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CHAPTER 2CT

2CT.2 - UNIT IMPULSE

2CT.2.1

2CT.2.2

(d) We can see from plot (c) that the limit , .?7 $Ä ! B > : >  > œ B > >  >?7 9 9 9

This result is consistent with the sampling property: B > >  > œ B > >  >$ $9 9 9
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2CT.2.3

> >  "  > >  > >  " œ >  "  >  "# #$ $ $ $ $sin

2CT.2.4
a) Let B œ $>

( (
∞ ∞

∞ ∞

$ $$> .> œ B .B œ
" "

$ $

b) Let B œ +>
For +  !

( (
∞ ∞

∞ ∞

$ $+> .> œ B .B œ
" "

+ +

For +  !

( ( (
∞ ∞ ∞

∞ ∞ ∞

$ $ $+> .> œ B .B œ  B .B œ 
" " "

+ + +

Therefore, for any ,+ Á !

(
∞

∞

$ +> .> œ
"

l+l
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2CT.3 - IMPULSE RESPONSE

2CT.3 1Þ
a)

C > œ / ? > œ / ? >  ? > / œ >  / ? >
. . . "

.> .> .>
Š ‹   > > > >

7 7 7 7$
7

b)

2CT.3.#
a)

2 > œ . œ .  . œ ? >  ? > 
" c d( ( (1 1 1

7 7 7 7
$ - - $ - - $ - - 7

> ∞ ∞

> > >

-

-

7

7

b)

2CT.$Þ$
With , (78) becomesB > œ ? >

C > œ B . œ ? .( (1 1
7 7

- - - -
> >

> >

- -7 7

Evaluation of the integral is facilitated by referring to the Figure below. The value of the
integral is equal to the area under  evaluated from - to  You can see? œ > œ >Þ- - 7 -
from the figure that this area depends upon the value of >Þ
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By inspection

(
>

>

-7
? .- - œ

!à >  !
>à ! Ÿ > 
à Ÿ >

Ú
ÛÜ 7
7 7

Therefore,

C > œ
!à >  !
>Î à ! Ÿ > 
"à Ÿ >

Ú
ÛÜ 7 7

7

2CT.3.4

2 > œ ? >  ? > 
" c d
7

7

2CT.3.5
a)

b) In the limit , ?7 - -Ä ! . œ ? > Þ: > œ > :?7 ?7$  and '∞
>

2CT 4 - WAVEFORM REPRESENTED AS AN INTEGRAL OF.
              SHIFTED IMPULSES

2CT.4.1

( ( (
∞ ∞ ∞

∞ ∞ ∞

9 9 9 9 9 91 > >  > .> œ 1 > >  > .> œ 1 > >  > .> œ 1 >$ $ $
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2CT.4.2
a)

B > œ #&  . œ &( È
∞

∞

7 $ 7 7

b)

B > œ / ? >  . œ / ? >(
∞

∞
 >7 7 $ 7 7

2CT.5 - CONVOLUTION INTEGRAL

2CT.5.1
Linearity

C > œ 2 >  +B  ,B .(
∞

∞

" #- - - -

œ + 2 >  B .  , 2 >  B .( (
∞ ∞

∞ ∞

" #- - - - - -

Time invariance  Let Þ œ " - 7

D > œ 2 >  B  . œ 2 >   B . œ C > ( (
∞ ∞

∞ ∞

- - 7 - 7 " " " 7

5.2
a)

b)

C > œ

!à >  !

. œ > à !  >  X

X à X Ÿ >

ÚÝÛÝÜ
'
!
> "

#
#

"
#

#

- -
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c)

T
t

1
2

T2

y�t�

2CT.5.3
a)
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t
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b)

�

x���

t
�

h�t ��

t
�

x���h�t ��

>  ! in the above plots.  

C > œ B 2 >  . œ / >  .( (
∞ !

∞ "
 >- - - - -- -/ ?

"
#

œ / >  . œ / . à

/ . à

/ ?

!à >  !

/ ! Ÿ >  "

/ " Ÿ >
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!

"
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>
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!
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#

- -

-

ÚÝÛÝÜ- - -

-

$
#

$
#



2CT  IMPULSE, IMPULSE RESPONSE, AND CONVOLUTION 

25

C > œ / "  / à

/ "  / à

ÚÝÝÛÝÝÜ
Š ‹
Š ‹

!à >  !

! Ÿ >  "

" Ÿ >

#

#

$
>  >

$
> 

"
#

"
#

$
#

$
#

c)

 1  0.5 0.5 1 1.5 2 2.5 3
t
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y�t�

2CT.5.4
a)

 1  0.5 0.5 1 1.5 2 2.5 3
t
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0.8
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x�t�
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t
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0.8

1

ht�

 
b) The plots for the graphical method are analogous to those in problem 5.3.

