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PROLOGUE: Principles of Problem Solving

1. Let r be the rate of the descent. We use the formula time = %; the ascent takes 1—15 h, the descent takes % h, and the
total trip should take 2 _1 h. Thus we have L + 1_1 = ! = 0, which is impossible. So the car cannot go
P 01 R re POSSIDE. g

fast enough to average 30 mi/h for the 2-mile trip.

2. Let us start with a given price P. After a discount of 40%, the price decreases to 0.6P. After a discount of 20%, the price
decreases to 0.8P, and after another 20% discount, it becomes 0.8 (0.8P) = 0.64P. Since 0.6P < 0.64P, a 40% discount
is better.

3. We continue the pattern. Three parallel cuts produce 10 pieces. Thus, each new cut produces an additional 3 pieces. Since
the first cut produces 4 pieces, we get the formula f (n) =443 (n —1),n > 1. Since f (142) = 4 4+ 3 (141) = 427, we
see that 142 parallel cuts produce 427 pieces.

4. By placing two amoebas into the vessel, we skip the first simple division which took 3 minutes. Thus when we place two
amoebas into the vessel, it will take 60 — 3 = 57 minutes for the vessel to be full of amoebas.

5. The statement is false. Here is one particular counterexample:

Player A Player B
First half 1 hit in 99 at-bats: average = 9—19 0 hitin 1 at-bat: average = %
Second half 1 hitin 1 at-bat: average = % 98 hits in 99 at-bats: average = %
Entire season 2 hits in 100 at-bats: average = ﬁ 99 hits in 100 at-bats: average = %

6. Method 1: After the exchanges, the volume of liquid in the pitcher and in the cup is the same as it was to begin with. Thus,
any coffee in the pitcher of cream must be replacing an equal amount of cream that has ended up in the coffee cup.
Method 2: Alternatively, look at the drawing of the spoonful of coffee and cream
mixture being returned to the pitcher of cream. Suppose it is possible to separate
the cream and the coffee, as shown. Then you can see that the coffee going into the coffee
cream occupies the same volume as the cream that was left in the coffee.

cream

Method 3 (an algebraic approach): Suppose the cup of coffee has y spoonfuls of coffee. When one spoonful of cream

. . . a . cream 1 coffee
is added to the coffee cup, the resulting mixture has the following ratios: — = and — =7 .
mixture y+1 mixture y+1

. - . . 1
So, when we remove a spoonful of the mixture and put it into the pitcher of cream, we are really removing Tl of a

spoonful of cream and y
y+1

spoonful of coffee. Thus the amount of cream left in the mixture (cream in the coffee) is

1 .
- = Lof a spoonful. This is the same as the amount of coffee we added to the cream.
y+1 y+1

7. Letr be the radius of the earth in feet. Then the circumference (length of the ribbon) is 2zrr. When we increase the radius
by 1 foot, the new radius is r + 1, so the new circumference is 27 (r + 1). Thus you need 27 (r 4+ 1) — 27tr = 27 extra
feet of ribbon.



2 Principles of Problem Solving

8. The north pole is such a point. And there are others: Consider a point a; near the south pole such that the parallel passing
through a; forms a circle Cq with circumference exactly one mile. Any point P; exactly one mile north of the circle Cq
along a meridian is a point satisfying the conditions in the problem: starting at P, she walks one mile south to the point a;
on the circle Cq, then one mile east along C; returning to the point a;, then north for one mile to P;. That’s not all. If a
point a, (or as, a4, as, . ..) is chosen near the south pole so that the parallel passing through it forms a circle C, (C3, Cq4,
Cs, ....) with a circumference of exactly 3 mile (3 mi, 7 mi, £ mi, ...), then the point P, (P3, P4, Ps, ...) one mile north
of a» (as, a4, as, ...) along a meridian satisfies the conditions of the problem: she walks one mile south from P, (P3, P4,
Ps, ...) arriving at a, ( a3, ay, as, . ..) along the circle C, (C3, Cy4, Cs, . ..), walks east along the circle for one mile thus

traversing the circle twice (three times, four times, five times, . ..) returning to a, (as, a4, as, .. .), and then walks north one
mile to Po ( P3, P4, Ps, ...).



P PREREQUISITES

P1  MODELING THE REAL WORLD WITH ALGEBRA

8.(a) T = 70 — 0.003h = 70 — 0.003 (1500) = 65.5° F
(b) 64 = 70 — 0.003h < 0.003h = 6 < h = 2000 ft

1. Using this model, we find that if S = 12, L = 4S = 4 (12) = 48. Thus, 12 sheep have 48 legs.
2. If each gallon of gas costs $3.50, then x gallons of gas costs $3.5x. Thus, C = 3.5x.
3. Ifx =%$120and T = 0.06x, then T = 0.06 (120) = 7.2. The sales tax is $7.20.
4. If x = 62,000 and T = 0.005x, then T = 0.005 (62,000) = 310. The wage tax is $310.
5. Ifo =70,t =3.5,and d = ot, thend = 70 - 3.5 = 245. The car has traveled 245 miles.
6.V =nrlh=mn (32) (5) = 457 ~ 141.4 in3
N 240
7. (@ M = — = — = 30 miles/gallon
@) C= 8 iles/g
175 175
(b) 25 = F@G =% =7 gallons

9. (@ V =955=95 (4 km3) — 38 km3

(b) 19 km® =955 & S =2 km3

11. (a)
Depth (ft) Pressure (Ib/in?)
0 0.45(0) +14.7 =147
10 0.45(10) + 14.7 =19.2
20 0.45(20) + 14.7 = 23.7
30 0.45(30) +14.7 = 28.2
40 0.45(40) + 14.7 = 32.7
50 0.45(50) + 14.7 =37.2
60 0.45(60) + 14.7 = 41.7
12. (a)
Population Water use (gal)
0 0
1000 40 (1000) = 40,000
2000 40 (2000) = 80,000
3000 40 (3000) = 120,000
4000 40 (4000) = 160,000
5000 40 (5000) = 200,000

13. The number N of cents in q quarters is N = 25q.

. a+b
14. The average A of two numbers, a and b, is A = %

10. (a) P = 0.06s3 = 0.06 (123) —103.7 hp
(b) 7.5 = 0.0653 < s3 = 12550 5 = 5 knots

(b) We know that P = 30 and we want to find d, so we solve the
equation 30 = 14.7 + 0.45d < 15.3 = 0.45d &
15.3 . . .

d= 045 = 34.0. Thus, if the pressure is 30 Ib/in2, the depth

is 34 ft.

(b) We solve the equation 40x = 120,000 <
< — 120,000
40

= 3000. Thus, the population is about 3000.

15. The cost C of purchasing x gallons of gas at $3.50 a gallon is C = 3.5x.
16. The amount T of a 15% tip on a restaurant bill of x dollars is T = 0.15x.
17. The distance d in miles that a car travels in t hours at 60 mi/h is d = 60t.
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18.
19.

20.

21.

22.

23.

CHAPTERP  Prerequisites

d
The speed r of a boat that travels d miles in 3 hoursisr = 3

(@ $12+3($1) =$12 +$3 =9$15
(b) The cost C, in dollars, of a pizza with n toppings is C = 12 + n.
(c) Using the model C = 12 + n with C = 16, we get 16 = 12 + n < n = 4. So the pizza has four toppings.

(a) 3(30) + 280 (0.10) = 90 + 28 = $118

dail d t il
(b) The cost is ary X s + COS. X m.| e ,50C =30n 4+ 0.1m.
rental rented per mile driven

() We have C = 140 and n = 3. Substituting, we get 140 = 30 (3) + 0.1m < 140 = 90+ 0.1m & 50 = 0.1Im &
m = 500. So the rental was driven 500 miles.

(@ (i) For an all-electric car, the energy cost of driving x miles is Ce = 0.04x.
(i) For an average gasoline powered car, the energy cost of driving x miles is Cg = 0.12x.

(b) (i) The cost of driving 10,000 miles with an all-electric car is Ce = 0.04 (10,000) = $400.
(i) The cost of driving 10,000 miles with a gasoline powered car is Cg = 0.12 (10,000) = $1200.

(a) If the width is 20, then the length is 40, so the volume is 20 - 20 - 40 = 16,000 in3.
(b) In terms of width, V = x - x - 2x = 2x3.
4a+3b+2c+1d+0f 4a+3b+2c+d
atbtc+d+f  atbtctd+f
(b) Usinga=2-3=6,b=4,c=3-3=9,andd = f = 0 in the formula from part (a), we find the GPA to be
4.64+3-442-9 54

= — ~ 2.84.
6+4+9 19

(@) The GPAis

P2  THEREAL NUMBERS

. (@) The natural numbers are {1,2, 3, ...}.

(b) The numbers {..., —3, —2, —1, 0} are integers but not natural numbers.

(c) Any irreducible fraction qE with g s 1 is rational but is not an integer. Examples: % —%, %.

(d) Any number which cannot be expressed as a ratio ap of two integers is irrational. Examples are +/2, +/3, 7, and e.

. (@) ab = ba; Commutative Property of Multiplication

(b) a+ (b +c) = (a + b) + c; Associative Property of Addition
(c) a(b+ c) = ab + ac; Distributive Property

. The set of numbers between but not including 2 and 7 can be written as (a) {x | 2 < x < 7} in interval notation, or (b) (2, 7)

in interval notation.

4. The symbol |x| stands for the absolute value of the number x. If x is not 0, then the sign of |x| is always positive.

. o a
. (@) Yes, the sum of two rational numbers is rational: — + — =

. The distance between a and b on the real line is d (a, b) = |b — a|. So the distance between —5and 2 is |2 — (=5)| = 7.

¢ ad+bc

b d bd
(b) No, the sum of two irrational numbers can be irrational (w + 7« = 27r) or rational (—m + = = 0).

. (@ No:a—b=—(b—a)s#b—aingeneral.

(b) No; by the Distributive Property, —2 (a — 5) = —2a + —2 (—5) = —2a + 10 # —2a — 10.

. (a) Yes, absolute values (such as the distance between two different numbers) are always positive.

(b) Yes, |b—a|] =|a—bh|.
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13.

15.

17.

19.

21.

23.

25.

27.

29.

31.

33.

35.

37.

39.

41.

. (a) Natural number: 100

(b) Integers: 0, 100, —8
(c) Rational numbers: —1.5, O, % 2.71,3.14, 100, -8

(d) Irrational numbers: i

Commutative Property of addition
Associative Property of addition
Distributive Property

Commutative Property of multiplication
X+3=3+Xx

4(A+B)=4A+4B
3(x+y)=3x+3y

4(2m) = (4-2)m = 8m

—3 (2x —4y) = —3 (2x) + 3 (4y) = —5x + 10y
3 4 9 8 _ 17
@m+tm=3+3=130

(@2-3=6and2-4=7,503 < J
(b) —6 > —7
©35=1
(a) False

(b) True

() True (b) False
@ x>0 (b)t <4
©a>w d)-5<x <3
(e Ip-3l<5

(@ AuB=1{1,2,3,4,5,6,7,8}

(b) AN B = {2, 4,6)

SECTION P2 The Real Numbers
10. (a) Natural number: /16 (= 4)
(b) Integers: —500, v/16, —2 (= —4)
(c) Rational numbers: 1.3, 1.3333... ., 5.34, —500, 1%,
(d) Irrational number: +/5
12. Commutative Property of multiplication
14. Distributive Property
16. Distributive Property
18. Distributive Property
20.7(3x) = (7-3)x
22.5x +5y =5(x+Y)
24. (a—h)8=8a—8b
26. 5 (<6y) = [§ (=6)] y = —8y

28. (3a) (b + ¢ — 2d) = 3ab + 3ac — 6ad

5

2 3 _ 10 9 _ 1
N.@5-5=F-3=15

5 1_ 24 15 4 _ 35
O l+g-—c=+u—um=xu

2 % 3 1 1_9 1_38
2@ 3-5=23-53=3-3=3-3=3

3

2 1 2 1 2 1
®) 5t2 _5%t7 5% 10_45_9_4

1 3 7 1 1~ 1 1 10 — 1+2 — 3 —

It +5 10t5

0
34.(2)3-4 =2and3-0.67 =2.01,50 § < 0.67
(b) § > —0.67
(c) 10.67| = |-0.67|

36. (a) False: +/3 &~ 1.73205 < 1.7325.

(b) False
38.(a) True (b) True
40.(@) y <0 b)z>1
(©b<8 ()0 <w<17
©@ly—ml=2

42.(3) BUC = {2,4,6,7,8,9, 10}
(b) BNC = {8}
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45.

47.

49.

51.

53.

55.

57.

59.

61.

63.

65.

CHAPTERP  Prerequisites

(b) ANC = {7}

(@ BUC ={x|x <5}

. (8 AuC =1{1,2,3,4,5,6,7,8,9, 10}

(b) BNC = {x| -1 <x <4}

(=3,0)={x | =3 <x <0}

-3

[2,8) ={x|2<x <8}

[2,00) = {x | x > 2}

Xx<loxe(-o0,1]

Y

—2<x<loexe(-21]

—2

X> -1l x e (—1,00)

(a) [_39 5]
(-2,00U(-1,1)=(-2,1)

(b) (=3, 5]

Y

—2

[-4,6] N [0,8) =[O, 6]

(=00, —4) U (4, o0)

44. (@) AUBUC =1{1,2,3,4,5,6,7,8,9, 10}
(b) ADBNC =g

46.(a) ANC ={x|-1<x <5}
(b) ANB={x|—-2<x <4}

48.(2,8] = {x |2 < x < 8}

2 8

0[5 -4] =16 <5 <-3)

N

_6 —

52. (=00,1) ={x | x <1}

Ml<x<2sxell?]

56.x > =5 x € [-5, 0)

\ 4

=5

58. 5 <x <2 x e (-52)

60. (a) [0, 2) (b) (=2,0]

62. (=2,0)N (=1,) = (-1, 0)

-1 0

64. [-4,6]U[0,8) =[-4,8)

—4 8

66. (—00, 6] N (2, 10) = (2, 6]




67.

69.

71.

73.

75.

7.

78.

79.

81

83.

85.

SECTIONP2  The Real Numbers

(a) |100] = 100 68. () ‘JE - 5‘ _ (JE— 5) —5— /5, since 5 > /5.

(b) |73 =73 (b) 110 — 7r| = 10 — 7, since 10 > r.

(@) [|=6] — |—-4]| = 16 — 4] = |2 = 2 70.(a) 2 — |=12|] = |2 — 12 = |-10] = 10

b) = =7 =-1 (b) -1—|1—|-1l=-1-|1-1=-1—-]0] =1

(@) 1(=2) - 6] = [-12| = 12 72.(a) | 28| =|-4 =1}

S — |5 = 7=12 5

(b) |(~3) (-15)| =151 =5 o) |123] = |-§| = -1 =1

I(—2) —3| = |-5| =5 74.1-2.5— 15| = |—4| = 4

(@ |17—-2| =15 76.(a) |1 — (=& )| = |22 + 2| = |24 = (8= 18
' 15 21 105 105 105 35 5

(b) 121 = (=3)| =121 + 3| = |24| = 24 (b) |—38 — (=57)| = |—38 + 57| = |19| = 19.

11 12 7 7
O|-F-%|=]-%-%|=-%-% (0) 1-2.6 — (~1.8)| = |-2.6 + 1.8) = |-0.8| = 0.8,
(@) Letx =0.777....S0 10X = 7.7777.... &> x = 0.7777... & 9 = 7. Thus, X = §.

(b) Letx =0.2888.... S0 100x = 28.8888... <> 10x = 2.8888... < 90x = 26. Thus, x = £5 = 3.
() Letx = 0.575757..... S0 100X = 57.5757... & X = 0.5757... <> 99x = 57. Thus, x = 3; = £2.

(@) Letx =5.2323.... S0 100x = 523.2323. .. ¢ 1x =5.2323... < 99x = 518. Thus, x = &
(b) Letx =1.3777.... S0 100x = 137.7777... < 10x = 13.7777 ... < 90x = 124. Thus, x = &} = 2.
1

7> 3,507 —3 =7 —3. 80.«/§>1,so‘1—«/§‘:«/§—1.
a<bsola—-bl=—(@—-b)y=b-a. 8.a+b+la—bl=a+b+b—-a=2b
(a) —a is negative because a is positive.

(b) bc is positive because the product of two negative numbers is positive.

(c) a —ba+ (=b) is positive because it is the sum of two positive numbers.

(d) ab + ac is negative: each summand is the product of a positive number and a negative number, and the sum of two
negative numbers is negative.

. (a) —b is positive because b is negative.

(b) a + bc is positive because it is the sum of two positive numbers.
(c) ¢ —a =c+ (—a) is negative because ¢ and —a are both negative.

(d) ab? is positive because both a and b2 are positive.

Distributive Property

7
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86.

87.

88.

89.

90.

CHAPTERP  Prerequisites

Day To | Te [ To—Te | ITo —Tal
Sunday 68 | 77 -9 9
Monday 72 | 75 -3 3
Tuesday 74 | 74 0
Wednesday | 80 | 75 5 5
Thursday 77 | 69 8
Friday 71 | 70 1 1
Saturday 70 | 71 -1 1

To — T gives more information because it tells us which city had the higher temperature.

(8 WhenL =60, x =8,andy =6, we have L +2(x +y) = 60+ 2 (8 + 6) = 60 + 28 = 88. Because 88 < 108 the
post office will accept this package.
When L =48, x = 24,andy = 24, we have L + 2 (x +y) = 48 4+ 2(24 + 24) = 48 + 96 = 144, and since
144 £ 108, the post office will not accept this package.

(b) fx=y=9,thenL+2(9+9) <108 L +36 <108 < L < 72. So the length can be as long as 72 in. = 6 ft.

m m . m m mins + mon
Let x = —= and y = —2 be rational numbers. Then x + y = L= AT el
ny Ny ny n2 nin2
m m miNy —mon mp; m mim . .
X—y= L _2_ M, andx -y = —L. 22 _ 12 This shows that the sum, difference, and product

ni n_2 ning nig n2 ning
of two rational numbers are again rational numbers. However the product of two irrational numbers is not necessarily
irrational; for example, +/2 - +/2 = 2, which is rational. Also, the sum of two irrational numbers is not necessarily irrational;

for example, v/2 + (—ﬁ) — 0 which is rational.

% + /2 is irrational. If it were rational, then by Exercise 6(a), the sum (% + ﬁ) + (—%) = /2 would be rational, but

this is not the case.

Similarly, % - /2 is irrational.

(a) Following the hint, suppose that r 4+t = q, a rational number. Then by Exercise 6(a), the sum of the two rational
numbersr +t and —r is rational. But (r +t) + (—r) = t, which we know to be irrational. This is a contradiction, and
hence our original premise—that r + t is rational—was false.

S a . . o
(b) risrational,sor = b for some integers a and b. Let us assume that rt = q, a rational number. Then by definition,

c . a c bc . . L .
q= q for some integers c and d. Butthenrt = q & Et =g whencet = L implying that t is rational. Once again
we have arrived at a contradiction, and we conclude that the product of a rational number and an irrational number is

irrational.

x |12 ] 10| 100 12000
[ Y N
X 2 10 100 1000

As x gets large, the fraction 1/x gets small. Mathematically, we say that 1/x goes to zero.

1]05 0.1 0.01 0.001
1 _ 1 _ 1 _ 1
1| 55=2]| 57=10 | gor =100 | 5ggr = 1000

x| | X

As x gets small, the fraction 1/x gets large. Mathematically, we say that 1/x goes to infinity.
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91. (a) Construct the number /2 on the number line by transferring

|
the length of the hypotenuse of a right triangle with legs of v2 " \\
length 1 and 1. # ' j i # #
-1 0 1 V2 2 3
(b) Construct a right triangle with legs of length 1 and 2. By the _ |
\
Pythagorean Theorem, the length of the hypotenuse is v 1
I\
V12 + 22 = /5. Then transfer the length of the hypotenuse i1 . . 2 If 3

to the number line.

(c) Construct a right triangle with legs of length +/2 and 2
[construct +/2 as in part (a)]. By the Pythagorean Theorem,

2
the length of the hypotenuse is ./ (ﬁ) +22 = /6. Then ‘

transfer the length of the hypotenuse to the number line.

92. (a) Subtraction is not commutative. For example, 5 — 1 £ 1 — 5.
(b) Division is not commutative. For example, 5+ 1 # 1+ 5.
(c) Putting on your socks and putting on your shoes are not commutative. If you put on your socks first, then your shoes,
the result is not the same as if you proceed the other way around.
(d) Putting on your hat and putting on your coat are commutative. They can be done in either order, with the same result.
(e) Washing laundry and drying it are not commutative.
(f) Answers will vary.
(9) Answers will vary.
93. Answers will vary.
94. (@) Ifx =2andy =3, then|x +y| =12+ 3| =|5=5and x| + |y| = |2| + |3] = 5.
Ifx =—2andy = —3, then [x +y| = |-5| =5and |[x| + |y| = 5.
Ifx=-2andy =3, then|x +y|=|-2+3|=1and |x]| + |y|] =5.
In each case, [x + y| < [x]| + |y| and the Triangle Inequality is satisfied.

(b) Case O: If either x or y is 0, the result is equality, trivially.
. X+y if x and y are positive
Case 1: If x and y have the same sign, then |x + y| = ) ] = |X] +|yl.
—(x+y) ifxandy are negative

Case 2: If x and y have opposite signs, then suppose without loss of generality that x < O and y > 0. Then
X +yl <I=x+yl=IXI+1yl

P3  INTEGER EXPONENTS AND SCIENTIFIC NOTATION

. Using exponential notation we can write the product 5-5-5-5-5 -5 as 56.
. Yes, there is a difference: (—=5)* = (=5) (=5) (=5) (=5) = 625, while —=5* = —(5-5-5.5) = —625.
. In the expression 34, the number 3 is called the base and the number 4 is called the exponent.

A W DN P

. When we multiply two powers with the same base, we add the exponents. So 3% - 3% = 3°.

5
5. When we divide two powers with the same base, we subtract the exponents. So 7= 33,

2
6. When we raise a power to a new power, we multiply the exponents. So (34) =38,
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

CHAPTERP  Prerequisites

1 1 1

-1
11 3_ 1 1y N
@27 =3 ()23 =2 (c)(z) =2 @ 55 =2"=38

. Scientists express very large or very small numbers using scientific notation. In scientific notation, 8,300,000 is 8.3 x 10°

and 0.0000327 is 3.27 x 107>,

2 -2 2
. (8) No, (5) - (g) - % (b) Yes, (—5)* = 625 and —5% = — (54) — _625.
3 3 3
(a) No, (xz) =x23 = x5, (b) No, (2x4) =23. (x4) = 8x12,
1\? 12 (—3)3 27
(@) ~2° = 64 (b) (~2)° = 64 ©(3) -G -5
2 _£\2 2

(@ (=5)3 = —125 (b) =53 = —125 (©) (=5)2 - (é) _ (5;# 4

5\° ., 1 2% 1 1 A
@ (5) =3 O =%"% (C)(z) ==t
@ -2 (D0 =—g=—p ()2 (20 =2 =8 ©(Z2) =2, -2

23 8 3 (=2)3 8
3
(a) 53 .5=5% = 625 (0)32.30=32 -9 (c)<22) —26_64
2
(a) 38 .35 = 313 — 1,504,323 (b)6°.6=6 © (54) — 58 — 390,625
(@) 5%-572=52=125 (b)1—07=103=1000 (c)f=i=E
104 3 32 9
11 54 72 1 1
@33.371=3= 5= (b) T =5° =125 © 75 =5 =33
3
(@) x2x3 =x2t3 = x5 (b) (—xz) = (-1)3x23 = x6 (©)t=3t5 =345 =2
@ y° - y2=yot2 =y’ (b) (8x)% = 82x? = 64x? (©) x*x=3 =x4"3 =x
(8) x=5.x3 = x—5+3 = x—2 — iz (b) w245 = w2445 — -1 = L
X w

10,,0

© y 7y — y10+0-7 _ 3
1 1 x8 1

2 -5 _ \2-5_ -3 _ — 5,-3,-4 _ ,5-3-4 _ ,—-2 _ — S ¢6-10 . &
@y -y =y = =3 (b) 273274 =2 =%=5 ©=""=73

952 3 3 3
@ a 2 —a9-2-1_ 46 (b) (a2a4) _ <a2+4) _ (ae) —a63 318

© (2x)2 (5x6) — 22x2 . 5x8 — 20x2+6 — 20x8
@ 22322—2_41 = zi—j = 2—2 =252 =74 (b) (2a3a2)4 = (2a3+2)4 = (2a5)4 = 24354 = 1620
© (—3z2)3 (22%) = (-9)° 228 - 2% = —542%+3 = —547°

@) (3x2y) (2x3) —3.2x2+3y — gx5y

(b) (2a2b—1) (3a—2b2) —2.3a2"2p~1+2 _ g



26.

