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2CT IMPULSE, IMPULSE RESPONSE, AND CONVOLUTION

CHAPTER 2CT

2CT.2 - UNIT IMPULSE

2CT.21
x(t) x(t) x(t)
5 -9T 53 t
t 2T t ]
(a) (b) or (b)
x(t) X(t)
! 1.2 1.2 ‘
t 2
2.7
(c) (d)
2CT.2.2
Pa:'ﬂ_rﬂ' ) x{t) x{t) E,,ﬂ—fu.l
Ar ' At — d'_._
) ¢ 1 t tl., t
(a) (b) (c)

(d) We can see from plot (c) that the limit A7 — 0, z(¢)pa-(t — to) = x(t,)0(t — t,).
This result is consistent with the sampling property: z(t)6(t — t,) = z(t,)6(t — t,)
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2CT IMPULSE, IMPULSE RESPONSE, AND CONVOLUTION

2CT.2.3
t26(t — 1) +sin(t)6(t) + t26(t +1) = 6(t — 1) + 6(t + 1)
x(t)
1 1
t
—1 1
2CT.24
a) Letx = 3t
o0 1 [ 1
b) Let x = at
Fora >0
o0 1 [~ 1
/Ooé(at)dt = a/ooé(:c)dx =-
Fora <0

,Kzﬂwmt:é[;waﬂﬁ”:‘éfiﬁ@ww=—é

Therefore, for any a # 0,

/OO 6(at)dt = W1|
qF) A1)
= +
F
(c) (d)
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2CT.3 - IMPULSE RESPONSE

2CT.3.1
a)
d t i d d - 1 .
y(t) = E(e ’U(t)) = —u(t) +ult) e = 5(t) - —e ru(t)
b)
0]
'y
1
T T 47 57 t
1
=
2CT.3.2
a)
hit) = l/155 A)dA = E/t 6(A>dA—3/”6(A)dA— L fu(t) = u(t - )
B T Jtr N TJ -0 TJ -0 o T u u T
b)
h(t)
1
-
t
r
2CT.3.3

With x(t) = wu(t), (78) becomes

y(t) = E/ttx()\)al)\ = }/ttu()\)d)\

TJir TJir

Evaluation of the integral is facilitated by referring to the Figure below. The value of the
integral is equal to the area under u(\) evaluated from A = ¢-7to A = ¢. You can see
from the figure that this area depends upon the value of ¢.
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u(A) u(i) u(A)
— A —L % i. .
t-t ¢t t-t| t | t-t ¢

By inspection

t 0;, t<0
/u()\)d)\— t; 0<t<r
t-T

T, Tt
Therefore,
0, t<0
y(t)=<t/r; 0<t<r
1; T<1
2CT.34
1
h(t) = —[u(t) —u(t - 7)]
2CT.35
a)
t
B {E;:r#di
—oo

Ar | Ar -
R

b) In the limit A7 — 0, pa,(t) = 8(t) and [*_par-(\)dA = u(t).

2CT.4 - WAVEFORM REPRESENTED AS AN INTEGRAL OF
SHIFTED IMPULSES

2CTA41

o

/ o058t — t,)dt = / " gt)5(t — )t = g(t,) / 5(t — to)dt = g(t,)

—00 —0o0 —00
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2CT.4.2
a)

x(t) = /OO\/;(S(QE) —T7)dT =5
b)

x(t) = /_OO e Tu(r)o(t — T)dT = e " u(t)

o0

2CT.5- CONVOLUTION INTEGRAL

2CT5.1
Linearity

y(t) = / TRt — N (az(2) + baa())dA

= a/ooh(t — ANz (A)dA + b/ooh(t — A)za(A)dA

—00 —00

Time invariance. Let 3 =\ — 7

z(t) = /Ooh(t —ANz(A=T1)d\ = /Ooh(t —7—=0B)x(B)dB =yt —71)

5.2
a)
h(t) x(t)=u(t)
/| |
t t
T
b)
u(t-3)  h(i)=2 u(t-i)  h(i)=4 ut-z)  h(i)=2
n A
t| T t T T t
0; t<0
y(t) =3 [iadr =1t 0<t<T
ir2. T <t

2
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c)
y Bl
&TZ
2
T
T
2CT.5.3
a)
X el N
1 4