C > œ B 2 >  . œ / >  .( (
∞ !

∞ "
>- - - - -α- -/ ?"

œ / >  . œ / . à

/ . à

/ ?

!à >  !

/ ! Ÿ >  "

/ " Ÿ >

" "

"

> 

!

"
> 

!
>

> 
!
"

( '
'

α " - α " -

α " -

ÚÝÛÝÜ- - -

-

C > œ / /  " à

/ /  " à

ÚÝÛÝÜ
ˆ ‰
ˆ ‰

!à >  !

! Ÿ >  "

" Ÿ >

"

"


α "

α "

" α "

" α "

>  >

> 
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For α "œ " œ  and  the above becomes"
#

C > œ / / à

/ / à

ÚÝÛÝÜ
ˆ ‰ˆ ‰

!à >  !

# "  ! Ÿ >  "

# "  " Ÿ >

>Î# >Î#

>Î# "Î#

 1 1 2 3 4 5
t

0.1

0.2

0.3

0.4

y�t�

2CT.5.5
We can find in a manner similar to that of problem 3.  Alternatively, let's take theC >
limit  in the solution to problem 5.4" αÄ

C > œ
Ä

/ /  " à

/ /  " à

lim
 " α

ÚÝÛÝÜ
ˆ ‰
ˆ ‰

!à >  !

! Ÿ >  "

" Ÿ >

"

"


α "

α "

" α "

" α "

>  >

> 

Set .  rule gives us% α "œ  L'Hospital's^

lim lim
  

lim
 

%
" α

% " α
%

%Ä !
Ä

/ /  " /
Ä

Ä !
/ /  ""

œ œ >" % α
%

" %

%

> > >

.
.

> >

.
.

ˆ ‰
and

lim lim
  

lim
 

%
" α

% " α
%

%Ä !
Ä

/ /  " /
Ä

Ä !
/ /  ""

œ œ" % α
%

" %

%

> >

.
.

>

.
.

C > œ
Ä

/ à

/ à

lim
 " α

Ú
ÛÜ

!à >  !

> ! Ÿ >  "

" Ÿ >

α

α

>

>

A plot of  for  followsC > œ " Þα
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2CT.5.6

C > œ œ œ 2 .(( (
∞ !

∞ ∞

? 2 >  . 2 >  .7 7 7 7 7 - -
∞

>

where we let .- 7œ > 

2CT.5.7

C > œ B > ‡? > œ ? >  B . œ ? >  B . œ B .( ( (
∞ ∞ ∞

∞ ∞ >

- - - - - - - -

2CT.5.8
a) For this problem, we prefer to use the commutivity property to write the convolution
as

C > œ 2 B >  .(
∞

∞

- - -
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x�t ��h���

This plot assumes >  !
We see that  for . We see that for C > œ ! >  ! >   !ß
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C > œ 2 . œ Ð"  / Ñ. œ >  "  /( ( ˆ ‰
! !

> >
 >- - --

Thus

C > œ >  "  / ? >‘ˆ ‰>

b) We can also use the result of problem 5.6  to write down

C > œ 2 .(
!

>

- -

and continue as in Problem 5.8.

2CT.5.9
If we set - œ >  7  we obtain

C > œ ( (
∞ ∞

∞ ∞

B 2 >  . œ 2 B >  .7 7 7 - - -

Therefore,

B > ‡2 > œ 2 > ‡B >

2CT.5.10
a)

(
∞

∞

B >  . œ B >- $ - -

b)

(
∞

∞

9 9B >  >  . œ B >  >- $ - -

c)

( (
∞ ∞

∞ ∞

/ / / / \4# > 4# > 4# 4# >1 - 1 1 - 1J J J JB . œ B . œ- - - - J

where

\ œ /J (
∞

∞
4#1 -J B .- -
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2CT.5.11

t

1

x�t�

�
t

1��h�t�

      

t
�

1

x�t ��

�
�

1��h���

t
�

1��x�t ��h���

Above plots assume !  >  7

For we see by inspection of the plot that x  has area  Working!  >  >  2 >Î Þ7 - - 7
similarly for  and for  we obtain.> Ÿ ! >   7

C > œ
? > à > 

"à >  
œ >

7 7

7

The plot of  is straightforward. Here is another method. C > From problem 3.2,

2 > œ ? >  ? > 
" c d
7

7

It follows from the superposition and time invariance properties of convolution that

C > œ ? > ‡? >  ? > ‡? >  œ ? >  ? > 
" " > > 

7 7 7 7
7 7

7

œ
? > à > 

"à >  
œ >

7 7

7

A third method is to use Eq (88).