27.

28.

29. (

30. (

3L

32.

SECTIONP3  Integer Exponents and Scientific Notation

(© (4y2) (x“y) = 4y2x42y2 — 4x8y2+2 — 4x8y4
(4x3y2) (7y5) — 4. 7x3y2+5 — 28x3y7

(0) (9y~222) (3y%2) = 9. 3y~2+322+1 = 27y23
(

-2 8x'y2  22.8x7y2  32xTy?
72) (143 _ _ _ 7-6 _
(© (8x'y )( X y) (lx3y)2 X32y2 X6y2 = 32x76y2-2 = 32x
2

2
(@) (2x2y3) (3y) = 22x22y32 . 3y = 12x4y’

2,1
X2y e X
(b)XT:’(z (5)y—1 = x7y-1 =X

y
© 2 y 3 X233 B3
B2

2
() (5x_4 ) (8x3) =5x4y3.82x32 = 5. 82x 4163 — 320x2y3

y 2273 oy 1
yv-1 vy

adp—2 abb—*  a®
()5
A (¥
(

(b)

) Xsys

b6

-2
2H—2 — 22(=3)n—2(—=3)53(=2) _ 5—6p6,—6 _
acb™ ) ( ) a b a a—°b®a 2

(b)

2 3
© (F) ( ) — x2(=2)y=(=2)(=2) . 23y —3()x—2(3) — y—4y—4 . gy—9y—6 _ gy—4—by—4-9 _

-3 3
@ (x 2y4) y* — x2 =X—6
2 v 2

(b) (yz) (2x‘3 4) — Y203 3(=3)yA(-3) _ R

8y14
2
-1

2"" _ 23313~ (-D(-Ip-12p-2-20) — _*
2a2 32ab8

3x~2y5>  xyd

@) _3y2 Xy~

9x 2y 3

-2 -2
o (Z) () -y
y2 y3 22432 46
-1 -2
-1 3x—3 4,5
© (y__z) (X_Z) — y Uy = (D(-1)3-2¢-3(-)y~2(-2) _ XV
X 9

a2

@ 2 =327t 3O (D ~ fa2y 3 = oo

n
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35.

37.

39.

40.

41.

42.

43.

CHAPTERP  Prerequisites

o () 23 (27 2
sx4 )] T \x2y) \y ) 2

-1
9 2y—lz ( y )2 B ( 2 )—1 y2 3 y3
2 322) " \yz 9z4 )~ 1873

3a\ 1 b3
a - — 3—1a—lb—3(—1) _ -
@ (b ) 3a

1 _1.-2\-1 5.

(b) e WL B q-8-(-Dp=5-(-Dgl—(-2) — 2

s2t—4\ 2 25t10
(@) — §2(=2)=(=1)(=2){-4(-2)-1(-2)5—(-2) —

5s—1t s6

wy—27-3\"° «3y15
0) () = x3-2-3)y-2-3)-3(-3),-3(-3)~(-4(-3) = XY

x2y37—4 73
(a) 69,300,000 = 6.93 x 107 36. (a) 129,540,000 = 1.2954 x 108
(b) 7,200,000,000,000 = 7.2 x 1012 (b) 7,259,000,000 = 7.259 x 10°
(c) 0.000028536 = 2.8536 x 10> (c) 0.0000000014 = 1.4 x 10~9
(d) 0.0001213 = 1.213 x 104 (d) 0.0007029 = 7.029 x 10~4
(a) 3.19 x 10° = 319,000 38. (a) 7.1 x 101 = 710,000,000,000,000
(b) 2.721 x 108 = 272,100,000 (b) 6 x 1012 = 6,000,000,000,000
(c) 2.670 x 108 = 0.00000002670 (c) 8.55 x 10~3 = 0.00855
(d) 9.999 x 10~2 = 0.000000009999 (d) 6.257 x 10~10 = 0.0000000006257
(a) 5,900,000,000,000 mi= 5.9 x 1012 mi

(b) 0.0000000000004 cm = 4 x 10713 ¢m

(c) 33 billion billion molecules = 33 x 10° x 10% = 3.3 x 101 molecules
(a) 93,000,000 mi = 9.3 x 107 mi

(b) 0.000000000000000000000053 g = 5.3 x 10~23 g

(c) 5,970,000,000,000,000,000,000,000 kg = 5.97 x 1024 kg

(7.2 x 10—9) (1.806 x 10—12) —72%1.806x10"9 x 10712~ 13.0x 10721 =13 x 10-2

(1.062 x 1024) (8.61 x 1019) — 1.062 x 8.61 x 102 x 1019 ~ 9.14 x 10%3

1.295643 x 10° 1.295643

= 109+17-6 ~ 0.1429 x 10 = 1.429 x 1010
(3.610 x 10-17) (2511 x 106) _ 3.610 x 2511 8 .

28 28
(73.1) (16341 x 0%) (731 x 10) (L6341 x 10%) 731 1 6341

— — 101+28—(—9) ~ 6.3 1038
0.0000000019 1.9 x 10-9 1.9 % %

-5 -2
(0.0000162) (0.01582) (1'52 x 10 ) (1'582 x 10 ) _LB2x1582 s o gis g0y 10-12
(594621000) (0.0058) ~ (5.94621 x 108) (5.8 x 10~3)  5.94621 x 5.8 —

=74 x 10714




46.

47. ]1050 - 1010( < 1050, whereas [10101 — 10100| — 1010070 — 1] = 9 x 10100 ~ 1050, So 1010 is closer to 10%° than

48.

49.

51.

52.

53.

55.

56.

SECTIONP3  Integer Exponents and Scientific Notation

9
-6
(3542 x 10-°) (35429 x10-%  §7747.96
(5.05x 1042 (5.05)2 x 10%  275103767.10

10100 js tg 10101

(a) b® is negative since a negative number raised to an odd power is negative.
(b) b10 is positive since a negative number raised to an even power is positive.
(c) ab2c3 we have (positive) (negative)? (negative)® = (positive) (positive) (negative) which is negative.
(d) Since b — a is negative, (b — a)® = (negative)3 which is negative.
(6) Since b — a is negative, (b — a)* = (negative)* which is positive.
adc®  (positive)® (negative)®  (positive) (negative)  negative

fy — = = — — = —— which is negative.
0 focs (negative)® (negative)®  (positive) (positive)  positive :

Since one light year is 5.9 x 1012 miles, Centauri is about 4.3 x 5.9 x 1012 ~ 2.54 x 1013 miles away or
25,400,000,000,000 miles away.

9.3 x 107

.9.3x107mi=186,000% xts<:>t_75=5003=8% min.

186, 000

103 liters

Volume = (average depth) (area) = (3.7 x 103 m) (3.6 x 1014 mz)( —3

) ~ 1.33 x 1021 liters

national debt  1.674 x 10%3
population ~ 3.164 x 108
The number of molecules is equal to

i 23
(volume) - (Ilrtgs) ' (molecules) —(5.10-3). (103) .(6.02 x 10 )% 4.03 x 1027

~ $52,900.

Each person’s share is equal to

22 .4 liters 22.4
- (@
W

Person | Weight Height BMI = 703m Result
Brian 2951b | 5ft10in.=70in. 42.32 obese
Linda | 1051b 5ft6in. =66 in. 16.95 underweight
Larry | 2201b 6ftdin.=761in. 26.78 overweight
Helen 110 1b 5ft2in. =62in. 20.12 normal

(b) Answers will vary.

Year | Total interest
1 $152.08
2 308.79
3 470.26
4 636.64
5 808.08

Since 10% = 103 - 103 it would take 1000 days ~ 2.74 years to spend the million dollars.
Since 10% = 103 - 10% it would take 108 = 1,000,000 days = 2739.72 years to spend the billion dollars.

x 1075448 ~ 3,19 x 10~4 x 107102 &~ 3.19 x 10106

13
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5 5
57. (a) ﬁ—(l—g) =22=32

9% \9
(b) 20% . (0.5)% = (20 - 0.5)% = 10% = 1,000,000
. am o _—
58. (a) We wish to prove that Pl a™=" for positive integers m > n. By definition,
m factors
K am a-a.---- a .
aX=a-a----- a. Thus, —— = ————. Becausem > n, m —n > 0, so we can write
— e’ a a-a----- a
k factors
n factors
n factors m—n factors m—n factors
ﬂza.a ..... a-a-a----- aza.a.....azam_n
an a-a-----a 1 ’
e e
n factors
. a\n al L —
(b) We wish to prove that (E) = o for positive integers m > n. By definition,
n factors
/—/—\ n
<§)n:EE _:a.a ..... a_a_
b b b b b-b-----b Db"
n factors n factors
. ay—n b" o . .
59. (a) We wish to prove that (B) =an By definition, and using the result from Exercise 58(b),
a)—n 1 1 p"
(b _(E)”_a" Tan’
o/ bn
1
. a—"  pm ..oa™mooZm 1 pm pm
(b) We wish to prove that bom = By definition, oM =T T 1 an
bm

P4 RATIONAL EXPONENTS AND RADICALS

1. Using exponential notation we can write &/5 as 51/3.
2. Using radicals we can write 51/2 as /5.

3. No. v/52 = (52)1/ ? _52W2) _5and (JE)Z = (51/2)2 =51/22 _5,

4, (41/2)3 —28_g (43)1/2 —641/2 =8

5. Because the denominator is of the form ,/a, we multiply numerator and denominator by ./a: % = % . % =
6. 51/3.52/3 =5l =5
7. No. If a is negative, then V4a? = —2a.
8. No. For example, if a = —2, then v/a2 + 4 = /8 = 24/2, buta + 2 = 0.
o. L _3-12 10. V72 = 72/3
V3
11. 423 = Y42 = ¥T6 12.1073/2 = (103/2)_1 = («/W)_l = %03
5 _ _ 1 1
13. V53 =5%/5 14.2715 =2 3/2=ﬁ=%

“I



15.

17.

19.

21.

a2/5 = JaZ
Iyt =y43

(@) V16 =42 =4
(b) ¥/16 = V24 =2

() 3¥Y16 =323 =632
o VB _ 18 [Z_ 2
® G =Ver Vs~ 3

23. (a) v/7v/28 = /7 - 28 = /196 = 14
/48 48
(b)f— ?_JE_4
() ¥/24/54 = 2454 = Y1296 = 6
V216 216
(b) 4232 = 64 =4
(C)4l4i_4i_ 1 _1
aVes V256 2B
27. VX% = |x|

29.

31

35.

37.

39.
40.
41.
42.
43.

45.
46.

= ()P

V32y8 = Y25y8 =23yF =2y &y
V16x8 = v/2%x8 = 2x2
= XW

V362t = |/ (6rt2)? = 6 |r| t2

JV64x5 = (8 x3’)1/3 —2|x|

SECTION P4 Rational Exponents and Radicals

1 1 s
- _——_ —x—9/2
16. Ne e X
1 1
18. y_5/3 -
y5/3 /y5

20. (a) /64 = /82 =8
(b) V=64 = (=4 = -
(© V=32=y (2=~

22. () 2381 =2v3-33 =63

()J_ ¢32 2[3

©/- F

24. (a) JE@=~/12.24=«/§=¢2.122 =122

/54 54
b)%=\/;=«/§=3

(c) Y1575 = ¥15. 75 =

1.1 1 1
CREERRERE

(b) £M=E/ﬁ=2

1125 = ¥125.9 =539

(c)ﬁzﬁ: JfL_ 1 1
Ylos V108 V27 7 3
28. V/x10 = (xlo)l/5 =x2

30. ¥/8a® = v/23a%a? = 2av/a?

32. Ix3y6 = (x3y6)l/3 = xy?

34, /XAy = ()(4)/4)1/2 — x2y2

36. V/48a7b? = +/2%a%b? - 3a3 = 2 |ab| v/3a3

38. Ix4y222 = VxEYy22 = |x| Yy222

V32 +V18=v16-2+/0.2=v42.2+V32.2=4J2+3V2 =172

—/32.5=55-3,/5=2,5

(Ga-1)ya
VaZx +/(x2) x:4ﬁ+x2ﬁ:(x2+4)ﬁ
(X +2) Ix

JT5+ Va8 = /35 B+ 16 3= VB 34+ VA 3=5/3+44/3= 93
V125 — /45 =25 5—- /9.5 =+52.5

5 - J_=J— J—=3f 287 2

Voad — Ja=v32a2.a- /a=3a,/a - /a=

V16X + Vx5 =

X 4 B = VXK + VX = xYX + 29X =

V2yt = Y2y = 2y - y3 - Y2y = Y2y/y8 -

Jy=( -1 2y

15



16 CHAPTERP  Prerequisites
47. V81x2 +81 = /81 (x2 +1) = VBIVX2 + 1 =9V/x2 +1
48. \/36x2 + 36y2 = ,/36 (x2 + y2) = v/36/x2 + y2 = 6,/x2 + y2

1 1
1/4 _ _ 1/3 _ _ -1/2 _ _—- _ =
49. (a) 1614 =2 (b) —=1251/3 = —5 (99~ V =97 =3
AT
50. (a) 2713 =3 (b) (—8)/3 = -2 (© - (g) =3
2 N2 \V2 3 16\%* /2\% 8
51. (a) 32 (32 ) 2_4 (b) (9) (4) > © (81) (3) -
25\%2  (5\3 125 1
52. (a) 125 52 =25 (b) (64) (8) = (o) 27 3 o1
53. (a) 52/3 .51/3 —52/3+1/3 _5l _g (b) ﬁ =33/5-2/5_ 373 © (g/z)S —4(1/33 _4
' - - - 32/5 - - - -
72/3 1 -10 1
2/7 . 312/7 _ 32/T+12/7 _ 32 _ 42353 _ 2 5 — (1/5)(-10) — L
54. (a) 32/7.3 3 F=9 (0) 55 =7 - © (JE) 6 =
55. Whenx =3,y =4,z =—1wehave /x2 +y2 =32+ 42 = ,/9+ 16 = /25 = 5.
56. Whenx =3,y =4,z = —lwehave /X3 + 14y + 22 = /B + 144 +2(-1) = Y27 +56 -2 = /8L = V3% = 3.
57. When x =3,y =4,z = —1 we have
2/3 2/3
(9X)2/3 + (2y)2/3 + 22/3 — (9 . 3)2/3 + (2 . 4)2/3 + (_1)2/3 — (33) / + (23) / + (1)1/3
=324+2241=9+4+1=14.
— _ _ 2z _ 2:(-1) _1o0-2_ 1
58. When x =3,y =4,z = —1we have (xy)? = (3-4)2° ("D =122 = ;1.
5. (a) x3/4x5/4 = x3/4+5/4 _ x2 (b) y2/3y4/3 — y2/3+4/3 _ 2
60. (a) r1/6r5/8 = (1/6+5/6 — (b) a3/5a3/10 — 43/5+3/10 _ 9/10
3
w3123 a5/4 (2a3/4)
61. (a) g = WwA/3+2/3-1/3 _ ,5/3 (b) — = 234(5/2)+(3/4)3-1/4 _ g513/4
2
3/4,7/4 2y4/3) y—2/3
XX 3/A+7/4-5/4 _ 5/4 ( _Ay8/3—2/3=7/3 _ 4~1/3 _ 4
63. (a) (8a6b3/2)2/3 — g2/336(2/3)(3/2)(2/3) — 43%p (b) (4a08)3/2 — 43/236(3/2),8(3/2) _ ga9p12
64. (@) (64a%b%) " = 642/3a02/32/D — 16a4p? (0) (160523/2)”"" = 163/ B/ — g1,629/8
-2/3 1 -1/3 1
3 —8-2/33(=2/3) _ _©_ 4.6 — y4=1/3), 6(=1/3) _
65. (a) (Sy ) 8 y 22 (b) (u ) ) u v 73,7
-3/5 x3
-5,,1/3 _ v—5(=3/5),,(1/3)(=3/5) _
66. (&) (x~5y}3) " =x S35y /)_W

(b) (4r8t—1/2)1/2 (32‘[‘5/4)_1/5 — 41/28/2)1(<1/2(1/2) (39)=1/5 {(-5/4)(=1/5) _ prhr—1/4 (%) (1/4 _ 440 _ 4

x=2/3 [ x-2\"° 1
0.0 (X7 )(55)  =xzeraweyeaae -2




68.

69.

71.

73.

75.

77.

79.

81.

83.

85.

87.

89.

2yL/% V2

SECTION P4 Rational Exponents and Radicals

xb2y2\* ( ax—2y -4\
(b) = x(1/2)@) y2(4) 3=1(4) y (=1/4) (@) g1/2y ~2(1/2) y—4(1/2) y=2(1/2)

— X2y82—4y—12X

—1y=2y—1 _ 9—4+1,2-1,8-1-2—1 xy*

8

X8 —4\"1/4 2 4/3
(@ — 16~ (~L/A)yB(=1/4)y~4(~1/4)~4/3(~1/4) _ ZY__
16y4/3 X2
-1/3
—gy3/4 3/4,2
(b) <_§’ - ) — (—8)~L/3y3/4(-1/3)-3(-1/3),-6(-1/3) _ _ Y 2
y3z 2
Vx3 =x3/2 70. /x5 = x3/2
1 1
«g/X_5:X5/9 72—W:mzx_3/5
(f/ﬁ) (\3/y_2) = y5/6. y2/3 — y5/6+2/3 _ \3/2 74. Y03/b = b3/4+1/2 — /4

(53%) (24/x) =5 2x1/3+1/4 — 10¢7/12
YT
Ky
Ix3
leudv _ [16u® _ 4u
Ul)5 - 1)4 - v
VXY 16-1/4¢1/2-1/41/2-1/4 _ x4yl
&I6xy —
1/3
Sy = ( 1+1/2) = yB/2A/3) = y1/2
(@ 1_t ﬁ = ﬁ
V6 6 V6 6
0 [PoY3 Y2 _ Ve
27 V2 V2 2
(© 9 _ 9 ZN_ A
Y24 B2 2
@ 11 5 5x
Bx  Bx +Bx  5X
0 XX 5 _ VX

@ L_ L Y& V2
R TE
(b)izi.ﬂzﬂ
IxB IS5 X X
© 1 1 «7/x_4_7x4
RT3 TE T x

76. (2/a) (E/a_Z) — 2al/2+2/3 _ 947/6

¥ax2
78. % =2x2/3 . x~1/2 = x1/6 = 2 &%
X
80, ? sax?yt  g2ryd 3y
Voaxsy oV x3 0 «x
82 va®h _ 23/2-3/4p1/2-2/4 _ 43/4
Vad? -

84 /s /s3 — (Sl+3/2)1/2 _ 5/

12 :1_2.62_12‘/@:4\@

3 J3 /3 3
(b) B_@ _5_£_2‘/E
5 5 V5 5 5
g8 _ 8 58 8%
352_52/3’51/3_ 5
3 5 3t /3st
88 (a) o =Y Y2 _ VoSt
3t V3t V3 3t
by 2 a b3  ap2/3
®) o= =413 525 = b
1 1 c2/5  2/5
© =5=35 25
c3/ c3/5 2/ c
1 X KX

C) 50— = = = —
© 3X4 3)(3.)( X\s/i XE/Y 3X2
NN

17
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91 (a) Since 5 > 3,21/2 > 213,
1/2 1/3 1/2 1/3
(b) (%) % _ =12 ang (%) " _ 2113, since —3 < -1 wehave (%) /2 (%) 2
, 1/4 _ 73/12 3\ /12 1/12. 4173 _ 4412 _ (44\Y1? 1/12 14 _ 41/3
92. (a) We find a common root: 7/4 = 78/ =(7 ) — 3431/12; 41/3 _ 44/ =(4 ) — 2561/12, 50 71/4 > 4173,
1/6 1/6
(b) We find a common root; /5 = 51/3 = 52/6 = (52) ®_ 251/8; /3 =312 = 33/6 = (33) 1® Z 2716 50
5 < V3.
. ) o 1 mil . . L
93. First convert 1135 feet to miles. This gives 1135 ft = 1135 - % = 0.215 mi. Thus the distance you can see is given
by D =v/2rh +h2 = \/2 (3960) (0.215) + (0.215)2 ~ 4/1702.8 ~ 41.3 miles.
94. (a) Using f = 0.4 and substituting d = 65, we obtains = /30 Td = /30 x 0.4 x 65 ~ 28 mi/h.
(b) Using f = 0.5 and substituting s = 50, we find d. This givess = /30fd < 50 = /30 - (0.5)d < 50 = V/15d <
2500 = 15d <> d = 930 ~ 167 feet.
95. (a) Substituting, we get 0.30 (60)+0.38 (3400)1/2—3 (650)1/3 ~ 18+-0.38 (58.31)—3 (8.66) ~ 18+22.16—25.98 ~ 14.18.
Since this value is less than 16, the sailboat qualifies for the race.
(b) Solve for A when L = 65and V = 600. Substituting, we get 0.30 (65) + 0.38A1/2 — 3(600)1/3 < 16 &
19.5 +0.38AY/2 — 2530 < 16 < 0.38A1/2 — 5.80 < 16 < 0.38A1/2 < 21.80 = Al/2 < 57.38 = A < 3292.0.
Thus, the largest possible sail is 3292 ft2.
- . 752/3.0.0501/2
96. (a) Substituting the given values we get V = 1.486 ————— ~ 17.707 ft/s.
24.12/3 .0.040
(b) Since the volume of the flow is V - A, the canal discharge is 17.707 - 75 ~ 1328.0 ft3/s.
97. (a)
n 1 2 5 10 100
Un | 211 =2 | 22 =1.414 | 21/5 = 1.149 | 21/10 =1 072 | 21/200 — 1 007
So when n gets large, 21/" decreases toward 1.
(b)
n 1 2 5 10 100
1/n 1/1 1/2 1/5 1/10 1/100
1 1 1 1 1 1
(3) (3)" =05 (3) =077 | (3) =08 | () =093 | (3)  =09%

1/n .
So when n gets large, (%) increases toward 1.

P5  ALGEBRAICEXPRESSIONS

1 (a) 2x3 — %x + /3 is a polynomial. (The constant term is not an integer, but all exponents are integers.)

(b) x2 — 3 —3/X =x2 — 3 — 3x1/2 is not a polynomial because the exponent 3 is not an integer.

C —_—
© X2 +4x +7
(d) x® + 7x2 — x + 100 is a polynomial.

is not a polynomial. (It is the reciprocal of the polynomial x2 + 4x + 7.)

(e J8x6 —5x3 + 7x — 3isnota polynomial. (It is the cube root of the polynomial 8x® — 5x3 + 7x — 3.)
(f) v/3x* + +/Bx2 — 15x is a polynomial. (Some coefficients are not integers, but all exponents are integers.)
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. To add polynomials we add like terms. So

(3x2+2x+4)+(8x2—x+1) —B+8x2+(2—-1)x+ (@ +1)=11x2 +x +5.

. To subtract polynomials we subtract like terms. So

(2x3+9x2+x+1o)—(x3+x2+6x+8):(2—1)x3+(9—1)x2+(1—6)x+(1o—8):x3+8x2—5x+2.

. We use FOIL to multiply two polynomials:(x +2) (X +3) =X - X +X-3+2-x +2-3 = x% +5x + 6.

5. The Special Product Formula for the “square of a sum” is (A+ B)2 = A2 + 2AB + B2, So

11.

13.

15.
16.

17.

18.

19.
20.

21.

22.

23.

25.

27.

29.

31.

33.

35.

37.

39.

(2X +3)2 = (2x)2 + 2 (2x) (3) + 3% = 4x2 + 12X + 0.

. The Special Product Formula for the “product of the sum and difference of terms” is (A + B) (A — B) = A2 — B2, So

B5+x)(5—x) =52 —x2=25-x2

. (@) No, (X 4 5)%2 = x2 +10x + 25 # x2 + 25.

(b) Yes, ifa 0, then (x +a)2 = x2 + 2ax + a2.