0.8 3

0.6

0.4 2

0.2 1

1 .0.5 051 15 2 25 3 - t

0.2 1 0.5 0.5 115 2 25 3

b)
X el X L
h el
t ‘ t

t > 0 in the above plots.

y(t) = /_oox()\)h(t —N)d\ = /Oleke%“”u((t —A))dA

. 0; t<O0
= ¢t / eIy ((E— N))dA = e fie A 0<t <]
0 er' [le dN; 1<t
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0; t<0
1 _3
o) = § 3o (L-et) o<
%e%t(l — e’%), 1<t
c)
y Bl
2
1.5
1
0.5
1 0.5 05115 2 25 3
2CT.54
a)
X Il (9] oy —
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
J—— e L t
1 0.5 0.5 1 15 2 25 3 1 0.5 0.5 1 15 2 2.5 3
0.2 0.2

b) The plots for the graphical method are analogous to those in problem 5.3.

y(t) =

00
[
—00

0;
1
Oé*ﬂ
1

a—

el (e

elt (e

1
e’ / eIy ((t = N))dA =
0

(A)h(t — N)dA = /1e%ﬁ<ﬂ>u<(t —\))dA

0

0; t<0
eﬁtfge(a’ﬁ)AdA; 0<t<1
eﬁtfole(a_ﬁ)’\d)\; 1<t

t<0
(=0t —1); 0<t<1
(a*ﬁ)_l); 1<t
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For « = —1and 3 = —1 the above becomes

0; t<0
y(t) =4 27 (1—e?); 0<t<1
2072 (1—e1?); 1<t

y ]
0.4
0.3
0.2
0.1
-1 i 2 3 4 &t

2CT.5.5

We can find y(¢) in a manner similar to that of problem 3. Alternatively, let's take the
limit 3 — « in the solution to problem 5.4

0; t<0
y(t) = lim { 75" (" =1); 0<t<1
Boal (el 1), 1<t

Oz—ﬂ

Set e = ae — [3. L'HOspital's rule gives us

. ]_ Ja . de
lim —e (e’ —1) = lim £=2— = te
5 —0e€ 60— « T €
— «
and
lim 4eft(ec —1)
. 1 . de
lim —e’(e€ — 1) =lim £= 0 y = e
e—0c¢€ — « e
B —a ‘
0; t<0
y(t) = lim < te*; 0<t<1
—a e 1<t

A plot of y(t) for o = —1 follows.
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y Rl
0.35
0.3
0.25
0.2
0.15
0.1
0.05

2CT.5.6

wherewe let A\ =t — 7.

2CT.5.7

2CT.5.8
a) For this problem, we prefer to use the commutivity property to write the convolution
as

[ee]
y(t) = / ()@t — \)dA
—0Q
h e
X ]
0.8
1
0.8 0.6
0.6 0.4
0.4
0.2 0.2
e t
1 0p,| 051 1.5 2 25 3 - T 05 05 115 225 3¢

X bl h bl X M1l L
This plot assumes ¢ > 0
We see that y(t) = 0 for ¢ < 0. We see that for ¢t > 0,
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y(t) = /0 h(N)dX\ = /0 (I—eMdrx=t—(1—e)
Thus

y(t) = [t — (1 —e ") ult)

b) We can also use the result of problem 5.6 to write down

and continue as in Problem 5.8.

2CT.5.9
If we set A\ =t — 7 we obtain

y@%:/ﬁxhﬁ@—TﬂT:/thM@—AﬂA

o 0.¢]

Therefore,
x(t)xh(t) = h(t)xx(t)
2CT.5.10
a)
/ooac(t ~NS(N)A = z(t)
b)
/oow(t oty — NS\ = a(t — 1)
c)

/ €j27TF(tf)\)x()\)d)\ — ej?ﬂFt/ 67j27rF)\ZE()\)d)\ — ejZﬂ'FtX(F)

o —00

where
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2CT.5.11

X

o Mo
1
t T
a
X ] X

R ) o !

Above plotsassume 0 < ¢t < 7

For 0 < t < 7we see by inspection of the plot that x(¢ — A\)h(\) has area ¢/7. Working
similarly for ¢ < 0 and for ¢ > 7 we obtain.