2CT.5.12
We can interpret the expression .1 .3  as the output of a$ $ $>  " ‡ >  #Þ# ‡ >  $
system having impulse response .3  driven by an input .1 . The$ $ $>  #Þ# ‡ >  $ >  "
system is the cascade of two delay systems: one having delay 2.2 and the other having
delay 3.3.  Therefore, by inspection, the output is

$ $ $ $>  " ‡ >  #Þ# ‡ >  $ œ > .1 .3 6.6
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2CT.5.13
No, the response of the same system to the input  is, in general, not . ForB #> C #>
example, assume that  Then  is the impulse response.  TheB > œ > Þ C > œ 2 >$
response to  isB #> œ #>$

( ( Œ
∞ ∞

∞ ∞

2 >  # . œ 2 >  . œ 2 > Á 2 #> œ C #>
" " "

# # #
- $ - - " $ " "

In general, the response to , is given by . This integral mustB #> 2 >  B # .'
∞
∞

- - -

be evaluated for the particular  in question.B †

2CT.6 - BIBO STABILITY

2CT.6.1
a) Not BIBO stable because '∞

∞
l? > l.> œ ∞Þ

b) BIBO stable because  1'
∞
∞

l > l.> œ  ∞Þ$

c) BIBO stable because  '∞
∞

l " >Î
7

7/ ? > l.> œ "  ∞  !Þ for all 7
d)  for all  BIBO stable because  '∞

∞
l? >  ? >  # l.> œ #  ∞  !Þ7

e) Not BIBO stable because  cos'
∞
∞

l "!!> ? > l œ ∞Þ.>

2CT.6.2
a) For a BIBO stable system,

(
∞

∞

l2 > l.>  ∞

and it follows from the given inequality that

(
∞

∞
#l2 > l .>  ∞

Therefore, if a LTI system is BIBO stable, its impulse response has finite energy.
b) The converse is not true. Consider the system in the hint where . The2 > œ ? >  ""

>

energy in  is finite2 >

( ( º
∞ "

∞ ∞
#

# $
"

∞

l2 > l .> œ .> œ  œ
" " "

> $> $

However, the system is not BIBO stable because

( ( º
∞ "

∞ ∞

"

∞

l2 > l.> œ .> œ > œ ∞
"

>
ln
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2CT.7 - CAUSAL SYSTEMS

2CT.7.1
a) Causal because  for 2 > œ ! >  !Þ
b) Noncausal because  for 2 > Á ! >  !Þ
c)  Noncausal because  for 2 > Á ! >  !Þ
d) Noncausal because output values for  depend on input values for . (For>  ! >  !
example . Therefore, some output values depend on input values beforeC $ œ B $
these input values occurs.)

2CT.8 - BASIC CONNECTIONS OF CT LTI SYSTEMS

2CT.8.1

C œ 
 

,
# #Œ-

- -

7 7
’ ’Œ 7 7

is sketched below on the left. The right-hand figure is the integral

C > œ . œ
>(

∞

C

C, Œ- - 7
7

•

given by the shaded region. As  increases from , this shaded region increases> > œ 7
linearly and equals  when  As  grows beyond , the total area decreases linearly7 > œ !Þ > !
and equals  at ! > œ Þ7

C, ˆ ‰- 7 • >
7

2CT.8.2
a)

. . . " "

.> .> .>
"  / ? > œ ? >  / ? > œ >  / ? >  > œ / ? >Š ‹   > > > >

7 7 7 7$ $
7 7

b)-c) The step response of an LTI system is given by

2 > œ ? > ‡2 > œ 2 ? >  . œ 2 ."
∞ ∞

∞ >( (- - - - -

If we differentiate the above we obtain
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.

.>
2 > œ 2 >"

2CT.8.3
Consider first the problem of evaluating . A system having impulse response< > ‡< >
2 > œ < > < > ‡< >can be represented by 2 integrators in series.. Thus, we can find  by
integrating a ramp twice. The output of the first integration is

(
∞

>
#< . œ > ? >

"

#
" "

and the output of the second integration is

< > ‡< > œ ? > . œ > ? >
" "

#
(
∞

>
# $" "

6

Since convolution is a LTI operation, we can use time invariance to find the output for an
input . The result is< >  >9 

< > ‡< >  > œ >  > ? >  >
"

9 9 9
$

   6

2CT.8.4
a) If we substitute  into (53) we obtain2 > œ >  "" $

2 > œ >  >  "  >  " ‡ >  "  >  " ‡ >  " ‡ >  " â$ $ $ $ $ $ $

which simplifies to

2 > œ >  >  "  >  #  >  $ â$ $ $ $

b) The same result can be obtained by recognizing that the system  is a2 > œ >  "" $
delay element with delay 1.  If we apply an impulse, ,  to the loop we see the impulse$ >
is delayed by 1 each time it  goes around the loop.

