] | [2,2.001] | [2,2.0001]
Slope of the Secant Line 1 .01 .001 .0001

The slope of the tangent line at (2, —1) appears to be 0.

2.1.30

a. Note that the graph is a parabola with ver-

tex (0,4).

At (0,4) the function has a tangent line with
slope 0.

. This is true for this function — because the

function is symmetric about the y-axis and
we are taking pairs of points symmetrically
about the y axis. Thus f(0+h) =4 — (0+
h)? =4 — (=h)? = f(0 — h). So the slope of
4—h*—(4=h%) _ o

any such secant line is —p =5 =

0.
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2.1.31

400
a. Note that the graph is a parabola with ver-

tex (4,448). 300¢
b. At (4,448) the function has tangent line with 20
slope 0, so a = 4. 100}
2 4 & 8 *
. = Interval [4,4.1] | [4,4.01] | [4,4.001] | [4,4.0001]
Slope of the Secant Line —1.6 —0.16 —0.016 —0.0016

The slopes of the secant lines appear to be
approaching zero.

d. On the interval [0,4) the instantaneous ve-
locity of the projectile is positive.

e. On the interval (4,9] the instantaneous ve-
locity of the projectile is negative.
2.1.32

a. The rock strikes the water when s(¢) = 96. This occurs when 16t? = 96, or t> = 6, whose only positive
solution is t = V6 ~ 2.45 seconds.

¢ Interval [V6—0.1,v6] | [v6—0.01,v6] | [V6—0.001,V6] | [v/6 —0.0001, /6]
Average Velocity 76.7837 78.2237 78.3677 78.3821

When the rock strikes the water, its instantaneous velocity is about 78.38 ft/s.

2.1.33 For line AD, we have

_wpmya _S@ @) 1 e

MAD = T r—(n)2) 7/)2

For line AC, we have

yc —ya _ f(r/2405) = f(7/2) _ cos(m/2+0.5)

= = ~ 0.958851.
To —TA (’/T/Q‘FOE))*(’/T/Q) 0.5

Yy —ya _ f(m/240.05) — f(m/2) _ cos(m/2 4 0.05)

_ _ - ~ 0.999583.
AR = A (n/2+0.05) — (1/2) 0.05
Computing one more slope of a secant line:
o T@/2H000) = f(r/2) | cos(m/24001) o000

(/24 0.01) — (7/2) 0.01

Conjecture: The slope of the tangent line to the graph of f at z = 7 /2 is 1.
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2.2 Definitions of Limits

2.2.1 Suppose the function f is defined for all x near a except possibly at a. If f(z) is arbitrarily close to a
number L whenever x is sufficiently close to (but not equal to) a, then we write lim f(z) = L.
Tr—ra

2 if 0
2.2.2 False. For example, consider the function f(z) = v fws

4 ifz=0.
Then hn%)f(x) =0, but f(0) =4.
xr—r

2.2.3 Suppose the function f is defined for all x near a but greater than a. If f(x) is arbitrarily close to L
for x sufficiently close to (but strictly greater than) a, then we write lim+ f(x) = L.

Tr—ra
2.2.4 Suppose the function f is defined for all x near a but less than a. If f(x) is arbitrarily close to L for
x sufficiently close to (but strictly less than) a, then we write lim f(x) = L.

r—a

2.2.5 It must be true that L = M.

2.2.6 Because graphing utilities generally just plot a sampling of points and “connect the dots,” they can
sometimes mislead the user investigating the subtleties of limits.

2.2.7 2.9.8
a. h(2) =5. o g(0) = 0.
z—2 b hrnog(x) =1
c. h(4) does not exist. T
d. lim f(z) = 1. c. g(1)=2.
r—4
e. lim h(z) = 2. d. lim g(z) =
r—5
2.2.9 2.2.10
a. f(1)=-1 a. f(2)=2
b Jim fla) =1 b. lim f(z) =4
e F0)=2. c. lim f(x)=4
r—4
d. li =2
1) d. lim f(z) =2
r—5
2.2.11
a T 1.9 | 1.99 | 1.999 | 1.9999 2 2.0001 | 2.001 | 2.01 | 2.1

flo)=2=2139 399 | 3999 | 3.9999 | undefined | 4.0001 | 4.001 | 4.01 | 4.1

b }1_>m2f(gc):4
2.2.12
a T 9 .99 1999 19999 1 1.0001 | 1.001 1.01 1.1
fla)=2=L | 271 | 2.9701 | 2.997 | 2.9997 | undefined | 3.0003 | 3.003 | 3.0301 | 3.31
3
b, lim &L _3
x—1 x —
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2.2.13
t 8.9 8.99 8.999 9 9.001 9.01 9.1
a.
g(t) = \;{,93 5.98329 | 5.99833 | 5.99983 | undefined | 6.00017 | 6.00167 | 6.01662
b. lim 2 —
t—9 \/f —3
2.2.14
a x .01 .001 .0001 .00001
flz) = (1 +2)* | 270481 | 2.71692 | 2.71815 | 2.71827
x —0.01 | —0.001 | —0.0001 | —0.00001
f(z) = (1+z)/= | 2.732 | 2.71964 | 2.71842 | 2.71830
b. lim (1 + 2)Y/® ~ 2.718.
x—0
c. lim (14 2)Y/* =e.
z—0
2.2.15
a.
b T 1.8 1.9 1.99 2.01 2.1 2.2
f(z) | 1.0067 | 1.00167 | 1.00002 | 1.00002 | 1.00167 | 1.0067
From both the graph and the table, the limit appears to be 1.
2.2.16
a.

—0.2

—0.1

—0.01

0.01

0.1

0.2

2.03336

2.00834

2.00008

2.00008

2.00834

2.03336

From both the graph and the table, the limit appears to be 2.

Copyright (©) 2015 Pearson Education, Inc.




54 Chapter 2. Limits

2.2.17

b T 0.9 0.99 0.999 1.001 1.01 1.1
f(xz) | 1.993342 | 1.999933 | 1.999999 | 1.999999 | 1.999933 | 1.993342

From both the graph and the table, the limit appears to be 2.

2.2.18

b x —-0.1 | —0.01 | —0.001 | 0.001 0.01 0.1
f(x) | 2.8951 | 2.99 2.999 | 3.001 | 3.0099 | 3.0949
From both the graph and the table, the limit appears to be 3.
2.2.19
T 4.9 | 4.99 | 4.999 | 4.9999 5 5.0001 5.001 5.01 5.1
fl@)=2=22 199|999 | 9.999 | 9.9999 | undefined | 10.0001 | 10.001 | 10.01 | 10.1
2 _ 2 2 _ 2 2 _ 2
i 2 10, lim © 2 — 10, and thus lim ©——2° — 10.
z—5t T — z—=5- T —0D =5 T — 5
2.2.20
x 99.9 99.99 99.999 99.9999 100 100.0001 | 100.001 100.01 100.1
f(z) = T:iol% 19.995 | 19.9995 | 19.99995 =~ 20 undefined ~ 20 20.0005 | 20.00005 | 20.005
-1 -1 -1
m 22100 on pm E2190 op and thus tim S—100 9,
z—100+ /x — 10 z—100— y/x — 10 z—100 /2 — 10
2.2.21
a. f(1)=0. b. 1151117 f(z) =1. c. 113111+ f(z)=0.

d. 1im1 f(z) does not exist, since the two one-sided limits aren’t equal.
T—r
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2.2.22
a. g(2) = 3. b. Tlirg g(x) = 2. c. Tli>r121+ g(x) = 3.
d. 01:1312 g(x) does not exist. e. g(3) =2. f. Ilirgli g(x) =
g lim g(z) =2. h. g(4) = 3. i lim g(z) =
2.2.23
a. f(1)=3. b. Lgnll_ flz) =2. c. Llif{i fz)=2.
d. lim f(z) = 2. e. f(3)=2. f. lim f(z)=4.
g. xllg,h flz)=1. h. ilg}s f(z) does not exist. i f(2)=3.
j. zllgl* f(x)=3. k. zligl+ f(x) =3. 1. il_}l’nQ flx)=3.
2.2.24
. =3 SETWER WEE
d. xl_iflillg(m) =2. e. g(1) = f. ;Lml g(x) does not exist.
g lim g(x) = 4. h. g(5) = i. lim g(z) =5.
2.2.25
. z Pl ||| T
flz) =sin(l/z) | 1| -1 ST T
If x, = m7 then f(x,) = (—1)" where n is a non-negative integer.

b. As x — 0, 1/x — oc0. So the values of f(z) oscillate dramatically between —1 and 1.

c. lim sin(1/z) does not exist.
r—0

2.2.26
T 12 ) 12 12 | 12 ) 12 | 12
a. o 3 51 s o 11w
fx)y=tan(3/x) | 1 | =1 | 1 | —1 -1
We have alternating 1’s and —1’s.
y
tan 3z alternates between 1 and —1 infinitely L \
b. many times on (0, %) for any h > 0. ‘ﬁ % TUUCCNUEES SRR

c. lim tan(3/z) does not exist.
z—0

2.2.27
2

a. False. In fact lim —— 9 _ lim (z + 3) = 6.

r—3 T — x—3
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2 if o 0:
b. False. For example, if f(x) = z" itz A0 and if a = 0 then f(a) =5 but lim f(x) = 0.
5 ifz=0 e
c. False. For example, the limit in part a of this problem exists, even though the corresponding function
is undefined at a = 3.
d. False. It is true that the limit of \/x as = approaches zero from the right is zero, but because the
domain of v/x does not include any numbers to the left of zero, the two-sided limit doesn’t exist.
0
e. True. Note that lim cosx =0 and lim sinx =1, so lim C?SI = - =0.
/2 z—7/2 z—mw/2 SINT 1
2.2.28 2.2.29
6y» y
o/ 1f o
i °
2t G) 3 X
—1F
5 T 15 20 25 30!
2k 2
—4L 3L
2.2.30 2.2.31
y y
4 (O ——— 3.0
25}
(‘\3_
) \
[ S—
1k
) =1 1 2 ¥ T Y 3 4
2.2.32
h 0.01 0.001 0.0001 —0.01 —0.001 —0.0001
sin(h)/h | 0.99998 | 0.9999998 | 0.999999998 | 0.99998 | 0.9999998 | 0.999999998
lim S20) _
h—0 h
2.2.33
h 0.01 0.001 0.0001 —0.01 | —0.001 —0.0001
tan(3h)/h | 3.0009 | 3.000009 | 3.00000009 | 3.0009 | 3.000009 | 3.00000009
lim tan(3h) _3
h—0
2.2.34
h 0.01 0.001 0.0001 —0.01 —0.001 | —0.0001

(v/(h+4) —2)/h | 0.24984 | 0.249984 | 0.25000 | 0.250156 | 0.250016 | 0.25000
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S S
2.2.35
h 0.01 0.001 | 0.0001 —0.01 —0.001 | —0.0001
(1 —cos(h))/h | 0.0049999 | 0.0005 | 0.00005 | —0.0049999 | —0.0005 | —0.00005
lim 1 — cos(h) ~0
h—0 h
2.2.36

a. Note that f(x) = %\ is undefined at 0, and

li = —1and li =1.
g f@) = ~Land Jim, (@)

. . . =) = 1 P
b. hn% f(x) does not exist, since the two one-
r—r

side limits aren’t equal.

2.2.37
. N =-2, 1 =-1, L =1, 1 =2.
o A el =2 b Lol =, B led =1, g )
b, i —92 1 —92, i —9.
R P
c. In general, for an integer a, lim |[z] =a—1and lim |z] =a.
T—a~ z—at
d. In general, if a is not an integer, lim |z] = lim [z]| = |a].
r—a~ z—at
e. lim |z | exists and is equal to |a| for non-integers a.
r—ra
2.2.38
¥
3t o—
a. Note that the graph is piecewise constant.
2 o——
b. lim [z] =2, lim [2] =2, lim [z] = 2.
T2~ z—1t z—1.5
c. lim [z] exists and is equal to [a] for non-
r—a " O " " ~ox
integers a. -2 -1 1 2 3
——

2.2.39 By zooming in closely, you should be able to convince yourself that the answer is 0.

2.2.40 By zooming in closely, you should be able to convince yourself that the answer is 2.

2.2.41 By zooming in closely, you should be able to convince yourself that the answer is 16.

2.2.42 By zooming in closely, you should be able to convince yourself that the answer is 0.
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2.2.43

a. Note that the function is piecewise constant.

b. lim f(w) = .95.

w—3.3
c. lim f(w) = .61 corresponds to the fact y
w1t . . . . —
that for any piece of mail that weighs slightly 1o} o
over 1 ounce, the postage will cost 61 cents. osl
lim f(w) = .44 corresponds to the fact
w—1— 0.6F o0—
that for any piece of mail that weighs slightly 0 P—
less than 1 ounce, the postage will cost 44 ol
cents. '
L X
1 2 3 4 5

d. lim4 f(w) does not exist because the two cor-
w—

responding one-side limits don’t exist. (The
limit from the left is .95, while the limit from
the right is 1.12.)

2.2.44
a. Note that H is piecewise constant. osh
b. lim H(z) = 0, lim H(z) = 1, and so r
x—0— z—0+ 041
lim H(z) does not exist. '
x—0 02
2.2.45
a. Because of the symmetry about the y axis, we must have lim f(z)=8.

r——21

b. Because of the symmetry about the y axis, we must have lim f(x)=>5.

r——2"
2.2.46
a. Because of the symmetry about the origin, we must have lim+ g(x) = —8.
r——2
b. Because of the symmetry about the origin, we must have lim g(z)= —5.
r——2"
2.2.47
¥
3.0F
2.5F
1.5F
a. »
0.5
L L . . x L L . . x
-04 -0.2 0.2 04 -04 -0.2 0.2 0.4
lim, o 022 — 2, limg o 2032 — 3,

Copyright (©) 2015 Pearson Education, Inc.



2.2. Definitions of Limits
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y
8»
6»
. tan(px
b. It appears that lim y =D
N z—0 sinz
- - - - - - X
-0.3 -0.2 -0.1 0.1 0.2 0.3
: tan4dx _
lim, o *5=F = 4.
2.2.48
y y
5¢ 5¢
4 4
3 3
i / \
2 1t
. . . Cx . . . Cox
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
limg o $22 = 1. lim,_,o 222 = 2,
a.
y y
5 5¢
4F
2,
1,
. . x . . . — X
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
1~ sin3xz __ 3 1 sindx __ 4
Mg —0 T — 9. My —0 T - =
. sin(px
b. It appears that lim (pz) =p
z—0 €T
2.2.49
y
S’
. . 3f
For p = 8 and ¢ = 2, it appears that the limit is 4.
p q , pp
2,
1»
X

-03 -02 -01 0.0 0.1 0.2 0.3
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For p =12 and ¢ = 3, it appears that the limit is 4.

-03 -02 -0.1

For p =4 and ¢ = 16, it appears that the limit is 1/4.

N N N N sox
-0.15 -0.10 -0.05 0.00 0.05 0.10 0.15

For p = 100 and ¢ = 50, it appears that the limit is 2.

sin px
Conjecture: lim — -
z—0singr ¢

2.3 Techniques for Computing Limits

2.3.1 If f(x) = apz™ + an_12" 1+ -+ a1z + ag, then lim f(x) = liin (2™ + ap_12™ 4 arz +ag)
T a

r—a
= a,(lim 2)" + ap—1(lim )"~ 4 -+ 4+ @ lim = + lim ag
Tr—ra r—a r—a

Tr—a
=a,a" +a,_1a" '+ +aja+ag = f(a).

2.3.2 If f(x) is a polynomial, then lim f(z) = lim f(z) = f(a).

T—a— z—a™t

2.3.3 For a rational function r(x), we have lim r(z) = r(a) exactly for those numbers a which are in the
r—a

domain of 7.
2.3.4 If f(x) = g(x) for x # 3, and lirr}g g(x) =4, then lim3 f(z) =4 as well.

2.3.5 Because “'2;7_’“';12 = ($7i)_(§74) =x —4 (for x # 3), we can see that the graphs of these two functions
are the same except that one is undefined at £ = 3 and the other is a straight line that is defined everywhere.
2
Thus the function % is a straight line except that it has a “hole” at (3, —1). The two functions have
2 — Tz 412
TR im(e—4) = —1.
r—3 x—3

the same limit as x — 3, namely lim
z—3
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r—2

2.3.6 lim f(2)*/* = (1im f(x))2/3 = (-8)¥% = (—2)2 =4,

lim p(x) 0
2.3.7 If p and ¢ are polynomials then lim p(@) = =20 = r(0)

a—0 g(x)  limg(xz)  ¢(0)

z—0
equal to 10, we have @ =10, so p(0) = 20.

