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This manual is intended to accompany Analysis with an Introduction to Proof (4th edition) by
Steven R. Lay [Prentice-Hall, 2005]. It contains solutions to nearly every exercise in the text. Those
exercises that have hints (or answers) in the back of the book are numbered in bold print, and the hints
are included here for reference. While many of the proofs have been given in full detail, some of the
more routine proofs are only outlines. For some of the problems, other approaches may be equally
acceptable. This is particularly true for those problems requesting a counterexample. I have not tried
to be exhaustive in discussing each exercise, but rather to be suggestive.

Let me remind you that the starred exercises are not necessarily the more difficult ones. They
are the exercises that are used in some way in subsequent sections. There is a table on page 2 that
indicates where starred exercises are used later. The following notations are used throughout this

manual:

N = the set of natural numbers {1, 2, 3,4, ...}
R = the set of real numbers

VvV = “for every”

3 = “there exists”

5 = “such that”

I have tried to be accurate in the preparation of this manual. Undoubtedly, however, some
mistakes will inadvertently slip by. I would appreciate having any errors in this manual or the text
brought to my attention.

Steven R. Lay
slay@leeuniversity.edu



Table of Starred Exercises

Note: The prefix P indicates a practice problem, the prefix E indicates an example, the prefix T refers
to a theorem or corollary, and the absence of a prefix before a number indicates an exercise.

Starred Starred
Exercise Later Use Exercise Later use
5.26 T13.11 18.14 19.5
6.10 8.26 19.10 33.14
7.32 9.3 19.16 349
10.3 E29.7 19.17 T34.3
10.4 29.7 20.14 26.8
10.6 E32.1 20.16 T26.9
10.7 18.10, 18.15, E32.7, T36.9 20.18 21.14,22.15
10.8 P32.3 21.10 T30.8
10.22 16.7f, E22.7 21.11 30.9b
10.25 12.14 21.13 T22.5,7T25.7,29.13
10.28b 12.11, El16.11, 18.14 21.16 36.15
11.6a 16.9a, T17.1, 26.23, 30.16, T36.9 22.13b T26.8, T26.10
11.6b T27.8 25.6 T26.9,26.14,26.19
11.6¢ T16.14 25.8 31.13
11.7 T33.5 25.17b 28.9
12.7 T30.4,30.3 26.8 T30.1
12.12 29.14, T30.4 27.13d 37.16
13.15 14.12, T18.12 29.12 P30.5
13.19 14.7 29.13 30.5
14.8 36.15 29.16 30.17
15.12 24.9 30.9a P31.7
16.6b E17.2 30.11 T33.13
16.7f T17.7,18.10, E32.7 30.15 31.20
16.9a 21.10, 36.17 30.20 E31.9
16.11 E18.4 32.7 E33.6
16.12 20.15 32.8 33.13
16.13 20.13 32.13a 37.8
16.15b 19.11, 19.18, 22.,12 33.12 36.7, 36.8
16.16 20.15 33.14 T34.4
17.17 E28.3 35.15a 36.9
17.18 20.14, T35.10




Solutions to Exercises

Section 1

1.1 (a) False: a statement may be false.
(b) False: a statement cannot be both true and false.
(c) True: comment after Practice 1.4.
(d) True: comment before Example 1.3.
(e) False: if the statement is false, then its negation is true.

1.2 (a) False: p is the antecedent
(b) True: Practice 1.6(a).
(c) True: first paragraph on page 5.
(d) False: “p whenever ¢” is “if ¢, then p”.
(e) False: the negation of p = ¢ is p A ~q.

1.3 (a) M isnot a cyclic subgroup.
(b) The interval [0,3] is not finite.
(c) Either the relation R is not reflexive or it is not symmetric.
(d) The set S is not finite and it is not denumerable.
() x>3and f(x)<7.
(f) f is continuous and 4 is connected, but f(x) is not connected.
(g) Kis compact and either X is not closed or K is not bounded.

1.4 (a) The relation R is not transitive.
(b) The set of rational numbers is not bounded.
(c) Either the function f is not injective or it is not surjective.
(d) x>5andx<7
(e) xisinA and f(x)isin B.
(f) f is continuous, but either f(x) is not closed or /(x) is not bounded.
(g) Kis closed and bounded, but K is not compact.

1.5 (a) Antecedent: M has a zero eigenvalue; consequent: M is singular.
(b) Antecedent: regularity; consequent: normality.
(c) Antecedent: it is Cauchy; consequent: a sequence is bounded.
(d) Antecedent: x =5; consequent: f(x)= 14.