2CT.8.5
It is possible to connect stable systems together in such a way that the overall system is
unstable. Consider the system of Problem 8.4. The delay element is stable. However, the
overall system is  not stable. You can establish this result by noting that  from the2 >
preceding problem is not absolutely integrable. Alternatively, you can notice that if you
apply the bounded input , the output will be an unbounded:B > œ ? >

? > ‡2 > œ ? > ‡ >  ? > ‡ >  "  ? > ‡ >  #  ? > ‡ >  $ â$ $ $ $

œ ? >  ? >  "  ? >  #  ? >  $ â
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2CT.9 - SINGULARITY FUNCTIONS AND THEIR APPLICATIONS

2CT.9.1
Plots of ? ? >  ? ? > " " " " ", , and  versus  will show that

( œ œ' Ÿ
∞

∞

!
>? ? >  . œ œ œ < >

! >  !

? ? >  . C   !

! >  !
> C   !

" " "
" " "

for 
for 

for 
for 

b) We can view  as the response of an integrator to a step. The integral of a step? > ‡? >
is a ramp.

2CT.9.2

2 > œ > œ >
.

.>
$ $"   (a unit doublet)

2CT.9.3

’ ‡ ’ œ ’ ’ .
> > > Œ Œ Œ Œ(
7 7 7 7

- -
-

∞

∞

The stated result follows by plotting ,  and  versus  for’ ’ ’ ’ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰> >- - - -
7 7 7 7 -

different values of . For example, plot these functions for   to show that> ! Ÿ >  7

( Œ Œ
∞

∞

’ ’ . œ  >
>  - -

7 7
- 7

when  . Plot the functions for  to show that! Ÿ >   >7 7

( Œ Œ
∞

∞

’ ’ . œ
>  - -

7 7
- 0

when  and so on.7  >
2CT.9.4
Notice that the base of  touches  at 1. The bases of  and • > ! > œ „ #> >Î$• •
therefore touch  at  and  respectively.! > œ „!Þ& > œ „$
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2CT.9.5
a) Step response:

2 > œ œ ? >  2 . œ 2 ."
∞ ∞

∞ >( (? > ‡2 > - - - - -

b) If we differentiate the above we have the result

2 > œ 2 >
.

.>
"

c) A unit ramp can be expressed as

< > œ ? > ‡? >

Therefore the ramp response of the LTI system is

2 > œ < > ‡2 ># œ ? > ‡? > ‡2 > œ ? > ‡ ? > ‡2 >c d c d
œ ? > ‡2 > œ ? >  2 > . œ 2 > .( (" " "

∞ ∞

∞ >

- - -

2CT.9.6

c)

C > œ B >  & œ & B >  œ & B( ( (œ B > ‡2 >
∞ ! >#

∞ # >

- - - - " "
-

’ Œ  "

#
. . .

2CT.9.7

B > œ  # >  %  # >  $  % >  #  % >  "• • • •

 • • •>  "  >  #  >  $2 2
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2CT.9.8
We know from (72) that

• Œ > > > >

7 7

7 7
œ

<   #<  < 

The system's ramp response is give as .  Superposition and time-invariance then2 >#

yield:

• Œ >
> > >

7 7 7 7
7 7Ò

2 > " # "
2   2  2 # # #

Therefore, for :7 œ "

• > > > >Ò
2 >

2  "  #2  2  "# # #

2CT.9.9
We showed in the solution to 9.8 that:

• Œ >
> > >

7 7 7 7
7 7Ò

2 > " # "
2   2  2 # # #

When we set  the above becomes:7 œ '

• Œ >
> > >

6 6 3 6
6 6

1
Ò
2 > " "

2   2  2 # # #

MISCELLANEOUS PROBLEMS

2CT.1
a) By Newton's second law of motion, force equals mass times acceleration.  Two forces
act on the mass in the  direction: the applied force  and the friction  whereB J > 5@ >
@ > œ B > >

Þ  and the dot is Newton's notation for differentiation with respect to . By
Newton's third law, therefore,

J >  5@ > œ 7@ >
Þ

which rearranges to

7@ > 5@ > œ J >
Þ

b)
The above equation can be written as

7 "