{gu(t); t<T

t) =
y() 1; t>T

The plot of y(t) is straightforward. Here is another method. From problem 3.2,
1
h(t) = =[u(t) — u(t —7)]

-
It follows from the superposition and time invariance properties of convolution that
1 1 t t—T1

y(t) = Zu(tysult) - —u(tyrult = 7) = —u(t) -

|

u(t — 1)

Lu(t); t<rt
1; t>T

A third method is to use Eq (88).

2CT.5.12

We can interpret the expression 6(t — 1.1)x6(t — 2.2)x6(t — 3.3) as the output of a
system having impulse response (¢t — 2.2)x6(t — 3.3) driven by an input 6(¢ — 1.1). The
system is the cascade of two delay systems: one having delay 2.2 and the other having
delay 3.3. Therefore, by inspection, the output is

§(t — 1.1)%8(t — 2.2)%8(t — 3.3) = 6(t — 6.6)
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2CT.5.13

No, the response of the same system to the input x(2t) is, in general, not y(2t). For
example, assume that x(t) = 6(¢t). Then y(t) = h(t) is the impulse response. The
response to x(2t) = 6(2t) is

/Ooh(t ~ A)E2A)dN = /Ooh(t - %5)5(@%% _ %h(t) £ h(2t) = y(21)

e¢] o0

In general, the response to x(2t), is given by [~ h(t — A)z(2X)dA. This integral must
be evaluated for the particular z( - ) in question.

2CT.6 - BIBO STABILITY

2CT.6.1

a) Not BIBO stable because f (t)|dt =

b) BIBO stable because [~ |dt =1< .

c) BIBO stable because f_oo T “UTu(t)|dt = 1 < oo forall 7 > 0.

d) BIBO stable because [~ |u(t) — u(t — 2)|dt = 2 < oo forall 7 > 0.

e) Not BIBO stable because f |cos (100t)u(t)|dt =

2CT.6.2
a) For a BIBO stable system,

/x|h(t)|dt <

o0

and it follows from the given inequality that

/oo|h(t)\2dt < 00

oo

Therefore, if a LTI system is BIBO stable, its impulse response has finite energy.
b) The converse is not true. Consider the system in the hint where h(t) = 1u(t — 1). The
energy in h(t) is finite

h(t)|?dt = Sdt = ——
/m| () / -

However, the system is not BIBO stable because

/_Z|h(t)|dt: /100%(#: In(t)

<

.3

00
=00
1
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2CT.7 - CAUSAL SYSTEMS

2CT.7.1

a) Causal because h(t) = 0fort < 0.

b) Noncausal because h(t) # 0 for ¢t < 0.

c) Noncausal because h(t) # 0 fort < 0.

d) Noncausal because output values for ¢ < 0 depend on input values for ¢t > 0. (For
example y(—3) = x(+3). Therefore, some output values depend on input values before
these input values occurs.)

2CT.8 - BASIC CONNECTIONS OF CT LTI SYSTEMS

=0 (228) 0 (25

is sketched below on the left. The right-hand figure is the integral

v = [ war=rn (%)

given by the shaded region. As ¢ increases from ¢t = —r, this shaded region increases
linearly and equals = when ¢ = 0. As ¢ grows beyond 0, the total area decreases linearly
andequalsO att = 7.

2CT.8.1

ub(N) A (4)
— Ax
T - - g
—T t ’ -1 T t
-1
2CT.8.2
a)
d t d d t ]_ t ]_ t
—(1—¢7 = — — — e 7 = e — = Ze77
dt( e )u(t) Zou(t) = e Tult) = 8(8) + e Fult) = 8(t) = ~e Fu(t)

b)-c) The step response of an LTI system is given by

hoy(t) = u(t)+h(t) = / T hult — NdA = / t h(M\)dA

—00 —00

If we differentiate the above we obtain
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2CT.8.3

Consider first the problem of evaluating =(¢)+r(t). A system having impulse response
h(t) = r(t) can be represented by 2 integrators in series.. Thus, we can find r(¢)xr(t) by
integrating a ramp twice. The output of the first integration is

t
| @5 = s
and the output of the second integration is

1 1
r(t)r(t) :/ §B2u(t)dﬂ: 6t?’u(t)

Since convolution is a LTI operation, we can use time invariance to find the output for an
input (¢ — t, ). The result is

(t—to ) u(t —t,)

| =

r(t)xr(t —t,) =

2CT.8.4
a) If we substitute i, (¢) = §(¢ — 1) into (53) we obtain

h(t) = 6(t) 4+ 6(t — 1)+ 6(t — 1)x8(t — 1) + 6(t — 1)x5(t — 1)x8(t — 1) + ---

which simplifies to

h(t) = 6(t) +6(t —1) +6(t —2) + 6(t —3) + -+

b) The same result can be obtained by recognizing that the system h,(t) = 6(t — 1) is a
delay element with delay 1. If we apply an impulse, 6(¢), to the loop we see the impulse
is delayed by 1 each time it goes around the loop.