. Because this quantity is given to be

2.3.8 By a direct application of the squeeze theorem, lim2 g(x) =5.
T—r

2.3.9 lim /22 — 9= /lim (22 — 9) = /16 = 4.
r—5 r—5

2.3.10 lim f(z)= lim 4=4, and lim f(z)= lim (z+2)=>5.

z—3~ z—3~ z—3+1 z—31

2.3.11 lim(3a:f7):3lin}1x77:3-477:5.
z—

r—4

2.3.12 m(—2x+5):—21imlx+5:—2-1—|—5=3.
r—

li
z—1

2.3.13 lim (bz) =5 lim z=5--9 = —45.
r——9

T——9

2.3.14 lim(—3z) = -3 lim2 = —3-2 = —6.
z—2

r—2

2.3.15 lim 4 =4.

z—6

2.3.16 lim 7 =.

r——5

2.3.17 lim1 4f(x) =4 lim1 f(z) =4-8=32. This follows from the Constant Multiple Law.
z— z—

flo) T f@) g
2.3.18 lim == = — = 4. This follows from the Quotient Law.
z—1 h(z) hrn1 h(z) 2
xr—r

2.3.19 lim(f(z) —g(x)) = lim1 flx) — lim1 g(x) = 8 — 3 = 5. This follows from the Difference Law.
T—r T—r

rz—1

2.3.20 lim f(x)h(z) = lim f(x)- lim h(z) = 8 -2 = 16. This follows from the Product Law.
r—1 z—1

r—1

f@)glz)  ImU@g(@)  lm f(2)- limg(2) g 3

. _x—1 ©'9 . .
2.3.21 il_)lnl he) im 7(2) = o 7(z) = 12. This follows from the Quotient
r—1 rz—1
and Product Laws.
lim f(x) lim f(x)
2.3.22 lim /() = vl = vl -8 8. This follows from the

z—1 g(z) — h(r) lim[g(z) — h(x)] lim g(z) — lim h(x) 3—2
r—1 z—1 rz—1
Quotient and Difference Laws.

5
2.3.23 1iml(h(m))5 = (lim h(ac)) = (2)° = 32. This follows from the Power Law.
r—

x—1

2.3.24 lim {/f(@)g(e) +3 = j/lim(f(x)g(x) +3) = j/lim f(z) - lim g(x) + lim 3 = V8343 = V27 =

3. This follows form the Root, Product, Sum and Constant Laws.

2.3.25 lim (22% — 322 +42+5) = lim 22% — lim 322 + lim 42+ lim 5 = 2(lim 2)® —3(lim 2)? +4(lim z)+5 =
rz—1 rz—1 rz—1 rz—1 rz—1 rz—1 x—1 rz—1
2(1)* = 3(1)* +4-1+5=38.

Copyright (©) 2015 Pearson Education, Inc.



62 Chapter 2. Limits

2
2.3.26 lim (t*4+5t+7) = lim t*+ lim 5t+ lim 7 = (lim t) +5 lim t4+7=(=2)>+5-(-2)+7=1.
t——2 t——2 t——2 t——2 t——2 t——2

522 4+ 6 + 1 11311(5z2+6x+1) 5(1%1)2+61Ln%x+ m 1 50q)2 46,141
2.3.27 lim == == - i z = =3.
z—1 8z —4 lim (8x — 4) 8 lim x — lim 4 8:-1—4
r—1 r—1 rz—1
2
. 3/9 — /% 2 _ A 2 1 _ 3 . B _ 3 2 _
2.3.28 lim /#2 — 10 \s/tll_rg(t 10) g/tlgrét lim 10 (tlga%t) 10=/(3)2-10= -1
lim 3b 31lim b
b -2
2.3.29 lim i b2 - b2 = 5 _ 0 5
2VAb+1-1 hm(\/4b+ 1-1) lmVab+1—1liml  [lim@b4+1)—1 3-1
b—2 b—2 b—2
5 5
2.3.30 lim (2% —z)° = (lim (2? — x)) = (lim z? — lim x) =(4-2)° =32.
T—2 T—2 r—2 T—2
lim —b5z =5 lim x
_ 5. -1
2.3.31 lim T 3 = r23 — o3 — S _ —5.
e=3 Az —3  lim V4z — 3 lim (42 — 3) 4limz —lim3 Vv4-3-3
z—3 z—3 z—3 z—3
lim 3
2.3.32 lim 5 ) - 5 = i =
h=0 16+ 3h+4  lim (V16 1 3h +4) lim (16 + 3h) + lim4 . /lim 16 + lim 3 + 4
h—0 h—0 h—0 h—0 h—0
3 3 3
16+3-0+4 4+4 8
2.3.33
a. lim f(z)= lim (2®+1)=(-1)2+1=2
r——1" r——1"
b. lim f(:v): hm Vr+1l=+v-1+1=0.
z——1+
c. lim f(z) does not exist.
z——1
2.3.34
a. lim f(z)= lim 0=0. b. lim f(o)= lim v25-2%=v25-25=0.
r——5 r——5 2—s—5+ T——5
c. xlim f(z) = d. hmf = hm V25— 122 =+25-25=0.
1 = lim 3z = 15. f. 1 d t t.
e ti%l+f( x) = Jim 3z 11_>me( x) does not exis
2.3.35
a. lirglJr Vr—2=+v2-2=0.
r—

b. The domain of f(z) =+/z —2is [2,00). Thus, any question about this function that involves numbers
less than 2 doesn’t make any sense, because those numbers aren’t in the domain of f.

2.3.36

a. Note that the domain of f(z) = ,/2=2 is (2,3]. lim =3

2w z—3- —x

=0.

b. Because the numbers to the right of 3 aren’t in the domain of this function, the limit as x — 3T of
this function doesn’t make any sense.
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2.3.37 Using the definition of |z| given, we have lim |z|= lim (—z) = —0=0. Also, lim |z| = lim z =
z—0~ z—0~ z—0+t z—0+t
0. Because the two one-sided limits are both 0, we also have lin}) |z| = 0.
z—
2.3.38
If @ > 0, then for z near a, |x| = z. So in this case, lim |z| = lim = = a = |a].
r—a r—a
If a < 0, then for x near a, |x| = —z. So in this case, liin |x| = liin(—x) = —a = |al, (because a < 0).
If @ = 0, we have already seen in a previous problem that lirr%) |z] =0 =0].
T—r
Thus in all cases, lim |z| = |a].
T—ra
21 Dz —1
2.3.39 lim © 2t i EFYVEZD 1y — o)
rz—1 1 — ]_ r—1 x€xr — ]_ r—1
2 _2r-3 -3 1
2.3.40 lim 2273y WZI@HD iy 2
z—3 r—3 r—3 r—3 z—3
2?2 —16 . (z+4)(z—-4)
S i L e CET I
2 2 -2 -1
2.3.42 lim oL L2y, (22621 lim[—(3t — 1)] = —5.
t—2 2—1t t—2 —(t — 2) t—2
50 50 49
— )0 — —b)%0 — (z — - YATC |
2.8.43 fim OO —wdb oy @OT @) gy (@ hT oD
z—b z—b z—b x—0b z—b x—0

7 10 6 9 6 9
2.3.44 1 (x+b)"+ (x+0b) — lim (z+b)((x+ ) +(x+b)): lim (x+0)°+ (x+0) :gzo
z——b 4(£C =+ b) T——b 4($ + b) z——b 4 4
12— _1_ _ _
2.3.45 lm PV =9y, Grol=8)@roles) g 2@o22ed D) g gy o
( 3)@3—)—112 x+1 rz——1 x+1 r——1 x+1 z——1
4.(=3)=—
11 A —L).5.(5+h) _ _
2.3.46 lim 2" 2 — Jim (5+ 5) :im5 (5+h):lim f =
h—0 h—0 h-5-(5+h) h—0 5h(54+h)  h—05h(5+h)
-1 -1
li
n505(5+h) 25
2.3.47 lim Y23 _ iy WEZIGEES) r=9 i =L

=0 A a0 (et e (_0(Eil) B VE+3 6

2.3.48 Expanding gives

lim <4t—2) (6+t—t2):}g<4t(6+t—t2)—w) :}%<4t(6+t—t2)—w>.

t—3 t—3 t—3 t—3
Now because t — 3 = —(3 — t), we have

lim (46(6 +¢ — %) +2(2+1)) = 12(6 +3 — 9) +2(2+ 3) = 10.

r—a VT +a (r—a)(vr++a) e - _oa
2.3.49 iﬂfff_i%fff \/>+\/>_J£—>a Tr—a _i—m(\/»_‘_\[) 2va.
i 2?2 — a? — lim 2% — a? f—i—f_ (m—a)(x—i—a)(\/f—i—\/&):
2.3.50 Jl—ﬂl \/E*\/a gl—}a,f—f \/>+\/> Jl—ﬂl r—a

(a+a)(va+a) = 4a”/?.
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. V16+h—4  (V16+h—4)(V16+h+4) . (16+h)—16 , h
2.3.51 lim = lim =lim—8—=1lm ———
h—0 h h—0 h(V16 +h +4) h—0 h(y/16+h+4) h=0h(y/16 +h+4)
1 1
=lim——— = .
h=0 (/16 +h+4) 8

2.3.52 Note that 23 — a® = (z — a)(2? + az + a?), and thus as long as  # a, we have

3_ .3
x® —a
= 2% 4 az + d®.
r—a
Thus,
3 —a?
lim = lim (2® + ax + a?) = a* + a® + a* = 3a*.
r—a T — Q T—ra
2.3.53

a. The statement we are trying to prove can be stated in cases as follows: For z > 0, —z < zsin(1/x) < z,
and for < 0, z < zsin(1/z) < —z.
Now for all = # 0, note that —1 < sin(1/z) < 1 (because the range of the sine function is [—1, 1]).
We will consider the two cases x > 0 and x < 0 separately, but in each case, we will multiply this
inequality through by x, switching the inequalities for the x < 0 case.
For > 0 we have —x < xsin(1/z) < x, and for < 0 we have —x > xsin(1/2) > x, which are exactly
the statements we are trying to prove.

c. Because lim —|z| = lim |z| = 0, and
z—0 z—0
because —|z| < asin(l/z) < |zl
the Squeeze Theorem assures us that
lin%)[a: sin(1/x)] = 0 as well.
z—

b.
2.3.54
22
b. Note that lim {1 — } =1=1m1l. So
z—0 2 x—0
because 1 — 1—22 < cosz < 1, the squeeze
theorem assures us that lim cosz = 1 as
x—0
well.
a.
2.3.55
y
22
08¢ b. Note that lim [1 — } =1=1lim1. So
06 x—0 6 x—0
.6 2 .
because 1 — % < % < 1, the squeeze
04r . sinz
theorem assures us that lim =1as
0.2 z—0 X
well.
a. -2 -1 1 2 F
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2.3.56

a. The graphs of 2 sec 22 and 22 +2* are indistinguishable
if both are graphed near zero, so it is hard to draw
a graph that shows the relationship between the two.
However, the inequality in the problem statement holds
if and only if (after dividing the inequality by 2?), 0 <
secz? < 22 +1. The graphs of these functions near zero
look like this (note that the scale on the x-axis has been
greatly expanded to show more clearly the relationship
between the graphs)

2

b. lin%) ot =0= lirrb 0. Because 22 sec(x?) lies between these two near zero, we also have
T—r r—r

lim 2% sec(z?) = 0.
z—0

2.3.57
if 1;
a. False. For example, if f(x) = z ife#l; then lim1 f(z)=1but f(1) =
4 ifz=1, o
1 ifz <1,
b. False. For example, if f(x) = v Ersh Gen lim f(z) =2but lim f(x)=-5.
r—6 ifxr>1, el el
) x ifx#1; .
c. False. For example, if f(z) = and g(x) = 1, then f and g both have limit 1 as © — 1,
4 ifx=1,

but f(1) = 4 # g(1).

2

—4
d. False. For example lim x exists and is equal to 4.
=2 r — 2
e. False. For example, it would be possible for the domain of f to be [1,0), so that the one-sided limit
exists but the two-sided limit doesn’t even make sense. This would be true, for example, if f(z) = z—1.
100 100 100

2.3.58 i = — = 100.
Ro0 (10— D)1 +2 () +2 1

2.3.59 lim (52 — 6)%/2 =(5-2-6)%2 =432 =23 =3,
r—r

1 15— (% +2x)

1
. 15 . T T . 15—(!E2+2l‘) . 15—21‘—332
2.3.60 lim 252215 _ iy 1502020 —1 -
b S — 255 -3 +03 15(x? 4 2z)(x — 3) fs 15(x2 + 2z)(x — 3)
B-2)5+x) . ~(5+z) -8

I L A —
253 15(a2 + 22)(x — 3)  «u3 15(a2 + 20) 225

0z —9-1 10z =9 — 1)(y/10z = 102 —9) — 1
9.3.61 lim Y10r—9-1_ . (VI0z-9-1)(/10x-9+1) (10 — 9)

P B — e (2 1)(v/10z - 9+1) T (@ - D)(V10z —9+1)
. 10(z — 1) 10 .

M TV —0 1) e (VI0r =91 1) 2

1 2 . T 2 . T —2 1 1
2.3.62 hm = lim — =lm|—— | =1lim — = —.
r—2 22—2 z=2 \z(x —2) z(x—2) z—2 \ z(r — 2) =21 2

54+ h)2—25 25 4+ 10h + h? — 25 h(104+ A
2.3.63 lim 21 — fim 22100 = i 20D lim (10 + /) = 10.
h—0 h h—0 h h—0 h h—0
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2 2 2
x° — 2cx + ¢ xr—c
2.3.64 lim - :hm( ) =limx—c=c—c=0.
T—c T —C T—c I —C T—c

2.3.65 We have

. w?+bkw + 4k? . (w+4k)(w+ k) . w+4k  —k+4k
lm —————— = lim ———++————~> = lim = = —-3.
w——k ’LU2 + k:w w——k (w)(w =+ ]f) w——k w —k?
2 AR2 2
If £ =0, we have hmwzlimw—zl.
wo—k w? + kw w0 W

2.3.66 In order for hm f(z) to exist, we need the two one-sided limits to exist and be equal. We have
hrgl flz) = hm (3x + b) =640, and hm flz) = lirgh(x —2) =0. So we need 6 4+ b = 0, so we require
T—ra— T—
that b = —6. Then hrn2 f(z) =
T—r

2.3.67 In order for limlg(x) to exist, we need the two one-sided limits to exist and be equal. We have
T——

lim g(z) = lim (22 —5z)=6,and lim g(z)= lim (a2®—7) = —a—7. So we need —a —7 = 6, 50
T——1— r——1— rz——1t z——1+

we require that a = —13. Then lim f(z) = 6.
rz——1

x® — 32 —2)(z* + 223 + 422+ 8 16
2.3.68 Iim iy W@ 2 AT 80 N6) 4008 L 2 484 16) = 164+ 16+
—2 z—2 xr—2 T2
16+16+16*80
6_1 1) (25 4 2t 4 2B 4 g2 1
2.3.69 lim © 2t — iy ET W@ T F TR o582 2
z—=1 r—1 z—1 r—1 z—1
7 _ 3 2 _ .
9.3.70 Tim L L gy @FVE bt mab R e ) e s e sy ) Sy
x——1 x+1 rz——1 x+1 rz——1
5 5 - 4 3 2,2 3 4
2.3.71 lim =% = lim (z = a)(@’ +aa” +a%a” + a’z + ) = lim (z* 4+ a2® + a*2? + a®z + a*) = 5a*.
r—=a T — r—a €T —a r—a
n__ n _ n—1 n—2 . n—2 n—1
2.3.72 lim 9 qpyy @@ dar™ b AT R 0T e g2y g2y
r—a T — Q T—a r—a T—a
an—l) _ nan—l.
Jr —1 Jr—1 1 1
2.3.73 lim Ve = lim \/f = lim — =-.
e=1l =1 el (Yr—1) (Va2 + Yz +1) =1 Va2 4+ Jr+1 3
-2 T —2 1 1
2.3.74 lim Ve =1 Ve i =

im = lim =—.
@16 . — 16  «—16 (Y —2)(Vad + 2Vr2 4+ 4T +8) w16 /g3 4 2V 4+ 49z 48 32

SDWELD L (@-DE+)
TDWETD e w1

2.3.76 lim ~1 . @-DWArF5+3) (- D)(VAr 5 +3)
zalm—iﬂ 1%1(\/4564_5_3)(\/4%_’_5_’_3)—xﬁl 4159 =
(z—1)(Viz +5+3) <m+s> 6 3

J Az — 1) Sl =172

= lim(vVz +1) =

2.3.77 lim 3(x—4)v/x+5 3(x—4)(v/x+5)(3++x+5) 3(x— 4)(\/;c+ )(3+vz+5 )
-3 =4 "3 05 (3= 15)(3+vz15) —(z+5)

lim, g 2D EDEEVETD) _ iy, [-3(v/Z + 5)(3+ Vo + 5)] = (—3)(3)(3 + 3) = —54.