. (a) Yes, (X +5) (x —5) = x2 4+ 5x — 5x — 25 = x2 — 25,

b) Yes, ifa = 0, then (x +a) (X — a) = x2 + ax — ax + a2 = x2 + a.
( # ) )

. Binomial, terms 5x3 and 6, degree 3 10. Trinomial, terms —2x2, 5x, and —3, degree 2
Monomial, term —8, degree 0 12. Monomial, term %x7, degree 7
Four terms, terms X, —x2, x3, and —x*4, degree 4 14. Binomial, terms +/2x and —+/3, degree 1

(6x —3) + (3X +7) = (6X +3X) + (—3+7) = 9x + 4
(B=7x) — (11 +4x) = (=7 —4%) + (3 —11) = —11x — 8

(2x2 - 5x) - (x2 —8x + 3) - (2x2 - x2) +[=5X — (—=8X)] + (—3) = x% +3x — 3

(—2x2—3x+1)+(3x2+5x—4)=(—2x2+3x2)+(—3x+5x)+(1—4)=x2+2x—3
3X—1)4+4(x+2)=3x—-3+4x+8=7x+5
8(2X +5)—7(x —9) =16x +40 — 7x + 63 = 9x + 103

(5x3+4x2—3x)—(x2+7x+2) :5x3+(4x2—x2)+(—3x—7x)—2:5x3+3x2—10x—2
4(x2—3x+5)—3(x2—2x+1) —4x2 —12x +20 —3x2 4+ 6x —3 = x2 — 6x + 17
2X (X — 1) = 2x2 — 2x 24.3y (2y + 5) = 6y? + 15y
X2 (x + 3) = x3 + 3x2 26. -y (y2—2) =—y3+2y

2(2—=5t)+t(t+10)=4—10t +t2 + 10t = t2 + 4 28.5(3t —4) — 2t (t — 3) = —2t2 + 21t — 20

r (r2—9)+3r2(2r—1) =r3—9or+6r3—3r? 30.03 (0 — 9) — 202 (2 — 20) = v* — 503 — 402
=7r3—3r2 —or
x2 (2x2 —x+ 1) —2x4 —x3 4 x2 32.3x3 (x4 —ax2 4 5) = 3x7 — 12x5 4 153

(X—=3)(X+5) =x2+5x—3x—15=x24+2x—15 34 (4+X)2+X) =8+4X+2X+x2 =x2 +6x +8
(5+6)(2s+3)=252+35+125+18 =252+ 155+ 18 36. (2t +3)(t — 1) =2t2 —2t +3t —3=2t2 +t —3
(Bt —2) (7t —4) =21t2 — 12t — 14t +8 = 21t2— 26t +8 38. (45 — 1) (25+5) =852 + 185 — 5

(3% +5)(2x —1) = 6x2 +10x —3x —5=6x2+7x =5 40. (7y —3) (2y — 1) = 14y2 — 13y + 3
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41.

45.
47.
49.
51.
53.
55.
57.
59.

61.

63.

66.
67.
68.
69.
70.
71.

73.

75.

76.
77.
79.

81.

83.

(
(et ) - (2)) =t -

85.

CHAPTERP  Prerequisites

(X +3y) (2x — y) = 2x2 + 5xy — 3y? 42. (4x — 5y) (3x — y) = 12x2 — 19xy + 5y?
. (2r —55) (3r — 25) = 6r2 — 19rs + 10s2 44. (6U + 5v) (U — 20) = 6U2 — 7up — 1002

(5x +1)2 = 25x2 + 10x + 1 46. (2 — 7y)2 = 49y%2 — 28y + 4

Gy-12=@y)2-2@) M) +12=92—-6y+1  48.(2y +572 = (2y)? +2(2y) (5) + 52 = 4y? + 20y + 25

(2u 4 0)2 = 4u2 + 4up + 02 50. (x — 3y)? = x2 — 6xy + 9y?

(2x + 3y)? = 4x2 + 12xy + 9y2 52. (r — 25)2 = r2 — 4rs + 452

(x2+1)2=x4+2x2+1 54.(2+y3)2=y6+4y3+4

(X +6) (x —6) =x2 —36 56. (5 —y) (5+Yy) = 25 — y?

Bx—4)(Bx+4)=(3x)2 —42=9x2 —16 58. (2y + 5) (2y — 5) = 4y2 — 25

(X +3y) (x — 3y) = x% — (3y)2 = x2 — 9y? 60. (2u + ) (2u — v) = 4u? — p?

(VX+2) (VX—2) =x—4 62 (V7 +v2) (VT - v2) =y -2

(y+2)3:y3+3y2(2)+3y(22)+23:y3+6y2+12y+8

. (x=3)3 =x3-3x2(3) +3x (=3)2 = 33 = x3 —9x2 4+ 27x — 27
65.

(1-2r8=13-3 (12) @2r)+3(1) (22 — (2r)3 = —8r3 +12r2 —6r 4+ 1
(3+2y)3=33+3(32) 2y) +3(3) 2y)2 + (2y) = 8y3 + 36y2 + 54y + 27
(x+2)(x2+2x+3)=x3+2x2+3x+2x2+4x+6=x3+4x2+7x+6
(x+1)(2x2—x+1)=2x3—x2+x+2x2—x+1=2x3+x2+1
(2x—5)(x2—x+1):2x3—2x2+2x—5x2+5x—5:2x3—7x2+7x—5
(1+2x)(x2—3x+1):x2—3x+1+2x3—6x2+2x:2x3—5x2—x+1

X (X = X) = XX = (VX)2 = XX — X 72.x3/2 (JX = 1//X) = x2 =X
y1/3 (y2/3+y5/3) — y1/3+2/3 4 y1/345/3 _ 2 4 74. x1/4 (2X3/4_X1/4) —2x — JX

(x2+ y2)2 = (X2)2 + (Y2)2 +2x2y2 = x* 4yt 4 2x%y2

(c+%)zzci2+c2+2

(2-e2) 2 +20) = o ™ (192 +12) (42 %)
(VA—b) (Va+b) =a—b2 80. (Vh? +1+1) (VhZ+1-1) =n?
(1+x2/3) (1—x2/3) —1-x43 82.(1-b)2(1+b)2 =b*—2b2 +1

(x = 1) +x?) ((X—l)—XZ)=(X—1)2—(X2)2=x2—2x+l—x4=—x4+x2—2x+1

X4y —3)2x+y+3)=2x+Yy)2 —32 =4x2 4 4xy +y2 -9



86.
87.

88.

89.

91.

92.

93.

94.
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X+y+2)(xX—y—2)=x2—y2—72 _2yz

(8) RHS = 1 [(a +b)? — (a2 + bZ)] =1 [(a2 +02 4 2ab) —a? 4 b2] =1 (2ab) =ab=LHS
(b) LHS = (a2 + b2)2 ~ (a2 - b2)2 = (a2)2 + (b2)2 +2a%? — [(aZ)2 + (b2)2 - 2a2b2] = 4a2h2 = RHS
LHS = (a2 +b2) (c? + d2) = a%c? + a2d? + b2c? + b2d?2

- (a2c2 +b2d2 + 2abcd) + (a2d2 +b2c2 — 2abcd) — (ac +bd)2 + (ad — bc)? = RHS

(a) The height of the box is x, its width is 6 — 2x, and its length is 10 — 2x. Since Volume = height x width x length, we
have V = x (6 — 2x) (10 — 2x).

() V =x (eo —32x + 4x2) = 60X — 32x2 + 4x3, degree 3.
(c) When x = 1, the volume is V = 60 (1) — 32 (12) +4 (13) = 32, and when x = 2, the volume is

V = 60(2) — 32 (22) +4 (23) — 24,

. (a) The width is the width of the lot minus the setbacks of 10 feet each. Thus width = x — 20 and length = y — 20. Since

Area = width x length, we get A = (x — 20) (y — 20).

(b) A= (x—20)(y —20) = xy — 20x — 20y + 400

(c) Forthe 100 x 400 lot, the building envelope has A = (100 — 20) (400 — 20) = 80 (380) = 30,400. For the 200 x 200,
lot the building envelope has A = (200 — 20) (200 — 20) = 180 (180) = 32,400. The 200 x 200 lot has a larger
building envelope.

(a) A = 2000 (1 + r)3 = 2000 (1 +3r+3r2 4 r3) — 2000 ++ 6000r -+ 6000r2 + 2000r3, degree 3.
(b) Remember that % means divide by 100, so 2% = 0.02.

Interest rate r 2% 3% 4.5% 6% 10%
Amount A $2122.42 | $2185.45 | $2282.33 | $2382.03 | $2662.00

(@ P=R—C = (50x - 0.05x2) - (50 +30x — o.1x2) = 50 — 0.05x2 — 50 — 30X + 0.1x2 = 0.05x2 + 20x — 50.
(b) The profit on 10 calculators is P = 0.05 (102) + 20(10) — 50 = $155. The profit on 20 calculators is
P =0.05 (202) +20(20) — 50 = $370..
(@ Whenx =1, (x +5)2 = (1 +5)2 = 36 and x2 4 25 = 12 4 25 = 26.
(b) (x +5)2 = x2 +10x + 25
(2) The degree of the product is the sum of the degrees of the original polynomials.

(b) The degree of the sum could be lower than either of the degrees of the original polynomials, but is at most the largest of
the degrees of the original polynomials.

(c) Product: (Zx3 +x - 3) (—Zx3 — X+ 7) = —4x8 —2x* +14x3 —2x* —x2 + Tx + 6x3 +3x — 21
= —4x5 —ax* 4 20x3 —x2 + 10x — 21

Sum: (2x3 +Xx - 3) + (—2x3 —X +7) =4.
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P6  FACTORING

[EEY

. The polynomial 2x> + 6x4 + 4x3 has three terms: 2x°, 6x*, and 4x3.
2. The factor 2x3 is common to each term, so 2x°® + 6x4 + 4x3 = 2x3 (x2 +3X + 2).

[In fact, the polynomial can be factored further as 2x3 xX+2)(x+1)]

3. To factor the trinomial x2 -+ 7x + 10 we look for two integers whose product is 10 and whose sum is 7. These integers are 5
and 2, so the trinomial factors as (x + 5) (x + 2).

4. The greatest common factor in the expression 4 (x +1)2 — x (x + 1)2 is (x 4 1)2, and the expression factors as
4x+1)2 —x (x+ 12 = (x+1)2(4—x).

5. The Special Factoring Formula for the “difference of squares” is A2 — B2 = (A—B)(A+B). So
4x2 — 25 = (2x — 5) (2x +5).

6. The Special Factoring Formula for a “perfect square” is A2 + 2AB + B2 = (A + B)2. S0 x2 + 10X + 25 = (X + 5)2.

7.5a—20=5(a—4) 8 —3b+12=—3(b—4)=3(=b+4)
9. —2x3 4 x = —x (2x2 - 1) 10. 3x4 — 6x3 — x2 = x2 (3x2 —6x — 1)
11. 2x2y — 6xy? + 3xy = Xy (2x — 6y + 3) 12. —7x*y? + 14xy3 + 21xy* = 7xy2 (—x3 +2y + 3y2)

B.yly-6+9(y-6=y-6((+9
14. 2422 -57+2)=2+2[z+2)-5]=@2+2)(z-3)

15 X2+ 8X+7=(X+7) (X +1) 16.Xx2 +4x —5 = (X +5) (x — 1)
17. x2 +2x — 15 = (X + 5) (X — 3) 18.2x2 —5x — 7= (X + 1) (2x — 7)
19. 3x2 — 16x +5 = (3x — 1) (X — 5) 20.5x%2 — 7X — 6 = (5X + 3) (X — 2)

21 (3X +2)2 + 83X +2) + 12 = [(3X + 2) + 2] [(3X + 2) + 6] = (3X + 4) (3% + 8)
22.2@+b)2+5@+b)—3=[@+b)+3][2(@a+b)—1]=@+b+3)(2a+2b—1)

23. x2—25=(x = 5) (X +5) 24.9-y2=(3-y)3+Y)
25. 49 — 472 = (7 — 22) (7 + 22) 26.9a% — 16 = (3a — 4) (3a + 4)
27. 16y2 — 72 = (4y — 7) (4y + 2) 28.a2 — 36b2 = (a — 6b) (a + 6b)

2. x+3)2 —y? =[x +3) —y][x+3) +y] =X =y +3) X + Yy +3)
30. X2 = (y+52 =[x+ (Y +5)][x =y +5] = x+y+5 (x —y—5)

31. x2 4 10x + 25 = (x + 5)2 32.946y+Yy2=(3+y)?

33. 22 — 122 4+ 36 = (z — 6)? 34. w? — 16w + 64 = (w — 8)2
35. 4t2 — 20t + 25 = (2t — 5)? 36. 1622 + 24a + 9 = (4a + 3)2
37. 9u2 — 6up + 02 = (3u — 1)? 38. x2 + 10xy + 25y2 = (x + 5y)?

30 X% +27 = (x +3) (x2 — 3 +9) 40.y3 — 64 = (y — 4) (y2 + 4y + 16)



41.

45.

47.

48.

49.

50.

51.

52.

53.

55.

56.

57.

58.

59.

61.

63.

65.

8a3—1=(2a—1)(4a2+2a+1)

273 4+ = @3x +y) (92 = 3xy +y)

ud -8 =ud - (1)2)3 = (u - 1)2) (U2 + uv? +v4)
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X34 a2 - x+4=x2 (X +4) +1(x +4) = (X +4)(x2+1)

3x3—x2+6x—2:x2(3x—1)+2(3x—1):(3x—1)(x2+2)

5x3+x2+5x+1:x2(5x+1)+(5x+1):(x2+1)(5x+1)

18x3+9x2+2x+1=9x2(2x+1)+(2x+1)=(9x2+1) 2x + 1)

x3+x2+x+1=x2(x+l)+1(x+1)=(x+1)(x2+1)

x5+x4+x+1:x4(x+1)+1(x+1):(x+1)(x4+1)

x3/2 — x1/2 = x1/2 (x2 —1) =/XX=1)(x+1)

C3x Y2 4 ax1/2 4 x8/2 — x—1/2 (3+4x+x2) = (

1

ﬁ)(3+x)(1+x)

Start by factoring out the power of x with the smallest exponent, that is, x ~3/2. So

x73/2 yox=1/2 4 x1/2 — x=3/2 (l+2x +x2) =

(1+x)?
IEY/ I

(X =172 = (x = 1)32 = (x = 1)3/2 [(x —1)2 - 1] = (x=1%2[(x = 1) = 1[(x = 1) + 1]

=x-1%x-2)(x)

Start by factoring out the power of (x2 + 1) with the smallest exponent, that is, (x2 + 1)

(x2 + 1)1/2 +2 (x2 + 1)

xV2(x+)V2 4 xV2(x + 1) V2 =x V2 (x + 1) V2 [(x + 1) + x] =

—1/2

~1/2

(@+1) P [(2 1) +2] - Xj;fl.

2x+1
VXX +1

42.8 4+ 2703 = (2 + 3w) (4 — 6w + 9w2)
44.1 + 10003 = (1 + 10y) (1 — 10y + 100y2)

46. 8r3 — 64t6 — (2r - 4t2) (4r2 T8t + 16t4)

So

218 (x —=2)28 —5x#3 (x —2)718 =x1B8 (x —2)" 132 (x —2) —5x] = x1/3 (x = 2)71/3 2x — 4 — 5%)

(=3x —4) I

=x13xx =213 (—3x —4) =
(x=2)7°( ) Ky

ay—1/2 (Xz n 1)5/4 32 (Xz + 1)1/4 —x-12 (x2 + 1)1/4 [3 (x2 + 1) —x2 (1)]

=x"1/2 (x2 + 1)1/4 (3x2 +3- xz) =x"1/2 (x2 + 1)1/4 (2x2 +3) =

12x3 + 18X = 6x (2x2 + 3)
6y* — 15y% = 3y3 2y - 5)

X2 —2x —8=(X—4)(X+2)

62. 30x3 + 15x4 = 15x3 (2 + X)
64. 5ab — 8abc = ab (5 — 8¢)

66. X2 — 14X + 48 = (x — 8) (X — 6)

Vx24+1 (2x2 + 3)

X
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67.

69.

71.

73.

75.

77.

79.

81.

83.

84.

85.

86.

87.

88.

89.

90.

91.

92.

93.

94.

95.

96.

97.

98.

99.
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y2 —8y +15=(y —3)(y —5) 68.224+62—16=(z—2) (z+8)
2x2 4+ 5X 4+3=(2x +3) (x + 1) 70.2x2 +7x —4 = (2x — 1) (X + 4)
9x2—36x—45=9(x2—4x—5) =9(X—5)(X+1) 72.8x2+10x +3 = (4x +3) (2x + 1)
6x2 — 5X — 6 = (3X + 2) (2x — 3) 74.6 + 5t — 6t2 = (3 — 2t) (2 + 3t)
X2 — 36 = (X — 6) (X + 6) 76.4x%2 — 25 = (2x — 5) (2x 4 5)

49 — 4y? = (7 = 2y) (T +2y) 78.4t2 — 952 = (2t — 3s) (2t + 35)

t2 —6t +9 = (t — 3)? 80. x% 4 10x + 25 = (x + 5)?

4x% 4 4xy + y% = 2x 4 y)? 82.r2 — 6rs + 952 = (r — 3s)?
t3+1=(t+1)(t2—t+1)

x3_27=x3_3%3 = (x —3)(x2+3x+9)

8x3 — 125 = (2x)3 — 5% = (2x — 5) [(2x)2 +(2%) (5) + 52] = (2x —5) (4x2 4 10x + 25)
125+ 27y3 = 53 4+ (3y)3 = (5 + 3y) [52 —5(@3y) + (3y)2] — (3y +5) (9y2 — 15y + 25)
x3 + 2x2 + X =x(x2+2x—|—1) =X (X 4+ 1)2

3x3 — 27x = 3x (x2—9) =3x(x —3) (x +3)

x4 4 2x3 — 3x2 = x2 (x2—|—2x—3) =x2(x —1) (x+3)

305 — 5w — 203 = w3 (3w2 — 50 — 2) — w3 Bw+1) (w—2)

x4y% —x2y8 = x2y? (x2 = y2) =32y (X +Y) (x — )

18y3x2 — 2xy*4 = 2xy3 (9x — y)

x6 —8y3 = (xz)3 — @y = (x2 - 2y) [(xz)2 + (xz) @y) + (2y)2] = (x2 - 2y) (x4 + 2x2y +4y2)

27a3 + b8 = (3a)3 + (b2)3 - (3a + b2) [(3a)2 — (3a) (bz) + (bZ)Z} — (Sa n b2) (9a2 —3ab? + b4)
Pogy?—dy+12 = (¥ -3y?) + (-4 +12) =2 -3+ () -3 =y -3 (y* - 4)
=(y —3)(y — 2) (y + 2) (factor by grouping)
V¥ -yley-1=y2(y-D+1y-D=(y2+1) (-1

3x3—x2—12x+4:3x3—12x—x2+4=3x(x2—4)—(x2—4) :(3x—1)(x2—4) —(Bx—1)(Xx—2)(x+2)
(factor by grouping)
9x3+18x2—x—2=9x2(x+2)—(x+2)=(9x2—1)(x+2)=(3x+1)(3x—1)(x—|—2)

(@a+b?2—(@—-b2=[@+b)—(@a—h)][@@+b)+ (a—b)] = (2b)(2a) = 4ab
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101.

=

10.

N

103

104

105

106

107

(7)) = [0 2) - D[ () + (-3)
(et d) (et 2) - (2@

xz(x2—l)—9(x2—1)=(x2—l)(x2—9)=(x—1)(x+1)(x—3)(x+3)

: (a2—1)b2—4(a2—1):(a2—1) (b2—4):(a—l)(a+1)(b—2)(b+2)

X =D X +22—(x =12 X+ =X —DX+2)[(X+2)— (X —D] =3 —1) (X +2)
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. (x+1)3x—2(x+1)2x2+x3(x+1)=x(x+1)[(x+1)2—2(x+1)x+x2]=x(x+1)[(x+1)—x]2

=Xx(X+1) @2 =x(x+1)

V222 =+ D [ +Y 6 +2] =y 0+ 2% (Y2 2y +1) =y + 20 (v + 1)

NEX=Y+O-DHY-x=nx-y)-0-HE-y)=x-y)Mh-n-D]=x-y

. Start by factoring y2 — 7y + 10, and then substitute a2 + 1 for y. This gives

(a2+1)2—7(a2+1)—|-10=[(a2+1)—2][(a2+1)—5]=(a2—1) (a2—4)=(a—1)(a+1)(a—2)(a+2)

108. (a2+2a)2 ~2(a?+2a) -3 = [(a2+2a) —3] [(a2+2a) +1] = (a?+2a-3) (a? +2a+1)

100.

110.

111

112.

113.

114.

=@-1)@+3)(@+1)2

= 4x2 (x — 3) (20x — 36) = 16x2 (x — 3) (5x — 9)

3x2 (4x — 12)2 + x3 (2) (4x — 12) (4) = X2 (4x — 12) [3 (4x — 12) + X (2) (4)] = 4x2 (x — 3) (12X — 36 + 8x)

5 (x2 + 4)4 @) (x = 2" + (x2 +4)5 @) (x—2)° =2 (2 + 4)4 =2 [6) 0 (=2 + (x* +4) )]

—2 (x2 +4)4 x —2)3 (5x2 —10x + 2x2 + 8) —2 (x2 +4)4 x —2)3 (7x2 —10x + 8)

3(2x —1)2(2) (x +3)1/2 + (2x — 1)3 (%) (X +3)"1/2 = 2x — 1) (x 4 3)~1/2 [6 (X +3)+@x —1) (%)]

— (X —1)2 (x +3)"1/2 (6x 1184 % — %) — (2x — 1)2 (x +3)~1/2 (7x + %)

F(x+6)728@2x =32+ (x +6)3(2) 2x - 3) (2) = 3 (x +6)72/3 (2x = 3) [(2x — 3) + (3) (x + 6) ()]

— L (x+6)72/3(2x = 3)[2x — 3+ 12x + 72] = & (x + 6)72/3 (2x — 3) (14x + 69)

=x"V2@x+4)"Y23x +2)

(2+3) g (@ +3) " = (@ +3) (2 +3) - 3] = (x2+3) " (x243) =

Ix2+3
(x2 +3)*2

IXTV2 Bx + 92 4 3xY2 (3x + 4)7Y2 = Ix7V2 Bx + 472 [(3x + 4) +3x] = Sx V2 (3x + 4)7L/2 (6x + 4)
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115. The volume of the shell is the difference between the volumes of the outside cylinder (with radius R) and the inside cylinder
R+r

(with radius r). Thus V = wR2h — 7rr2h = = (R2 - r2) h=n(R=r)(R+r)h=2mr- ‘h-(R—=r). The

r R+r
and 27 - +

.. R . . . .
average radius is + is the average circumference (length of the rectangular box), h is the height, and

R+r

R —r is the thickness of the rectangular box. Thus V = wR%h — 7r2h = 27 - -h-(R —r) =27 - (average radius) -

(height) - (thickness)

k< length >

i ________-_»--»--»——/—/thickness

116. (a) Mowed portion = field — habitat
(b) Using the difference of squares, we get b2 — (b — 2x)2 = [b — (b — 2x)] [b + (b — X)] = 2x (2b — 2X) = 4x (b — X).

117. (a) 5282 — 5272 = (528 — 527) (528 + 527) = 1 (1055) = 1055
(b) 1222 — 1202 = (122 — 120) (122 + 120) = 2 (242) = 484
(c) 10202 — 10102 = (1020 — 1010) (1020 + 1010) = 10 (2030) = 20,300

118. (a) 501 - 499 = (500 + 1) (500 — 1) = 5002 — 1 = 250,000 — 1 = 249,999
(b) 79-61 = (70 +9) (70 — 9) = 702 — 92 = 4900 — 81 = 4819
(c) 2007 - 1993 = (2000 + 7) (2000 — 7) = 20002 — 72 = 4,000,000 — 49 = 3,999,951

119. (a) A4 — B4 = (A2 - BZ) (A2 + BZ) —(A—B)(A+B) (A2 + Bz)
A8 _BS = (A3 - B3) (A3 + B3) (difference of squares)
=(A=B) (A2 + AB + Bz) (A+B) (A2 — AB + Bz) (difference and sum of cubes)

(b) 124 — 74 = 20,736 — 2,401 = 18,335; 126 — 76 = 2,985,984 — 117,649 = 2,868,335
(€ 18335 =124 —7*=(12=-7)(12+7) (122 + 72) =5(19) (144 + 49) = 5(19) (193)

2,868,335 = 126 — 76 — (12— 7) (124 7) [122 F12()+ 72] [122 —120)+ 72]

=5(19) (144 + 84 + 49) (144 — 84 + 49) = 5 (19) (277) (109)

120 (8) (A—1)(A+D) = A2+ A—A—1=A2_1
(A—1)(A2+A+1)=A3+A2+A—A2—A—1=A3—1

(A—l)(A3+A2+A+1) — AL A A2 LA AS A2 A1
(b) We conjecture that A> — 1 = (A — 1) (A4 + A AZ A 1). Expanding the right-hand side, we have
(A—1)(A4+A3+A2+A+1) — A5+ A A A2 A— A% — A3 A2 _ A— 1= A5 —1, verifying our

conjecture. Generally, A" —1 = (A —1) (A”_1 +AZ LA 1) for any positive integer n.
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121. (a) A+1 AZ £ A+1 AS 4+ A2 LA+
X A-1 X A-1 X A-1
A -1 —AZ _A-1 —A3 A2 A-1
AZ + A A3 4 A2 4 A AY 4+ A3+ AZ 4 A
A2 -1 A3 -1 A% -1

(b) Based on the pattern in part (a), we suspect that A>—1=(A— 1) (A4 + A+ A LA+ 1). Check:
A* 4+ A 4 A2 L A4 L
X A-1
—Af A A2 A
AS + A%+ AS 4+ AZ 4 A
AS -1

The general patternis A" — 1 = (A — 1) (A”_1 +AZ LA A 1), where n is a positive integer.