2CT.85

It is possible to connect stable systems together in such a way that the overall system is
unstable. Consider the system of Problem 8.4. The delay element is stable. However, the
overall system is not stable. You can establish this result by noting that A (¢) from the
preceding problem is not absolutely integrable. Alternatively, you can notice that if you
apply the bounded input z(¢) = u(t), the output will be an unbounded:

u(t)*h(t) = u(t)*6(t) + u(t)x6(t — 1) + u(t)*6(t — 2) + u(t)*6(t —3) + - --

=u(t)+ult—1)+ult—2)+u(t—3)+:-
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2CT.9 - SINGULARITY FUNCTIONS AND THEIR APPLICATIONS

2CT.9.1
Plots of u(3), u(t — 3), and u(B)u(t — [3) versus 3 will show that

. 0 fort <0 0 fort<o0
[ o= =g 1oy 0} -{7 T Sof=ro

b) We can view w(t)*u(t) as the response of an integrator to a step. The integral of a step
is a ramp.

2CT.9.2

h(t) = —6(t) = 61(t) (a unit doublet)

()= [ (2)n(e

The stated result follows by plotting 1 (:=2), 1 (2) and 1 (=2) 1 (2) versus A for
different values of ¢. For example, plot these functions for 0 < ¢ < 7 to show that

()

when 0 < ¢t < 7. Plot the functions for 7 < ¢ to show that
[ ()0 (F)m=o
— 00 T T
when 7 < t and so on.
2CT.9.4

Notice that the base of A (¢) touches 0 at t = +1. The bases of A (2t) and A (¢/3)
therefore touch 0 at t = +£0.5 and t = £3 respectively.

/\(2t) /\(t/3)

A AL

2CT.9.3
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2CT.9.5
a) Step response:

u(t — A)h(A)dA = /t h(\)dA

—00

o

hoy(t) = u(t)<h(t) = /

—00
b) If we differentiate the above we have the result

h(t) = Shoa (1)

c) A unit ramp can be expressed as
r(t) = u(t)*u(t)
Therefore the ramp response of the LTI system is
h_o(t) = r(t)xh(t) = [u(t)*u(t)]xh(t) = w(t)*[u(t)xh(t)]

w(t — A\h_1(t)dA = /t h_1(t)dA

—0o0

oo

— u(t)xh_y(t) = /

—0o0

2CT.9.6
h(t)
a) 5
> t
b)
5(0 »| Delayby2 _ Ime?crnatten frtom h (f)
5

c)

o) = o(t)eh(t) = /_Oox(t A5 (%)dx _ 5/029;@ A = 5/;95(5)(15

2CT.9.7
z(t) = 2AN(E+4)+2ANE+3)+4AN{E+2)+4N(E+1)

—AN{t=1)=2A({t—=2)+2A(t—3)
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2CT.9.8
We know from (72) that

T

A t\  rt+T1)=2r(t)+rt—r1)
T
The system's ramp response is give as h_»(¢). Superposition and time-invariance then
yield:
1 2 1

A (3) O 1) = 2ha(t) + st — 1)
T T T T

Therefore, for 7 = 1:

h(t)
A (t) — h_o(t+1) — 2h_o(t) + h_o(t — 1)

2CT.9.9
We showed in the solution to 9.8 that:
t\ h®) 1 2 1
N <—) — —hfg(t—f—T)— —h,Q(ﬁ)—f——h,z(t—T)
T T T T

When we set 7 = 6 the above becomes:

t\ Rt 1 1 1

MISCELLANEOUS PROBLEMS

2CT.1

a) By Newton's second law of motion, force equals mass times acceleration. Two forces
act on the mass in the +x direction: the applied force F'(¢) and the friction —kwv(t) where
v(t) = &(t) and the dot is Newton's notation for differentiation with respect to ¢. By
Newton's third law, therefore,