= lim,_ 4 = lim,_4
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. x ) z(Vexr+1+4+1) . z(Vex+1+41)
2.3.78 Assume ¢ # 0. lim ———— = lim = lim ———— =
a=0/cx +1—1 =0 (vex +1—1)(Vexr +141) a—=0 (cx+1)—1
i r(Ver+14+1) (Vex+1+1) 2
750 cx = 250 c e
- . . . 5x—1) .
2.3.79 Let f(z) =2 — 1 and g(x) = =25. Then lim f(z) =0, lim f(z)g(z) = lim ————= = lim 5 =
€T r—1 r—1 =1 x—1 x—1
2
-1
2.3.80 Let f(z) = 22 — 1. Then lim Sfz) — lim 2 = lim(z+1) =2.
z—=1ox —1 z—1 r—1 x—1
-2 4
2.3.81 Let p(z) = 22 + 22 — 8. Then lim plr) = lim E=2)w+4) = lim(z+4) = 6.
T2 L — r—2 €xr — r—2

The constants are unique. We know that 2 must be a root of p (otherwise the given limit couldn’t
exist), so it must have the form p(x) = (x — 2)g(z), and ¢ must be a degree 1 polynomial with leading
coefficient 1 (otherwise p wouldn’t have leading coefficient 1.) So we have p(x) = (x — 2)(x + d), but because

lim2 P(:C)2 - lim2(x +d) =2+ d = 6, we are forced to realize that d = 4. Therefore, we have deduced that
T—2 T — z—

the only possibility for p is p(z) = (v — 2)(z +4) = 22 + 22 — 8.

2.3.82
a. L(¢/2) = Loy/1 — CL22 — Ly\/T— (1/4) = v/3Lo/2.
b. L(3¢/4) = Lo/1 — (1/c2)(3c/4)2 = Lo+/1 — (9/16) = \/TLo /4.

c. It appears that that the observed length L of the ship decreases as the ship speed increases.

d. lim Lo/1— (v2/c?) = Ly-0 = 0. As the speed of the ship approaches the speed of light, the observed
r—c~
length of the ship shrinks to 0.

2
2.3.83 lim r(S)= lim (1/2) (\/ 100 + 25 10) =0.
S—0+ S—0+ ™

The radius of the circular cylinder approaches zero as the surface area approaches zero.

2.3.84 lim d(t) = lim (3 —0.015¢)> = (3 — (0.015)(200))? = (3 — 3)® = 0. As time approaches 200
t—200— t—200—
seconds, the depth of the water in the tank is approaching 0.

4.35 4.35
2.3.85 lim F(z) = lim = ~ .0435 N/C.
z—10 () z—10 /22 4+ 0.01 10v/100.01 /

2.3.86 Because lim1 f(z) = 4, we know that f is near 4 when x is near 1 (but not equal to 1). It follows
T—
that lim1 f(:vQ) = 4 as well, because when z is near but not equal to —1, 22 is near 1 but not equal to 1.
T—>—

Thus f(2?) is near 4 when x is near —1.
2.3.87
a. Asz — 0", (1—2) = 1. So lim g(z)= lim f(1—z)= lim f(z)=6. (Where z=1-—1z.)

z—0t (1—z)—1— z—1—

b. Asz—0",(1—2z)—=1%. So lim g(z)= lim f(1—2z)= lim f(z)=4. (Where z=1-—1z.)

z—0~ (1—z)—1t z—1t
2.3.88

a. Suppose 0 < § < 7/2. Note that sinf > 0, so |sinf| = sinf. Also, sinf = |A—1C‘, so |[AC| = |sin6).
Now suppose that —7/2 < 6 < 0. Then sinf is negative, so |sinf| = —sind. We have sinf = ﬁ
so |[AC| = —sind = |sind|.

)
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68 Chapter 2. Limits

b. Suppose 0 < 6 < m/2. Because AB is the hypotenuse of triangle ABC, we know that |[AB| > |AC]|.
We have |sin | = |AC| < |AB| < the length of arc AB =6 = |6)].

If —7/2 < 6 < 0, we can make a similar argument. We have

|sinf] = |AC| < |AB| < the length of arc AB = —0 = |0).

c. If 0 <6 < m/2, we have sin = |sinf| < |0, and because sin 6 is positive, we have —|0| < 0 < sin6.
Putting these together gives —|f] < sin < |6].

If —7/2 < 6 < 0, then |sinf| = —sinf. From the previous part, we have |sinf| = —sinf < |6].
Therefore, —|0] < sinf. Now because sin  is negative on this interval, we have sinf < 0 < |f|. Putting
these together gives —|0| < sinf < |].

d. If 0 < 0 < /2, we have

0<1-cosf =|0OB|—|0OC| = |BC| < |AB| < the length of arc AB =0 = |6].

For —m/2 < 6 < 0, we have

0<1-cosf =|0OB|—|0C| = |BC| < |AB| < the length of arc AB = —0 = |0].

2.3.89 lim p(z) = lim (a,2" +ap_12" ' +---+a1x+ag) = lim (a,z") + lim (ap_12" ")+ -+ lim (a1 2) +
T—a T—a T—a T—a T—a

lim ag = a,, lim z"+a,_1 im 2"~ '+ +ay lim z4ag = an(lim z)"+a,_1(lim 1’)”71+' <+aq (lim z)4ap =
r—a r—a r—a r—a r—a r—a r—a

ana™ + ap_1a" "+ -+ aja+ag = p(a).

2.4 Infinite Limits

2.4.1

lim f(x) = —oo means that when x is very close x

to (but a little bigger than) a, the corresponding
values for f(x) are negative numbers whose abso-
lute value is very large.

2.4.2

y=r
lim f(z) = oo means that when z is close to (but
T—ra

not equal to) a, the corresponding values for f(x)
are very large positive numbers.

2.4.3 A vertical asymptote for a function f is a vertical line = a so that one or more of the following are
true: lim f(x) = oo, lim f(z) = +oo.
T—a~ r—at
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f(z)

2.4.4 No. For example, if f(z) = 22 — 4 and g(z) = x — 2 and a = 2, we would have lim ——~ = 4, even

22 g(x)
though ¢(2) = 0.

2.4.5 Because the numerator is approaching a non-zero constant while the denominator is approaching zero,
the quotient of these numbers is getting big — at least the absolute value of the quotient is getting big. The
quotient is actually always negative, because a number near 100 divided by a negative number is always

negative. Thus lim @ = —00
-2 g(x)

2.4.6 Using the same sort of reasoning as in the last problem — as x — 3 the numerator is fixed at 1, but
the denominator is getting small, so the quotient is getting big. It remains to investigate the sign of the
quotient. As z — 37, the quantity « — 3 is negative, so the quotient of the positive number 1 and this small
negative number is negative. On the other hand, as z — 37, the quantity x — 3 is positive, so the quotient

of 1 and this number is positive. Thus: lim = —o0, and lim = 00.
z—3- T — z—3t T —
x (;j11)2 r (ﬂzgjll)2
1.1 210 9 190
2.4.7 | 101 20.100 99 19.900 From the data given, it appears that lim1 f(z) = 0.
) . ) T—
1.001 2,001,000 .999 1,999,000
1.0001 | 200,010,000 | .9999 | 199,990,000
2.4.8 lim f(z) = 00, and lim f(z) = —oc.
r—3 r——1
2.4.9
a. zli>nll* f(z) = 0. b. Ilgg f(z) = c0. c. :}1—>Inl f(x) = oo.
d. lim f(z)= cc. e. lim f(z)= —o0. f. lim f(z) does not exist.
r—2— r—2+ z—2
2.4.10
a. ZILI?_ g(x) = co. b. qclinzrl+ g(z) = —o0. c. Cl1;1_>rr12 g(x) does not exist.
d. i = —00. A = —00. f. li = —00.
lim_g(z) = —c0 e. lim g(z) = —oo lim g(z) = —o0
2.4.11
i = _ b. lim h(x)= —oc. i = —00.
o A ha)= e A, )= oo ¢ m, h(z) = —oo
d. lim h(z) = cc. e. lim h(z) = —oc0. f. lim h(z) does not exist.
r—3— r—3+ T—3
2.4.12
d. i = —0o0. ol = —00. £ 1 = —00.
lim_ p(z) = —oco e. lim p(z) = —oo lim p(z) = —o0

Copyright (©) 2015 Pearson Education, Inc.



70 Chapter 2. Limits
2.4.13
. 1 ,
a. lim 5 = o0. : :
=0~ X% — X : :
1 ;
b. lim 5 = —o00. ’ %
x—0+t T° — T i x
. 1 i
c. lim — = —o0. I f
x—1- T° — X
1
=1+ T2 — T
2.4.14
y
a. lim zcotx = oo. 15
r—mt 10F
b. lim xcotz = —o0. st
T—T
c. lim zcotx = —o0.
r——mt
d. lim xcotx = oo.
T——T
2.4.15 2.4.16
y
| :
o :
1 5 3 i " .
2 H
-4
2.4.17
1 1
a. lm = 00. b. lim = —o0. . lim does not exist.
z—2+ T — 2 z—2- T — T2 — 2
2.4.18
a. lim —— = b. i 2 = i 2 does not exist
gy e . . Tirél7 @ —3) 00. - lim @ —3) oes not exist.
2.4.19
a limxi_zs:—oo b. lim To5 00 lim A 00
as—at (x—4)2 z—a- (x —4)? z—4 (x — 4)?
2.4.20
. T —2 -2 -2
a. lim ——— = —o0. b. lim — = 0. . lim ——2_ does not exist.

rz—1- (I — 1)3 o

vl (2 — 1)
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2.4.21
. r—1)(z—-2 —1)(xz—2 —1)(z—2
a. lim - D(z=2) =o00. b. lim E-E=2) = —00. c. lim -DE=2) does not exist.
z—3+ (a: — 3) T3~ (x — 3) x—3 (m — 3)
2.4.22
. r—4 —4 —4
a. lim le—4) = 00. b. lim (z=4) = —o0. c. lim (=4 does not exist.
a——2+ z(r + 2) a——2- x(x + 2) z——2 x(r + 2)
2.4.23
a hmw:_o@ b hmw__oo ¢ hmw__oo
Cao2t (z—2)2 ' Case- (z-2)2 ) Cas2 (x—2)2 .
2.4.24
o lim x® —ba? 4 6z im r(r—2)(x —3) lim x—3 e
Camoar at—dx? aoser 22(r—2)(z+2) a2+ z(x+2)
3_ k.2 — (g — _
b, lim 2T 70T ba” + b = lim —:1:(17 )z = 3) = lim — 2 5 = —00.
a——2-  xt — 4?2 e——2- 22(x —2)(x+2) a—n—2-z(x+2)
3 _ 5 2 6
c. Because the two one-sided limits differ, lim o e 4O does not exist.
-2 gt — 422
B A L et s
“as2 ozt —4a2 eo2x(x+2) 8
3 _ k.2 2(0
2.4.25 lm =27 i T e 5= 5
x—0 X x—0 x x—0
42100 . A(t—5)(t+5)
2
_ N (x —
2.4.27 lim vi o546 = lim w = co. (Note that as  — 17, the numerator is near 2, while
z—1+ z—1 z—1+ x—1

the denominator is near zero, but is positive. So the quotient is positive and large.)

z—5 )
2.4.28 lim —————— = lim ——— >
222102+ 242 2 (z—4)2(z—6)2

while the denominator is near zero but is positive. So the quotient is negative with large absolute value.)

= —00. (Note that as z — 4, the numerator is near —1

2.4.29
fim —5 0 i L 4o there isn’t a vertical tote at = = 5
a. lim ———— = lim —— = —, so there isn’t a vertical asymptote at = = 5.
z—5 2 — 25 =52+ 5H 10 yimp
b, lim L0 I there i tical tote at 5
. lim = lim = —00, so there is a vertical asymptote at x = —5.
z—=—5- 22 —25 ao-5-1+5 yip
r—5
c. m_l)u_nm 2 or x_l}{ner PR = oo. This also implies that x = —5 is a vertical asymptote, as we
already noted in part b.
2.4.30
x4+ 7 z+7 1
a. lim —— = lim ———— = lim ————— = —o¢, so there is a vertical asymptote
am7- 2t — 4922 o 22(x 4+ T)(x—T) en7- 22(x—7) yHp
at x =1T7.

Copyright (©) 2015 Pearson Education, Inc.



72 Chapter 2. Limits

bolim STy Ty
Caortat —4922 oot 22(e+ (2 —T7)  zor+ 22(z—T)

vertical asymptote at x = 7, as we already noted in part a.

= oo. This also implies that there is a

lim 2T I il I ! L So there is not tical
c. m —— = lim ——————— = lim = . So there is not a vertica
z——7 x4 — 4922 a——7x2(x+7)(x—7) a——7 2% (x = 7) —686
asymptote at x = 7.
) z+7 . x+7 . 1 . .
d. ;ll)% m = %% m = ill)% m = —0OQ. SO there is a vertical aSymptOte at
z=0.
2.4.31 f(x) = 7‘;2__9521164 = E;jggig Note that = = 3 is a vertical asymptote, while x = 2 appears to be
— -7
a candidate but isn’t one. We have lim f(z) = lim - = —oc and lim f(z) = lim - = 00, and
z—3+ z—3+ T — 3 T3~ z—=3- T — 3
thus lim f(x) doesn’t exist. Note that lim f(z) = 5.
z—3 r—2
2.4.32 f(x) = zfgixz) has vertical asymptotes at x = 0 and at © = —2. Note that cosx is near 1 when z is
near 0, and cos z is near —.4 when z is near —2. Thus, lim f(z) = 400, lim f(z) = —oc0, lim f(z) = oo,
z—0+ r—0— r——2+
and lim f(z) = —o0.
T——2"
2.4.33 f(x) = xg_i;rz}“x = x(if;)z. There are vertical asymptotes at + = 0 and z = 2. We have
1 1
wlirél_ flz) = wlirg_ I(.:Ti—’—_w = —o0, while gglirg{r fz) = wli%rg+ ﬁ = o0, and thus qlpll,% f(z) doesn’t
exist. 1 41
Also we have xligi flz) = xllg{ x(ﬁﬁ = oo, while xlﬂéh flz) = £11>1121+ h = oo, and thus

lim f(x) = oo as well.
T—2

2.4.34 g(x) = Tsf;gf;;wm = I(Iw_(i)fzfg). This function has no vertical asymptotes.

1
2.4.35 lim cscf = lim = 0

0—0+ 90+ sinf
2.4.36 lim cscx = lim — = —00.
z—0— rz—0— SINX
. . —10cosz n .
2.4.37 lim —10cotz = lim ——— = —oo. (Note that as 2 — 07, the numerator is near —10 and the
xz—0t z—0t sin @

denominator is near zero, but is positive. Thus the quotient is a negative number whose absolute value is
large.)
. 1 . sin '
2.4.38 lim —tanf = lim = —oo. (Note that as # — (7/2)", the numerator is near 1 and
0—(m/2)+ 3 6—(r/2)+ 3 cos b
the denominator is near 0, but is negative. Thus the quotient is a negative number whose absolute value is
large.)

2.4.39

a. lim tanz = —oo.
z—(m/2)t

b. lim tanx = oo.
z—(7/2)~

c. lim tanx = —o0.
z—(—m/2)F

d. lim tanx = oo.
z—(—m/2)~
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2.4.40
a. lim secztanx = oo.
w—(m/2)F
b. lim secxtanx = oc.
z—(m/2)~
c. lim secztanz = —oo.
z—(—m/2)t
d. lim secxtanx = —oo.
x> (—m/2)~
2.4.41
: L . . (z—=1)(x—-6) =5
o Pl iy )=l o) = i )= By (0250 =
1)(x—6
b. True. For example, lim f(z)= lim )(z —6) = —o0.
=1+ a——1+ (x — 1)(x + 1)
c. False. For example g(z) = 15 has lim g(z) = oo, but lim g(z) = —o0
r rz—1+ r—1—
2.4.42
y
6F
2 . s
One such function is f(z) = iié;ig = 3
(z—1)(z—3) —_— :
(z—1)(z—2)" =) i i 5
2L .
—4fF
: _ 1
2.4.43 One example is f(z) = —¢.
2.4.44 function || a | b | c | d | e | f
graph D|C|F|B|A|E
2.4.45 f(x) = f‘jgi””;ﬁf = (x;ga(f;)l). f has a vertical asymptote at = = 0, because lim f(z) = —oco (and
z—0
lim f(z) = co.) Note that lim1 f(z) = —1, so there isn’t a vertical asymptote at = = 1.
x—0— T—

2.4.46 g(x) = cot (az - g) has vertical asymptotes at = = ig, because lim cot (z - g) = —oo0, and

x—=7 /27

. T
lim cot (x — 7> = 00.

x——7/2T 2
2.4.47 h(z) = oS has a vertical asymptote at x = —1, because lim _cosr oo, and because
(z+1)3 a——1+ (x +1)3
lim h(z) = —occ.
r——1"
2.4.48 p(x) = sec(mx/2) = m has a vertical asymptote on (—2,2) at x = +1.

Copyright (©) 2015 Pearson Education, Inc.



74 Chapter 2. Limits

2.4.49 ¢(0) = tan(w0/10) = % has a vertical asymptote at each § = 10n + 5 where n is an integer.
This is due to the fact that cos(w6/10) = 0 when 70/10 = 7/2 + nm where n is an integer, which is the same
as {0: 0 = 10n + 5,n an integer}. Note that at all of these numbers which make the denominator zero, the

numerator isn’t zero.

2.4.50 ¢(s) = —=— has a vertical asymptote at s = 0. Note that this is the only number where sin s = s.
S—sin s
2.4.51 f(x)= \/E:ecx = Cf/sg has a vertical asymptote at = = 0.