1.6 (a) Antecedent: 5n is odd; consequent: # is odd.
(b) Antecedent: it is monotone and bounded; consequent: a sequence is convergent.
(c) Antecedent: it is convergent; consequent: a real sequence is Cauchy.
(d) Antecedent: convergence; consequent: boundedness.

1.7 and 1.8 are routine.

1.9 (a) True (b) True (c) False (d) True (e) True (f) False (g) False (h) True
(1) True (j) True

1.10 (a) False (b) True (c) False (d) False (e) True (f) True (g) True (h) False
(1) False (j) True

L11 (@) ~gArp bB) (pvar~(prqg) © (pvg)a~qg ) ~p=>g () pe~q
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112 (@) ~pnrg (b) ~(pvg) or ~pA~q (¢) ¢g=~p (d) g=p (e) g=p

1.13 (a) and (b) are routine. (c) p A ¢

1.14 These truth tables are all straightforward. Note that the tables for (c) through (f) have 8 rows because
there are 3 letters, and therefore 2° = 8 possible combinations of T and F.

Section 2

2.1

22

23

24

2.5

2.6

27

2.8

2.9

(a)
(b)
(©)

(a)
(b)
(©

(a)
(®)
(©)
(d)
(e)
®)

(a)
(b)
(©)
(d)
(e)
)

True: comment before Example 2.1.
False: the negation of a universal statement is an existential statement.
True: comment before Example 2.1.

False: it means there exists at least one.
True: Example 2.1.
True: comment after Practice 2.4.

Some road in Yellowstone is not open.

All fish are not green.

There exists an even integer that is prime.
Vx<3,x < 10.

Ixind>3Vy<k f(»))<00r f(»)> f(x).
n>NandIxinS>|f,(x)- f(x)| > &

Some light is not on.

All basketball players are Central High are not short.

There exists a bounded interval that contains infinitely many integers.
VxinS,x<35.

IJx30<x<land3< f(x)<5.

x>5andVy>0,x*<25+y.

The True/False part of the answers is given as a hint.

(a)
(b)
(©)
(d)
(e)
()

(a)
(b)
(©)
(d)
(e)
()

()
(b)
(c)
(d)

True. Letx=0. Then given any y, letz=y. (A similar argument works for any x.)

False. Given any x, lety=-xandz=1.

True. Letz=y —x.

False. Letx=0and y=1. (Itis a true statement for x = 0.)

True. Letx <0.

True. Take z<y. This makes “z > y” false so that the implication is true. Or, choose z > x + y.

True. Givenxand y, letz=x+y.

False. Letx=0. Then givenany y, letz=y + 1.

True. Letx=1. Then givenany y, letz=y.

False. Letx=1and y=0.

False. Letx=2. Givenany y, letz=y+ 1. Then “z> y” is true, but “z > x + y” is false.
True. Given any x and y, either choose z>x+yorz < y.

You can use (i) to prove (a) is true.
You can use (i) to prove (b) is true.
You can use (i) to prove (c) is false.
You can use (i) to prove (d) is false.

The best answer is (c).

(a) True (b) True (c) True (d) False (e) True (f) True (g) True (h) False



2.10 (a) True (b) False (c) True (d) False (e) False (f) False (g) True

211 (a) Vx, f(=x)= f(x); (b) Ix> f(=x)= f(x).

212 @) 3 k>05Vx, f(x+k)=f(x).
(b) V k>0,3x3 f(x+k) =/f(x).

213 (a) VxandV y,x<y= f(x) <f(y).
(b) 3xand Iy 3x< yand f(x)> ().

214 (@) VxandVy,x<y= f(x)> f(»).
(b) IxandIys3x<yand f(x) < ().

215 (a) VxandVy, f(x)= f())=x=y.
(b) IxandIy > f(x)= f(y) and x = y.

2.16 (a) VyinBIxind3 f(x)=y.
(b) IyinB>3Vxind, f(x)=y.

217 (a) V£>0,36>03VxeD,|x-c|<8 =|fx)-f(lo)<e&
(b) 36>03V>0,IxeD3|x—c|<Sand|f(x)-f(c) = &

218 (a) Ve>036>05VxinSandVyinS, |x—y|<d = |fx)—f(»)|<e.
(b) 3e>05V6>0,3xinSandIyinS>|x—y|<d and | f(x) - f ()| = €.