F(t) — kv(t) = mo(t)
which rearranges to
mo(t)+kv(t) = F(t)

b)
The above equation can be written as

m . 1
Ev(t) = EF(t) —o(t)
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The following system implements this equation:

t
Fl)— | o —w{ [ > V()

c) Notice that the above system is identical to Figure 11 in the book with 7. = m/k,
except that the input is multiplied by 1/k. We can use the analysis of Example 3 to write

1 ¢ 1 y
= o e ~u(t) = Ee_%u(t)

h(t)

The response of the system F'(t) = F,u(t) is the scaled integral of the impulse response

o(t) = Fo/t h(t)dt = %(1 e H)u(t)

—00

The steady state velocity is therefore v(co) = F, /k.

2CT.2
If we combine the equations in the hint we get

1 t
o) =g |0 = a()ax
which is one form of the I-O equation for the circuit.

2CT.3
By Kirchoff's voltage law,

vr(t) +vo(t) = z(t)

where vr(t) and ve(t) are, respectively, the voltage across the resistor and the capacitor.
We have already shown that if z(t) = §(t), then ve(t) = Le "/7u(t) where 7 = RC.
Therefore, when x(t) = 6(t),
vR(t) = h(t) = 6(t) — ~e~u(t)
T
A plot is shown in the solution to Problem 3.1.

2CT.4 The step response is the integral of the impulse response given in the solution to 3
above.
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y(t) = by (1) = / t (5@) _ le—A/Tuu)) dr= (1— e )ult)

T

y(t) = / ot = Na(V)dA = / = Nt — Na(\)dA = / (t = M)z(A)dA

[e¢] —00 —00

This equation suffices. However, we recognize that if h(t) = r(t) then the system is
composed of two integrators in series. Therefore, an alternative expression is

y(t) = /_;/_iox()\)d)\dﬁ

We can also write the 1-O equation as

2
Coult) = (1)

2CT.6
a) An inspection of the system yields, for £(¢) = 0,

v(t) = x(t) — By(t)
and
y(t) = AGu(t)
If we eliminate v(t) and solve for y(¢) we obtain
_ %x(t)
b) If AGG > 1,then 1+ AG( ~ AG3 and the answer to (a) becomes
1

y(t) ~ 5t

y(t)
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c) AGB > lifanonlyif A > GL[}

2CT.7
a) By inspection of the system, we see that

v(t) = x(t) — By(t)
and

y(t) = AGu(t) +£(1)
If we eliminate v(t) and solve for y(¢) we obtain

AG 1

y(t) = mx(ﬂ + mﬁ(t)

c) For AG( > 1, the above becomes

which is

for sufficiently large AGp.

2CT.8
a)

p,(X) P, (V)

As AL — 0, the sides of the box-like function shrink to zero and the amplitude increases
to infinity. The volume of the box equals unity. The result is a two-dimensional impulse.

b)
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(z,y) / / — Zo, B — Yo)h(z — o,y — B)dadf
— /_ /_ 6o — 0)0(B — yo)h(x — a, y — B)dad

o0

_ /:w _ yo){/_ooé(oz (@ —ayy — ﬂ)da}dﬁ

= /_ (8 = yo)h(x —x0,y — B)dB = h(x — 0,y — Yo)

d)

Io(x,y):/_Z/_Zu(a (x — a,y — B)dadf = // 6(x — a)d(y — B)dadp

— /Zu(a)é(:c— a)da/ (y—B)dp = / 6(y — B)df = u(x)
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2CT.9
a)
Y
streak width = & | X
wheres — 0
streak intensity — @
—0.5AL +0.5AL
streak width = AL
b)

L) = [ [ wern (U5%)st - 9dads

:/_Oou(og)l_l (‘EA_La)da/_Zé(y—ﬁ)dﬁa:/_x“(o‘m (a2

= /Ocu(a)u(a: —a+0.5AL) —u(r —a—0.5AL)da

=r(z+0.5AL) —r(z — 0.5AL)

Y

—-0.5AL +0.5AL

blur width = AL

Notice that camera motion during the time of exposure has blurred the edge.
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