2.4.52 Note that g(z) is defined only when z(2?—1) > 0, i.e. for z € (—1,0)U(1,00). Then lim+ g(x) = oo,
r——1

lim g(z) = oo, lim g(z) = oo, so that g(x) has vertical asymptotes for z = £1,0.
z—0— z—1t

2.4.53
a. Note that the numerator of the given expression factors as (z — 3)(z —4). So if a = 3 or if a = 4 the
—3)(z—4 —3)(z—4
limit would be a finite number. In fact, lim M = —1 and lim M =1.
x—3 r—3 r—4 xr — 4

b. For any number other than 3 or 4, the limit would be either +cc. Because = — a is always positive
as x — a™, the limit would be +o0o exactly when the numerator is positive, which is for a in the set
(—00,3) U (4, 00).

¢. The limit would be —oo for a in the set (3,4).

2.4.54

a. The slope of the secant line is given by M = # = h~2/3,

. 1
" Vi

tangent line at (0,0) is vertical.

= oo. This tells us that the slope of the tangent line is infinite — which means that the

2.4.55
H0—1©) _ B2 _ s,

a. The slope of the secant line is -

b. lim —— = 00, and lim —— = —oco. The tangent line is infinitely steep at the origin (i.e., it is a
h—0+ h1/3 h—0— h1/3 & Y P s (
vertical line.)

2.5 Limits at Infinity

2.5.1

As z < 0 becomes large in absolute value, the
corresponding values of f level off near 10.

2.5.2 A horizontal asymptote is a horizontal line y = L so that either lim f(x) =L or lim f(z)=L (or
r—r 00 Tr—r—00
both.)
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2.5. Limits at Infinity (0]

2.5.3 If f(x) — 100,000 as x — oo and g(x) — oo as & — oo, then the ratio 583 — 0 as x — co. (Because
eventually the values of f are small compared to the values of g.)

2.5.4 As x — +o00, sinx remains between —1 and 1, so that lim,_,~, g(z) = 0 and lim,_, ., g(x) = 0.

2.5.5 lim (—22%) = —o00, and lim (—22%) = occ.
T—r00 T——00

2.5.6 The line y = 0 may be a horizontal asymptote, the line y = a where a # 0 may be a horizontal
asymptote, and the limit at £o0 may not exist either with or without a slant asymptote.

2.5.7 )
. 1—2 1 . 1—2x . 1—2x
S e =y S =0 Jim

2.5.8

Asz — oo (or as x — —00), cos z oscillates between —1
and 1. Thus neither lim cosz nor lim cosx exists.

r—00 r——00

2.5.9 lim (3 + 10/2?) = 3 + lim (10/2%) =340 = 3.
2.5.10 lim (5+1/z + 10/2%) =5+ lim (1/2) + lim (10/2%) =5+ 0+0=5.

cos
= 0. Note that —1 < cosf < 1, so —0% < C‘;Szg < 9%. The result now follows from the

2.5.11 Glim

—oo 02
squeeze theorem.

3+ 2z + 422 3 2 42 2
2.5.12 Tim 2" i 2 4 lim 2E 4 lim e =04 lim S 4 lim A= 04044 =4,
Z—300 2 z—o00 2 z—oo 2 az—oo x2 T—00 T X300
COS.I5 5 —1 cos x° 1 1 1 1 -1
2.5.13 lim = 0. Note that —1 < cosz”> < 1,50 == < < —=. Because lim — = lim — =

. cosz®
0, we have lim

T—00 \/5

= 0 by the squeeze theorem.

100 | sin(a®
2.5.14 lim (5 + — + Sm(f)) =5+0+0 = 5. For this last limit, note that 0 < sin*(z%) < 1, so
x T

T——0Q

.4 3
0< Smx# < x% The result now follows from the squeeze theorem.

2.5.15 lim 2'% = co. Note that z'2 is positive when x > 0.
Tr—r 00

2.5.16 lim 3z'! = —co. Note that 2! is negative when z < 0.
T——00
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76 Chapter 2. Limits

2.5.17 lim 7%= lim — =0.
2518 lim 2= lim —— —0.
2.5.19 lim (32'? — 927) = cc.
2.5.20 lim (327 +2?) = —oc.

2.5.21 lim (32 +2) = —.

2
2.5.22 lim 2z %= lim — =0.

T——00 T——00 I
. 12
2.5.23 lim (-1227°) = lim —— =0.
T—00 r—00 I

2.5.24 lim (20 %+4+42%) =04+ lim 42® = —oc.

T——00 T——00
) 4 1/x ) 4 4 1 . 1 .
2.5.25 xll)rrgo 0w 11— Jim W01 1/7 = mlggo m =5 =5 Thus, the line y = £ is a horizontal
asymptote.
) 4z ) 4z 1/x . 4 4 1 . .
acgriloo s+l xEIPoo 051 1/7 = xgriﬂoo m =3 =5 This shows that the curve is also

asymptotic to the asymptote in the negative direction.

2 _ 2 _ 2 _ 2 _
2.5.26 lim oL 1 _ qpg o2 =T Mem g 3= 320

az—oo £2 +bx  2—oox?45x 1/a?  a—oo 14 (5/x) 140
horizontal asymptote.

2 2 _ 1/x2 _ 2 _
lim so” =T = lim 5z 7. [z = lim 3= (7/a") = 30 = 3. Thus, the curve is also
g——o0 22 +5r  wo—ocx?+br 1/x? a——oc0 1+ (5/x) 140

asymptotic to the asymptote in the negative direction.

= 3. Thus, the line y = 3 is a

. (62— 9z +8) 1/x? . 6—-9/z+8/2 6-0+0
2.5.27 1 : =1 -
s (322+2)  1/a2 w3+ 2/z2 340

line y = 2 is a horizontal asymptote.

= 2. Similarly lim f(z) =2. The
r—r—00

2 _ 2 _ 2 —
9528 lm @ =70 Y= 0 4T 40
z—oo (822 +5x +2) 1/22 25008+ 5/x+2/2?

line y = % is a horizontal asymptote.

1o . . 1
1010 -2 Similarly acll}r_noO flx) = 3 The

33— 7 33— 7 3/2t 1/2 — (7/ 2 0-0
9599 lim S5 7 _ g S 7 3/2% Yz —(7/2Y)

g—oo x4 + 522 woocoxd + 522 1/24  z—oo 14 (5/22) 140
z-axis) is a horizontal asymptote.

= 0. Thus, the line y = 0 (the

3 3 4 1 o 4 _
lim ST = lim ST . 3/x = lim [z = (1/z) = 0-0 = 0. Thus, the curve is
z——oc0 x4 + 5x? g——oco xt + 5x2  1/x4 z——o0 1+ (5/x2) 140
asymptotic to the z-axis in the negative direction as well.
4 4 5 5
2.5.30 lim -~ T g ST Mo, WO RO 080y e
z—oo g% + 12 —x  aooco x4 a2 —x 1/25  w—ocol4(1/23)—(1/2%) 140-0
line y = 0 (the z-axis) is a horizontal asymptote.
4 4 5 5
m ST gy 2T Ve oA @Y) 040 e

eo—o0 20 4+ a2 —x  w——coad a2 —x 1/25  as-oco 1+ (1/23) — (1/zY)  14+0—0
curve is asymptotic to the z-axis in the negative direction as well.
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2 1) 1/2* 2/23 4+ 1/24
2.5.81 lim oD Mo Yo lja 040

e—oo (324 —2) 1/2%  a—=oe 3—2/24 3—0
a horizontal asymptote.

) (1228 —3)  1/a8 . 12-3/2%  12-0

2.5.32 1 : =1 =

r00 (325 — 227) 1/28 oo 3—2/z  3-0
is a horizontal asymptote.

(402° + 2%)  1/at

= 0. Similarly lim f(z) =0. The liney =0is
r—r—00

= 4. Similarly lim f(z) =4. The liney =4
Tr—r— 00

40z + 1/22

2.5.33 wlgrolo (1627 = 22) : /20 = Ilg{)lom = 00. Similarly wli)IPoo f(z) = —oo. There are no
horizontal asymptotes.
—z3+1) 1 —z? 41
2.5.34 lim 2+l . Yz = lim e Al = —oo. Similarly lim f(z) = —oc. There are no horizon-
T—00 (2£C+8) l/x T—00 2+8/5E T——00

tal asymptotes.

2.5.35

a. f(z) = x;+—B =x—06+ %EG The oblique asymptote of f is y = z — 6.

E 20}

Because lim f(x) = oo, there is a verti- L k -
z——6+ L e P 5 2 X
b. cal asymptote at z = —6. Note also that —  _....ee- Fommmennts
lim f(z) = —occ. o
r——6— ﬁ .
. —40f
C. : —60k
2.5.36

a. f(x) = 22_;21 =x—2+ %4_2 The oblique asymptote of f is y =z — 2.

: st
Because lim f(z) = oo, there is a verti- ‘ ‘ \ .
z——2+ = 3 ) T e T

b. cal asymptote at x = —2. Note also that TP

L L . -s[
lim f(z) = —oc. :
r——2" —j :

' —10f

c. : -1st

2.5.37
a. f(z) = % =(1/3)x —4/9+ 9(%772) The oblique asymptote of f is y = (1/3)z — 4/9.

Because lim  f(z) = oo, there is a verti- 2f
z—(2/3)+ e
b. cal asymptote at @ = 2/3. Note also that 4 T e e
]' = — . ;-,""';:-—_\g,
,im, f(xz) = -0
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78 Chapter 2. Limits

2.5.38

a. f(z) = 3”?2?‘7 (3/2)x +11/4 + 0 S T35y Lhe oblique asymptote of f is y = (3/2)x +11/4.

y

40t *
Because lim f(z) = oo, there is a verti- ol :
o (5/2)+ .

b. cal asymptote at @ = 5/2. Note also that [ ..oocceeeemmaeenes Beeememmmenes

I . - i Sy ;
,im f(z) = —o0

2.5.39

a. f(z) = W =dx+4+ 1+ +. The oblique asymptote of f is y = 4x + 4.

. There are no vertical asymptotes.

c.
2.5.40
a. f(z) = %_ﬁ% =z -2+ 3“_4 The oblique asymptote of f is y = x — 2.
y
104
Because  lim  f(x) = oo, there is a verti- AN
w—(—4/3)+ ‘ .t ——
b. cal asymptote at x = —4/3. Note also that - R T 2 :

lim  f(z) = —o0.

o (~4/3)~ —\ Y
c. P
43 + 1 1/.733

2.5.41 First note that V26 = 2% if > 0, but Va6 = —23 if £ < 0. We have lim =
T—00 (2:53 + A /16$6 ) 1/1-3

lim 4+1/23 4+0 2
Hoo2+\/16+1/x6 T 241640 3
da3 + 1 RV 4+1/23 440 4
However, lim ;= lim = =—=-2
r-o0 (208 + /1620 + 1) 1/a3  25-2 /16 +1/28 2-16+0 —2
So y = % is a horizontal asymptote (as # — 00) and y = —2 is a horizontal asymptote (as x — —00).

2.5.42 First note that Va2 = z for > 0, while Va2 = —x for < 0. Then lim f(z) can be written as
Tr—r0o0

Y71 1/Va? hy VI 1

i = lim Y—— =~
z—oo 2x + 1 1/x z—oo 24 1/x 2
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2.5. Limits at Infinity 79

However, lim f(z) can be written as
Tr—r—00

Vet 41 1/Va? ey VI 1

im = = .
z——oo 2x +1 —1/x z——o00 —2—1/x 2

6
2.5.43 First note that /26 = 22 and Va* = 22 for all 2 (even when x < 0.) We have lim vt +8

=00 (472 + /3x* + )
1/22 I 1 +8/xb 1 1
= lim = = .
122 a=ood 4 \/34+1/2% 4+V3+0 443

The calculation as z — —oo is similar. So y = 4+1 73 is a horizontal asymptote.

2.5.44 First note that V22 = z for x > 0 and Va2 = —z for < 0.
We have

, . 4x(Br — V922 + 1)(3x + V922 + 1)
lim 42(3x — /922 + 1) = lim
T—00 ( ) T—00 3r+ V922 +1
— lim (4:0)( 1) 1/35
=1
z—00 3x+\/9x2 +1) 1/96
4 2

lm ———— = = = 2,
T—00 3Jm/9+1/gc2 6 3

Moreover, as x — —oo we have

4 — V922 +1 Vo2 +1
lim 4z(3z — V922 +1) = lim z(3z 922+ Bz + voa +1)
T——00 T——00 3x+vV9r2 +1
G U
e=-00 (3z++922 +1) 1/
4
= lim

pomoo 30+ 1ja%

Note that this last equality is due to the fact that the numerator is the constant —4 and the denominator
is approaching zero (from the left) so the quotient is positive and is getting large.
Soy = f% is the only horizontal asymptote.

2.5.45

0.10

False. For example, the function y = M

on the 0.05 /\ /\
a. dom;.iin [1,00) has a hOI:iZf)ntall asymptote (?f y=0, \f V/\VAVA‘VAV
and it crosses the z-axis infinitely many times. —0.05}

-0.10}

b. False. If f is a rational function, and if lim f(z) = L # 0, then the degree of the polynomial in the
Tr—00
numerator must equal the degree of the polynomial in the denominator. In this case, both lim f(x)
T—r 00
and hm flx) = Z—n where a,, is the leading coefficient of the polynomial in the numerator and b,, is

the leadlng coefficient of the polynomial in the denominator. In the case where hm f(z) = 0, then

the degree of the numerator is strictly less than the degree of the denominator. ThlS case holds for
lim f(x) =0 as well.
Tr—r—00
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80 Chapter 2. Limits

c. True. There are only two directions which might lead to horizontal asymptotes: there could be one as
x — oo and there could be one as * — —oo, and those are the only possibilities.

2.5.46
24z +3 24z +3
a. lim rodrts =00, and lim rodrts = —00. There are no horizontal asymptotes.
T—00 x—1 T——00 xr—1
b. It appears that x = 1 is a candidate to be a vertical asymptote, but note that f(z) = % =
(“"7?# Thus lim1 f(z) = liml(x —3) = —2. So f has no vertical asymptotes.
Tr—r r—
2.5.47
. 223+ 1022 + 122 (1/a3) . 2410/x + 12/ . _
a. xlgrolo PN . /)~ 3ngrr;o T+2/z = 2. Similarly, xEI—noo f(z) =2. Thus, y =2
is a horizontal asymptote.
r\xr xT . 2 3 . . .
b. Note that f(x) = 2(;# So hm f(z) = lim Hz+3) = 00, and similarly, lim f(z) = —oc.
(z+2) z—0t z—0~
There is a vertical asymptote at x = 0 Note that there is no asymptote at * = —2 because lim2 fz) =
T——

—1.

2.5.48

. V16xt + 6422 + 22 (1/2?) «/16—1—64/3:2—!—1
a. We have mlin;o 527 — 4 . /22 ~ zﬁoo 2= 1/a?
So y = 5 is a horizontal asymptote.

. Similarly, EIP flz) =<

b. lim f(z)= lim f(z)=o00,and lim f(z)= lm f(x)= —oo so there are vertical asymp-
m%f z——2" z—/2" T—— f+
totes at x = if.
2.5.49
3zt + 323 — 3622 (1/2%) , 3+3/z — 36/2> . .
a. We have Im =5 oiag  (ah) — o T o521 1aajpt o Smilarly, lim flz) =

So y = 3 is a horizontal asymptote.

322 (z+4)(z—3 . :
b. Note that f(x) = (w+4)x(r(fi)(;(f3)(lf3). Thus, 1_1>H_ng+ f(r) = —oo and I_l}lr_rg_ f(xz) = oo. Also,
lim f(z) = —oc and lim+ f(z) = co. Thus there are vertical asymptotes at x = —3 and = = 4.
r—4- z—4
2.5.50

a. First note that

422 + V1621 +1 1622
422 + V162 + 1 422 + 1625+ 1

f(x) = 162%(42% — /1624 + 1) -

We have lim 162° <1/ m2) lim — 16 —2. Similarly, the limit as
AY - - ’
to00 432 + /1620 + 1 (1/a2)  @—oo 44 /16 + 1/at 1/x4 Y
x — —oo of f(x)is —2 as well. so y = —2 is a horizontal asymptote.

b. f has no vertical asymptotes.

2.5.51
29 (1/2? 1—9/z?
a. lim * m = lim 7@ = 1. A similar result holds as * — —o0. So y = 1 is a horizontal
z—oo 22 — 3z (1/2%2) z—0c 1-—3/x
asymptote.
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2.5. Limits at Infinity 81

z+3
b. Because lim f(z)= lim R oo and lim f(x) = —oo, there is a vertical asymptote at x = 0.
z—01 rz—0t T z—0—

2.5.52

r—1 1/2%/3 /3 —1/2%/3

a. wlirrgo 51 /2273 = wlirr;ow = 00. Similarly, mErﬁnoof(x) = —o00. So there are no
horizontal asymptotes.
b. There is a vertical asymptote at x = —1. The easiest way to see this is to factor the denominator as

the difference of squares, and the numerator as the difference of cubes. We have

o) r—1 (213 — 1) (2?3 + 23 +1)
xTr) = =
22/3 1 (/3 +1)(21/3 — 1)

Thus

)

1172/3 + x1/3 +1

li = 1l = 0.
m @)= i oy T
Similarly, lim f(x)= —oc.
r——1—
2.5.53
: _ V224 2046-3 /224224643 _ 2% 422469 _ (z—1)(x+3)
a. First note that f(z) = 1 " VaPt2z 1643 (2-1)(Vz2+2216+3)  (z—1)(Va2122+6+3) "
Thus
x+3 1/x 1+3/x

lim f(z) = lim =

- ——— = lim =1
z—r00 =00 \/72 + 22 +6+3 1/ w00 /14 2/x+6/22+3/x
Using the fact that Va2 = —x for < 0, we have lim f(x) = —1. Thus the lines y =1 and y = —1
r—r—00
are horizontal asymptotes.

b. f has no vertical asymptotes.