219 (@) V£>0,36>05VxeD, 0<|x—c|<d=|f(x)-Ll<e
(b) 36>05V5>0,3xeD>50<|x—c|<SFand|f(x)-L|> e

2.20 Answers will vary.

Section 3

3.1 (a) False: p is the hypothesis.
(b) False: the contrapositive is ~q = ~p.
(c) False: the inverse is ~p = ~q¢.
(d) False: p(n) must be true for all n.
(e) True: Example 3.1.

3.2 (a) True: comment in first paragraph on page 18.
(b) False: it’s called a contradiction.
(c) True: comment after Practice 3.8.
(d) True: end of Example 3.1.
(e) False: must show p(n) is true for all n.

3.3 (a) If some violets are not blue, then some roses are not red.
(b) If H is not normal, then H is regular.
(c) If Kis not compact, then either K is not closed or X is not bounded.

3.4 (a) Ifall violets are blue, then all roses are red.
(b) If His normal, then H is not regular.
(c) IfKis compact, then K is closed and bounded.

3.5 (a) Ifsome roses are not red, then some violets are not blue.
(b) If H is regular, then H is not normal.
(c) IfKis not closed or X is not bounded, then K is not compact.

(h) True



3.6

3.7

3.8

3.9

3.10

3.11

(@) x=-3 (b) n=400orn=41 (c) anequilateral triangle (d) 101, 103, etc.
(¢) 2 (f)y n=1loranyoddn (g) Letx=2andy=18. (h) 0 has no reciprocal.
(i) If0<x<1,thenx’ <x* Inparticular, (1/2)° = 1/8 < 1/4 = (1/2)*.

(J) The reciprocal of 1 is not less than 1.

(k) 3*+2=245isnotprime. (1) x=0 (m) x=-1

(a) Supposep=2k+ 1 and ¢ =2r+ 1 for integers k and r. Then
ptq=QRk+1)+Q@2r+1) = 2(k+r+1),s0p+qiseven.
(b) Suppose p =2k + 1 and g = 2r + 1 for integers k and . Then
pq = 2k+1)2r+1) = 4kr+2k+2r+1 = 2Q2kr+k+r)+ 1, s0 pq is odd.
(c) Suppose p =2k + 1 and g = 2r for integers k and r. Then
ptqg= Qk+1)+2r = 2(k+r)+1,s0p+qisodd.
(d) Suppose p =2k and g = 2r for integers k and r. Then
ptq = 2k+2r = 2(k+r),sop+qiseven.

(e) Suppose p = 2k, then pg = 2(kq), so pq is even. A similar argument applies when ¢ is even.

(f) This is the contrapositive of part (e).
(g) Hint in book: look at the contrapositive.
Proof: To prove the contrapositive, suppose p =2k + 1. Then
Pt = Qk+ 1) = 4i2+4k+1 = 2QK* +2k) + 1, s0 p* is odd.
(h) To prove the contrapositive, suppose p = 2k. Then
pt = 2k = 4k* = 2(2K%), so p* is even.

Suppose f(x;) = f(xz). Thatis, 3x; —5=3x,—5. Then 3x; = 3x,, 50 x| = X>.

(a) F=~s hypothesis
~s=>~t contrapositive of hypothesis: 3.12(c)
F=~t by 3.12(1)
®) ~t=>(~rv~ys) contrapositive of hypothesis: 3.12(c)
~FV~s by 3.12(h)
~s by 3.12(j)
(c) FNV~F by 3.12(d)
~§=>~V contrapositive of hypothesis 4 [3.12(c)]
=~y hypothesis 1 and 3.12(1)
~r=u hypotheses 2 and 3 and 3.12(1)
~VV u by 3.12(0)
(a) ~r hypothesis
~r=(rv-~s) contrapositive of hypothesis: 3.12(c)
FV~s by 3.12(h)
~s by lines 1 and 3, and 3.12(j)
(b) ~t hypothesis
~t= (~rA~S) contrapositive of hypothesis: 3.12(c)
~FA~S by lines 1 and 2, and 3.12(h)
~s by line 3 and 3.12(k)
(c) s=r contrapositive of hypothesis: 3.12(c)
t=u hypothesis
sVt hypothesis
rvu by 3.12(0)
Let p: The basketball center is healthy. ¢: The point guard is hot.
r: The team will win. s: The fans are happy.
t: The coach is a millionaire. u: The college will balance the budget.

The hypotheses are (p v ¢) = (r A s) and (s v £) = u. The conclusion is p = u.