P.7  RATIONAL EXPRESSIONS

3x . . .
1 (3 R is a rational expression.
xe—1

VX+1
2x+3
numerator of the expression is +/x + 1, which is not a polynomial.
© x(x2 = 1) _ x3 —x

X+3 X+3
. To simplify a rational expression we cancel factors that are common to the numerator and denominator. So, the expression
X+1D(x+2)

(b)

is not a rational expression. A rational expression must be a polynomial divided by a polynomial, and the

is a rational expression.

. X+1
simplifies to =~

X +3)(x+2) X+3
. To multiply two rational expressions we multiply their numerators together and multiply their denominators together. So
2 X is the same as 2:X = 2
x+1 x+3 X+1)-x+3) x2+4x+3
1 2
. (8 X has three terms.

XD (x+1)?
(b) The least common denominator of all the terms is x (x + 1)2.

(c)l— 2 X :(x+1)2_2x(x+1)_ X (X) :(x+l)2—2x(x+1)—x2
X (+1) (x+1? x(x+12 (x+1)  (x+1)72 X (X + 1)?
X2 +1-2x2—2x—x2 =% +1
X (X + 1) X (x+1)2

. 1
. (@) Yes. Cancelling x + 1, we have x(x7+2) S .
x+1 Xx+1

(b) NO; (X +5)2 = X2 + 10X + 25 # X2 + 25,50 X 4+ 5 = v/X2 + 10X + 25 # +/x2 + 25.
3+4a 3 a

—24+2.q48
3 —3t3= 'ty

(b) No. We cannot “separate” the denominator in this way; only the numerator, as in part (a). (See also Exercise 101.)

. (a) Yes,

. The domain of 4x2 — 10x + 3 is all real numbers. 8. The domain of —x* + x3 + 9x is all real numbers.
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13.
14.

15.

17.

19.

21.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

35.

36.
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. Since X — 3 # 0 we have x # 3. Domain: {x | X # 3} 10. Since 3t 4+ 6 # 0 we have t # —2. Domain: {t | t # —2}

Since X + 3 > 0, X > —3. Domain; {x | x > —3} 12.Since x —1 > 0, x > 1. Domain; {X | X > 1}

X2 —x—2=(X+1)(x —2) # 0o x # —1or 2, so the domain is {x | x # —1, 2}.
2x >0andx +1#0<x >0and x # —1, so the domainis {x | x > 0}.

5x—3)(x+1)  5(x-3)@x+1)  2x+1 4(X2—1) A+ -1 x+1
10(x—32  5(x—3-2(x—-3) 2(x—3 12X +2)(x—1) 12(x+2)(x—1) 3(X+2)
x-2  x-2 1 18 2 X=2 _ x=(x+1D)  x-2

x2—4 (xX—=2)(x+2) x+2 x2-1 T x=Dx4+1) x-1
X24+5x+6  (X+2)(X+3)  Xx+2 20 x2—x—12 (x—4)(x+3) x-—4
x2+8x+15 (X+5Xx+3) x+5 "X24+5x+6 (X+2)(X+3)  x+2
YAty __yu+h oy o Y23y -18  (y-6)(y+3 _ y—6
y2-1 (y-1H@y+1 y-1 "2y24+7y+3  (y+D(y+3) 2y+1

2
2x3 — x2 — 6x X(ZX —X—G) XX +3)(x—2)  x(2x+3)

X2 —7x+6  (2x-3)(x—-2) (2x-3)(x-2)  2x-3

1-x2  1-xA+x)  —x=D@A+x)  —(x+1
x3—1  (x—1D(x2+x+1) x-1)(x2+x+1) xZ+x+1
4x .x+2_ 4x X+2 1

x2—4 16X  (x—2)(x+2) 16x 4(x—2)
x2—25 x+4 (X—=5(X+5 xX+4 x-=5
x2—16 X+5 (x—-4(x+4) x+5 x—4
x24+2x—15 x—5 (X+5(x—3)(x—5) x—3
x2—25 X+2 (X4+5(X-5X+2) X+2
X24+2x -3 3—x x+3)x-1) -x-3) —-x-1) —-x+1 1-x
x2—2x—3 3+x (x-3)x+1) x+3  x+1  x+1  1+x
t—-3 t+3  (t-3t+3) 1
249 2-9 (2+9)(t-3)(t+3) t2+9
2—x-6 x3+x2  (x-3)(x+2) xZ(x+1)
x2+2x X2—2x—3  x(x+2) (X=-3)(x+1)
X2+ 7x+12 x24+5x+6  (X+3)(x+4) (X+2)(x+3) x+4
X2 +3x+2 X2+4+6x+9 (X+D(X+2) (X+3)(x+3) x+1
x2+2xy+y2 2% —xy—y?2  (X+y)(X+Yy) X=y)@x+Yy) 2X+y
x2—y2  x2—xy—2y2  (X—y)(X+y) X—2y)(x+y) x-—2y

X+3  x24T7x+12 X+3 2x247x —15 X+3 (X +5) (2x — 3) X+5
42 -0 22 +7x—16 4x2—-9 X2+47x+12 (2X—3)(2x+3) (X+3)(x+4) (2X+3)(x+4
2x+1 6x2—x-2  2x+1 X+3 3 1
22 4+x—15  X+3  (X+3)(2Xx=5) (2Xx+1)(3x—2) (2x—5)(3x —2)
XS
X+ 1 X%+ 2x+1 3B+ x+1D)
X X+t X - (X +1)x =x7(x+1)
X2 4+2x +1
2x2—3x —2
T x2o1 23 -3%x -2 ¥ 4x-2 (X=X +D) (X-D(x+2)  x-2
2X24+5x+2  x2-1 2245 +2 (X—1)(X+1) x+2)@x+1) x+1

X2 4+x—2
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41.

42.

43.

45.

46.

47.

48.

49.

50.

51.

52.

53.

55.

56.
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x/y x 1 X
7 Ty i vz
XLy X z_x
y/z Tz 1y oy
14 1 :x+3+ 1 :x+4
XxX+3 x4+3 x+3 x+3
33X —2 3x—-2 2(x+1) 3x—-2-2x—-2 x-4
x—|—1_ :x+l_ X+1 - X+1 :x+l
1 2 x—3 2x+5  x—=3+2x+10 3X+7
X+5 T X—3 (45 (-3  X45 (-3 (45 (-3  (x+5(x—-3)
1 1 _ x—1 X+1 _x—1+x—|—1_ 2X
x+1+x—1_(x+1)(x—l)+(x+1)(x—1)_(x+1)(x—1)_(x+l)(x—1)
3 1 3(x+2 Xx+1 X +6—x-1 2Xx+5
X+1 X4+2 (X+DH)(X+2) X+1)(x+2) X+1)X+2) (X+1)(X+2)
X 3 Xx(x+6) —3(x—4)  x?+6x—3x+12  x?+43x+12
X—4 X+6 (X—4)(X+6) (X—4)(X+6) (X—4)(X+6)  (X—4) (X+6)
5 3  5(2x-3) 3  10x—15-3 10x—18 2(5x —9)
2x—3 (2x-32 (2x—32 (@x-32  (2x-32  (2x—32 (2x-3)
X 2 X 2(x+1) x+2x+2 33X +2

+ = = =
x+12 x+1 (x+12 x+DKx+DH x+12  (x+1)72
U U+ U+ u  u?42u+l4u u?43u+1

U+l+io u+1 u+l u+1 T Ut
2 3 4 202 3ab  4a?  2b2 —3ab+4a?

a2 ab + b2 ~ a2 a?b? + aZn? a2b?

1 + 1 1 1 X+1 X 2x+1

X2 x24x x2 x(x+1)  x2(x+1) x2x4+1) xZx+1
1 1 1 x2 x 1 x24x+1

29

xTet TR TR TR T T3
2 1 2 1 O 2(x+4) -1
X+3 x24+7x+12 X43 (X+3)(X+4) (X+3)(X+4)  (X+3)(x+4)
_ 2x+8—-1 _ 2X + 7
T X433 x+4) T X+ X+
X 1 X 1 X X+2
24 X2 x—20+2 T x—2 x-20+2 x-2x+2
X422 2(x41))
T X=D(x+2)  (x—2)(x+2)
1 1 1 1 X —3 1 X —2
X137 X-9 X33 -3 (13 (-3 0+td  X-3BDX+3 *X-3)x13)
X 2 _ X -2
2ix—2 X -x4d X—Dx+2 T x—Dx=4
3 X (X — 4) —2(x+2) X2 —ax-2x-4 X2 — 6X — 4
TH-DO+)X -4 K—DE+)X -4 X-Dx+2(x-4 X-1(x+2)(x—4)
2 3 4 2 3 4 2(x — 1) 3x -4 2X—243x—4 5x—6
X XTI T X TXCI X =D T Xx=D) Txx=D TXxx=D  xGx=D  x(x=1
X 1 2 X -1 -2
Z_x—6 X112 X-3 (-3)0x+2 " x+2 x=3

X -1(x-3) -2(X+2)  X—=Xx+3-2x-4 —2x—1

THX=3)(x+2)  Xx-3)(x+2)  (x-3)(x+2)  (x-3(x+2  (x-3)(x+2
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57.

58.

59.

60.

61.

62.

63.

65.

66.

67.
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1 B 1 B 1 ~ 1
X24+3x+2 x2—2x—3 (X+2(x+1) x-=-3)x+1)
B X—3 -xX+2) _ X—3—-x-2 B -5
X=X+ (x+1)  x=3)(X+2(x+1) (X-3)X+2)(x+1) (X-3)(X+2)(x+1)
12 .8 _t -2 3
x+1 x+12 x2-1 x+1 x+1)? (x-1)x+1)
X+ (x-1) —2(x—1) 3(x+1)
T X—DX+1D2 T x—Dx+1)? (x—1)(x+1)?
X2 L Tx+2 L x+3 x2—1-2x+243+3 _ x®+x+4
XD+ 1D2 T x—Dx+12 x—Dx+1)2 (X —1)(x +1)2 T (x—1)(x+1)2
1+%_X(1+%)_x+1
%_ X(%—Z) 1-—2x
1-3 y(1-§) _y-2
§-1 y(%—l) 3-y
P
1+x+2_ +)(+x+2)_(x+2)+1_x+3

1~ 1) (x+2-1 x+1
: e (1-135)

c—1 ¢—=1+1 ¢

1 T ec-1-1 c¢-2
c—-1
1 1 1 1
X_1+—X+3_(X_l)(x+3)(x—1+x+3)_ X+)+(x-1) 2(x +1)
X +1 B X=1)X+3)x+1 T X=X+ 43 x=DE+DHE+I)
2
S x=1)(x+3)
X=3_x+2 x2 —2x —3—(x2—2x -8
x—4 x+41 _(X=3x+DH-x+2)(x=-4 _ _ 5
X+3 xX=—4HX+3HXx+1 x—4)xX+3)(x+1) X=4HxX+3HXx+1
Xy
Ty _PUTY) oy Ry-n
_y Yy T xy2—y2 T y2(x—1)
v=x (=3
y y 2
X+X=Xy(x+x)=x2y+y2=y(y+x)
Y+ xy()@-i) XyZ+x2 X (x+y?)
y y
ag Ky 2_ 2 2,2
iy_xi = yZ)?/x2 =X x_yy 'y;(—yxz = i—); = —Xxy. An alternative method is to multiply the
x2  y2 x2y?2

numerator and denominator by the common denominator of both the numerator and denominator, in this case x2y2:
Xy X 'y
- _Z R 2 2
y X (y x) x2y2_x3y—xy3_xy<x —y)
1 1_(1 1)'X2y2— y2Z—x2  y2_x?

= —Xy.
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2,2
66 y y Xy xy2 _x(x +y) xy2 _x3+xy2—xy2_ x3
XY T XY xy T x4y x4y x24y2 0 x24y2 X242
y X y X
11 e
6o, x—2—y‘2=x2 y2 _ x%y? x2y2:y2—X2. XY _=xy+x)xy y—X
x7tgyt 11 RS x2y2 Yy +X x2y2 (y 4+ X) Xy
X oy Xy Xy
(z-5)
—2_y—2 272 2,2 2 _ 2 _ _
Alternatively,x y = X y XY = y X =(y x)(y+x)=y X.
x—14y-1 1LY x%y2 xy24xty Xy Y+ Xy
Xy
1+l 1+1
0 xTHy Tt x Ty x Ty x4y Y+ FXXFY)
S X4y 1 L oxy(x+y) Xy
X+y X+y
XYY EXP Xy XP42xy Y7 (x+y)?
a Xy a Xy Sy
1 X X—1-—x 1
71.1—1_—£:1—X_1: 1 T 1%
X
72 14 1 14 14+x _ x+1:x+2+x+1:2x+3
14 1 1+x)+1 X+2 X+2 X+2
1+x
1 1
73 Ltx+h 14x  A+0)-@+x+0) 1
' h hl+x)(1+x+h) L+x)Q+x+h)
74. In calculus it is necessary to eliminate the h in the denominator, and we do this by rationalizing the numerator:
1 1
N R R e B (Y S, S X = (x +h) o 1
h hXVX+h X+ VX+h  hy/XVX+h (JX+ /X +h) VXX HR (VX + /X +h)
! ! 2 2 2
(X+h)2 XZ Xz_(x+h)2 X —(X +2Xh+h) 2X+h
75. = = = —
h hx2 (x 4 h)? hx2 (x 4 h)? x2 (x + h)2
3 3
6 XM — 70+ - (¢ - 7x) 3 4+3h 4+ 3xh? 4+ h3 —7x = 7Th —x3 + 7x _ 3x?h + 3xh? +h® — 7h
' h B h o h
h(3x2+3xh+h2—7)
- - =3x% +3xh +h? -7
1-x2 x2 i 1
1_ Xz +1—x2 /1—x2+1—x2 1—x2 1_x2
1 1 1
78. /1 1+x6— \/1 x6 — 1 ——\/XG 14—
\/+ \/+ + T6x6 + TS MR
3
\/( —3 X+m
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3x+22(x =3 - (x+2°@Q (x =3 _ x+2?*x=3)[Bx =3~ (x+2) ()]

79.
x-3)% (x =34
C(X+22@x—9-2x—4)  (x+2)?(x —13)
B (x —3)° o x=3P°
- 2x(x+6)4—x2(4)(x+6)3_(X+6)3[2X(X+6)—4X2] 2 12x - 4% 12x—2x2  2x(6—X)
' (x +6)8 B (x +6) O x+6°5  x+6)°  (x+6)°
gr 2AT0M2—x @402 A+ RA+x) —x] | x+2
' 14X - 14x T 1+x)32
1/2 —-1/2 —-1/2
1_2 +21_2 1_2 1_2 2
G, (LX) (i) T (1) (o) g
1—x2 1—x2 (1—x2)3/2
- 31+ —x@+x0722  14+x0)2B3BA+x)—x]  2x+3
' (1+x)2/3 - (1+x)2/3 (L4 x)43
T=30Y2 4+ 3x (7 —3x)"Y2  ([T=3x)71? (7 -3+ %X) 7 - 3x
84. 7 —3x - 7 —3x = (7 — 3x)3/2
gs L _ 1 5+v3_5+V3_5+.3
'5-v3 5-3 5443 25-3 22
2++/5)3
e 3 _ ( ) =6+3\/§=_6_3\/§
2-V5 " (2448) (2-vB) 4
o2 2 vievi 2(v2-v7) 2(v2-VA) 2(Vi-V2)
V24T V24T V2-vT 2-T -5 5
g L _ 1 Jx-1 X-t
X+ X+ K —1 x—1
g Y __ ,ﬁ—ﬂzy(ﬁ_ﬂ)zyﬁ—yﬂ
VBRSO VBHYY VB 3-y 3-y
2x—y) _ 2(x—y) X+ 2=y (VX+ )
9. = . = =2 =2 2
XK= = X+ x—y (Vi+ ) =2+ 2y
op 1=V5 _1-+6 1446 1-5 4
" T3 3 1+.45 3(1+J§) 3(1+\/§)
o Y3+v5 _ V8+V6 V3-V6 8-5 -2 -1
S22 2 B-5 z(ﬁ_ﬁ) 2(J§_J§) V3—+/5
93ﬁ+«/§:ﬁ+«/§.ﬁ—«/§: r—2
-5 5 -2 5(F-v)
o \/_—\/x+h_\/_—«/x+h_ﬁ+\/x+h_ X —(x+h)
T hYXVX+h  hyXJX+h h\/Y+\/x+h_h\/i\/x+hl(\/i+\/x+h)
=h\/i«/x+h(\/§+«/x+h)=ﬁ«/x+h(«/§+«/x+h)
QS.M—X:\/XZ+1_X VX2 4+14x  x241-x2 1

1 2 r14x CH14x  XZ+14x



9%. VXTI \/Y—N/X_i_ - X IXHI4 X x+1-x 1
' - 1 XFI+UX SXFI+UX X F1+0X
1 RiIR;  RiRp
97.(a)R_i+i_i T R, R+
Rt Rz R Ry

(10) (20) 200

SECTIONP7  Rational Expressions

b) Substituting R; = 10 ohms and R, = 20 ohms gives R = ————— = — =~ 6.7 ohms.
(®) g R 2 g 20) + (10) _ 30
Cost 500 + 6x + 0.01x2
98. (a) The average cost A = — = TOX+ .
number of shirts X
(b)
X 10 20 50 100 200 500 1000
Average cost | $56.10 | $31.20 | $16.50 | $12.00 | $10.50 | $12.00 | $16.50
99.
X 2.80 | 290 [ 295 | 299 | 2,999 | 3 | 3.001 | 3.01 | 3.05 | 3.10 | 3.20
Z_
XX 39 5.80 | 5.90 | 595 | 5.99 | 5999 | ? | 6.001 | 6.01 | 6.05 | 6.10 | 6.20
2 _
From the table, we see that the expression 3 approaches 6 as x approaches 3. We simplify the expression:

x2—9  (x—3)(x+3)
X—3 X —3
table.
2 . 2
100. No, squaring = changes its value by a factor of —.

VX VX

101. Answers will vary.

Algebraic Error

Counterexample

1+17,é 1
a b’ a+b

(a+b)? # a2 +b?

vaZ4+b2#£a+b

a+b

1+1¢ 1
2 27 242
(143)2 #£12 +32
V52 4122 £5412
246

T;ﬁe

1
— #1
1+1 7

35
3_2 # 35/2

5 5
102, (a) ; —

a .
=z =1+ c so the statement is true.

a
5

(b) This statement is false. For example, take x = 5and y = 2. Then LHS = yT =— =

x 5 5
RHS = — == 24—,
S y 2,and 752

(c) This statement is false. For example, take x = Oand y = 1. Then LHS =

1
RHS = —— =
1+y

1 1 1
—1+1 :E,and()#z.

Xx+1 5+1
2+1

X 0
X+y 0+1

6
= = 2, whil
3 while

= —— =0, while

33

=X + 3, x # 3. Clearly as x approaches 3, x 4+ 3 approaches 6. This explains the result in the
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(d) This statement is false. For example, take x = 1andy = 1. Then LHS = 2 (E) =2 (%) = 2, while

b
2a 2
RHS=%=§=1,and2;£1.
. . . —a 1 1 a a
(e) This statement is true: 5 = (—a) (5) = (=1 () (5) = (-1 (5) =y
(f) This statement is false. For example, take x = 2. Then LHS = 2 _ 2 _2_1 while
' Pe, =< T4+x 4+2 8 3
1 2 1 2 3 1 3
RHS=Z+-=Z4+Z=2and= # =.
232tz =M37;
103. (a)
X 1 3 1 9 99 999 9999
2 10 100 1000 10,000
1
X+ M 2| 3333 | 25| 2.011 | 2.0001 | 2.000001 | 2.00000001

. 1.
It appears that the smallest possible value of x + ;IS 2.

. . . . 1 1
(b) Because x > 0, we can multiply both sides by x and preserve the inequality: x + X > 25X (x + ;) >2X &

X24+1>2xex2—2x+1 >0 (x—1)2 > 0. The last statement is true for all x > 0, and because each step is

. 1
reversible, we have shown that x + M > 2 forall x > 0.

P8  SOLVING BASIC EQUATIONS

1. Substituting x = 3 in the equation 4x — 2 = 10 makes the equation true, so the number 3 is a solution of the equation.
2. Subtracting 4 from both sides of the given equation, 3x + 4 = 10, we obtain 3x + 4 — 4 = 10 — 4 & 3x = 6. Multiplying
by % we have % Bx) = % (6) © x = 2, so the solution is x = 2.

X . . S .
3. (a) 7 + 2x = 10 is equivalent to %x — 10 =0, so it is a linear equation.

2 . . . . 2 . . .
(b) <~ 2x = 1is not linear because it contains the term " a multiple of the reciprocal of the variable.

(©) x+7=5-3x<4x—2=0,s0itis linear.
4. (a) x (x +1) = 6 < x2 + x = 6 is not linear because it contains the square of the variable.
(b) v/X + 2 = x is not linear because it contains the square root of x + 2.
(c) 3x2 —2x — 1 = 0is not linear because it contains a multiple of the square of the variable.
5. (@) Thisistrue: Ifa=b,thena+x =b + x.
(b) This is false, because the number could be zero. However, it is true that multiplying each side of an equation by a
nonzero number always gives an equivalent equation.
(c) This is false. For example, —5 = 5 is false, but (—5)2 = 52 is true.
6. To solve the equation x3 = 125 we take the cube root of each side. So the solution is x = /125 = 5.
7. (8) Whenx = —2, LHS =4(—2) + 7= —8+47 = —1and RHS = 9(—2) — 3 = —18 — 3 = —21. Since LHS # RHS,
X = —2 is not a solution.
(b) Whenx =2,LHS =4(-2)+7=8+7=15and RHS =9(2) —3 =18 —3 = 15. Since LHS = RHS, x = 2isa
solution.
8. (@ Whenx = -1, LHS=2-5(-1) =2+5=7and RHS =8 + (—1) = 7. Since LHS = RHS, x = —1 is a solution.
(b) Whenx =1, LHS =2-5(1) =2 —-5=—-3and RHS =8 + (1) = 9. Since LHS # RHS, x = 1 is not a solution.



10.

11

12.

13.

14.

15.

17.

19.

21.

23.

25.
27.
28.

29.
30.
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32.

33.

SECTION P8  Solving Basic Equations 35

(@) Whenx =2,LHS=1-[2— 3-(@)] =1—-[2—1]=1—1=0and RHS = 4 (2) — (6 + (2)) = 8 — 8 = 0. Since

LHS = RHS, x = 2 is a solution.

(b) Whenx =4LHS=1-[2-3-4)]=1-[2—(-1)]=1-3=-2andRHS =4 (4)— (6 + (4)) = 16—-10 = 6.
Since LHS # RHS, x = 4 is not a solution.

1 1 1

(@ Whenx =2,LHS = 5 — >— -==

5 = % + % = 1and RHS = 1. Since LHS = RHS, x = 2 is a solution.

Nl—

1
(b) When x = 4 the expression 7

2 is not defined, so x = 4 is not a solution.

(@) Whenx = —1, LHS =2 (-1)}/3 -3 =2(-1) —=3 = -2 — 3 = —5. Since LHS # 1, x = —1 is not a solution.
(b) Whenx =8LHS =2(8)}/3 -3=2(2) —3=4—-3=1=RHS. So x = 8 is asolution.