2.5.54
. 2 2 . ‘1 - l'2| . 1:2 - ]- . .
a. Note that when x is large |1 — 2% = z* — 1. We have lim = lim = 1. Likewise
T—00 x2+x T—00 3:24—;5
.1 —a?| _ox?—1 . .
lim = 1 = 1. So there is a horizontal asymptote at y = 1.
-0 T2 41 oo x2 4+ x
1—
b. Note that when x is near 0, we have |1 —2?| = 1—2? = (1—2z)(14+2). So lim f(z) = lim T .
z—0*t z—0t T
Similarly, lim f(x) = —oo. There is a vertical asymptote at x = 0.
z—0—
2.5.55

a. Note that when = > 1, we have |z| =z and |z — 1| = 2 — 1. Thus

Vitor—1 1
Vi+vVe—1 Jz+Vr—1

f() = (Vi —VE=T).
Thus lim f(z)=0.
Tr—r00
When z < 0, we have || = —z and | — 1] =1 — x. Thus

(VF— _x_ﬁ+\/1—x__ 1
fo) =W =Vi=o) e = = =

Thus, lim f(z) = 0. There is a horizontal asymptote at y = 0.
Tr—r— 00

b. f has no vertical asymptotes.
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2.5.56

One possible such graph is:

2.5.57
y
One possible such graph is: , . . . . " x
6 -4 -2 2 4 6
2.5.58

2z 2
m ———— — lim — 9
rotoo (/g2 —p —2  zoFoo /1 —1/x—2/x?

so that f(x) has a horizontal asymptote at y = 2. It has vertical asymptotes where the denominator is zero,
which happens when 2% — 2 —2 = (z — 2)(x + 1) = 0. Thus the vertical asymptotes are at = 2 and z = —1.

9.5.50 lm STH2VE o cosz A2V
70" \/5 T—00 \/E T—00
at = 0 and a horizontal asymptote at y = 2.

lim (2 + COS$> = 2. There is a vertical asymptote

Jz

2500
2.5.60 lim p(t) = lim —— = 0. The steady state exists. The steady state value is 0.
t—00 t—oo t+ 1
. . 3500t . .
2.5.61 lim p(t) = lim —— = 3500. The steady state exists. The steady state value is 3500.
t—00 t—oo ¢4+ 1
1500¢2 1500
2.5.62 tlgglo W13 tgglo m = 750, so that the steady-state population value is 750.
. . t +sint . sint .
2.5.63 lim a(t) = lim 2 = lim 2 ( 1+ —— ) = 2. The steady state exists. The steady state
t—o0 t—00 t—o0 t
value is 2.
. .4
2.5.64 lim f(n)= lim — =0.
n—oQ n—oo n
2.5.65 lim f(n) = lim " — Tim [1— (1/n)] = 1
565 lim f(m) = Jim === lim 1 - (/)] =1
n2
2.5.66 lim f(n)= lim = lim = 00, so the limit does not exist.
n— 00 n—oo n + 1 n—oo | + 1/n
2.5.67 nhHH;O fln)= nhHH;O o nl;rr;o[l/n+ 1/n%] =0.
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2.5.68
a. Suppose m = n.

1 n

lim f(a)= lim 2. 12
r—+oo r—+oo q(l‘) 1/!En

U+ Qp_1/T+ -+ a1 /z" " + ap /2"

.
s b0 bp +bp_1/x+ -+ by /an L+ b/

_n
= . X
b. Suppose m < n.
1 /™
lim f(z)= lim p@) Lz
r—+oo r—+oo q(ac) ]./(En
) an/mn—m + anil/xn—’m—i-l S al/xn—l + ao/xn
= lim
z—+oo bn—i-bn_l/;z:—l-ﬁ—bl/x”*l—l—bo/a:”
0
)
br,

2.5.69

a. No. If m = n, there will be a horizontal asymptote, and if m = n + 1, there will be a slant asymptote.

o

b. Yes. For example, f(x) = T

Yy=—xrasxr— —oQ.

has a slant asymptote of y = = as x — oo and a slant asymptote of

2.6 Continuity

2.6.1

a. a(t) is a continuous function during the time period from when she jumps from the plane and when
she touches down on the ground, because her position is changing continuously with time.

b. n(t) is not a continuous function of time. The function “jumps” at the times when a quarter must be
added.

c. T(t) is a continuous function, because temperature varies continuously with time.

d. p(t) is not continuous — it jumps by whole numbers when a player scores a point.

2.6.2 In order for f to be continuous at x = a, the following conditions must hold:
e f must be defined at a (i.e. @ must be in the domain of f),

e lim f(z) must exist, and
Tr—a

e lim f(x) must equal f(a).

r—a

2.6.3 A function f is continuous on an interval [ if it is continuous at all points in the interior of I, and it
must be continuous from the right at the left endpoint (if the left endpoint is included in I) and it must be
continuous from the left at the right endpoint (if the right endpoint is included in I.)
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84 Chapter 2. Limits

2.6.4 The words “hole” and “break” are not mathematically precise, so a strict mathematical definition can
not be based on them.

2.6.5

a. A function f is continuous from the left at x = a if a is in the domain of f, and lim f(z) = f(a).
Tr—a

b. A function f is continuous from the right at = = a if @ is in the domain of f, and lim+ f(z) = f(a).
r—a

2.6.6 A rational function is discontinuous at each point not in its domain.

2.6.7 The domain of f(z) = /1 — a2 is the set of real numbers = so that 1 —z? > 0, i.e. [~1,1]. The
function is continuous on its domain.

2.6.8 The Intermediate Value Theorem says that if f is continuous on [a,b] and if L is strictly between
f(a) and f(b), then there must be a domain value ¢ (with a < ¢ < b) where f(¢) = L. This means that a
continuous function assumes all the intermediate values between the values at the endpoints of an interval.

2.6.9 f is discontinuous at = 1, at * = 2, and at + = 3. At x = 1, f(1) does not exist (so the first
condition is violated). At z = 2, f(2) exists and lim2 f(z) exists, but lim2 f(z) # f(2) (so condition 3 is
r— xr—

violated). At x = 3, lim3 f(z) does not exist (so condition 2 is violated).
T—

2.6.10 f is discontinuous at x = 1, at z = 2, and at * = 3. At z =1, lim1 f(z) # f(1) (so condition 3 is
—
violated). At x = 2, lim2 f(z) does not exist (so condition 2 is violated). At x = 3, f(3) does not exist (so
z—

condition 1 is violated).

2.6.11 f is discontinuous at x =1, at x =2, and at x = 3. At x =1, lim1 f(x) does not exist, and f(1) does
r—r
not exist (so conditions 1 and 2 are violated). At x = 2, lim2 f(z) does not exist (so condition 2 is violated).
z—

At 2 =3, f(3) does not exist (so condition 1 is violated).

2.6.12 f is discontinuous at x = 2, at x = 3, and at x = 4. At z = 2, lim2 f(x) does not exist (so condition
z—
2 is violated). At z = 3, f(3) does not exist and lir% f(z) does not exist (so conditions 1 and 2 are violated).
Tr—r
Atz =4, hn}; f(z) # f(4) (so condition 3 is violated).
T—

ion i ; 5041541 _ 66 _ 33 . . 202 +3x+1
2.6.13 The function is defined at 5, in fact f(5) = T = 50 — 95 Also, 11m5f(:r) = hm5 P rmr =
z— T T T

33
% = f(5). The function is continuous at a = 5.
2.6.14 The number —5 is not in the domain of f, because the denominator is equal to 0 when z = —5.

Thus, the function is not continuous at —5.
2.6.15 f is discontinuous at 1, because 1 is not in the domain of f.
2.6.16 ¢ is discontinuous at 3 because 3 is not in the domain of g.

2.6.17 f is discontinuous at 1, because lim1 f(z) # f(1). In fact, f(1) =3, but lim1 fz) =2.
Tr—r Tr—r

—-3)(x—1
2.6.18 f is continuous at 3, because lim f(x) = f(3). In fact, f(3) = 2 and lim f(x) = lim E=3)@=1) =
z—3 z—3 z—3 x—3
lim(x —1) =2.
r—3

2.6.19 f is discontinuous at 4, because 4 is not in the domain of f.
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1
2.6.20 f is discontinuous at —1 because limlf(x) = lim se+l)
T——

z——1 x+1 :zgnfllm:_l?éf(_l)ZQ

2.6.21 Because f is a polynomial, it is continuous on all of R.

2.6.22 Because g is a rational function, it is continuous on its domain, which is all of R. (Because 2% +x + 1
has no real roots.)

2.6.23 Because f is a rational function, it is continuous on its domain. Its domain is (—oc0, —3) U (—3,3) U
(3,00).

2.6.24 Because s is a rational function, it is continuous on its domain. Its domain is (—oo,—1) U (—1,1) U
(1, 00).

2.6.25 Because f is a rational function, it is continuous on its domain. Its domain is (—oo, —2) U (—2,2) U
(2, 00).

2.6.26 Because f is a rational function, it is continuous on its domain. Its domain is (—oo, —2) U (—2,2) U
(2,00).

)40

2.6.27 Because f(x) = ( 8 — 325 — 1) is a polynomial, it is continuous everywhere, including at 0. Thus
1140

lim f(x) = f(0) = (-1 = 1.

4
2.6.28 Because f(z) = (m) is a rational function, it is continuous at all points in its domain,

81
includi tx=2.So li =f(2)=—.
including at x ox1_>r112f(x) f(2) 16
4
2.6.29 Because f(z) = (i—j_g) is a rational function, it is continuous at all points in its domain, including

at © = 1. Thus lim1 flx) = f(1) = 16.
z—

2z +1\° f
2.6.30 lim < vt > — lim (24 (1/2))® = 2° = 8.

—00 x —00

2.6.31 Because 2® — 222 — 8z = (2% — 22 — 8) = x(x — 4)(x + 2), we have (as long as = # 4)

3 — 222 — 8x
— = Vz(z +2).

r—4 -

3 _ 902 8§
Thus, hnﬁ \/ % = 1irr}1 Va(z+2) = V24, using Theorem 2.11 and the fact that the square root
z— xr — z—

is a continuous function.

2.6.32 Note that t — 4 = (vt — 2)(\/t +2), so for t # 4, we have

t—4
=Vt+2.
Vi—2

ot
Thus, %gl}l N

= %m}l(\/{f +2) = 4. Then using Theorem 2.11 and the fact that the tangent function is
e

. . t—4 . t—4
continuous at 4, we have lim tan | ——— ) = tan ( lim = tan4.
t—4 \/i —2 t—4 \/E — 2
. sinwz . . . .
2.6.33 Recall that lim —— = 1. Now noting that the function f(z) = cos2z is continuous at 1, we have

x
94 .
by Theorem 2.11 that lirr%) cos < smx) = cos (2 (lim smx)) =cos(2-1) =cos2.
z—

T z—0 X
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2.6.34 First note that

x (\/16x+1+1)_lim z(vibz+1+1) 2 1

xX
= 1. .
om0 VI6z +1—1  oo0 (V16z 11— 1) (V16 T 1+1) a0 162 16 8

1/3 1/3
1 1
Then because = z'/3 is continuous at 1/8, we have lim S = (= =, b
n use f(z) = /9 i inuous /8, we hav lim TS 5 5 by

Theorem 2.11.

2.6.35 f is continuous on [0,1), on (1,2), on (2, 3], and on (3,4].
2.6.36 f is continuous on [0,1), on (1,2], on (2,3), and on (3,4].
2.6.37 f is continuous on [0,1), on (1,2), on [2,3), and on (3, 5].
2.6.38 f is continuous on [0,2], on (2,3) , on (3,4), and on (4, 5].
2.6.39

a. fis defined at 1. We have f(1) = 12+(3)(1) = 4. To see whether or not lim1 f(z) exists, we investigate
xT—r
the two one-sided limits. lim f(z) = lim 2z =2, and lim f(z) = lim (2 + 3z) = 4, so lim f(z)
z—1- z—1- z—1+ z—1+ r—1
does not exist. Thus f is discontinuous at = = 1.

b. f is continuous from the right, because lim f(z) =4 = f(1).

z—1+

c¢. f is continuous on (—oo, 1) and on [1,00).
2.6.40

a. f is defined at 0, in fact f(0) = 1. However, lim,_,o- f(z) = lim, o (2® + 42 + 1) = 1, while
lim,_,o+ f(x) = lim,_,o+ 223 = 0. So lim,_o f(z) does not exist.

b. f is continuous from the left at 0, because lim,_,o- f(z) = f(0) = 1.
c. fis continuous on (—o0,0] and on (0, c0).

2.6.41 f is continuous on (—oo, —v/8] and on [v/8, c0).

2.6.42 ¢ is continuous on (—oo, —1] and on [1, o).

2.6.43 Because f is the composition of two functions which are continuous everywhere, it is continuous
everywhere.

2.6.44 f is continuous on (—oo, —1] and on [1, c0).

2.6.45 Because f is the composition of two functions which are continuous everywhere, it is continuous
everywhere.

2.6.46 f is continuous on [1,00)

2.6.47 hm,/4x+10 \/ 8 _3
2r — 2

2.6.48 lim (x 4 Y2 ): 1244} T0- 34 YR _34-92— 5.
r—r—

2.6.49 1in§ V2 4+ T7T=vV94+T7T=4
z—
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t2+5 9 9
2.6.50 lim = =_,
t=2141245 1++/9 4

2.6.51 f(x) = cscx isn’t defined at x = km where k is an integer, so it isn’t continuous at those points. So it is

continuous on intervals of the form (k7 (k+1)7) where k is an integer. lim cscz = V2. lim escz = —o0.
r—m/4 27

2.6.52 f(x) = v/sinz is continuous wherever it is defined. It is defined when sinz > 0, i.e. for 2nm < z <
(2n + 1)m where n is an integer. Then lim2 Vsinz = \/sinw/2 = 1, and lin}) Vsinz = Vsin0 = 0.
>

z—m/

2.6.53 f isn’t defined for any number of the form /2 + kn where k is an integer, so it isn’t continuous
there. It is continuous on intervals of the form (7/2 + km,7/2 4+ (k + 1)7), where k is an integer.

_1f\/§/2:\[

li =o0. i = 3—-2
oy T = oo A T =T
1
2.6.54 f(x) is continuous where it is defined. It is defined when 2cosx — 1 # 0, i.e. for all

" 2cosz — 1
real numbers = except for x = +7/3 4+ 2n7 where n is an integer. Then

1 1 1
lim = = .
aom/62cosr —1  2(/3/2) -1 3-1

2.6.55

a. Because A is a continuous function of r on [0, .08], and because A(0) = 5000 and A(.08) & 11098.2, (and
7000 is an intermediate value between these two numbers) the Intermediate Value Theorem guarantees
a value of r between 0 and .08 where A(r) = 7000.

A

10000 -

Solving 5000(1 + (r/12))!2° = 7000 for r, we see 8000

b, that (14 (r/12))'20 =17/5, 50 147/12 = "}/7/5, 6000
sor =12('%/7/5 — 1) ~ 0.034. 4000

2000

N N N Lop
0.02 0.04 0.06 0.08

2.6.56

a. Because m is a continuous function of r on [.06,.08], and because m(.06) ~ 899.33 and m(.08) =~
1100.65, (and 1000 is an intermediate value between these two numbers) the Intermediate Value The-
orem guarantees a value of r between .06 and .08 where m(r) = 1000.

1100

1050 -
Using a computer algebra system, we see that the
b.  required interest rate is about 0.0702.

1006

950

L L -
0.065 0.070 0.075 0.080
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2.6.57

a. Note that f(z) = 22 + o — 2 is continuous everywhere, so in particular it is continuous on [—1,1].
Note that f(—1) = =5 < 0 and f(1) =1 > 0. Because 0 is an intermediate value between f(—1) and
f(1), the Intermediate Value Theorem guarantees a number ¢ between —1 and 1 where f(c) = 0.

Using a graphing calculator and a computer al-
I, gebra system, we see that the root of f is about
0.835.

2.6.58
a. Note that f(z) = va* 4 2523 + 10 — 5 is continuous on its domain, so in particular it is continuous

on [0,1]. Note that f(0) = V10 -5 < 0 and f(1) =6 —5 =1 > 0. Because 0 is an intermediate
value between f(0) and f(1), the Intermediate Value Theorem guarantees a number ¢ between 0 and

1 where f(c) = 0.
1.0
05t /

1.0

Using a graphing calculator and a computer alge-
b. bra system, we see the root of f(z) is at about
.834.