5 5
@ > œ J >  @ >
Þ
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The following system implements this equation:

c) Notice that the above system is identical to Figure 11 in the book with ,7- œ 7Î5
except that the input is multiplied by  We can use the analysis of Example 3 to write"Î5Þ

2 > œ / ? > œ / ? >
" "

5 77-

 > 5>
7- 7

The response of the system  is the scaled integral of the impulse responseJ > œ J ? >9

@ > œ J 2 > .>
J(9

∞

>
9

œ "  / ? >
5

Š ‹5>
7

The steady state velocity is therefore .@ ∞ œ J Î59

2CT.2
If we combine the equations in the hint we get

C > œ >  .
"

VG
(
∞

>

C B > - 

which is one form of the I-O equation for the circuit.

2CT.3
By Kirchoff's voltage law,

@ >  @ > œ B >V G

where  and  are, respectively, the voltage across the resistor and the capacitor.@ > @ >V G

We have already shown that if , then  where B > œ > @ > œ / ? > œ VGÞ$ 7G
" >Î
7

7

Therefore, when ,B > œ >$

@ > œ 2 > œ >  / ? >
"

V
>Î$

7
7

A plot is shown in the solution to Problem 3.1.

2CT.4 The step response is the integral of the impulse response given in the solution to 3
above.
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C > œ 2 > œ  / ? . œ "  / ? >
"( Œ ˆ ‰"

∞

>
 Î >Î$ - - -

7
- 7 7

� 2� 3� 4� 5�
t

1

y�t�

2CT.5

C > œ < >  B . œ >  ? >  B . œ >  B .( ( (
∞ ∞ ∞

∞ ∞ >

- - - - - - - - - -

This equation suffices. However, we recognize that if  then the system is2 > œ < >
composed of two integrators in series. Therefore, an alternative expression is

C > œ B . .( (
∞ ∞

> "

- - "

We can also write the I-O equation as

.

.>
C > œ B >

#

#

2CT.6
a) An inspection of the system yields, for  ,0 > œ !

@ > œ B >  C >"

and

 C > œ EK@ >

If we eliminate  and solve for  we obtain@ > C >

C > œ B >
EK

"  EK"

b) If , then  and the answer to (a) becomesEK ¦ " "  EK ¸ EK" " "

C > ¸ B >
"

"
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c)  if an only if .EK ¦ " E ¦" "
K"

2CT.7
a) By inspection of the system, we see that

@ > œ B >  C >"

and

 C > œ EK@ >  0 >

If we eliminate  and solve for  we obtain@ > C >

C > œ B > 
EK "

"  EK "  EK" "
0 >

c) For , the above becomesEK ¦ ""

C > ¸ B > 
" "

EK" "
0 >

which is

C > ¸ B >
"

"

for sufficiently large .EK"

2CT.8
a)

 
As , the sides of the box-like function shrink to zero and the amplitude increases?P Ä !
to infinity. The volume of the box equals unity. The result is a two-dimensional impulse.

b)



2CT  IMPULSE, IMPULSE RESPONSE, AND CONVOLUTION 

39

M Bß C œ  B ß  C 2 B  ß C  . .9 9 9
∞ ∞

∞ ∞( ( $ α " α " α "

œ  B  C 2 B  ß C  . .( (
∞ ∞

∞ ∞

9 9$ α $ " α " α "

œ  C  B 2 B  ß C  . .( (œ
∞ ∞

∞ ∞

9 9$ " $ α α " α "

œ  C 2 B  B ß C  . œ 2 B  B ß C  C(
∞

∞

9 9 9 9$ " " "

c)

d)

M Bß C œ ? B  ß C  . . œ ? B  C  . .9
∞ ∞ ∞ ∞

∞ ∞ ∞ ∞( ( ( (α $ α " α " α $ α $ " α "

œ ? B  . C  . œ ? B C  . œ ? B( ( (
∞ ∞ ∞

∞ ∞ ∞

α $ α α $ " " $ " "
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2CT.9
a)

b)

M Bß C œ ? ’ C  . .
B 

P
9

∞ ∞

∞ ∞( ( Š ‹α $ " α "
α

?

œ ? ’ . C  . œ ? ’ .
B  B 

P P
( ( (Š ‹ Š ‹
∞ ∞ ∞

∞ ∞ ∞

α α $ " "α α α
α α

? ?

œ ? ? B   !Þ& P  ? B   !Þ& P .(
∞

∞

α α ? α ? α

œ < B  !Þ& P  < B  !Þ& P? ?

Notice that camera motion during the time of exposure has blurred the edge.