432 23 g . . .

(@) Whenx =4, LHS=ﬁ=—2=—2=—4andRHS=(4)—8=—4. Since LHS = RHS, x = 4 is a solution.
3/2

g3/2 (23) 29/2 _ _

(b)Whenx:8,LHS:ﬁ:T:T:27/2andRHS:(8)—8:0.SmceLHS;éRHS,x:8|snota
solution.

0— — . .
(8 Whenx =0, LHS = a=—a=§=RHS.Sox=Olsasolutlon.

0-b —-b b

b—a b-a. ) . .
(b) When x = b, LHS = b=b- 0 is not defined, so x = b is not a solution.

b b)? b\ 1., b2 b2 b2 b . .
(a)Whenx_E,LHS_(E —b(§)+zb _7—7+7_0_RHS.SOX_§|sasolut|on.
(b) Whenx—l LHS = 1)? b 1 +1p2 = L 1—|—b2 sox—lisnotasolution
b’ ~\b b) "4 T p? 477" T '

5x —6=145x=20=x =4 16.3x+4=7<3x=3ox=1
7T-2x=152x=-8cx=-4 18.4x —B=1c4x=%x=24
IX+7T=3eix=-4ox=-8 20.2+3x=-4ix=-6ox=-18
—3x-3=5x—-3o0=8=Xx=0 2.2x+3=5-o@dx=2x=13
7x+1:4—2x<:>9x:3<:>x:% 24.1—x:x+4<:>—3:2x<:>x:—%
—x+3:4x<:>3:5x<:>x:% 26.2x+3:7—3x<:>5x:4<:>x:%

$-1=3x+7ox-3=5x+2leix=-24cx=—6
Zx—1=2x+3©4x—10=3x +30 X =40
21-x)=3(1+2X)+52-2x=3+6x+502-2x=8+6x= —6=8xox=—
5+3)+9=-2x-2)-15x4+154+9=-2Xx+4-15+24=-2x+3x=-2lx=-3
4(y—%)—y=6(5—y)<:>4y—2—y=30—6y<:>3y—2=30—6y<:>9y=32<:>y=%2
r—2[1—3Q@r+4)]=6lcr—2(1—6r—12)=6ler—2(—6r —11) =6l r+12r +22 =61 < 13r =39 &
r=3
x—%x—%x—5=0<:>6x—2x—3x—30=O(multiplybothsidesby6)<:>x=30

y+1

Hlw

2y+3(y-3 =" =8y +6(y-3)=3(y+1) =8y +6y—18=3y+3 14y —18 =3y + 3 1ly =21

4

21
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37.
38.
39.
40.

41.

42.

45.

46.

47.

48.

49.

51.

52.

53.

55.
56.
57.
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1

H- T+ —x e - xtl=Mx e X+ l=dx e l= 1Ko X = 4
56 x+1 1

3x—7:%—6<:>18x—15x:2(x+1)—1<:>3x:2x+1<:>x:1

X-Dx+D=x-2(x-3) x> +x-2=x2—5x+6ox—-2=-5x+6=6x=8cX =3
X(x+1) =(x+32 X2 +x=x>+6x+9oXx =6x+9& —5x =9 & X = —32

=1 @x+5=2x-32 2 +x-5=4x2-12x+9eXx—5=-12x+ 913 =14 x = 11
t—42=(t+4)°2+32=t2 -8t +16=t24+8t+16+32 < —16t =32 >t = —2

1 4

<=3 + 1= 3 =4+ 3x (multiply both sides by the LCD, 3x) & -1 =3x & X = —%

2
;—5=§+4:>2—5x=6+4x<:>—4=9x4:>—g=x

2X 1_4 _ _ _ 13

X+2_5:>5(2x D=4x+2)=10x-5=4+8bx=13cx=3

2X_7—2:>(2x 7)3 = 2(2x + 4) (cross multiply) <> 6x — 21 = 4x + 8 <> 2x =29 &> x = &

x+4 3 B g B B e

2 3 . :
H_—G:t—l:Z(t—l):3(t+6)[multlplyboth3|desbytheLCD,(t—1)(t+6)]<:>2t—2:3t+184:>—20:t
6 5

X_3=X+4:>6(x+4)=5(x—3)(:»6x+24=5x—15<:>x=—39

3 1 1 . :
X+1—7_3X+3:3(6)—(3x+3)_2[multlplyboth5|desby6(x+1)]<:>18—3x—3_24:>—3x+15_24:>
“x=-13ex=3

12x =5 5 2 ’

13 =2—;:>(12x—5)x=2x(6x+3)—5(6x+3)<:>12x —5x = 12x* +6x —30x — 15 &

12x2 —5x =12x? = 24x — 15 19 = —15 & x = —13
! 1 1 _ W =10z+1) —-5@2+1) —2(z+1) = 10(10z) [multiply both sides by 10z (z + 1)] &
z 22 52 1+1 ) ) )= Py y )

3(z+1)=1002<:>32+3=1002<:>3=97z<:>9—37=z

1 4 15
. 3—t+3+t+9—t2 =0=20B+1)+4@B-1)+15=03+t+12—-4t+15=0-3t+30=0< -3t = -30
<t=10
X

1
™ 4—2: < 2:>x—2(2x—4):2[mu|tiplybothsidesby2(x—2)](:)x—4x+8:2<:>—3x:—6<:>x:2.

But substituting x = 2 into the original equation does not work, since we cannot divide by 0. Thus there is no solution.

1, 5 _
X+3 x2-9 x-3

3 1 6x+12

==+
X+4 X x244x
< X = —4. But substituting x = —4 into the original equation does not work, since we cannot divide by 0. Thus, there is
no solution.
1 2

1
X 2x4+1 " 2x24+x
all real numbers except 0 and —%.

=>xX-3)+5=2x+3)=x+2=2%X+6=x=—-4

= 3(X) = (X +4) + 6x + 12 (multiply both sides by X (x +4)] ©3x = 7x + 16 & —4x = 16

= (2x+1) —2(x) =11 =1 Thisis an identity for x # 0 and X # —%, so the solutions are

X2 =25 X =45
X2 =48 x2 =16 X = +4
5x2 =15 o x2 =3 o x = £/3



58.
59.

.5x2—125=0(:>5(x2—25)=0(:>x2=25<:>x=i5

61.
62.

63.

65.
66.

67.

68.

69.
70.

71.

72.
73.

74.
75.
76.

77.
78.
79.
80.
81.
82.

83.

85.

86.

L Bx -4l =Todx-—4d=+/Tod3x=4+t/Tex=
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x2 = 1000 & X = £+/1000 = +10+/10
8x2—pl=0=x2—8=0x2=8c X =+/8=22,2

x2 4+ 16 = 0 < x2 = —16 which has no real solution.
6x2 + 100 = 0 & 6x2 = —100 & x2 = —%, which has no real solution.
x—=3)2=5cx-3=+/5x=3+/5

E
3

x3=2Tex=2713=3

R =0x’=-Rox=-RV =2

0=x%-16= (x2+4) (x2 —4) = (x2+4) (X —2) (X + 2) X2 + 4 = 0 has no real solution. If x —2 = 0, then x = 2.
If x +2 =0, then x = —2. The solutions are £2.

27 27\/6  271/6 V3
6axb =27 o xb = = =+(= =4+ =42
X X Tm T (64) 6416~ 2

x4 + 64 = 0 < x* = —64 which has no real solution.
x—1348=0x-1°3=-8ox-1=(-8)3=2ox=-1.
1/4
X+2% -8l =0 (x+2) :81<:>[(x+2)4] M 4814 o x 42 =43 Sox+2=3 thenx = L If
X + 2 = =3, then x = —5. The solutions are —5 and 1.
(X +1)* + 16 = 0 < (x + 1)* = —16, which has no real solution.
3x—3)3 =375 (x—-3)3 =125 (x—-3)=1251/3=5cx=3+5=38
4x+25 =16+ =t sx+2=Jlox=—2+ %
IX=5ox=5 =125

3 3 1/4
x4/3—16:O<:>x4/3:16:24@(x4/3) :(24) :212<:>x4:212<:>x:i(212)/ — 423 — 48
5/3 5/3 5/3 3/5 5\1/° 3
2x5/3 164 =0 2x5/3 = —64 = x5/8 = —32 = x = (=32)%/ =(—2) = (=23 =-8

3/2 3/2
6x2/3 — 216 = 0 & 6x2/3 = 216 &= x2/3 = 36 = (£6)2 & (x2/3) /2 _ [(ie)Z] /2 % = (46)3 = +216

3.02x +1.48 =1092 £ 3.02x =944 & x = % ~ 3.13
1.61
8.36 —0.95x =9.97 < —0.95x =16l =X = “09s ~ —1.69

2.15x —463=x+4+119<115x =582 =X = i—i; ~ 5.06

1.95
395-x=232x4+200=195=332x & x = — ~ 0.59

3.32
44.97
3.16 (X +4.63) =4.19(x — 7.24) & 3.16X + 14.63 =4.19x — 30.34 4497 =1.03x & X = To3 ~ 43.66
. 2.14(x —4.06) = 2.27 — 0.11X & 2.14x — 8.6684 = 2.27 — 0.11X < 2.25x = 10.9584 < x = 4.8704 ~ 4.87
.26x —1.94
0.26x — 1.94 =1.76 = 0.26x — 1.94 = 1.76 (3.03 — 2.44X) & 0.26x — 1.94 = 533 — 4.29x & 4.55x = 7.27 &
3.03 — 2.44x
7.27
=— =1
4.55 60
L.73x =151173x =151(212+Xx) = 1.73x =3.20+ 151X £ 0.22x =3.20 & X = 3.20 ~ 14.55

212+ x 0.22
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12 12 d
r==oM== 88.wd =1TH & T = —
r rH
PV mM Fr?
PV =nRT ©R= — NF=G—om=——
CR=aT 2 ©"=GMm
P2l
P:2I+2w<:>2u):P—2|<:>11):T
1 1 1

R TR + ™ < R1R2 = RR2 + RRy(multiply both sides by the LCD, RR1R»). Thus RiR2> — RR; = RRy &
1 2

RR;
R1 (R, — R)=RR Ry = .
1(R2—R) 2o =2 TR
3V 3V
V=irther?l=2"or=x /2"
37 e 7rh:> 7h

mM mM mM
F=G—orP=6—=r=+/6—
r2 F F
3V 3V
3 3
rfr=—or=,]—
47 47

a2 +h?=c?eob2=c?2—-a2=b=24c2—-2a?

B i A i i A i A A
A_P(1+100) <:>P_(1+100) :"1+100_i’/P<:>100_ 1i‘/P<:>I_ 100i100,/P

a2x+(a—1)=(a+1)x<:>a2x—(a+1)x=—(a—1)<:>(a2—(a+l))x=—a+1<:>(a2—a—1)x=—a+1

<
Il
Wl
3
a
w
)

—a+1

SX=—5——"—

aZ—a-1
ax +b :Z@ax+b:2(cx+d)<:>ax+b:2cx+2d@ax—2cx:2d—b<:>(a—20)x:2d—b<:>x:2d_b
cx +d a—2c
a:)—l = a;1+b:1@a(a+1):a(a—1)+b(b+1)<:>a2+a:az—a+b2+b@2a:b2+b<:>

_1(p2

a_é(b +b)

0.032(250) —25 8-25

(a) The shrinkage factor when w = 250 is S = = 0.00055. So the beam shrinks

10,000 ~ 10,000
0.00055 x 12.025 =2 0.007 m, so when it dries it will be 12.025 — 0.007 = 12.018 m long.
_— 0.032w — 2.5
(b) Substituting S = 0.00050 we get 0.00050 = W <5 =0032w-25<75=0032w <
75
w=5o ~ 234.375. So the water content should be 234.375 kg/m3.

N 3150
Substituting C = 3600 we get 3600 = 450 4 3.75x < 3150 = 3.75x & X = 37 = 840. So the toy manufacturer can

manufacture 840 toy trucks.

(a) Solving for » when P = 10,000 we get 10,000 = 15.603 < v3 ~ 641.02 < v ~ 8.6 km/h.

(b) Solving for » when P = 50,000 we get 50,000 = 15.603 < v3 ~ 3205.13 < v &~ 14.7 km/h.

Substituting F = 300 we get 300 = 0.3x3/4 < 1000 = 103 = x3/% & x1/4 = 10 & x = 10* = 10,000 Ib.

(@ 300)+k—5=k(0)—k+1leok-5=-k+lo2k=6=k=3

b)3)+k—-5=k(1)—k+1=3+k-5=k—-k+1lok-2=1=k=3

© 3@ +k-5=k(@—-k+1=6+k-5=2k—k+1<=k+1=k+1 x =2isasolution for every value of k.
That is, x = 2 is a solution to every member of this family of equations.

When we multiplied by x, we introduced x = 0 as a solution. When we divided by x — 1, we are really dividing by 0, since
x=1x-1=0.
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P9  MODELING WITH EQUATIONS

10.

11.

12.

13.
14.
15.

16.

17.

18.
19.

20.

. Solving d = rt for r, we find % =7 =>r = T Solving d = rt for t, we find T=T =>t=-.

. An equation modeling a real-world situation can be used to help us understand a real-world problem using mathematical

methods. We translate real-world ideas into the language of algebra to construct our model, and translate our mathematical
results back into real-world ideas in order to interpret our findings.

. In the formula | = Prt for simple interest, P stands for principal, r for interest rate, and t for time (in years).

. (a) Asquare of side x has area A = x2.

(b) A rectangle of length I and width w has area A = lw.
(c) Acircle of radius r has area A = wr2.

. Balsamic vinegar contains 5% acetic acid, so a 32 ounce bottle of balsamic vinegar contains 32-5% = 32- % = 1.6 ounces

of acetic acid.
1 wall 1

. A painter paints a wall in x hours, so the fraction of the wall she paints in one hour is =—.

X hours ~ x
rt d d rt d

. If n is the first integer, then n + 1 is the middle integer, and n + 2 is the third integer. So the sum of the three consecutive

integersisn+ (N+1)+ (" +2) =3n+3.

. If n is the middle integer, then n — 1 is the first integer, and n + 1 is the third integer. So the sum of the three consecutive

integersis(n —1)+n+ (n+1) = 3n.

. If n is the first even integer, then n + 2 is the second even integer and n + 4 is the third. So the sum of three consecutive

even integersisn + (n +2) + (n +4) = 3n + 6.
If n is the first integer, then the next integer is n + 1. The sum of their squares is
n2+(n+1)2=n2+(n2+2n+1) =2n242n+1.

If s is the third test score, then since the other test scores are 78 and 82, the average of the three test scores is
78+82+s 160+s

3 3
If g is the fourth quiz score, then since the other quiz scores are 8, 8, and 8, the average of the four quiz scores is
8+8+8+q 24+q

4 I
If x dollars are invested at 2%% simple interest, then the first year you will receive 0.025x dollars in interest.

If n is the number of months the apartment is rented, and each month the rent is $795, then the total rent paid is 795n.
Since w is the width of the rectangle, the length is four times the width, or 4w. Then
area = length x width = 4w x w = 4w? ft?
Since w is the width of the rectangle, the length is w + 4. Then
perimeter = 2 x length + 2 x width =2 (w + 4) + 2 (w) = (4w + 8) ft

. . . L . . . distance d
If d is the given distance, in miles, and distance = rate x time, we have time = e 55
. . . . . 1h .
Since distance = ratex time we have distance = s x (45 min) — = %s mi.
60 min

If x is the quantity of pure water added, the mixture will contain 25 oz of salt and 3 + x gallons of water. Thus the

.. 25
concentration is ——.
34X

If p is the number of pennies in the purse, then the number of nickels is 2p, the number of dimes is 4 + 2p, and
the number of quarters is (2p) + (4 +2p) = 4p + 4. Thus the value (in cents) of the change in the purse is
1-p+5-2p+10-(4+2p)+25-(4p+4)=p+10p+ 40+ 20p + 100p + 100 = 131p + 140.
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If d is the number of days and m the number of miles, then the cost of a rental is C = 65d + 0.20m. In this case, d = 3
and C = 275, so we solve for m: 275 =65-3 + 0.20m < 275 =195+ 0.2m < 0.2m =80 & m = % = 400. Thus,
Michael drove 400 miles.

If m is the number of messages, then a monthly cell phone bill (above $10) is B = 10 + 0.10 (m — 1000). In this case,
28.5

B = 38.5 and we solve for m: 38.5 = 10 + 0.10 (m — 1000) < 0.10 (m — 1000) = 28.5 & m — 1000 = oL = 285 &

m = 1285. Thus, Miriam sent 1285 text messages in June.

If x is Linh’s score on her final exam, then because the final counts twice as much as each midterm, her average score
82+ 75471+ 2% 228 + 2x 114 +x 114 + x
= = . For her to average 80%, we must have
3(100) + 200 500 250 ge eov

114 + x = 250 (0.8) = 200 < x = 86. So Linh scored 86% on her final exam.
Six students scored 100 and three students scored 60. Let x be the average score of the remaining 25 — 6 — 3 = 16 students.

=80 =08

. 6 (100) + 3 (60) + 16
Because the overall average is 84% = 0.84, we have (100 2—; ( 1(00)) + X = 0.84 & 780 + 16x = 0.84 (2500) = 2100
< 16x = 1320 = x = % = 82.5. Thus, the remaining 16 students’ average score was 82.5%.

Let m be the amount invested at 4%%. Then 12,000 — m is the amount invested at 4%.

Since the total interest is equal to the interest earned at 4%% plus the interest earned at 4%, we have

45
525 = 0.045m + 0.04 (12,000 — m) < 525 = 0.045m + 480 — 0.04m < 45 = 0.005m & m = 0.005 = 9000. Thus

$9000 is invested at 4%%, and $12,000 — 9000 = $3000 is invested at 4%.

Let m be the amount invested at 5%%. Then 4000 + m is the total amount invested. Thus

4%% of the total investment = interest earned at 4% -+ interest earned at 5%%

20
S0 0.045 (4000 + m) = 0.04 (4000) + 0.055m < 180 + 0.045m = 160 + 0.055m < 20 = 0.01m & m = —— = 2000.

0.01
Thus $2,000 needs to be invested at 53%.
. . 262.5
Using the formula | = Prt and solving for r, we get 262.50 = 3500 -r - 1l & r = 3500 = 0.075 or 7.5%.
If $1000 is invested at an interest rate a%, then 2000 is invested at (a + %) %, so, remembering that a is expressed as a
a+i

-1 =10a + 20a + 10 = 30a + 10. Since the total interest

. . a
percentage, the total interest is | = 1000 - 100 -142000- 100

is $190, we have 190 = 30a + 10 < 180 = 30a < a = 6. Thus, the $1000 is invested at 6% interest.
Let x be her monthly salary. Since her annual salary = 12 x (monthly salary) + (Christmas bonus) we have
97,300 = 12x + 8,500 <> 88,800 = 12x <> x = 7,400. Her monthly salary is $7,400.

Let s be the husband’s annual salary. Then her annual salary is 1.15s. Since husband’s annual
salary+wife’s annual salary = total annual income, we have s + 1.15s = 69,875 < 2.15s = 69,875 < s = 32,500. Thus
the husband’s annual salary is $32,500.

Let x be the overtime hours Helen works. Since gross pay = regular salary + overtime pay, we obtain the equation

352.50 = 7.50 x 35+ 7.50 x 1.5 x X & 352.50 = 262.50 + 11.25X < 90 = 11.25Xx & X = = 8. Thus Helen

11.25
worked 8 hours of overtime.

Let x be the hours the assistant worked. Then 2x is the hours the plumber worked. Since the labor charge is equal to the

plumber’s labor plus the assistant’s labor, we have 4025 = 45 (2x) + 25x < 4025 = 90x + 25x < 4025 = 115x &

4025

X = =& = 35. Thus the assistant works for 35 hours, and the plumber works for 2 x 35 = 70 hours.
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All ages are in terms of the daughter’s age 7 years ago. Let y be age of the daughter 7 years ago. Then 11y is the age of
the movie star 7 years ago. Today, the daughter is y + 7, and the movie star is 11y + 7. But the movie star is also 4 times
his daughter’s age today. So4(y +7) =11y + 7 < 4y + 28 = 11y + 7 & 21 = 7y & y = 3. Thus the movie star’s age
today is 11 (3) + 7 = 40 years.

. Let h be number of home runs Babe Ruth hit. Then h 4 41 is the number of home runs that Hank Aaron hit. So

1469 = h + h + 41 & 1428 = 2h < h = 714. Thus Babe Ruth hit 714 home runs.

Let p be the number of pennies. Then p is the number of nickels and p is the number of dimes. So the value of

the coins in the purse is the value of the pennies plus the value of the nickels plus the value of the dimes. Thus
1.44=0.01p+0.05p+0.10p =144 =0.16p=p = % = 9. So the purse contains 9 pennies, 9 nickels, and 9 dimes.
Let g be the number of quarters. Then 2q is the number of dimes, and 2q + 5 is the number of nickels. Thus 3.00 = value
of the nickels+ value of the dimes+ value of the quarters. So

3.00 = 0.05(29 +5) + 0.10 (29) + 0.25q < 3.00 = 0.10g + 0.25 + 0.20q + 0.25q < 2.75 = 0.550 < q = % =5.
Thus Mary has 5 quarters, 2 (5) = 10 dimes, and 2 (5) + 5 = 15 nickels.

Let | be the length of the garden. Since area = width - length, we obtain the equation 1125 = 25| < | = % =45 ft. So
the garden is 45 feet long.

Let w be the width of the pasture. Then the length of the pasture is 2w. Since area= lengthx width we have
115,200 = w 2w) = 2w? < w? = 57,600 = w = +240. Thus the width of the pasture is 240 feet.

Let x be the length of a side of the square plot. As shown in the figure, x
area of the plot = area of the building + area of the parking lot. Thus,

x2 = 60 (40) + 12,000 = 2,400 + 12,000 = 14,400 = x = +120. So the plot of
land measures 120 feet by 120 feet.

60

40

Let w be the width of the building lot. Then the length of the building lot is 5w. Since a half-acre is % - 43,560 = 21,780

and area is length times width, we have 21,780 = w (5w) = 5w? < w? = 4,356 = w = +66. Thus the width of the
building lot is 66 feet and the length of the building lot is 5 (66) = 330 feet.

base; + base;

The figure is a trapezoid, so its area is >

(height). Putting in the known quantities, we have

2 . . o .
120 =7 -z Yoy = 3y2 & y? =80 = y = +/80 = +4./5. Since length is positive, y = 4+/5 ~ 8.94 inches.
First we write a formula for the area of the figure in terms of x. Region A has X
dimensions 10 cm and x cm and region B has dimensions 6 cm and x cm. So the
shaded region has area (10 - x) + (6 - x) = 16x cm?2. We are given that this is equal 10cm| A 6
cm
to 144 cm?, 50 144 = 16x < x = & =9cm. e

. Let x be the width of the strip. Then the length of the mat is 20 + 2x, and the width of the mat is 15 + 2x. Now the

perimeter is twice the length plus twice the width, s0 102 = 2 (20 +2x) + 2 (15+ 2x) < 102 = 40 4+ 4x + 30 + 4Xx &
102 = 70 4 8x < 32 = 8x < x = 4. Thus the strip of mat is 4 inches wide.

. Let x be the width of the strip. Then the width of the poster is 100 4+ 2x and its length is 140 + 2x. The perimeter of the

printed area is 2 (100) + 2 (140) = 480, and the perimeter of the poster is 2 (100 4 2x) + 2 (140 + 2x). Now we use the
fact that the perimeter of the poster is 1% times the perimeter of the printed area: 2 (100 + 2x) + 2 (140 + 2x) = % 480 &
480 + 8x = 720 < 8x = 240 < x = 30. The blank strip is thus 30 cm wide.
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. . . . 10+ x
45, Let x be the length of the man’s shadow, in meters. Using similar triangles, 3 >
x = 5. Thus the man’s shadow is 5 meters long.
46. Let x be the height of the tall tree. Here we use the property that corresponding
sides in similar triangles are proportional. The base of the similar triangles starts at
. X = 150
eye level of the woodcutter, 5 feet. Thus we obtain the proportion = =5
25(x — 5) = 15(150) < 25x — 125 = 2250 < 25x = 2375 < x = 95. Thus the 25 §15
tree is 95 feet tall.
47. Let x be the amount (in mL) of 60% acid solution to be used. Then 300 — x mL of 30% solution would have to be used to
yield a total of 300 mL of solution.
60% acid 30% acid Mixture
mL X 300 — x 300
Rate (% acid) 0.60 0.30 0.50
Value 0.60x 0.30 (300 — x) | 0.50(300)

0.3

Thus the total amount of pure acid used is 0.60x + 0.30 (300 — x) = 0.50 (300) < 0.3x + 90 = 150 < x = — = 200.
S0 200 mL of 60% acid solution must be mixed with 100 mL of 30% solution to get 300 mL of 50% acid solution.