2.6.59

a. Note that f(z) = 23 — 522 + 2z is continuous everywhere, so in particular it is continuous on [—1, 5].
Note that f(—1) = =8 < —1 and f(5) = 10 > —1. Because —1 is an intermediate value between f(—1)
and f(5), the Intermediate Value Theorem guarantees a number ¢ between —1 and 5 where f(c) = —1.

1.0¢

Using a graphing calculator and a computer alge- 05
bra system, we see that there are actually three - : : : . Sx
. different values of ¢ between —1 and 5 for which g
f(¢) = —1. They are ¢ = —0.285, ¢ ~ 0.778, and N
c =~ 4.507.

2.6.60
a. Note that f(z) = —2° — 422 4+ 2,/z + 5 is continuous on its domain, so in particular it is continuous on
[0, 3]. Note that f(0) =5 > 0 and f(3) ~ —270.5 < 0. Because 0 is an intermediate value between f(0)

and f(3), the Intermediate Value Theorem guarantees a number ¢ between 0 and 3 where f(c¢) = 0.
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¥
10

— ‘ )

0.5 1.0 1.5 2.0 2.5 3.0

Using a graphing calculator and a computer alge- -
b.  bra system, we see that the value of ¢ guaranteed -
by the theorem is about 1.141. -3¢
—40}
c. -50t

2.6.61

a. Note that f(z) = cosz — x is continuous on its domain, so in particular it is continuous on [0, 7/2].
Note that f(0) =1 > 0 and f(n/2) = —7/2 < 0. Because 0 is an intermediate value between f(0) and
f(7/2), the Intermediate Value Theorem guarantees a number ¢ between 0 and /2 where f(c) = 0.

Using a graphing calculator and a computer alge- o5 5 i X
b.  bra system, we see that the value of ¢ guaranteed osh
by the theorem is about 0.739085.

2.6.62

a. Note that f(z) = 14z +sinz is continuous on its domain, so in particular it is continuous on [—7 /2, 0].
Note that f(—7r/2) = —7/2 < 0 and f(0) = 1 > 0. Because 0 is an intermediate value between f(—m/2)
and f(0), the Intermediate Value Theorem guarantees a number ¢ between —7 /2 and 0 where f(c) = 0.

Using a graphing calculator and a computer alge-
b.  bra system, we see that the value of ¢ guaranteed
by the theorem is about —0.510973.

2.6.63

a. True. If f is right continuous at a, then f(a) exists and the limit from the right at a exists and is equal
to f(a). Because it is left continuous, the limit from the left exists — so we now know that the limit
as ¢ — a of f(x) exists, because the two one-sided limits are both equal to f(a).

b. True. If il_r}}l f(z) = f(a), then lim+ f(z) = f(a) and lim f(z) = f(a).

c. False. The statement would be true if f were continuous. However, if f isn’t continuous, then the

0 ifo<z<l;
statement doesn’t hold. For example, suppose that f(z) = pu= Note that f(0) = 0 and
1 ifl<z<?2

f(2) =1, but there is no number ¢ between 0 and 2 where f(c) = 1/2.
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d. False. Consider f(z) = 2% and a = —1 and b = 1. Then f is continuous on [a, b], but w =1,
and there is no ¢ on (a,b) with f(c) = 1.

2.6.64 Let f(z) = |z|.
For values of a other than 0, it is clear that lim |z| = |a| because f is defined to be either the polynomial
T—ra

x (for values greater than 0) or the polynomial —x (for values less than 0.) For the value of a = 0, we have
lim f(z) = liré1+z =0 = f(0). Also, h%l f(z) = li%l (—x) = =0 = 0. Thus lin})f(x) = f(0), so fis
r—r r—0~ r—0— T—

z—0t
continuous at 0.

2.6.65 Because f(x) = 2% + 3z — 18 is a polynomial, it is continuous on (—oo, c0), and because the absolute
value function is continuous everywhere, |f(z)| is continuous everywhere.

2.6.66 Let f(z) = L. Then f is continuous on (—oo0,—2) U (=2,2) U (2,00). So g(z) = |f(x)| is also

2 -4
continuous on this set.

2.6.67 Let f(x) = \/5174. Then f is continuous on [0, 16) U (16,00). So h(z) = |f(x)| is continuous on this

set as well.

2.6.68 Because 22 + 2z + 5 is a polynomial, it is continuous everywhere, as is |#2 + 2z + 5|. So h(x) =
|22 4 22 + 5| + /7 is continuous on its domain, namely [0, 00).

2 3 2 1 2
2.6.60 lim SO U E3cosr 2 g (cosrt DosT+2) | ocn o) 1.
T cosx + 1 T cosx + 1 T

sin?z + 6sinz + 5 Y (sinz + 5)(sinx + 1) . sinw +5 4

2.6.70 1 = = — =-2.

xji?ﬂ}/Q sinz — 1 xﬁlgrl/2 (sinz — 1)(sinxz + 1) zjg/Q sine —1 -2

sine — 1

2.6.71 lim ——— = lim (Vsinz+1)=2.

z—=7m/2 y/sinx — 1 z—)Tr/Q( )

1 1 . .
seme o (2)(2 0 2—(2 0 1 1

2.6.72 Jim 20 2 (D@Hsnb) o 2-@4swl) 11

9—0  sinf (2)(2+4sinf)  6-0 (sinf)(2)(2+sinf) o—0 2(2+sinbh) 4

. cosx—1 . cosx — 1 . cosx — 1 . 1 1

2.6.73 lim —— = lim ——— = lim =lm-———=——.

=0 sin®z =01 —cos?x 150 (1 —cosz)(l+cosx) =0 14 cosx 2

1— 2 2

2.6.74 lim ﬂ = lim 51'n v lim sinz = 0.

z—0t+ sinz z—0t sinx  z—0+t

. int
2.6.75 Because —1 <sint < 1 for all ¢, we have ;—21 < Sltr;t < t%, so by the Squeeze Theorem, tlim % = 0.
—00
2.6.76 Recall that cos0 = 1, so as « — 0T, the numerator of €% is approaching 1, while the denominator
. . . .- L . . . COST
is approaching 0 (but is positive,) so the ratio is increasing without bound. Thus hm+ =00
z—0 x

2.6.77

The graph shown isn’t drawn correctly at the in-

tegers. At an integer a, the value of the function

is 0, whereas the graph shown appears to take on

all the values from 0 to 1.

Note that in the correct graph, lim f(z) =1 and
r—a—

lim f(z) = 0 for every integer a.
z—at
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2.6.78

The graph as drawn on most graphing calculators appears to be continuous at x = 0, but it isn’t, of
course (because the function isn’t defined at x = 0). A better drawing would show the “hole” in the graph
at (0,1).

y y
207 207
150 150
0.5F 0.5
X X
a. -3 -2 -1 0 1 2 3 b. -3 -2 -1 0 1 2 3
. sinx
c. It appears that lim =1.

z—0 X

2.6.79 With slight modifications, we can use the examples from the previous two problems.

o The function y = x — [z] is defined at z = 1 but
isn’t continuous there.

1.0
0.{»/-
The function y = % has a limit at = 1, 6
but isn’t defined there, so isn’t continuous there. 047
0.2
- + - - - — X
0.5 1.0 15 2.0 2.5 3.0
2.6.80 In order for this function to be continuous at = —1, we require hm1 f(z) = f(=1) = a. So the
T——
2
3 2 2 1
value of a must be equal to the value of lim TS li ErY+l) = lim (z+2)=1. Thus
e—-1  x+1 z——1 x+1 z——1

we must have a = 1.
2.6.81

a. In order for g to be continuous from the left at © = 1, we must have lim g¢(z) = g(1) = a. We have
r—1-

lim g(z) = lim (2 + x) = 2. So we must have a = 2.
—1- z—1-

b. In order for g to be continuous from the right at = 1, we must have lim+ g(z) = g(1) = a. We have
r—1

lim g(z) = lim (324 5) = 8. So we must have a = 8.
z—1+ z—1+t
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c. Because the limit from the left and the limit from the right at x = 1 don’t agree, there is no value of
a which will make the function continuous at x = 1.

2.6.82 Let f(z) = 2% + 1022 — 100z + 50. Note that f(—20) < 0, f(=5) > 0, f(5) < 0, and f(10) > 0.
Because the given polynomial is continuous everywhere, the Intermediate Value Theorem guarantees us a
root on (—20, —5), at least one on (—5,5), and at least one on (5,10). Because there can be at most 3 roots
and there are at least 3 roots, there must be exactly 3 roots. The roots are 1 ~ —16.32, 22 ~ 0.53 and

2.6.83 Let f(x) = 702® — 8722 4 32z — 3. Note that f(0) <0, f(.2) >0, f(.55) <0, and f(1) > 0. Because
the given polynomial is continuous everywhere, the Intermediate Value Theorem guarantees us a root on
(0,.2), at least one on (.2,.55), and at least one on (.55,1). Because there can be at most 3 roots and there
are at least 3 roots, there must be exactly 3 roots. The roots are x1 = 1/7, 29 = 1/2 and x5 = 3/5.

2.6.84 The function is continuous on (0, 15], on (15, 30], on (30, 45], and on (45, 60].
2.6.85

a. Note that A(.01) = 2615.55 and A(.1) ~ 3984.36. By the Intermediate Value Theorem, there must be
a number ry between .01 and .1 so that A(rg) = 3500.

b. The desired value is ¢y ~ 0.0728 or 7.28%.

2.6.86
a. We have f(0) =0, f(2) =3, g(0) =3 and g(2) = 0.
b. h(t) = f(t) — g(t), h(0) = —3 and h(2) = 3.

c. By the Intermediate Value Theorem, because h is a continuous function and 0 is an intermediate value
between —3 and 3, there must be a time ¢ between 0 and 2 where h(c) = 0. At this point f(c) = g(c),
and at that time, the distance from the car is the same on both days, so the hiker is passing over the
exact same point at that time.

2.6.87 We can argue essentially like the previous problem, or we can imagine an identical twin to the original
monk, who takes an identical version of the original monk’s journey up the winding path while the monk is
taking the return journey down. Because they must pass somewhere on the path, that point is the one we
are looking for.

2.6.88
a. Because | — 1| =1, |g(x)| = 1, for all .

b. The function g isn’t continuous at = 0, because lim g(z) =1# —1 = lim g(z).
z—0t1 z—0—

c. This constant function is continuous everywhere, in particular at = = 0.

d. This example shows that in general, the continuity of |g| does not imply the continuity of g.

2.6.89 The discontinuity is not removable, because lim f(z) does not exist. The discontinuity pictured is a
r—a

jump discontinuity.

2.6.90 The discontinuity is not removable, because lim f(z) does not exist. The discontinuity pictured is
r—a

an infinite discontinuity.

27Tz +10 —2)(x -5
2.6.91 Note that lim — v lim (z = 2)(z = 5) = lim (x — 5) = —3. Because this limit exists, the
z—2 x— 2 r—2 x — 2 r—2

discontinuity is removable.
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21 —1 1
2.6.92 Note that lim ~ = lim =D+l = lim[—(z + 1)] = —2. Because this limit exists, the

x—1 — X x—1 1—2x x—1
discontinuity is removable.

2.6.93

a. Note that —1 < sin(1/z) < 1 for all x # 0, so —z < zsin(1l/x) < z (for x > 0. For x < 0 we would
have x < xsin(1/z) < —x.) Because both z — 0 and —z — 0 as © — 0, the Squeeze Theorem tells us
that lir% xsin(1/z) = 0 as well. Because this limit exists, the discontinuity is removable.

z—

b. Note that as z — 0%, 1/x — oo, and thus lim+ sin(1/x) does not exist. So the discontinuity is not
z—0

removable.

2.6.94 This is a jump discontinuity, because lim+ f(z)=1and lim f(x)=—1.
T—2

T—2~

2.6.95 Note that h(z) = mtézjj)“ — 2?@*_21))2 - Thus lim A(z) = —4, and the discontinuity at x = 0 is
z—

removable. However, lim1 h(x) does not exist, and the discontinuity at « = 1 is not removable (it is infinite.)
z—

2.6.96 Because g is continuous at a, as ¢ — a, g(z) — g(a). Because f is continuous at g(a), as z — g(a),

(J;(Z) —d> f(g(a)). Let z = g(x), and suppose x — a. Then g(x) = z — g(a), so f(z) = f(g9(x)) — f(9(a)), as

2.6.97

_ |z=1]

a. Consider g(z) = x4+ 1 and f(z) = 5—.
flg(z)) = fla+1) = %I is not continuous at 0.

Note that both g and f are continuous at x = 0. However

b. The previous theorem says that the composition of f and g is continuous at a if g is continuous at ¢ and
f is continuous at g(a). It does not say that if g and f are both continuous at a that the composition
is continuous at a.

2.6.98 The Intermediate Value Theorem requires that our function be continuous on the given interval. In
this example, the function f is not continuous on [—2,2] because it isn’t continuous at 0.

2.6.99

a. Using the hint, we have
sinz = sin(a + (x — a)) = sinacos(z — a) + sin(z — a) cosa.

Note that as  — a, we have that cos(x —a) — 1 and sin(x —a) — 0.
So,

lim sinz = lim sin(a+ (x —a)) = lim (sina cos(z — a) + sin(x — a) cosa) = (sina)-1+0-cosa = sina.
r—ra r—a r—a

b. Using the hint, we have
cosz = cos(a + (x — a)) = cosacos(x — a) — sinasin(z — a).
So,

lim cosx = lim cos(a+(z—a)) = lim ((cosa) cos(z — a) — (sina)sin(x — a)) = (cosa)-1—(sina)-0 = cosa.
r—a T—ra r—a
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2.7 Precise Definitions of Limits

2.7.1 Note that all the numbers in the interval (1,3) are within 1 unit of the number 2. So |z — 2| < 1 is
true for all numbers in that interval. In fact, {z: 0 < |x — 2| < 1} is exactly the set (1,3) with = # 2.

2.7.2 Note that all the numbers in the interval (2,6) are within 2 units of the number 4. So |f(z) — 4] < €
for e = 2.

2.7.3
(3,8) has center 5.5, so it is not symmetric about the number 5.
(1,9) and (4,6) and (4.5,5.5) are symmetric about the number 5.

2.7.4 No. At x = a, we would have |z — a| = 0, not |z — a| > 0, so a is not included in the given set.

2.7.5 lim f(z) = L if for any arbitrarily small positive number ¢, there exists a number 0, so that f(z) is
r—a

within € units of L for any number x within ¢ units of a (but not including a itself).

2.7.6 The set of all « for which |f(x) — L| < € is the set of numbers so that the value of the function f at
those numbers is within e units of L.

2.7.7 We are given that |f(x) — 5| < .1 for values of x in the interval (0,5), so we need to ensure that the
set of = values we are allowing fall in this interval.

Note that the number 0 is two units away from the number 2 and the number 5 is three units away from
the number 2. In order to be sure that we are talking about numbers in the interval (0,5) when we write
|z — 2| < 4, we would need to have § = 2 (or a number less than 2). In fact, the set of numbers for which
|x — 2| < 2 is the interval (0,4) which is a subset of (0, 5).

If we were to allow § to be any number greater than 2, then the set of all « so that | — 2| < ¢ would
include numbers less than 0, and those numbers aren’t on the interval (0,5).

2.7.8

1i_1>n f(z) = oo, if for any N > 0, there exists 6 > 0
so that if 0 < |z — a| < 6 then f(x) > N.

2.7.9
a. In order for f to be within 2 units of 5, it appears that we need = to be within 1 unit of 2. So § = 1.

b. In order for f to be within 1 unit of 5, it appears that we would need x to be within 1/2 unit of 2. So
6 =.5.

2.7.10

a. In order for f to be within 1 unit of 4, it appears that we would need x to be within 1 unit of 2. So
o=1.

b. In order for f to be within 1/2 unit of 4, it appears that we would need = to be within 1/2 unit of 2.
Sod=1/2.

Copyright (©) 2015 Pearson Education, Inc.



2.7. Precise Definitions of Limits 95

2.7.11

a. In order for f to be within 3 units of 6, it appears that we would need = to be within 2 units of 3. So
6=2.

b. In order for f to be within 1 unit of 6, it appears that we would need = to be within 1/2 unit of 3. So
0=1/2.

2.7.12

a. In order for f to be within 1 unit of 5, it appears that we would need x to be within 3 units of 4. So
6 =3.

b. In order for f to be within 1/2 unit of 5, it appears that we would need x to be within 2 units of 4.
So d = 2.