The amount of pure acid in the original solution is 300 (50%) = 150. Let x be the number of mL of pure acid added. Then
150 + x
— 0f —
300 4 X =60% =06 <

48,
the final volume of solution is 300 + x. Because its concentration is to be 60%, we must have

150 + x = 0.6 (300 + x) < 150 + x = 180 + 0.6x < 0.4x = 30 & x = — = 75. Thus, 75 mL of pure acid must be

added.
49, Let x be the number of grams of silver added. The weight of the rings is5 x 18 g =90 g.
5 rings Pure silver Mixture
Grams 90 X 90 + x
Rate (% gold) 0.90 0 0.75
Value 0.90 (90) 0x 0.75(90 + x)
£33 = 18. Thus 18 grams of silver

S00.90(90) + 0x =0.75(90+ x) © 81 =675+ 0.75x & 0.75x = 135 = x =

must be added to get the required mixture.

Let x be the number of liters of water to be boiled off. The result will contain 6 — x liters.

50.
Original | Water Final
Liters 6 —X 6 —X
Concentration 120 0 200
Amount 120 (6) 0 200 (6 — x)

S0120(6) + 0 =200 (6 — x) & 720 = 1200 — 200x < 200x = 480 < x = 2.4. Thus 2.4 liters need to be boiled off.
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60% antifreeze | 60% antifreeze (removed) | Water | Mixture
Liters 3.6 X X 3.6
Rate (% antifreeze) 0.60 0.60 0 0.50
Value 0.60 (3.6) —0.60x 0x 0.50 (3.6)
—0.36 .
S0 0.60(3.6) — 0.60x + Ox = 0.50(3.6) © 2.16 — 0.6x = 1.8 & —0.6x = —0.36 = x = o6 = 0.6. Thus 0.6 liters

must be removed and replaced by water.

Let x be the number of gallons of 2% bleach removed from the tank. This is also the number of gallons of pure bleach
added to make the 5% mixture.

Original 2% Pure bleach | 5% mixture
Gallons 100 — x X 100
Concentration 0.02 1 0.05
Bleach 0.02 (100 — x) 1x 0.05 - 100

S00.02 (100 — x) + x = 0.05-100 < 2 — 0.02X + X =5 < 0.98x = 3 < x = 3.06. Thus 3.06 gallons need to removed
and replaced with pure bleach.

Let c be the concentration of fruit juice in the cheaper brand. The new mixture that Jill makes will consist of 650 mL of the
original fruit punch and 100 mL of the cheaper fruit punch.

Original Fruit Punch | Cheaper Fruit Punch Mixture
mL 650 100 750
Concentration 0.50 c 0.48
Juice 0.50 - 650 100c 0.48 - 750

S0 0.50 - 650 + 100c = 0.48 - 750 < 325 + 100c = 360 < 100c = 35 < ¢ = 0.35. Thus the cheaper brand is only

35% fruit juice.

$3.00 tea $2.75 tea Mixture
Pounds X 80 — x 80
Rate (cost per ounce) 3.00 2.75 2.90
Value 3.00x 2.75(80 — x) | 2.90(80)

. Let x be the number of ounces of $3.00/0z tea Then 80 — x is the number of ounces of $2.75/0z tea.

S0 3.00x + 2.75(80 — x) = 2.90(80) < 3.00x + 220 — 2.75x = 232 < 0.25x = 12 < x = 48. The mixture uses

48 ounces of $3.00/0z tea and 80 — 48 = 32 ounces of $2.75/0z tea.

Let t be the time in minutes it would take Candy and Tim if they work together. Candy delivers the papers at a rate of
7—10 of the job per minute, while Tim delivers the paper at a rate of 8—10 of the job per minute. The sum of the fractions of the

job that each can do individually in one minute equals the fraction of the job they can do working together. So we have
1

T= 55 + g < 560 = 8t + 7t <> 560 = 15t <> t = 375 minutes. Since 1 of a minute is 20 seconds, it would take them

37 minutes 20 seconds if they worked together.
Let t be the time, in minutes, it takes Hilda to mow the lawn. Since Hilda is twice as fast as Stan, it takes Stan 2t minutes to

. 1 1 . .
mow the lawn by himself. Thus 40 - T +40- i 140+ 20 =t <t =60. So it would take Stan 2 (60) = 120 minutes

to mow the lawn.
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Let t be the time, in hours, it takes Karen to paint a house alone. Then working together, Karen and Betty can paint a house
. s . . 1 1 1 3
in %t hours. The sum of their individual rates equals their rate working together, so T + % = 7 = n + % =
3
6+t =9t =3. Thus it would take Karen 3 hours to paint a house alone.
Let h be the time, in hours, to fill the swimming pool using Jim’s hose alone. Since Bob’s hose takes 20% less time, it uses

. 1 1
only 80% of the time, or 0.8h. Thus 18 - n +18- o8h = 1<18-0.84+18=0.8h < 144+ 18 =0.8h & 32.4 =0.8h

< h =40.5. Jim’s hose takes 40.5 hours, and Bob’s hose takes 32.4 hours to fill the pool alone.

Let t be the time in hours that Wendy spent on the train. Then % — t is the time in hours that Wendy spent on the bus. We
construct a table:

Rate | Time Distance
By train | 40 t 40t
Bybus | 60 | ¥ —t | 60(% 1)

The total distance traveled is the sum of the distances traveled by bus and by train, so 300 = 40t + 60 (% — ) S
300 =40t +330 - 60t & —30= -2t &t = :—‘;’8 = 1.5 hours. So the time spent on the train is 5.5 — 1.5 = 4 hours.

Let r be the speed of the slower cyclist, in mi/h. Then the speed of the faster cyclist is 2r.

Rate | Time | Distance

Slower cyclist r 2 2r

Faster cyclist 2r 2 4r

When they meet, they will have traveled a total of 90 miles, so 2r 4+ 4r = 90 < 6r = 90 < r = 15. The speed of the
slower cyclist is 15 mi/h, while the speed of the faster cyclist is 2 (15) = 30 mi/h.

Let r be the speed of the plane from Montreal to Los Angeles. Then r 4+ 0.20r = 1.20r is the speed of the plane from Los
Angeles to Montreal.

Rate | Time | Distance
2
Montreal to L.A. r _5r00 2500
L.A.to Montreal | 1.2r @ 2500
1.2r
L . 2500 2500 55 2500 2500
The total time is the sum of the times each way, so 9% = — 4 — 866 == — 4+ — &
r 1.2r 6 r 1.2r

55.1.2r =2500-6-1.2 4 2500 - 6 < 66r = 18,000 + 15,000 < 66r = 33,000 =r = % = 500. Thus the plane flew
at a speed of 500 mi/h on the trip from Montreal to Los Angeles.

Let x be the speed of the car in mi/h. Since a mile contains 5280 ft and an hour contains 3600 s, 1 mi/h = 53%%%2 = % ft/s.

The truck is traveling at 50 - % = % ft/s. So in 6 seconds, the truck travels 6 - 2—50 = 440 feet. Thus the back end
of the car must travel the length of the car, the length of the truck, and the 440 feet in 6 seconds, so its speed must be

L&W = % ft/s. Converting to mi/h, we have that the speed of the car is ng . % = 55 mi/h.

Let x be the distance from the fulcrum to where the mother sits. Then substituting the known values into the formula given,
we have 100 (8) = 125x < 800 = 125x < X = 6.4. So the mother should sit 6.4 feet from the fulcrum.

. Let w be the largest weight that can be hung. In this exercise, the edge of the building acts as the fulcrum, so the 240 Ib

man is sitting 25 feet from the fulcrum. Then substituting the known values into the formula given in Exercise 43, we have
240 (25) = 5w < 6000 = 5w < w = 1200. Therefore, 1200 pounds is the largest weight that can be hung.
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Let | be the length of the lot in feet. Then the length of the diagonal is | + 10. We !
apply the Pythagorean Theorem with the hypotenuse as the diagonal. So

12 + 502 = (I +10)2 < 12 + 2500 = 12 4 201 + 100 <> 201 = 2400 <> | = 120.
Thus the length of the lot is 120 feet.

Let r be the radius of the running track. The running track consists of two semicircles and two straight sections 110 yards
long, so we get the equation 27rr + 220 = 440 & 2nr =220 &+ = 1?10 = 35.03. Thus the radius of the semicircle is
about 35 yards.

30 1+10

Let h be the height in feet of the structure. The structure is composed of a right cylinder with radius 10 and height %h and a

cone with base radius 10 and height %h. Using the formulas for the volume of a cylinder and that of a cone, we obtain the

equation 14007 = 7 (10)2 (%h) + i (10)2 (%h) & 14007 = 2997 h 4 1007 o, 126 — 6h + h (multiply both sides

9
by W) < 126 = 7h < h = 18. Thus the height of the structure is 18 feet.
™
Let h be the height of the break, in feet. Then the portion of the bamboo above the
break is 10 — h. Applying the Pythagorean Theorem, we obtain
h? +32 = (10 — h)2 & hZ + 9 =100 — 20h + h? & —91 = —20h & h

h= % = 4.55. Thus the break is 4.55 ft above the ground.

Pythagoras was born about 569 BC in Samos, lonia and died about 475 BC.

Euclid was born about 325 BC and died about 265 BC in Alexandria, Egypt.
Archimedes was born in 287 BC in Syracuse, Sicily and died in 212 BcC in Syracuse.
Answers will vary.

CHAPTER P REVIEW

1

(a) Since there are initially 250 tablets and she takes 2 tablets per day, the number of tablets T that are left in the bottle
after she has been taking the tablets for x days is T = 250 — 2x.

(b) After 30 days, there are 250 — 2 (30) = 190 tablets left.

(c) WesetT =0andsolve: T =250 — 2x = 0 < 250 = 2x < x = 125. She will run out after 125 days.

. (a) The total cost is $2 per calzone plus the $3 delivery charge, so C = 2x + 3.

(b) 4 calzones would be 2 (4) + 3 = $11.
(c) Wesolve C =2x +3 =15« 2x = 12 < x = 6. You can order six calzones.

. (a) 16 s rational. It is an integer, and more precisely, a natural number.

(b) —16 is rational. It is an integer, but because it is negative, it is not a natural number.
(c) /16 = 4 is rational. It is an integer, and more precisely, a natural number.

(d) +/2 is irrational.

(e % is rational, but is neither a natural number nor an integer.

) —% = —4 isrational. It is an integer, but because it is negative, it is not a natural number.

. (a) —5isrational. It is an integer, but not a natural number.

(b) —% is rational, but is neither an integer nor a natural number.

() +/25 = 5isrational, a natural number, and an integer.
(d) 37 isirrational.
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(e) 16 = 2 is rational, but is neither a natural number nor an integer.

(f) 1020 is rational, a natural number, and an integer.

. Commutative Property of addition.

. Distributive Property.

(a)_+g_§+£_g_§
376 6 6 2
5 2 5 4 1
) §-"3%676 6
(a)15 12 1512 3.3 9
8 5 8.5 2.1 2
15 12 155 5.5 25
O+ =g== ==

oo
(62}
oo
=
N

®0°|
w
)

Xe[-2,6)-2<Xx<

X € (—o0, 4] ox <4

X >5ox €[5, 00)

—1l<x<boxe(-1,5]

\

(a)AuB:{ 0,412, 34}
(b) ANB = {1}

@ ANC ={1,2)

(b) BﬂD:{%,l}

[7—10|=1]-3|=3

212812 = /2. /8= V16 =4
1 1 1
216713 = ==
T 21613 Y216 6

—Vj_;z = 24 =JI2I1=11

(@ 153/ =2/ =2
(b) |-5—3| = |-8| = 8

6. Commutative Property of multiplication.

8. Distributive Property.
11 21 22 1

1530 30 30

o +11_21+22 43

15 30 30 30

12 30.-3 5.5

@R, 2_3035_55
(a) B 7.12 1.

30 123012 12

(b) ik
7 35 7-35_77

14.x € (0,10 0 <x <10

10. (a) 1 —

25

T2

12
19

16.x € [-2,0) & -2 < X

10

—2

18.Xx < =3 X € (—o0, —=3)

22.(8) CUD = (~1,2]
(b) CND=(0,1]
24.(a) AND = {0,1}
by BnC={31]
26.13— -9/l =[3—9| = |-6| =6
28.23%-32=}-1=7

30. 642/3 = (43)2/ ‘16

_i
2~

o
I\.)|®

32.4/24/50 = /100 = 10

34.(a) |-4-0] = |-4| =4
(b) |-4—4] = -8 =8

I\)|H

Y
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() I7 =713 36. (a) V57 =57/3
3 3
(b) V7% =745 0) (V5) = (1) =%
172
(a) VX5 = x5/ 8@ VY= () =y
9 9 2 2
(b) (ﬁ) = (X1/2) = X9/2 (b) (\3/7) — (yl/B) — y1/4
2 -3 2/ a4
(2x3y) (3x_1y2) =4x8y2 . 3x~1y2 = 4.3x6-1y2+2 4q, (az) (a3b) (b3) =a6.a%p2.p12
= 12x°y* — a—6+6p2+12 _ 14
6
3 («3y)2 v4 — 3/xByAyZ — 3/ By6 — x2y2 2v8 — /X2 232 _ x| y2
v (x3y)7yt = VxByty? = JxOy0 =x“y 44./x2yt = Vx4 [ (y4)" = Ixly
812575 WD—(-2)g-3-4 _ gy5i26-7 _ A2
2r=2g4 N Y
_3\2 o
ab’c®\ T aT?hT® |y o (L6, a-806 _ gabp-126 _ 22°C°
2a3p—4 2—25—6p8 p12

78,250,000,000 = 7.825 x 1010
2.08 x 10~8 = 0.0000000208

ab  (0.00000293) (1562 x 1071) (293 x 107°) (1582 x 107M4) ;5.1 557 o612
ab _ _  10-6-14-

c 2.8064 x 1012 2.8064 x 1012 T 2.8064
~ 1.65 x 10732

times 60 minutes 24 hours 365 days

— . - 90 years ~ 3.8 x 109 times
minute hour day year

2x2y — 6xy2 = 2xy (X — 3y)
12x2y* — 3xy® + 9x3y2 = 3xy? (4xy2 —y3—|—3x2)
X2 45X —14=(X+7)(X —2)
2
x4 4+x2-2= (xz) +x2-2= (x2+2) (x2—1) = (x2+2)(x+1)(x—1)
X2 —2x—1=0@Bx+1)(x —1)
6x2 + X — 12 = (3x — 4) (2 + 3)
42— 13t —12 = (4t +3) (t — 4)

x4—2x2+1:<x2—1)2:[(x—l)(x+1)]2:(x—1)2(X+1)2
16—4t2=4(4—t2) =—4t+2) (-2

2y8 — 32y2 — 2y2 (y4 - 16) — 2y2 (y2 +4) (y2 —4) —2y2 (y2 +4) (Y +2)(y—2)
e () (5 53) =0 0 4 2) o o)
a%b? + ab® = ab? (a3 +b3) —ab?(a+h) (a2 —ab+b2)

x3—27=(x—3)<x2+3x+9)

. 3y3_81x3=3 (y3 — 27x3) —3(y — 3x) (y2 +3xy + 9x2)
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65. 4x3 —8x2 +3x —6=4x2 (X —2) +3(x — 2) = (4x2+3) X —2)
66. 3x3 —2x2 + 18x — 12 =x2(3x —2) + 6(3x —2) = (3x — 2) (x2+6)

67. (X +Y)2 —T(x+Y)+6=[(x+y) —6][(x +y) = 1] = (x +y—6) (x +y + 1)
68. (@a+b2—-3@+b)—10=(@+b—-5(a+b+2)
69. 2y —7) (2y +7) = 4y? — 49

70. (1+x)(2—x)—(3—x)(3+x):2+x—x2—(9—x2)=2+x—x2—9+x2:—7+x
71 xz(x—2)+x(x—2)2=x3—2x2+x(x2—4x+4)=x3—2x2+x3—4x2+4x=2x3—6x2+4x

X3+2X2+3X X<X2+2X+3)
X - X

73 X (VX 41) (2JX = 1) = (X + /X) (VX — 1) = 22X /X — X +2X — /X = 2X/X + X — /X
74 (2x+1)3 = (23 +3@2)2 (1) +3@) (12 + (1)} =8x3 +12x2 +6x + 1

x2-2x—-3  (x-3)(x+1)  x-3

2x24+5x+3 (X+3)(x+1) 2x+3

o1 E-D(@+t+1) 244

t2—-1 (-1 +1) t+1

x24+2x—3 3x+12 (x+3)(x—1) 3(x+4) 3(x+3)
X24+8x+16 x—1 ~ (x+4Hx+4) (x-1) x+4
x2—2x—15 x2-x—12 (x-5(x+3) (x—1)(x+1) x+1

72. =x24+2x+3

75.

76.

7.

78. = = : =
X2 —6x +5 x2—1 xX=5x—-1 (x—4)(x+3) x—4
2y
79, x — 1 :x(x+1)_ 1 _ XX 1
x+1 x+1 x+1 x+1
g0, L X X2 +1 x(x—1)  x2+4+1-x24x x+1
"x—-1 x241  (x=-1(x2+1) (x-1)(x2+1) (x-1)(x2+1) (x—1)(x2+1)
—_2)2 _
81.E 1 3 _2(x=2) X(x—2) 3x

x+x—2+(x—2)2 CXx(x=22  x(x=2)2  x(x—2)2

2 2
2(X —4X+4)+X —2XH3X 32 _gx484x2—2x+3x 32 —Tx+8

X (X —2)2 X (X —2)2 X (x—2)2
8. 1 n 1 B 2 _ 1 N 1 _ 2
X+2 x2—4 x2—-x-2 x+2 (X=-2(x+2) x—-2(x+1
B xX=2)(x+1) X+1 2(X+2)
T =)+ (x+2) | k=2 X+ (X+2) (X—2)(Xx+1)(x +2)
X2 x—24x+1-2x-4 x2—2x—5
X=X+ (x+2) x—2)(x+D(x+2)
1 4 2 X
ga X 2 _x_2x _2-x 1 _-l@x=2 1 -1
X—=2 X =2 2Xx  x—=2 2X X—=2 2X
1 1 1 1
84§_m:§_x_+1.x(x+1):(x+1)—x: 1
"1 1 1 1 x(x+1) x+D+x 2x+1
§+x+1 §+x+1
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2 2
30x+m? =50+ — (3x2 ~ 5x) _ 3x%+6xh+3h? —5x —5h —3x? +5x _ 6xh +3h? —5h

h h h
zwzsmsh%
VX+h—X  Jx+h-—X x+h+x  (x+h-x h _ 1
h B h VXHR+X h(VX+h+ %) h(VX+h+JX)  X+h+ X

T i
JIIoJyi o Jiooou
3 _3 JB_36_ A6
NN N

10 10 .ﬁ+1:10+1oﬁ:10+10«/§
V2-1 V2-1 JV2+1 2—-1

14 14 .3+\/§: 42+14€:42+;4ﬁ:6+2ﬁ
3-v2 3-V2 3+42 32_(@)

X X 2— X xX=xJ/X X (VX=2)

24X 24K 2= 22_(ﬁ)2_ X —4
=2 =2 =2 x—4SX+4

92. = . =
SX+2 X +2 SX=2 X —4
5. . . L
93. xXleo is defined whenever x 4+ 10 # 0 < x # —10, so its domain is {x | X # —10}.
94, 2 9 is defined whenever x2 — 9 £ 0 < x2 # 9 & X # =£3, 50 its domain is {x | X # —3 and x # 3}.
95. W\ﬁle is defined whenever x > 0 (so that /X is defined) and x2 —3x —4 = (X +1) (X —4) # 0 < X # —1 and
X # 4. Thus, its domain is {X | x > 0 and x # 4}.
vx =3
96. m is defined whenever x —3 > 0 < x > 3and x2 — 4x + 4 = (X — 2)2 # 0 & X # +2. Thus, its domain is
{x|x >3}
97. This statement is false. For example, take x = 1 and y = 1. Then LHS = (x + y)3 =1+ 1)3 =23 = 8, while

98.

99.

100.

101

102.

103.

RHS=x3+y3=134+13=14+1=2and8 #£2.

1+/a 1+4a 1-.a l1-a 1

l1-a 1l-a 1-Ja (-a(l-a) 1-.a&

Lay_ 12y 12,

y y y

This statement is false. For example, takea = 1andb = 1. Then LHS = Ja+b = J1+1 = J2, while

RHS = ¥a+ Jb=¥T+I1=1+1=2and ¥2 #£2.
This statement is false. For example, take a = —1. Then LHS = Va?Z = V(=12 = /1 = 1, which does not equal

This statement is true for a # 1:

This statement is true:

a = —1. The true statement is va¢ = |a|.

1 1 1
This statement is false. For example, take x = 1. Then LHS = —— = —— = — while RHS =

Xt4 1+4 +

Il
=l
+
N

X | =
Al

1 5
andggéz.

X+12=24=3x=12=%x=4 104.5x—7=42(:>5X=49<:)X=%9
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IX—6=4X+9=3x=15<x=5 106.8 —-2x =14+ X -3 =06=Xx=-2

IX—i=2ex-3=ReX=15cx="2
2

Ix+3=1-2xo10x+9=3-30x 240 = 6o x=—F=—%

2X+3)—4(X—5=8-5x=2Xx+6—-4x+20=8-5x =& -2x+26=8-5x &3 =-18=x =—6

5 2x45 5
X2 XHD D 3 (x—5)—2(2X+5) =5 3X — 15— 4x — 10 = 5 &> —x = 30 & x = —30

2 3 6
x+1 2x-—1 2 2
= SX+D)@xX+D)=2x-1)(x -1 o 2x+3x+1=2x* -3 +1=b6x=0x=0
x—1 2x+1
X gl 342 1o X—3X—6=1-2X =T x=—t
X +2 TxX+2 o a o )
x+1 = 3 3x

SX+)x-2)=x(x—1)x2—x —2=x%—x e —2=0. Since this

X
x—1 3x—-6 3(x-2) x-2
last equation is never true, there is no real solution to the original equation.

x+2)2 = x—42 o X+22 - x-42 =0 [X+2)— X =D [(X+2)+(x—-4)] = 0 <
X+2—-Xx+4][x+24+x—-4]=6(2x—-2)=02x—-2=0x=1

X2 =144 = x = +12

4x2:49<:>x2:47?:>x:j:%

xX3-27T=0x3=27=x=3.

6x* + 15 = 0 & 6x* = —15 & x* = —3. Since x* must be nonnegative, there is no real solution.
x+1)=-64x+l=—4ox=—-1—-4=-5
X+22-2=0(X+22=20x+2=42/2Xx=-2+2.
WMN=-3ex=(-3°%=-21.

2
x2/3—4=0<:>(x1/3) — 4= X8 =42 x =48,

4x3/4 — 500 = 0 < 4x3/4 = 500 < x3/4 = 125 & x = 125%/3 = 5% = 625,
x—-2VP=2&ox-2=22=32&x=2+32=234

X
A= +y<:>2A:x+y<:>x:2A—y.
V —xz
V=xy+yi+xzeV=yX+2)+xzeV -—xz=yX+2)sy= Tz
1 1 1 1 1 1 11
Multiply th hbyt: J=-4+—+—otl=14+-+-=—t=—,J #0.
ultiply through by t+2t+3t@ +2+3 6(:) 67’ #*

F= kq:# or?= kql—qu Sr==4 k%. (In real-world applications, r represents distance, so we would take the

positive root.)

Let x be the number of pounds of raisins. Then the number of pounds of nuts is 50 — x.

Raisins Nuts Mixture
Pounds X 50 — x 50
Rate (cost per pound) 3.20 2.40 2.72

S0 3.20x + 2.40 (50 — x) = 2.72 (50) < 3.20x + 120 — 2.40x = 136 < 0.8x = 16 < x = 20. Thus the mixture uses
20 pounds of raisins and 50 — 20 = 30 pounds of nuts.
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Let t be the number of hours that Anthony drives. Then Helen drives fort — 711 hours.

Rate | Time Distance
Anthony | 45 t 45t

1 1
Helen | 40 |t-% | 40(t-})

When they pass each other, they will have traveled a total of 160 miles. So 45t + 40 (t — 711) = 160 < 45t +40t — 10 = 160
& 85t = 170 & t = 2. Since Anthony leaves at 2:00 p.M. and travels for 2 hours, they pass each other at 4:00 p.Mm.

Let x be the amount invested in the account earning 1.5% interest. Then the amount invested in the account earning 2.5% is
7000 — x.

1.5% Account 2.5% Account Total
Amount invested X 7000 — x 7000
Interest earned 0.015x 0.025 (7000 — x) | 120.25

From the table, we see that 0.015x +0.025 (7000 — x) = 120.25 < 0.015x + 175 —0.025x = 120.25 < 54.75 = 0.01x &
x = 5475. Thus, Luc invested $5475 in the account earning 1.5% interest and $1525 in the account earning 2.5% interest.

The amount of interest Shania is currently earning is 6000 (0.03) = $180. If she wishes to earn a total of $300, she must
earn another $120 in interest at a rate of 1.25% per year. If the additional amount invested is x, we have the equation
0.0125x = 120 < x = 9600. Thus, Shania must invest an additional $9600 at 1.25% simple interest to earn a total of $300
interest per year.

Let t be the time it would take Abbie to paint a living room if she works alone. It would take Beth 2t hours to paint the

1
living room alone, and it would take 3t hours for Cathie to paint the living room. Thus Abbie does T of the job per hour,

1 1 1 1 1
Beth does m of the job per hour, and Cathie does e of the job per hour. So n + 2 + 3= l64+3+2=60c

ft=1let= %. So it would Abbie 1 hour 50 minutes to paint the living room alone.

Let w be width of the pool. Then the length of the pool is 2w, and its volume is 8 (w) (2w) = 8464 < 16w2 = 8464 <

w? =529 = w = £23. Since w > 0, we reject the negative value. The pool is 23 feet wide, 2 (23) = 46 feet long, and
8 feet deep.

CHAPTER P TEST

4.

. (@) ThecostisC =9+ 1.5x.

(b) There are four extra toppings, so x = 4 and C = 9 + 1.5 (4) = $15.

. (a) 5isrational. It is an integer, and more precisely, a natural number.

(b) /5 is irrational.
(© —2 = —3isrational, and it is an integer.
(d) —1,000,000 is rational, and it is an integer.

. (@ ANB ={0,1,5)

(b) AUB = [—2,0, %,1,3,5,7]

@

[—4,2) [0, 3]
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(b) >
0 2 —4 3
[-4,2) N[0, 3] =[0,2) [—4,2) U0, 3] = [-4, 3]
(© |-4-2|=1-6|=6
6_ 6_ 6_1_1 1
. (a) —26 = —64 (b) (—2)% = 64 @2f=p=0 @p=77=g

3\2 [(2\* 4 J32Z o2 1 438 3% 9 3 (a4 a3
@) =(G) =5 0Jk=i=3 O{m-m-p OE=() " =3t=

. (a) 186,000,000,000 = 1.86 x 1011 (b) 0.0000003965 = 3.965 x 10~/

3K2 2
a’b a
@ — = —
ab3 b

-2 4

3,2\ "_ Y

(b) (2x y ) =15

© (2X1/2y2) (3X1/4y—1)2 — 2. 32x(1/D+2(1/4) y2+2(-1) _ 18x
(d) V20 — /125 = /4.5 — /255 =2,/56 —5,/5 = —3./5

G \/18X3y =\/m=3xy2\/§

2 -2
0 (2L ) 22—y 2w o L
x—3yl/2 4x10y

(@) 3(X+6)+4(2x —5) =3x + 18+ 8x — 20 = 11x — 2

(b) (x +3) (4x —5) = 4x2 —5x +12x — 15 = 4x2 + 7x — 15

© (va+vb) (va-vh)=(va)" - (JB)2=a—b

(d) 2x +3)2=(2x)24+22x)3)+ (3)2 =4x2 +12x + 9

© x+2°=x°3+3x)2@2)+3x) 2%+ 2)°%=x3+6x2+12x+8
(f) x2(x —3) (x +3) =x?2 (x2—9) = x4 —9x?

. () 4x2 — 25 = (2x —5) (2x +5)

(b) 2x2 +5x —12 = (2x —3) (x + 4)

© x3—3x2—4x+12=x2(x—3)—4(x—3)=(x—3)(x2—4)=(x—3)(x—2)(x+2)
(d) x4+27x=x<x3—|—27)=x(x+3)<x2—3x+9)

(® @x—-y)2-10@2x—y)+25=(2x—-y)?—2(5) (X —y) +52 = (2x —y —5)2

() x3y—4xy=xy(x2—4)=xy(x—2)(x+2)

X24+3x+2  (X+D)(X+2)  X+2

@ x2—x—-2 (X+1)(x-=2) x-=2
(b)2x2—x—1.x+3:(2x+1)(x—1).x+3:x—l
x2 -9 2x+1 (x—-3)(x+3) 2x+1 x-3
© x2 x4l x2 x4l X2 —X+1)(x—-2)
X2—4 xX+2 (X=2(x+2) x+2 (X=-2)x+2) (xX-=-2(x+2)

X—-2)x+2)  (x-2)(x+2) x-2

1

27
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y Xy X
N N 2 2
XY Xy Yo go00+0  —x=ye+0
y x y x
6 6 6 2 632
-(a)s—=s—=3—'3—=7=3~3/§
JaoJ2 22 V2
JIO  JIO JEi2 YIO(vB+2)
O B =Bz Bz 54
© L 1 1=K 1-\K
I+X 14+ 1—-yX 1-x
(@ X —-3=2X+T7TdX-2x=T-(-3)o2x =10 x =5.
(b) 8x% = —125 = V8x3 = Y~IB5 o 2x = 5o x = —3.
3/2
© x23 —64 =0 x2/3 =64 (x2/3) /2 _ 6432 5 x = 83 = 512,
(d)ﬁ:2XX—+31(:»X(ZX—1):(x+3)(2x—5)<:»2x2—x:2x2—5x+6x—15<:>—x:x—15<:»2x:15
ox=1.

(® 3(x+1)2-18=0=3(x+1)2 =18 (x+1)°2=6x+1=+t/6x=4/6—1

E E . . L .
. E=m? - = Zoc= ‘/ﬁ (We take the positive root because c represents the speed of light, which is positive.)

. Let d be the distance in km, between Bedingfield and Portsmouth.

Direction Distance | Rate | Time
d
Bedingfield — Port th d 100 —
edingfield — Portsmou 100
L d
Portsmouth — Bedingfield d 75 75

. distance
We have used time =

to fill in the time column of the table. We are given that the sum of the times is 3.5 hours.

. d d d d 1050
Thus we get the equation 100 + 7= 3.5 300 (ﬁ + %) =300(3.5)<3d+4d =1050 =d = — = 150 km.
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FOCUS ON MODELING  Making the Best Decisions

. cost of maintenance number copy number
1. (&) The total cost is ) + + . Each month
copier cost of months cost of months
the copy cost is 8000 - 0.03 = 240. Thus we get C1 = 5800 + 25n + 240n = 5800 + 265n.

. . rental number copy number i
(b) In this case the cost is —+ . Each month the copy cost is
cost of months cost of months

8000 - 0.06 = 480. Thus we get C» = 95n + 480n = 575n.
©

Years | n | Purchase | Rental

1 12 8,980 6,900
2 24 | 12,160 | 13,800
3 36 | 15,340 | 20,700
4 48 | 18,520 | 27,600
5 60 | 21,700 | 34,500
6 72 | 24,880 | 41,400
(d) The cost is the same when C1 = C; are equal. So 5800 + 265n = 575n < 5800 = 310n < n ~ 18.71 months.

. daily cost per number
2. (@) Thecostof Plan1is 3 - + . . =365+ 0.15x =195 + 0.15x.
cost mile of miles

. daily
The cost of Plan 2 is 3 - = 3.90 = 270.
cost

(b) When x = 400, Plan 1 costs 195 + 0.15 (400) = $255 and Plan 2 costs $270, so Plan 1 is cheaper. When x = 800,
Plan 1 costs 195 + 0.15 (800) = $315 and Plan 2 costs $270, so Plan 2 is cheaper.

() The cost is the same when 195 + 0.15x = 270 < 0.15 = 75x < x = 500. So both plans cost $270 when the
businessman drives 500 miles.

) setup cost per number
3. (a) The total cost is + . So C = 8000 + 22x.

cost tire of tires

rice per number
(b) The revenue is < P P ) ( ) So R = 49x.

tire of tires

(c) Profit = Revenue — Cost. So P = R — C = 49x — (8000 + 22x) = 27x — 8000.
(d) Break even is when profit is zero. Thus 27x — 8000 = 0 < 27x = 8000 < X = 296.3. So they need to sell at least
297 tires to break even.
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4. (a) Option 1: In this option the width is constant at 100. Let x be the increase in length. Then the additional area is
. increase . . . .
width x < i lenath ) = 100x. The cost is the sum of the costs of moving the old fence, and of installing the
in lengt

new one. The cost of moving is $6 - 100 = $600 and the cost of installation is 2 - 10 - x = 20x, so the total cost is

. C —600 o
C = 20x + 600. Solving for x, we get C = 20x + 600 < 20x = C — 600 & x = . Substituting in the area

C —600
20
Option 2: In this option the length is constant at 180. Let y be the increase in the width. Then the additional area is

we have A; = 100 ( ) =5(C — 600) = 5C — 3,000.

increase
length x < ) = 180y. The cost of moving the old fence is 6 - 180 = $1080 and the cost of installing the new

in width
oneis2-10-y = 20x, so the total cost is C = 20y + 1080. Solving for y, we get C = 20y + 1080 < 20y = C — 1080
Sy = % Substituting in the area we have A, = 180 (%) =9(C —1080) = 9C —9,720.
(b)

Cost, C | Areagain A1 from Option 1 | Area gain A, from Option 2

$1100 2,500 ft?2 180 ft2

$1200 3,000 ft? 1,080 ft2

$1500 4,500 ft2 3,780 ft2

$2000 7,000 ft2 8,280 ft2

$2500 9,500 ft? 12,780 ft?

$3000 12,000 ft? 17,280 ft?

(c) If the farmer has only $1200, Option 1 gives him the greatest gain. If the farmer has only $2000, Option 2 gives him the
greatest gain.
5. (a) Design 1 is a square and the perimeter of a square is four times the length of a side. 24 = 4x, so each side is x = 6 feet
long. Thus the area is 62 = 36 ft2.

. . . . . 12 .
Design 2 is a circle with perimeter 27tr and area 7r2. Thus we must solve 27 = 24 <> r = == Thus, the area is
™

12\? 144 . _
™ (—) = —— ~ 458 ft2. Design 2 gives the largest area.
™ T

(b) In Design 1, the cost is $3 times the perimeter p, so 120 = 3p and the perimeter is 40 feet. By part (a), each side is then
40 — 10 feet long. So the area is 10? = 100 ft%.
In Design 2, the cost is $4 times the perimeter p. Because the perimeter is 27r, we get 120 = 4 (27r) so

120 15 ) 15\% 225 . .
r= o The areais wr? = & (—) = === ~ 71.6 ft2. Design 1 gives the largest area.
v T T

™
6. (a) Plan 1: Tomatoes every year. Profit = acres x (Revenue — cost) = 100 (1600 — 300) = 130,000. Then for n years the
profit is P = 130,000n.
(b) Plan 2: Soybeans followed by tomatoes. The profit for two years is Profit = acres x

soybean tomato o
+ = 100 (1200 + 1600) = 280,000. Remember that no fertilizer is
revenue revenue

needed in this plan. Then for 2k years, the profit is P, = 280,000k.
() Whenn = 10, P; = 130,000 (10) = 1,300,000. Since 2k = 10 when k = 5, P, = 280,000 (5) = 1,400,000. So Plan B
is more profitable.
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7. (a)

Data (GB)

Plan A

Plan B

Plan C

1
15
2
2.5
3
3.5
4

$25

25 +5(2.00) = $35
25+ 10 (2.00) = $45
25 + 15 (2.00) = $55
25+ 20 (2.00) = $65
25 + 25 (2.00) = $75
25+ 30 (2.00) = $85

$40
40 + 5(1.50) = $47.50
40 + 10 (1.50) = $55
40 + 15 (1.50) = $62.50
40 + 20 (1.50) = $70
40 + 25 (1.50) = $77.50
40 + 30(1.50) = $85

$60

60 + 5 (1.00) = $65
60 ++ 10 (1.00) = $70
60 + 15 (1.00) = $75
60 + 20 (1.00) = $80
60 + 25 (1.00) = $85
60 + 30 (1.00) = $90

(b) For Plan A: Cp = 25 + 2(10x — 10) = 20x + 5. For Plan B: Cg = 40 + 1.5(10x — 10) = 15x + 25.
For Plan C: Cc = 60 + 1 (10x — 10) = 10x + 50. Note that these equations are valid only for x > 1.

(c) If Gwendolyn uses 2.2 GB, Plan A costs 25 + 12 (2) = $49, Plan B costs 40 + 12 (1.5) = $58, and Plan C costs

60 + 12 (1) = $72.

If she uses 3.7 GB, Plan A costs 25 + 27 (2) = $79, Plan B costs 40 + 27 (1.5) = $80.50, and Plan C costs

60 + 27 (1) = $87.

If she uses 4.9 GB, Plan A costs 25 + 39 (2) = $103, Plan B costs 40 + 39 (1.5) = $98.50, and Plan C costs

60 + 39 (1) = $99.

(d) (i) WesetCp =Cpg < 20x +5 = 15x + 25 & 5x = 20 & x = 4. Plans A and B cost the same when 4 GB are used.
(i) WesetCp =Cc & 20x +5 = 10x 4+ 50 & 10x = 45 < x = 4.5. Plans A and C cost the same when 4.5 GB are

used.

(iii) We set Cg = Cc < 15x + 25 = 10x 4+ 50 < 5x = 25 < x = 5. Plans B and C cost the same when 5 GB are

used.

8. (a) In this plan, Company A gets $3.2 million and Company B gets $3.2 million. Company A’s investment is $1.4 million,
so they make a profit of 3.2 — 1.4 = $1.8 million. Company B’s investment is $2.6 million, so they make a profit of
3.2 — 2.6 = $0.6 million. So Company A makes three times the profit that Company B does, which is not fair.
(b) The original investment is 1.4 + 2.6 = $4 million. So after giving the original investment back, they then share the
profit of $2.4 million. So each gets an additional $1.2 million. So Company A gets a total of 1.4 + 1.2 = $2.6 million
and Company B gets 2.6 + 1.2 = $3.8 million. So even though Company B invests more, they make the same profit as

Company A, which is not fair.

1.4

(c) The original investment is $4 million, so Company A gets =~ - 6.4 = $2.24 million and Company B gets
276 - 6.4 = $4.16 million. This seems the fairest.




1 EQUATIONS AND GRAPHS

1.1 THE COORDINATE PLANE

1. The point that is 2 units to the left of the y-axis and 4 units above the x-axis has coordinates (—2, 4).

2. If x is positive and y is negative, then the point (x, y) is in Quadrant V.

3. The distance between the points (a, b) and (c, d) is \/(c —a)? + (d — b)2. So the distance between (1, 2) and (7, 10) is
JT =124+ (10-2?2 = /67 + 82 = 36+ 64 = /100 = 10.

a+c b+d

4. The point midway between (a, b) and (c, d) is ( B,

1+7 2+10 8 12
(52.259) - (2) o

5 A(5,1),B(1,2),C(-2,6), D(-6,2), E(—4,-1), F(-2,0),G (—1,-3), H (2, —2)

). So the point midway between (1, 2) and (7, 10) is

6. Points A and B lie in Quadrant 1 and points E and G lie in Quadrant 3.

7. (0,5), (=1, 0), (=1, —2), and (% %) 8. (=5,0), (2,0), (2.6, —1.3), and (2.5, —3.5)
y
(0, 5)
1,0 H¢(1/2,2/3)
* 1 X
(-1,-2)
9. {(x,y) I x = 2} 10.{(x,y) 1y =2}
y y
5 5
“““ o [~ s x S o T sy
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11. {(x,y) | x = —4} 12.{(x,y) |y <3}

13 {(x,y) | -3 <x <3} 14.{(x,y)|0<y <2}

I | |

(=)
W
=

15. {(x,y) | xy < 0}

={(X,y)|x <0andy >0o0rx >0andy < 0}
¥

16.{(x,y) [ xy > 0}
={(X,y)|x <0andy <Oorx >0andy > 0}
¥

17. {(x,y) | x > 1land y < 3} 18.{(x,y) | x <2andy > 1}
y

l

=




SECTION 1.1 The Coordinate Plane

19. {(x,y)|-1l<x<land —2 <y <2}

y y

—
L

20.{(x,y) | -3<x<3and —1<y<1}

]
[T ]

21. The two points are (0, 2) and (3, 0).
(8 d=/B—02+0—(-2)2=V¥+22 = /§F+4=v3

o (3+0 04+2) 3
(b) midpoint: (T T) = (?, 1)

22. The two points are (—2, —1) and (2, 2).
(@ d=/(—2-22+(-1-2) = /(-2 + (-3)2 = VI6F 9 = V55 =5

oo (=242 142 1
(b) midpoint: ( , —) = (0, 7)

2 2
23. The two points are (-3, 3) and (5, —3).
(8) d=/(-3-52 + 3= (~3))2 = /(-8)2 + 62 = /BT 36 = +/100 = 10

(b) midpoint: (_3; 5, 3F 5_3)) =(1,0)

24. The two points are (—2, —3) and (4, —1).
(@) d = /(2= 4% + (=3 — (~1))% = /(=6)2 + (~2)2 = V36 F & = /50 = 2/10

(b) midpoint: (_2+4 3+ (_1)) —(1,-2)

2 2
25. (a) y 26. (a) y
(—2,5)e
(6,16)@
1 (10, 0)
(0, 8) x
2
1 X
(b) d =/(0—6)2 + (8 — 16)2 (b) d = /(-2 - 1012 + (5 — 02
(=6)2 + (—8)2 = V100 = 10 =./(-12)2 + (5)2 = V169 = 13
oo (0+6 8+16) oo (=2410 540 5
(c) Midpoint: (T T) =(3,12) (c) Midpoint: ( T (4, 2)

59
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27. (a) ¥y

.
(=4.5)

(372

(b) d = /(3= (—4)% + (—2 —5)2

=72+ (-7? = /A9 +49 =B =72

(c) Midpoint: (_4+3, E) - (_% )

Nl

2 2

29. (a) y

6,-2),

(b) d = /(6 — (=6))2 + (—2 — 2)2 = /122 4 (—4)?
_ JTTT6 = V160 = 4410

(c) Midpoint: (% —2+ 2) =(0,0)

2

28. (a) y

®(-6,-3)

(b) d = /(-1 — (=6))2 + (1 — (=3))?

=52+ 42 = /41
oo (=61 =3+1\ 4
(© Mldpomt.( 7T )_( 55 1)
30. (a) y
1 (5,0)
1 * X
0.=6)¢

() d =/(0—57 + (=6 — 0)2
52 + (—6)2 = /25 + 36 = /61

oo (045 =640) 5
(c) Midpoint: (T > )_(ﬁ, 3)
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31. d(A,B) = \/(1 - 5)2 +@B-32= \/(—4)2 =4. 32. The area of a parallelogram is its base times its height.
Since two sides are parallel to the x-axis, we use the length
of one of these as the base. Thus, the base is
d(A,B)=vV(1-52+2—-22=+/(—4)2=4.The
height is the change in the y coordinates, thus, the height
is 6 — 2 = 4. So the area of the parallelogram is

A B base - height =4 -4 = 16.

d(A,C)=/A-12+ @ = (=3))2 = /(6)> =6. So
the areais 4 - 6 = 24.

y

33. From the graph, the quadrilateral ABC D has a pair of 34. The point S must be located at (0, —4). To find the area,

parallel sides, so ABC D is a trapezoid. The area is we find the length of one side and square it. This gives
(@) h. From the graph we see that d(Q,R) = \/(_5 —02+(1-6)2
bl:d(A,B):\/(1—5)2+(O—O)2:\/4_:4; =\/(—5)2T5)2

by =d (C, D) = /(4—2)2 + 3—3)2 = vZZ = 2; and _ JBTE -5

h is the difference in y-coordinates is |3 — 0] = 3. Thus 2
So the area is («/@) = 50.

442
the area of the trapezoid is (—; ) 3=09.
y

y

iI
S
=

35'd(°°A)=J(6—°>2+(7—O)Z=JW:m:\/@_

d(0,B) = /(-5—0)2 + (8= 0)2 = /(~5)? + 82 = 25+ 64 = V9.
Thus point A (6, 7) is closer to the origin.




62

36.

37.

38.

39.

40.

41.

42.

CHAPTER 1 Equations and Graphs

d(E,C) = /(=6 — (—2)2 + 3= 1% = /(—42 + 22 = VI6 T 4 = V20
d(E,D) = /3= (-2)2+ (0 —12 = /52 + (-1)2 = BT 1= v/26.

Thus point C is closer to point E.

d(P,R) = /(-1 =32 + (1= 1)2 = \/(—4)2 + (~2)? = VI6 T4 = V20 = 2/5.
d(Q, R) = /(=1 — (1)) + (—1 — 3)% = /0 + (=42 = +/16 = 4. Thus point Q (~1, 3) is closer to point R.

(a) The distance from (7, 3) to the origin is \/(7 —0)2 4+ (3—-0)2 = /72 4+ 32 = /49 + 9 = +/58. The distance from

(3, 7) to the origin is \/(3 —0)2 4+ (7-0)2 = /32 + 72 = \/9+ 49 = /58. So the points are the same distance from
the origin.

(b) The distance from (a, b) to the origin is \/(a —0)2 + (b — 0)2 = v/a2 + b2. The distance from (b, a) to the origin is

\/(b —0)2+ (a—0)2 =/b? +a2 = /a2 + b2. So the points are the same distance from the origin.

Since we do not know which pair are isosceles, we find the length of all three sides.

d(AB) = /(3= 02+ (—1-2)2 = \/(-3)? + (-3)2 = VI F 9 = 1B = 3v2.

d(C.B) = /(-3 — (=4)2 + (-1 —3)2 = /12 4+ (~4)? = JTT 16 = VIT.

d(A,C) = \/(O — (42 +(2-32= \/42 + (=1)2 = /16 + 1 = V/17. So sides AC and C B have the same length.

Since the side AB is parallel to the x-axis, we use this as the base in the formula area = % (base - height). The height is the

change in the y-coordinates. Thus, the base is |—2 — 4| = 6 and the height is |4 — 1| = 3. So the area is % (6-3)=09.

(a) Here we have A =(2,2), B = (3,—-1),andC = (-3, —3). So
d(AB) =/B-22+(—1-22 =,/12 1 (-3) = yTF 9 = VIO,
d(C,B)= \/(3 —(=3))2 + (=1 — (=3))2 = /62 + 22 = /36 + 4 = /40 = 2/10;
d(A,C) = /(-3=22 + (—3—-2) = \/(-5)? + (=5)2 = V5T 25 = +/50 = 5,/2.
Since [d (A, B)]? +[d (C, B)]? = [d (A, C)]%, we conclude that the triangle is a right triangle.
(b) The area of the triangle is 5 - d (C, B) - d (A, B) = 5 - +/10 - 2/10 = 10.

\/(11—6)2+(—3—(—7))2 = V52442 = /25416 = /41,
d(AC) = J@-67+(2—(-)? = \J(-42+5 = VI6525 = VAL

d(B,C) = /(2= 11)% + (—2— (=3))2 = /(<92 + 12 = VBT T1 = VB2.
Since [d (A, B)]2 + [d (A, C)]2 = [d (B, C)]%, we conclude that the triangle is a right triangle. The area is
3 (v va) =4

d (A, B)




43.

45.

46.

47.
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We show that all sides are the same length (its a rhombus) and then show that the diagonals are equal. Here we have
A=(-2,9),B=(4,6),C =(10),and D = (=5, 3). So

d(AB) = /(4= (—2))2 + (692 = /62 + (-3 = 36 +9 = V45,

d(B.C)= /(142 +0—62 = /(-3 + (=62 = VI 36 = /35,

d(C.D) = /(=5 - 12+ @~02 = /(=62 + (-3 = /36 1§ = V/35;

d(D, A) = /(—2 = (=5))% + (9 — 3)2 = /32 + 62 = /9 36 = /25. So the points form a
thombus. Also d (A, C) = /(1 — (=2))2 + (0 — 9)% = /32 + (—9) = VI F BT = /30 = 310,

andd (B, D) = \/(—5 —424+(3-6)2= \/(—9)2 + (—=3)2 = /BT + 9 = +/90 = 3+/10. Since the diagonals are equal,
the rhombus is a square.