2.7.13

If e = 1, we need |22 +3 — 3| < 1. So we need
lz] < /1 = 1 in order for this to happen. Thus

a.
6 = 1 will suffice, or any § so that 0 < 6 < 1. _
2 / -1 1 2"
y
5»
If ¢ = .5, we need |2® + 3 — 3| < .5. So we need N
|z| < /.5 in order for this to happen. Thus § = _—
b. /5 ~ .079 will suffice, or any & so that 0 < § < o
0.79.
1f
-2 —‘1 1 2 *
2.7.14
y
281
26
By looking at the graph, it appears that for e = 1,
a.  we would need § to be about 0.4 or less. So ¢ 2y

should satisfy 0 < § < 0.4. »l

1.5 2.0 2.5 3.0
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26}

25F

By looking at the graph, it appears that for e =
0.5, we would need ¢ to be about 0.2 or less. So ¢ aal

should satisfy 0 < § < 0.2.
23} /

1.5 2.0 2.5 3.0

2.7.15

a. For e = 1, the required value of § would also be 1. A larger value of § would work to the right of 2,
but this is the largest one that would work to the left of 2. So we require 0 < § < 1.

b. For € = 1/2, the required value of § would also be 1/2, so we require 0 < § < 1/2.
c. It appears that for a given value of € with 0 < € < 2, it would be wise to let § satisfy 0 < 6 < e.
2.7.16

a. For € = 2, the required value of § would be 1 (or smaller). This is the largest value of § that works on
either side, so we are requiring 0 < § < 1.

b. For € = 1, the required value of § would be 1/2 (or smaller). This is the largest value of ¢ that works
on the right of 4, so we are requiring 0 < § < 1/2.

c. It appears that for a given value of € with 0 < € < 2, the corresponding value of § should satisfy
0<d<e/2

2.7.17
a. For e = 2, it appears that a value of § =1 (or smaller) would work.
b. For e = 1, it appears that a value of 6 = 1/2 (or smaller) would work.
c. For an arbitrary e, a value of § = €/2 or smaller appears to suffice.
2.7.18
a. For e = 1/2, it appears that a value of § =1 (or smaller) would work.
b. For e = 1/4, it appears that a value of 6 = 1/2 (or smaller) would work.
c. For an arbitrary €, a value of 2¢ or smaller appears to suffice.

2.7.19 For any € > 0, let § = ¢/8. Then if 0 < |z — 1] < §, we would have |z — 1| < €/8. Then |8z — 8| < ¢,
so |(8x 4+ 5) — 13] < e. This last inequality has the form |f(x) — L| < €, which is what we were attempting
to show. Thus, liml(8x +5)=13.

T—r

2.7.20 For any € > 0, let 6 = ¢/2. Then if 0 < |z — 3| < §, we would have |z — 3| < ¢/2. Then |2z — 6| <,
so | —2x 46| < e, so |(—22 4 8) — 2| < e. This last inequality has the form |f(z) — L| < €, which is what we
were attempting to show. Thus, 1in§(—2x +8)=2.

z—

2.7.21 First note that if  #4, f(z) = mi:}f =z +4.
Now if € > 0 is given, let § = e. Now suppose 0 < |x — 4| < §. Then x # 4, so the function f(z) can be
described by x4 4. Also, because |z —4| < §, we have |x —4| < e. Thus |(z+4) — 8| < e. This last inequality
2 — 16

T —4

has the form |f(z) — L| < €, which is what we were attempting to show. Thus, lin}l =8.
T—
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2.7.22 First note that if x # 3, f(z) = Z ;7“’;12 = (a= 4)(95 8 — g4
Now if € > 0 is given, let § = e. Now suppose 0 < |x — 3| < . Then x # 3, so the function f(z) can be
described by x — 4. Also, because |x — 3| < d, we have |z — 3| < e. Thus |(:r —4) — (—1)] < e. This last

inequality has the form |f(:£) — L| < ¢, which is what we were attempting to show. Thus, lir% flz) =—1.
r—

2.7.23 Let € > 0 be given. Let § = /e. Then if 0 < |z — 0| < §, we would have |z| < \/e. But then |2%| < ¢,
which has the form |f(z) — L| < e. Thus, lim0 flz)=0
T—

2.7.24 Let € > 0 be given. Let 6 = y/e. Then if 0 < |z — 3| < §, we would have |z — 3| < y/e. But then
|(z — 3)?| < €, which has the form |f(z) — L| < e. Thus, ling flz) =
r—

2.7.25 Let € > 0 be given.

Because lim f(z) = L, we know that there exists a 6; > 0 so that |f(z) — L| < ¢/2 when 0 < |z —a| < 6.

T—ra

Also, because ligl g(x) = M, there exists a d2 > 0 so that |g(x) — M| < €/2 when 0 < |z — a| < 2.

Now let § = min(dy, d2).

Then if 0 < |z — a] < 6, we would have |f(z) — g(x) — (L — M)| = |(f(x) = L) + (M — g(x))] <
|f(z) — LI+ |M — g(x)| = |f(x) = L] + |g(x) — M| < €/2+ €¢/2 = e. Note that the key inequality in this
sentence follows from the triangle inequality.

2.7.26 First note that the theorem is trivially true if ¢ = 0. So assume ¢ # 0.
Let € > 0 be given. Because lim f(z) = L, there exists a § > 0 so that if 0 < |z — a| < §, we have
T—ra

|f(z) — L| < €/|c|]. But then |c||f(x) — L| = |ef(x) — cL| < €, as desired. Thus, 1i_r>n cf(x) = cL.
xT a
2.7.27

a. Let € > 0 be given. It won’t end up mattering what J is, so let 6 = 1. Note that the statement
|f(z) — L] < e amounts to |c — ¢| < ¢, which is true for any positive number €, without any restrictions

on z. So lim ¢ =c.
r—a

b. Let € > 0 be given. Let § = €. Note that the statement |f(x) — L| < € has the form |z — a| < €, which

follows whenever 0 < |z — a| < d§ (because § = ¢). Thus lim = = a.
T—ra

2.7.28 First note that if m = 0, this follows from exercise 27a. So assume m # 0.
Let € > 0 be given. Let 6 = ¢/|m|. Now if 0 < |[z—a| < d, we would have |[x—a| < €/|m], so |mz—ma| < e.
This can be written as |(ma +b) — (ma +b)| < ¢, which has the form |f(x) — L| < e. Thus, lim f(z) = f(a),
r—a
which implies that f is continuous at x = a by the definition of continuity at a point. Because a is an
arbitrary number, f must be continuous at all real numbers.

2.7.29 Let N > 0 be given. Let5f1/\r Then if 0 < |z — 4| < §, we have |z — 4| < 1/V/N. Taking the
reciprocal of both sides, we have =] 4| > +/N, and squaring both sides of this inequality ylelds 4)2 > N.
Thus hnﬁf( x) = oo.

r—

2.7.30 Let N > 0 be given. Let § = 1/v/N. Then if 0 < |z — (=1)| < §, we have |z 4+ 1| < 1/+v/N. Taking
the reciprocal of both sides, we have ﬁ > V/N, and raising both sides to the 4th power yields Wr#l)‘* > N.
Thus lim1 f(z) = 0.

T——

2.7.31 Let N > 1 be given. Let § = 1/v/N Suppose that 0 <|z—0] <d. Then |z| < 1/\/ —1, and
taklng the reciprocal of both sides, we see that 1 / |z| > v/N — 1. Then squaring both sides yields 5 > N 1,
L 41> N. Thus hmf( ) = 0.

2.7.32 Let N > 0 be given. Let § = l/x/N+ Then if 0 < |z — 0] < §, we would have |z| < 1/+v/N
Taklng the rec1proca1 of both sides ylelds P> VN + 1, and then raising both sides to the 4th power gives

= > N+1, so F — 1> N. Now because —1 < sinz < 1, we can surmise that ? —sinz > N as well,

1
because i —sinx D 1. Hence lim ( — sinx) = 00.

z—0 £C4
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2.7.33

a. False. In fact, if the statement is true for a specific value of §;, then it would be true for any value of
0 < 01. This is because if 0 < |z — a| < ¢, it would automatically follow that 0 < |z — a| < d;.

b. False. This statement is not equivalent to the definition — note that it says “for an arbitrary § there
exists an €’ rather than “for an arbitrary e there exists a §.”

c. True. This is the definition of lim f(z) = L.
r—a

d. True. Both inequalities describe the set of x’s which are within § units of a.
2.7.34

a. We want it to be true that |f(x) —2| < .25. So we need |22 —2x+3—-2| = |2 -2z +1| = (z—1)? < .25.
Therefore we need |z — 1| < /.25 = .5. Thus we should let 6 = .5.

b. We want it to be true that |f(z) — 2| < e. So we need 2% —2x +3 —2| = |22 — 22+ 1| = (z — 1)?
Therefore we need |x — 1| < y/e. Thus we should let § = \/e.

2.7.35 Assume |z — 3| < 1, as indicated in the hint. Then 2 < 2 < 4, so 1 < % < 1, and thus |%| <i
Also note that the expression |7 — 7‘ can be written as |‘T 3|
Now let € > 0 be given. Let § = min(6¢, 1). Now assume that 0 < |z — 3| < J. Then

z—3 z—3 6e
Ll = — =
) - 21=| 522 <[5 < § =
Thus we have established that |7 — f’ < € whenever 0 < |z — 3| < 4.

2.7.36 Note that for = # 4, the expression \% 4 — \}75_42 . gig = /x + 2. Also note that if |z — 4| < 1,
then x is between 3 and 5, so /= > 0. Then it follows that v/z + 2 > 2, and therefore < 3. We will
use this fact below.

Let € > 0 be given. Let § = min(2e¢,1). Suppose that 0 < |z — 4| <, so |z — 4| < 2e. We have

x—4
VT 42

1
VT2

[f(@) = Ll=Vz+2-4]=|Va -2 =

< e~ 4 < . €
2 2
2.7.37 Assume |z — (1/10)| < (1/20), as indicated in the hint. Then 1/20 < z < 3/20, so 22 < 1 < 20 ‘and
thus | L | < 20.
Also note that the expression b — 10‘ can be written as | 10x—1
Let € > 0 be given. Let § = min(e/200,1/20). Now assume that 0 < |z —(1/10)| < 6. Then

10z — 1

@) - 2= |22 < a0z - 1) 20

<l|lzx—(1/1 2 — 200 =
< |z — (1/10)] - oo<200 00 = e.

Thus we have established that ’% - 10’ < € whenever 0 < |z — (1/10)] < 4.

2.7.38 Note that if | — 5] < 1, then 4 < & < 6, so that 9 < x +5 < 11, so |x + 5| < 11. Note also that
16 < 2% < 36, so -5 < 15
Let € > 0 be given. Let § = min(1, 48%). Assume that 0 < |z — 5| < 6. Then
1 1] |z+5[lz—35]
22 25| 2522
1)z -5 11 11 400e

e <2160 % < d00 1

|f(x) - L| =
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2.7.39 Because we are approaching a from the right, we are only considering values of x which are close to,
but a little larger than a. The numbers x to the right of a which are within § units of a satisfy 0 < x—a < ¢.

2.7.40 Because we are approaching a from the left, we are only considering values of = which are close to,
but a little smaller than a. The numbers z to the left of a which are within § units of a satisfy 0 < a —x < 4.

2.7.41

a. Let € > 0 be given. let 6 = €/2. Suppose that 0 < 2 < §. Then 0 < z < ¢/2 and

|f(z) = L| = 2z — 4 = (—4)| = [22] = 2|z|
=2z < €.

b. Let € > 0 be given. let § = ¢/3. Suppose that 0 <0 — 2 < 4. Then —0 <z < 0 and —¢/3 < z < 0, so
e > —3x. We have

|f(x) = L| = |3z — 4 — (—4)[ = [3z| = 3|z
= —-3xr <e.

c. Let € > 0 be given. Let § = ¢/3. Because ¢/3 < ¢/2, we can argue that |f(x) — L| < ¢ whenever
0 < |z| < § exactly as in the previous two parts of this problem.

2.7.42

a. This statement holds for 6 = 2 (or any number less than 2).

b. This statement holds for 6 = 2 (or any number less than 2).

c. This statement holds for § = 1 (or any number less than 1).

d. This statement holds for § = .5 (or any number less than 0.5).

2.7.43 Let € > 0 be given, and let § = €2. Suppose that 0 < x < 6, which means that z < €2, so that
vz < e. Then we have

[f() = LI = V2 -0 = Va <e.

as desired.
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2.7.44

a. Suppose that lim f(x) = L and lim+ f(x) = L. Let € > 0 be given. There exists a number §; so
r—a— r—ra

that |f(x) — L| < € whenever 0 < z — a < 01, and there exists a number d2 so that |f(z) — L| < ¢
whenever 0 < a —z < d2. Let ¢ = min(d1,0d2). It immediately follows that |f(z) — L| < ¢ whenever
0 < |z —al <0, as desired.
b. Suppose lim f(x) = L, and let € > 0 be given. We know that a § exists so that |f(z) — L| < € whenever
T—ra

0 < |x —a| < ¢. In particular, it must be the case that |f(z) — L| < e whenever 0 < z —a < ¢ and also
that |f(x) — L| < e whenever 0 < a —x < §. Thus lim+ f(x)=Land lim f(x)=1L
Tr—a T—ra—

2.7.45

a. We say that hm f(x) = oo if for each positive number N, there exists § > 0 such that

ZL’*)G.

f(z) > N whenever a <z <a-+9.

b. We say that lim f(z) = —oc if for each negative number N, there exists § > 0 such that

r—a~

f(z) < N whenever a—9d <z <a.

c. We say that lim f(z) = oo if for each positive number N, there exists § > 0 such that

r—a~—

f(x) >N whenever a—06 <z <a.

2.7.46 Let N < 0 be given. Let § = —1/N, and suppose that 1 < < 1+4. Then 1 < z < N=1 50

N
lNN < —x < —1, and therefore 1 + =¥ < 1 — 2 < 0, which can be written as % < 1—2 < 0. Taking

reciprocals yields the inequality N > as desired.

-z

2.7.47 Let N > 0 be given. Let § = 1/N and suppose that 1 —§ < = < 1. Then % < x <1, s0

% > —x > —1, and therefore 1 + =Y > 1 — 2 > 0, which can be written as &+ > 1 — z > 0. Taking
reciprocals yields the inequality N < 7=, as desired.

2.7.48 Let M <0 be given. Let § = \/W Suppose that 0 < |z — 1| < 6. Then (z —1)2 < —2/M, so
ﬁ > =5, and o2 )2 < M, as desired.

2. 7 49 Let M <0 be given Let § = /—10/M. Suppose that 0 < |z + 2| < §. Then (z +2)* < —10/M, so
e > 2 and < M, as desired.

(I+2) (JL+2)4
2.7.50 Let e > 0 be given. Let N = 10 . Suppose that z > N. Then z > 22500 < 10 < €. Thus, \ —0| <k,
as desired.

2.7.51 Let ¢ > 0 be given. Let N = 1/e. Suppose that # > N. Then - < ¢, and so |f(z)—L| = [24+2 2| <.

2.7.52 Let M > 0 be given. Let N = 100M. Suppose that x > N. Then x > 100M, so 55 > M, as
desired.

2.7.53 Let M > 0 be given. Let N = M — 1. Suppose that x > N. Then x > M —1,s0 x +1 > M, and
thus iﬁ > M, as desired.

2.7.54 Let € > 0 be given. Because lim f(z) = L, there exists a number 0; so that |f(x) — L| < € whenever
Tr—a
0 < |z —a| < ;. And because lim h(x) = L, there exists a number d2 so that |h(z) — L| < € whenever
Tr—a

0 < |z —a|] < d2. Let § = min(dy,02), and suppose that 0 < |z — a| < §. Because f(z) < g(x) < h(z) for
x near a, we also have that f(x) — L < g(z) — L < h(z) — L. Now whenever x is within ¢ units of a (but
T # a), we also note that —e < f(z) — L < g(z) — L < h(z) — L < e. Therefore |g(z) — L| < €, as desired.
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2.7.55 Let € > 0 be given. Let N = |[(1/¢)] + 1. By assumption, there exists an integer M > 0 so that
|f(z) — L| < 1/N whenever |z —a| < 1/M. Let 6 = 1/M.
Now assume 0 < |x — a| < ¢. Then |z —a| < 1/M, and thus |f(x) — L] < 1/N. But then
1

|f($)_L|<W<€,

as desired.

2.7.56 Suppose that e = 1. Then no matter what § is, there are numbers in the set 0 < |x — 2| <  so that
|f(z) —2| > e. For example, when x is only slightly greater than 2, the value of |f(z) — 2| will be 2 or more.

2.7.57 Let f(z) = % and suppose lir% f(z) does exist and is equal to L. Let e = 1/2. There must be
Tr—r

a value of § so that when 0 < |z| < 4, |f(x) — L| < 1/2. Now consider the numbers ¢/3 and —§/3, both
of which are within § of 0. We have f(6/3) = 1 and f(—§/3) = —1. However, it is impossible for both
1 —L| <1/2and | —1— L] < 1/2, because the former implies that 1/2 < L < 3/2 and the latter implies
that —3/2 < L < —1/2. Thus Ihg}) f(z) does not exist.

2.7.58 Suppose that lim f(z) exists and is equal to L. Let e = 1/2. By the definition of limit, there must
Tr—a

be a number 4 so that |f(z) — L| < 3 whenever 0 < |z —a| < §. Now in every set of the form (a,a+ §) there
are both rational and irrational numbers, so there will be value of f equal to both 0 and 1. Thus we have
|0 — L| < 1/2, which means that L lies in the interval (—1/2,1/2), and we have |1 — L| < 1/2, which means
that L lies in the interval (1/2,3/2). Because these both can’t be true, we have a contradiction.

2.7.59 Because f is continuous at a, we know that lim f(x) exists and is equal to f(a) > 0. Let e = f(a)/3.
Tr—ra

Then there is a number ¢ > 0 so that |f(z) — f(a)| < f(a)/3 whenever |z — a| < . Then whenever x lies in
the interval (a — d,a + 0) we have —f(a)/3 < f(z) — f(a) < f(a)/3, so 2f(a)/3 < f(x) < 4f(a)/3, so f is
positive in this interval.

Chapter Two Review

1

x—1 1 1
a. False. Because lim ——— = lim = —, f doesn’t have a vertical asymptote at x = 1.
z—1x2 —1 z—=1x+1 2

b. False. In general, these methods are too imprecise to produce accurate results.

2 if x <0;
c. False. For example, the function f(z) = ¢ 1  if ; = ; has a limit of 0 as z — 0, but f(0) = 1.

4z if x>0

d. True. When we say that a limit exists, we are saying that there is a real number L that the function
is approaching. If the limit of the function is oo, it is still the case that there is no real number that
the function is approaching. (There is no real number called “infinity.”)

e. False. It could be the case that lim f(z) =1 and lim+ flz) =2

r—a

r—a

f. False.

2 ifo<ae<;

g. False. For example, the function f(z) = is continuous on (0,1), and on [1,2), but

3 ifl<z<?2,
isn’t continuous on (0, 2).
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h. True. lim f(x) = f(a) if and only if f is continuous at a.

xr—a
2
a f(=1) =1 b. w_l:r_rll_ f(z) =3. c. w_l:r_nﬁ f(z)=1.
d. m1_1)1121 f(z) does not exist. e. f(1)=5. f. i;ml f(x)=5.
g. lim f(z) =4. h. lim f(x)=3. i. lim f(x)=>5.
z—2 z—3~ z—3+1
j. lim f(z) does not exist.
r—3
3 This function is discontinuous at z = —1, at = 1, and at x = 3. At x = —1 it is discontinuous because

lim1 f(z) does not exist. At x = 1, it is discontinuous because lim1 f(z) # f(1). At 2 = 3, it is discontinuous
T—r— T—

because f(3) does not exist, and because lin}'j f(z) does not exist.
z—

4
¥
—‘6 _‘4 = 2 A 6 *
a. The graph drawn by most graphing calculators and -
computer algebra systems doesn’t show the disconti- ol
nuities where sin 6 = 0.
True graph, showing discontinuities
b. Tt to b 1 to 2 ’ .
appears to be equal to where sin 8 — 0.
. . L . . sin20
c. Using a trigonometric identity, lim — = y
5 <in 0 cos 6 0—0 sinf
sin 6 cos
lim ————.  This can then be seen to be
0—0  sinf
lim 2 cos 0 = 2.
0—0
Graph shown without discontinuities.

|| 9m/4 | .997/4 | 9997/4 | 99997 /4
f(z) || 1.4008 | 1.4142 | 1.4142 | 1.4142

z || 1.1w/4 | 1.01x/4 | 1.0017/4 | 1.00017/4
f(z) || 1.4098 | 1.4142 | 1.4142 1.4142

The limit appears to be approximately 1.4142.

cos 2x . cos?x —sin? x

b. Iim ——M = lim ——M— lim (cosz +sinzx) = V2.
z—m/4 COST —SINT  z—7/4 COST — SinT z—m /4
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6
b. tgrggf(t) = 55.
s0f c. lim f(t) =55and lim f(t) = 70.
o ° t—3~ t—3+
r Oo—e d. The cost of the rental jumps by $15 exactly
wl at t = 3. A rental lasting slightly less than
3 days cost $55 and rentals lasting slightly
200 o more than 3 days cost $70.

a : n . . s e. The function f is continuous everywhere ex-
cept at the integers. The cost of the rental
jumps by $15 at each integer.

7
| y
T o—
| L
[
There are infinitely many different correct func- : I
tions which you could draw. One of them is: : T °
_i t _% t i t i >
| 1
0 -2t
!
8 lim 187% = 187~
x—1000
9 lim1 Vdxr +6 = V11
Tr—r
10
lim V5x +5h —/5x /51 +5h + 5w lim (5 +5h) — b5z lim 5 5
h—0 h V52 +5h+ /52 h—=0 h(y/5z + 5h +/bx)  h—=0+\/5x +5h++/5x  2/5x
3_ 7.2 _
11 lim$ T +12x:1 7+12:§:2.
z—1 44—z 4-1 3
372?412 — —4
12 G S 12 2@ @) ) =
r—4 4 — X r—4 4 — x r—4
— 72 _ —
13 lim L = lim (1 x>(1+x):lim (I_|—1):1
e—122 =8 +7 aol(x—-T)(x—-1) 221 z-7 3
14 hm\/?)x—!—l -5 \/3l‘+16+5_1. 3(x —3) B 3

3
=3 -3 V3T +16+5 =3 (z—3)(V3r+16+5) +-33z+16+5 10
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15
lim 1 ( 1 1)lim 2—vVr+1 2+Va+1)
eo3x—3\Vr+1 2) 322 -3)Wr+1 (24+Vr+1)
— lim 4—(z+1)
e=32(z - 3) (Ve +1)2+Vz+1)
= lim —(z —3)
=32z —3)(Vr+1)(2+Vz+1)
1 1
= m — = ——,
a3 2\/z +1(2+ Vo +1) 16
t—1 t—1 1
16 lim — 32— = lim 37 = lim —————, which does not exist.
t—1/3 (3t —1)2  +51/33(3t —1)2  +>1/33(3t —1)
4 1 o 2
17 tim =8 gy, @@ EDETH) a2 4 9) = 108,
=3 T —3 r—3 xr—3 z—3
18 Note that % =p* +p> +p? + p+ 1. (Use long division.)
5
-1
lim 2" = lim(p* +p® +p> +p+1) = 5.
p—1 p—1 p—1
4 _ 4 _
19 lim Ve 3: lim Ve -3 = lim L :i.
e—8l x —81 281 (Ve +9) (Vo +3)(Vor—3) =2=81 (Vr+9)(vr+3) 108
29 2 . _ .
20 lim SOzcos b (0= cosO)(sind £ eosh) G0t cosh) = VE.
6—r/4 sinf — cosf O—m/4 sinf — cos 6 0—m/4

1
Vsin x -1 9 =0

21 i =
x—1>7r/2 x+m/2 T
22 The domain of f(z) = /%= is (—o0, 1] and (3,00), so lim f(z) doesn’t exist.

rz—1t
However, we have lim f(z)=0.
rx—1—

23

b. Because lim cosx = lim
x—0 x—0 COS T
sin x

= 1, the squeeze

theorem assures us that lim =1 as well.

z—0 X

. . . -
a. -% ~0.5 0.5 hY)

24 Note that lir%(sin%c +1) = 1. Thus if 1 < g(x) < sin®2 + 1, the squeeze theorem assures us that
T—r
li =1 11.
lim g(x) as we
=7

25 lim —— = —o¢.
S e ™

26 lim ‘2 — o
z——5+ T+ D
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z—4 T —4

27 lim = lim — = oo.
a—=3- 22 =3z 2—3- z(x — 3)
.oou—1
28 lim — = —00.
z—0t sinu
. 2
29 lim = —00
z—0- tanx
30
First note that f(z) = i;iﬂgiﬁ = (m;(&;)(_x232)'
—3)(x—2
a. lim f(z)= lim E=3)@=2) = 0.
=0~ a—0-  x(r—2) y
. . (z=3)(x—2)
S ) = i ey T
lim f(z) = lm 2 :
im f(x)= lim =—-.
z—2- 2= X 3 %
lim f(z) = lim S -
T2+ z—2+t T 2 - ) : T
b. By the above calculations and the definition of
vertical asymptote, f has a vertical asymptote at sl
z=0.

c. Note that the actual graph has a “hole” at the
point (2,—1/2), because x = 2 isn’t in the domain,
but lim2 flx)=-1/2.

z—>

20-3 _ . 2-(fx) 2 1

31 = 2 W 2
eooo 4z + 10 wooee 4+ (10/z) 4 2
41 1 —(1/2° -

32 1imx, :im(/x) (/x):O O:O.

33 lim (—32° +5) = oo.

T—r—00

34 lm ——2 = lm —— =1

T—00 41‘2+1 T—00 /4+1/Jj2 :2
VIS _ /B ASR

35 lim ———— = lim

z—oo T+ 2 z—oo 1+ 2 / x
36 Because cosr oscillates between —1 and 1, this limit does not exist. For any N > 0, there are values of r
1
with |r| > N such that cosr = 0, cosr = 1, or cosr = —1. Thus the value of the expression pr—— takes
cosr

on the values 1, 1/2; and is undefined infinitely often as r — oc.

42% +1 4+ (123 4

37 fim 2L g At/ 440
z—oo 1 — 23 z—oo (1/a3) — 1 0—1

horizontal asymptote as x — oo and as x — —o0.

—4. A similar result holds as x —+ —oo. Thus, y = —4 is a

if x > 0;

% if z <0.

Copyright (©) 2015 Pearson Education, Inc.



106 Chapter 2. Limits

1 1 1 1
On the other hand, lim vl lim M =——.
oot ozt g et _ Jor1 3
x
Soy= % is a horizontal asymptote as x — oo, and y = —% is a horizontal asymptote as x* — —oo.

1222
39 lim ——or

12
= lim ——=3
w—too /1624 +7  w—oEoe (/16 4 7/xt

1 1
40 tm SR oy o8ELE g,
rz—+oo r—3 r—+o0 1-— 3/1)
2

— 1
41 mgrinoo 22 _T = wﬁuinoc xi—l—l = wgrjrgoo m = 1, so that f(z) has a horizontal asymptote of y = 1.
There is a vertical asymptote where z + 1 =0, i.e. for x = —1.
42 Note that f(z) = 72046 — 2@5)
ote that f(z) = 53375 = Qe-1)(zr2)"
. . 2+6/x? -
We have lim f(z) = lim ————— = 1. A similar result holds as © — —oc0.
T—00 z—)oo2+3/(£—2/l‘2
li =—o0. i = 00.
@) =00 lim, f&)=o0
li — 0. li = —0.
im0 =oo. lm f(z) = o0
Thus, y = 1 is a horizontal asymptote as © — oo and as x — —oo. Also, x = % and x = —2 are vertical
asymptotes.
2422 -1 24221 1 2-1
43 1im73x+x :1im73x+x -ﬂ:imggj—i_ [z _
z—oo  4x+1 z—oo 4z +1 1/z  z—c0c 4+1/x
. 3x?+2r -1 . 3 +2r -1 1/x . 3r+2—1/x
lm ———— = lim —— — = 1 e o
z—s—oo  dx+1 z—s—oo  dx+1 1z a--o 441/x

By long division, we can write f(z) as f(z) = 2% + & + fgjﬁﬁ, so the line y = 3 4+ 5 is the slant

asymptote.

. 92?2 +4 ) 922 +4 1/a2 ) 9+ 4/2* 9
44 lim —— = lim . = lim ——— = —.
a—oo (20 —1)2  a—ooda? —4dx+1 1/22 2o d—4/x+1/22 4
922 +4 922 +4  1/2? 9+ 4/ 9
lim e lim v /z = lim —&——/m = —. Because there is a horizontal

sm—00 (20— 1)2  a——ocdz? — 4z 41 1/2®  a—-ocd—4/x+1/2® 4
asymptote, there is not a slant asymptote.

142 —22% — 23 . l+xz—222—2% 1/22 . 12?2+ 1z —2—-2

B L E S NN V7l S w7 R
. 14z —22% 23 . 14 x—22% 23 1/2? . Y+ 1/z—-2—2
lim = lim . = —
T——00 2 +1 T——00 x2 +1 1/.1'2 r——00 1+ 1/.’1)2
By long division, we can write f(x) as f(x) = —z—2+ fjgﬁ’, so the line y = —x — 2 is the slant asymptote.
2)3 44 62% + 1222 + 8z 1/2? 24+6x+12+8
46 fim JEEDT g, w O 412078 Ljam @t 4ot 1248w
=00 3u? —4x oo 322 — dx /22  a—oo 3—4/x
x(z +2)3 .ot 4+ 62% 1202 48z 1/2? . 2?46z +12+8/z
" — lim . = lim =
z——oo 3x2 —4x  w——oo 3x2 — 4z /22 a—- 3—4/x

Because the degree of the numerator of this rational function is two more than the degree of the denom-
inator, there is no slant asymptote.

47 f is discontinuous at 5, because f(5) does not exist, and also because lim5 f(z) does not exist
T—r

=8#g(4).

4)(r—4
48 ¢ is discontinuous at 4 because lim g(x) = lim E+d)=4)
r—4 r—4 €xT — 4
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49 h is not continuous at 3 because lim h(x) does not exist, so lin}3 h(z) does not exist.
r—3" r—

4)(z—4
50 g is continuous at 4 because lirr}1 g(xz) = lim -4 =8=yg(4).
z—

z—4 x—4
51 The domain of f is (—oo, —v/5] and [v/5,00), and f is continuous on that domain.
52 The domain of g is all z such that 22 — 52 +6 = (x — 3)(z —2) > 0, i.e. (—00,2]U[3,00). g is continuous
on its domain. At x = 2 the function is continuous from the left only; at = = 3 it is continuous from the

right only.

53 The domain of h is (—oo, —5), (—5,0), (0,5), (5,00), and like all rational functions, it is continuous on
its domain.

54 The domain of g is the set of real numbers x such that x > 0 (so that /7 is defined). g is continuous on
its domain; at x = 0 it is continuous from the right only.

55 In order for g to be left continuous at 1, it is necessary that lim g(zx) = g¢(1), which means that
a = 3. In order for g to be right continuous at 1, it is necessary that lim+ g(z) = g(1), which means that
r—1

a+b=34+b=3,s0b=0.
56
a. Because the domain of h is (—oo, —3] and [3,00), there is no way that h can be left continuous at 3.

b. h is right continuous at 3, because lim h(z) =0 = h(3).

z—31

57

4.0

3.5F

3.0
One such possible graph is pictured to the right. 25\
2.0F

0.5 1.0 15 2.0

58 a. Consider the function f(x) = 2° + 7z + 5. f is continuous everywhere, and f(—1) = —3 < 0 while
£(0) =5 > 0. Therefore, 0 is an intermediate value between f(—1) and f(0). By the IVT, there must
a number ¢ between 0 and 1 so that f(c¢) = 0.

b. Using a computer algebra system, one can find that ¢ =~ —0.691671 is a root.
59

a. Any such rectangle with length = has width y = 100/x, so its perimeter is

200
P(z) =2x+42y =2z + -

b. P is continuous for z > 0. P(10) = 40 while P(30) = 60 + % > 60. Thus by the Intermediate Value
Theorem, there must be some z with 10 < 2 < 30 and P(x) = 50.
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c. The rectangle with perimeter 50 can be determined by solving P(z) = 50.

200
2 + — =50
X
222 — 502 4+ 200 = 0
r = 5,20

So a perimeter of 50 occurs for a 5 x 20 or a 20 x 5 rectangle.
d. If there were a rectangle with perimeter 30, it would be a solution to P(z) = 30, so

200
2:c+7 = 30, 22% — 30z 4200 =0

The discriminant of this quadratic is 900 — 1600 < 0, so the quadratic has no (real) solution.

e. Plotting P(z) for various viewing windows seems to show that the smallest possible perimeter is 40,
for a 10 x 10 rectangle.

60 Let € > 0 be given. Let § = ¢/5. Now suppose that 0 < |z — 1] < 4.
Then

|f(z) = L[ = |(bz — 2) — 3| = [52 — 5|
:5\x—1|<5-§=e.
61 Let € > 0 be given. Let § = e. Now suppose that 0 < |z — 5| < 4.
Then
2% — 25

T —

(x = 5)(x+5)

HORE 2t

=|r—5|<e

— 10| = |z + 5 — 10|

—10‘:

62

a. Assume L > 0. (If L = 0, the result follows immediately because that would imply that the function
f is the constant function 0, and then f(x)g(z) is also the constant function 0.) Assume that d; is a
number so that |f(x)| < L for |z —a| < 4.

Let ¢ > 0 be given. Because ilirz g(z) = 0, we know that there exists a number d; > 0 so that
lg(z)| < ¢/L whenever 0 < |z — a| < d2. Let § = min(dy, d2).
Then .

|f(z)g(z) =0 = |f(@)llg(2)| < L-7 =¢

whenever 0 < |z — a| < 4.

2
b. Let f(z) = -%5. Then

. P (r—2) . 2
lim, f(z)(z = 2) = lim, — —=— = lim 2" =4 £ 0.
This doesn’t violate the previous result because the given function f is not bounded near z = 2.

¢. Because |H(xz)| < 1 for all x, the result follows directly from part a) of this problem (using L = 1,
0 =0, f(z) = H(x), and g(x) = x).

63 Let N > 0 be given. Let § = 1/+v/N. Suppose that 0 < |z — 2| < 6. Then |z — 2| < ﬁ, S0 |ai2| > VN,

and ﬁ > N, as desired.
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