.d(A,B) = \/(3—(—1))2+(11—3)2 = V4248 = JI6+64 = 80 = 45

\/(5—3)2+(15—11)2 = V22442 = J4¥16 = J20 = 2.5
d(A,C):\/(5—(—1))2+(15—3)2=\/62+12 = /36 + 144 = /180 = 6+/5. Sod (A, B) +d (B,C) =d (A, C),

and the points are collinear.

d (B, C)

Let P = (0, y) be such a point. Setting the distances equal we get

Jo-52 4y - (52 =J0-1?+y-12
V254+y2 +10y +25=/1+y2 -2y + 1= y2 410y + 50 = y2 — 2y + 2 < 12y = —48 &< y = —4. Thus, the point
is P = (0, —4). Check:

JO—52 4 (-4— (=5) = /(52 + 12 = yBF1 = VT,
JO-12+(-4-12 = [(-12+ (-57 = VBT 1= VE

1+3 0+6

The midpoint of AB is C’ = ( TR ) = (2,3). So the length of the median CC’ is d (C,C’) =

\/(2 —8)2 + (3 — 2)2 = \/37. The midpoint of AC is B/ = (1%8, 0—:2) = (%, 1). So the length of the median BB’
isd (B, B’) = \/(% - 3)2 +(1-6)2= @ The midpoint of BC is A’ = (? %) = (% 4). So the length
of the median AA"isd (A, A’) = \/(% - )2 +(@4—-0)2% = @

As indicated by Example 3, we must find a point S (x1, y1) such that the midpoints y

of PR and of QS are the same. Thus

(4 +2(_1), 2 +§_4)) = (X1; 1, yl; l). Setting the x-coordinates equal, R

Y
o4 —-1=x1 + 1 xq = 2.Setting the ! 1//.
X
2 2 P'/

44(-1) x+1

we get
g 2 2

y-coordinates equal, we get 2+ 4 _nt ! S2-4=y1+1losy =-3.

Thus S = (2, —3).
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48.

49.

50.

51.

52.

53.

55.
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. 24X . . L 2+ X o
We solve the equation 6 = % to find the x coordinate of B. This gives 6 = % <12 =2+ x < x = 10. Likewise,

8=V 16-3+yoy=13 Thus, B = (10,13).
@ s . (b) The midpoint of AC is (_2; ’ _12+ 7) = (3.3), the midpoint
(441 244 5
D ISR I )
OfBDIS( 7 ) (2,3).
/ B (c) Since the they have the same midpoint, we conclude that the
I % diagonals bisect each other.
A
We have M = (aT-i_O, #) = (%, g) Thus,
b 2 2 p2 /a2 1 b2
d(C,M)= (3—0) +(2-0) = /2 L &t
2 2 4 4 2
aam=(E-a) +(2- ‘_ (-2)+ b)?_ [a? b? _ Vaib?
VN2 2 N 2 2] Va4 4 2 '

d(B,M)=\/(3—o)2+(9—b)2=\/(3)2+(—9)2= a0 Ya?tb?

2 2 2 2 4 4 2

(a) The point (5, 3) is shiftedto (5 + 3,3+ 2) = (8,5).

(b) The point (a, b) is shifted to (a + 3, b + 2).

(c) Let (x,y) be the point that is shifted to (3, 4). Then (x + 3,y + 2) = (3, 4). Setting the x-coordinates equal, we get
X +3 =3 x = 0. Setting the y-coordinates equal, we get y + 2 = 4 < y = 2.So the point is (0, 2).

(d) A=(-5,-1),s0 A’ =(-5+3,-1+2)=(-2,1); B=(-3,2),50B' = (-3+3,2+2) = (0,4);and C = (2, 1),
s0C'=(@2+3,1+2)=(5,3).

(a) The point (3, 7) is reflected to the point (=3, 7).

(b) The point (a, b) is reflected to the point (—a, b).

(c) Since the point (—a, b) is the reflection of (a, b), the point (—4, —1) is the reflection of (4, —1).

(d) A=(3,3),50 A’ =(-3,3); B=(6,1),s0 B’ = (—6,1);and C = (1, —4),s0 C’ = (-1, —4).

(@ d (A, B)=+32+42=,25=5,
(b) We want the distances from C = (4, 2) to D = (11, 26). The walking distance is
|4 — 11| + |2 — 26] = 7 + 24 = 31 blocks. Straight-line distance is

J@ =112 + 2 - 262 = /72 1 247 = \/625 = 25 blocks.

(c) The two points are on the same avenue or the same street.

3+27 7+17
2 0 2
(b) They each must walk |15 — 3| + |12 — 7| = 12 + 5 = 17 blocks.

. (a) The midpoint is at (— —) = (15, 12), which is at the intersection of 15th Street and 12th Avenue.

The midpoint of the line segment is (66, 45). The pressure experienced by an ocean diver at a depth of 66 feet is 45 Ib/in?.



57. We need to find a point S (x1, y1) such that PQRS is a parallelogram. As y

SECTION 1.2 Graphs of Equations in Two Variables: Circles 65

2+ X

. 24X . . Lo
56. We solve the equation 6 = % to find the x coordinate of B: 6 = <12 =2+ x & x = 10. Likewise, for the y

. 3
coordinate of B, we have 8 = % <16 =3+y < y=13. Thus B = (10, 13).

indicated by Example 3, this will be the case if the diagonals PR and QS bisect
each other. So the midpoints of PR and QS are the same. Thus

0+5 —-3+3 X1+ 2 2 . .
(% 2+ ) = (% %) Setting the x-coordinates equal, we get Q//.
1
1

0+5 x 2 x

%z 1;’ ©0+5=x +2&x =3. / '
. . —-3+3 2 P

Setting the y-coordinates equal, we get 2+ = y12+ -3+3=y1+2<

y1 = —2. Thus S = (3, —2).

1.2 GRAPHS OF EQUATIONS IN TWO VARIABLES: CIRCLES

1. If the point (2, 3) is on the graph of an equation in x and y, then the equation is satisfied when we replace x by 2 and y by 3.

We check whether 2 (3) 2 2416 2 3. This is false, so the point (2, 3) is not on the graph of the equation 2y = x + 1.
To complete the table, we express y intermsof x: 2y =x + l oy = % x+1= %x + %

x |y (X, Y) ’
—2 [ -1 (—2,—%) 1:/
1| ol (~1,0 nrel
o| 3] (@3) PalRRE
1] @y 1
2| 3 (2,%)

. To find the x-intercept(s) of the graph of an equation we set y equal to 0 in the equation and solve forx: 2(0) = x + 1 &
x = —1, so the x-intercept of 2y = x + 1is —1.

. To find the y-intercept(s) of the graph of an equation we set x equal to 0 in the equation and solve fory: 2y =0+ 1 <
= 1, so the y-intercept of 2y = x + 1 is 3.
. The graph of the equation (x — 1)2 +(y— 2)2 = 9 is a circle with center (1, 2) and radius +/9 = 3.

. (a) Ifagraph is symmetric with respect to the x-axis and (a, b) is on the graph, then (a, —b) is also on the graph.
(b) Ifagraph is symmetric with respect to the y-axis and (a, b) is on the graph, then (—a, b) is also on the graph.
(c) If agraph is symmetric about the origin and (a, b) is on the graph, then (—a, —b) is also on the graph.

. (a) The x-intercepts are —3 and 3 and the y-intercepts are —1 and 2.

(b) The graph is symmetric about the y-axis.

. Yes, this is true. If for every point (x, y) on the graph, (—x, y) and (x, —y) are also on the graph, then (—x, —y) must be on
the graph as well, and so it is symmetric about the origin.

. No, this is not necessarily the case. For example, the graph of y = x is symmetric about the origin, but not about either axis.
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9. y = 3 — 4x. For the point (0, 3): 3 = 3 — 4(0) & 3 = 3. Yes. For (4,0): 0 = 3 — 4 (4) < 0 = —13. No. For (1, —1):
1234112 1. Yes.
So the points (0, 3) and (1, —1) are on the graph of this equation.
10. y = VI =X. Forthe point (2,1): 1 = VI—=2 & 1 = /=1. No. For (=3, 2): 2 = /T=(=3) & 2 = /4. Yes. For (0, 1):
12 JT=0. Yes.
So the points (—3, 2) and (0, 1) are on the graph of this equation.
11. x — 2y — 1 = 0. For the point (0, 0): 0—2(0)—120@—1;0. No. For (1, 0): 1—2(0)—120@—1+1;0. Yes.
For (=1, —1): (=1) —=2(=1) =120 —1+2—120. Yes.
So the points (1, 0) and (—1, —1) are on the graph of this equation.
12,y (x2 n 1) — 1. For the point (1, 1): (1) [(1)2 n 1] 21o1@) 21 No. For (1, %): (%) [(1)2 n 1] lielell
Yes. For (—1, %): ( )[( 1)2+1] Ziel@ L ves
So the points (1 ) and ( s %) are on the graph of this equation.
R ? ? ”
13. x2 + 2xy + y2 = 1. For the point (0, 1): 02 4+2(0) (1) +12 = 1< 1 =1. Yes. For (2, —=1): 22 +2(2) (1) + (-1)2 =1
©4—4+1211=1 Yes For (=2,3): (=22 +2(-2)(3)+ 32 214-12+92 1121, Yes.
So the points (0, 1), (2, —1), and (—2, 3) are on the graph of this equation.
C (2 2 ? ?
14. (0,1): (0)*+ (1) —-1=0<0+1—-1=0. Yes.
2 2 2 ?
A1) (L S R 1,1 412
(&%) (%) +(3%) -120=3+5-120.ves.
V3 1) (). (1 2024112
(£.3) (£) +() -1 20014120
So the points (0, 1), (% \/l_) and (\/T_ %) are on the graph of this equation.
15. y = 3x 16.y = —2x
X y X y
-3 -9 -3 6
-2 | -6 -2 4
-1 -3 -1 2
0 0 0 0
1 3 1] -2
2 6 2| -4
3 9 3] -6
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17. y=2—-x 18.y=2x+3
X y X y
—4 6 —4 1 -5
_2 4 -2 1| -1
0 2 0 3
0
4| =2 41 11
19. Solvefory:2x —y=6<y =2x —6. 20. Solve for x: x —4y =8 & x =4y + 8.
X y X y
-2 | -10 —4 1 -3
5
0 —6 -2 | -3
2 -2 0| -2
3
4 2| -3
6 41 -1
1
61 -2
8 0
1
10 5
21 y=1-x2 22.y=x242
y y
X y X y
3| -8 -3 |1
-2 -3 -2 6
o 1 . of| 2 ! '
1 0 1 3
2| -3 2 6
3| -8 3111
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24y =—x2+4

23. y=x2-2

= —x2,

26. 4y

25. 9y = x2. To make a table, we rewrite the equation as

—o

2
X

28.xy=26y

27. x +y2 = 4.

< N IS IS N N <
| | | |
A__. ™ ?_._ 1__ O +H N M <
o M T M O W
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29. y = JX. 30.y =2+ JX.
y Yy
X y X y
o o o| 2
1 1
i| 3 1] 3
1] 1 1/////////— 2 | 2442
2 | V2 i ¥ 4| 4
4| 2 9| s !
9| 3
1 X
16| 4

31. y = —/9 — x2. Since the radicand (the expression inside  32.y = /9 — x2.

the square root) cannot be negative, we must have Since the radicand (the expression inside the square root)
9-x2>0ox2<9e (x| <3 cannot be negative, we must have 9 — x2 > 0 < x2 < 9
S x| < 3.
X y
-3 0 X y
-2 =5 3] 0
-1| -2v2 2| 5
0| -3 -1 2v2
1| -2v2 0 3
2| -5 1] 242
3| o 2| B
3 0
33. y=—x|. 34. x = |y|. In the table below, we insert values of y and find
y the corresponding value of x.
X y
6| -6 x|y g
—4 | -4 3| -3
-2 | -2 : 2| -2
0 0 1 ' 1| -1 1
2| -2 0 0 1 x
41 -4 1 1
6| —6 2 2
3 3
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35. y=4—x|. 36.y =14 —x|.
y
X y X y
-6 | -2 —6 | 10
-4 o -4 8
2| 2 1 2| 6
o| 4 ! : 0| 4
2 2 2| 2
4 0 41 0
6| -2 6 2
8| 4
10 6
37. x = y3. Since x = y3 is solved for x in terms of y, we 38.y=x3-1
insert values for y and find the corresponding values of x
in the table below. X y
-3 | —28
x |y g 2| -9
—27 | -3 -1 -2
8| =2 0 -1
11 -1 1 1 1
of o ! . 2 7
1 1 3 26
8 2
27 3
39. y = x4, 40.y = 16 — x4
y
X y X y
-3 |81 -3 | —65
-2 | 16 -2 0
-1 1 3 -1 15
o o ! ' o| 16
1 1 1 15
2116 2 0
3|81 3| —65
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41. y = 0.01x3 — x2 + 5; [~100, 150] by [—2000, 2000] 42.y = 0.03x2 + 1.7x — 3; [—100, 50] by [~50, 100]

2000 T 100 T
1000 T
+ 50 -
-100 50 0 150 , , , , ,
-100 S ] 50
-50 —
43. y = J/12x — 17; [—1, 10] by [—1, 20] 44.y = /256 — x2; [-20, 20] by [~2, 6]
20T 6T
10 T
. : ——t : 20
0 2 4 6 8 10
X
45. y = ——: [-50, 50] by [-0.2,0.2 46.y = x* — 4x3; [—4, 6] by [-50, 100
Y= [ ] by [ ] y [—4,6] by [ ]
0.2 100 T
0.1 50 -
) 20 40 | _ o —
4 2 i \2\_/1 6
-50 —

47.

48.

49.

51.

y = X + 6. To find x-intercepts, set y = 0. This gives 0 = x 4+ 6 < x = —6, so the x-intercept is —6.

To find y-intercepts, set x = 0. This givesy = 0+ 6 < y = 6, so the y-intercept is 6.

2x — By = 40. To find x-intercepts, set y = 0. This gives 2x — 5 (0) = 40 < 2x = 40 < x = 20, and the x-intercept is 20.
To find y-intercepts, set x = 0. This gives 2 (0) — 5y = 40 & y = —8, so the y-intercept is —8.

y = x2 — 5. To find x-intercepts, set y = 0. This gives 0 = x2 — 5 < x2 = 5 = x = £+/5, s0 the x-intercepts are +£+/5.
To find y-intercepts, set x = 0. This gives y = 02 — 5 = —5, so the y-intercept is —5.

y2 =9 — x2. To find x-intercepts, set y = 0. This gives 02 = 9 — x2 & x2 = 9 = x = +3, so the x-intercepts are +3.
To find y-intercepts, set x = 0. This gives y2 =9 — 02 = 9 & y = +3, s0 the y-intercepts are +3.

1
y — 2xy + 2x = 1. To find x-intercepts, sety = 0. Thisgives0 —2x (0) +2x =1l 2x =1 x = 7 S0 the x-intercept
is 3.
To find y-intercepts, set x = 0. Thisgivesy —2(0)y + 2 (0) = 1 & y = 1, so the y-intercept is 1.
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52.

53.

55.

56.

57.

58.

59.

61.
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x2 —xy +y = 1. To find x-intercepts, set y = 0. This gives x2 —x (0) + (0) = 1 < x% = 1 = x = +1, so the x-intercepts
are —1and 1.
To find y-intercepts, set x = 0. This gives y = (0)2 — (0)y + y = 1 <y = 1, s0 the y-intercept is 1.

y = +/Xx + 1. To find x-intercepts, sety = 0. Thisgives0 = v/X + 1 &0 =x + 1 < x = —1, so the x-intercept is —1.
To find y-intercepts, set x = 0. This gives y = /0 + 1 < y = 1, so the y-intercept is 1.

. Xy = 5. To find x-intercepts, set y = 0. This gives x (0) = 5 < 0 = 5, which is impossible, so there is no x-intercept.

To find y-intercepts, set x = 0. This gives (0) y = 5 < 0 = 5, which is again impossible, so there is no y-intercept.

4x2 4 25y2 = 100. To find x-intercepts, set y = 0. This gives 4x2 + 25 (0)2 = 100 < x2 = 25 < x = 45, s0 the
x-intercepts are —5 and 5.
To find y-intercepts, set x = 0. This gives 4 (0)2 + 25y2 = 100 < y2 = 4 < y = +2, so the y-intercepts are —2 and 2.

25x2 — y2 = 100. To find x-intercepts, set y = 0. This gives 25x2 — 0% = 100 < x2 = 4 < x = +£2, s0 the x-intercepts
are —2 and 2.

To find y-intercepts, set x = 0. This gives 25 (O)2 - y2 =100 & y2 = —100, which has no solution, so there is no
y-intercept.

y =4x — x2. To find X-intercepts, set y = 0. This gives 0 = 4x — X2 0=x(4- X) & 0 = Xx or X = 4, so the
x-intercepts are 0 and 4.
To find y-intercepts, set x = 0. This gives y = 4 (0) — 02 < y = 0, s0 the y-intercept is 0.

2 2 2 02 2

% + yT = 1. To find x-intercepts, set y = 0. This gives % + il le % =lox2 =9 x = 43, s0the
X-intercepts are —3 and 3.

_ _ 02 2 y2 ) _
To find y-intercepts, set x = 0. This gives ) + 7= le 7= 1o yc =4 x =22, so the y-intercepts are —2 and 2.

x* 4+ y2 — xy = 16. To find x-intercepts, set y = 0. This gives x* + 02 — x (0) = 16 & x* = 16 & x = +2. So the
X-intercepts are —2 and 2.
To find y-intercepts, set x = 0. This gives 0% + y2 — (0) y = 16 < y2 = 16 < y = +4. So the y-intercepts are —4 and 4.

. x2 +y3 — x2y2 — 64. To find x-intercepts, set y = 0. This gives x2 + 0% — x2 (0)2 = 64 < x2 = 64 < x = +8. So the

X-intercepts are —8 and 8.
To find y-intercepts, set x = 0. This gives 02 + y3 — (0)2 y2 = 64 < y3 = 64 < y = 4. So the y-intercept is 4.

(@ y=x3—x%;[-2,2] by [-1,1] (b) From the graph, it appears that the x-intercepts are 0
and 1 and the y-intercept is 0.
10T
T (c) To find x-intercepts, set y = 0. This gives
0'5____ 0=x3—x2=x2(x—1)=0<x=00rl So
| , , | the x-intercepts are 0 and 1.
-2 -1 1 1 2 To find y-intercepts, set x = 0. This gives
05 1 y = 03 — 02 = 0. So the y-intercept is 0.
-1.0 —




62. (a) y =x*—2x3;[=2,3] by [-3, 3]

63. (a) y=—

X241

+ [-5.5] by [-3,1]

X
64. () y:X2—+1;

[_Sa 5] by [_2a 2]

65. (a) y = I [-5

.51 by [-2,2]

2

1
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(b) From the graph, it appears that the x-intercepts are 0
and 2 and the y-intercept is 0.

(c) To find x-intercepts, set y = 0. This gives
0=x*-23=x3(x—2)=0ox=0o0r2.So
the x-intercepts are 0 and 2.

To find y-intercepts, set x = 0. This gives

y = 0% —2(0)3 = 0. So the y-intercept is 0.

(b) From the graph, it appears that there is no x-intercept
and the y-intercept is —2.

(c) To find x-intercepts, set y = 0. This gives

0=-— 2 , Which has no solution. So there is no
X2 +1

X-intercept.
To find y-intercepts, set x = 0. This gives
2

=@

= —2. So the y-intercept is —2.

(b) From the graph, it appears that the x- and
y-intercepts are 0.

(c) To find x-intercepts, set y = 0. This gives

X . .
= < x = 0. So the x-intercept is 0.
x2+1

To find y-intercepts, set x = 0. This gives
0
02+1

y= = 0. So the y-intercept is 0.

(b) From the graph, it appears that and the x- and
y-intercepts are 0.

(c) To find x-intercepts, set y = 0. This gives 0 = /X
< x = 0. So the x-intercept is 0.
To find y-intercepts, set x = 0. This gives

y = &0 = 0. So the y-intercept is 0.
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66. (@) y = /1 — x2; [-5, 5] by [-5, 3]

2+

67. x2 4+ y2 = 9 has center (0, 0) and radius 3.

y

R
N

69. (x — 3)2 + y2 = 16 has center (3, 0) and radius 4.

y

(b) From the graph, it appears that the x-intercepts are
—1 and 1 and the y-intercept is 1.

(c) To find x-intercepts, set y = 0. This gives

0=1-x2=1-x2

=0& x = +1. Sothe

X-intercepts are —1 and 1.

To find y-intercepts, set x = 0. This gives

y = /1 — 02 = 1. So the y-intercept is 1.

68. x2 + y2 = 5 has center (0, 0) and radius /5.

y

/]
nm

\
-y x

70. x2 + (y — 2)2 = 4 has center (0, 2) and radius 2.

y

71 (X + 3)2 +(y— 4)2 = 25 has center (-3, 4) and radius 5.  72. (x + 1)2 +y+ 2)2 = 36 has center (—1, —2) and

v

radius 6.

y

jagEEes

iy




73.
74.
75.

76.

7.

78.

79.

80.

81.

82.

85.

86.

87.

88.

. Completing the square gives x2 4+ y2 — 2x +4y +1 = 0 & x2 — 2x + (7)2 +y2 +4y + (%)2 =-1+ (‘72)2 + (7)2

SECTION 1.2 Graphs of Equations in Two Variables: Circles 75

Usingh = -3,k =2,andr =5, we get (x — (—3))2 + (y —2)2 =52 < (x 4+ 3)2 + (y — 2)2 = 25.

Usingh = —1,k = —3,andr =3, we get (x — (=1))2 + (y — (=3))2 =32 & (x + 1)2 + (y + 3)2 = 0.

The equation of a circle centered at the origin is x2 + y2 = r2. Using the point (4, 7) we solve for r2. This gives
(4)2 + (7)2 =12 & 16 + 49 = 65 = r2. Thus, the equation of the circle is x2 + y2 = 65.

Usingh = —1and k = 5, we get (x — (=1))2 + (y =5)2 = r2 & (x + 1)2 + (y — 5)2 = r2. Next, using the point
(=4, —6), we solve for r2. This gives (=4 + 1)? + (=6 — 5)2 = r2 < 130 = r2. Thus, an equation of the circle is
(X +1)2 + (y — 5)% = 130.

—1+45 149
The center is at the midpoint of the line segment, which is ( 2+ s %) = (2,5). The radius is one half the diameter,

sor = %\/(—1 — 52+ (1—9)? = $,/36+ 64 = 1/100 = 5. Thus, an equation of the circle is (x — 2)?+(y — 5)? = 5
& (X —2)2 + (y —5)2 = 25.

_ o ) .. (-147 34+-5
The center is at the midpoint of the line segment, which IS( 2+ > +2

) = (3, —1). The radius is one half the

diameter, sor = %\/(—1 —7)2 4+ (3 — (=5))2 = 44/2. Thus, an equation of the circle is (x — 3)2 + (y + 1)2 = 32.

Since the circle is tangent to the x-axis, it must contain the point (7, 0), so the radius is the change in the y-coordinates.
Thatis, r = |—3 — 0| = 3. So the equation of the circle is (x — 7)2 + (y — (—3))2 = 32, which is (x — 7)2 4+ (y +3)2 = 9.
Since the circle with r = 5 lies in the first quadrant and is tangent to both the x-axis and the y-axis, the center of the circle
is at (5, 5). Therefore, the equation of the circle is (x — 5)2 + (y — 5)2 = 25.

From the figure, the center of the circle is at (—2, 2). The radius is the change in the y-coordinates, sor = |2 — 0| = 2.
Thus the equation of the circle is (x — (=2))2 4 (y — 2)? = 22, which is (x +2)? + (y — 2)° = 4.

From the figure, the center of the circle is at (—1, 1). The radius is the distance from the center to the point (2, 0). Thus

r= \/(—1 —2)2 4+ (1-0)2 =9 + 1 = /10, and the equation of the circle is (x + 1)2 + (y — 1)2 = 10.

-2 4

SX2—2X+1+y?2 +4y +4=-1+1+4 6 (x —1)? + (y + 2)2 = 4 Thus, the center is (1, —2), and the radius is 2.

. Completing the square gives x% + y2 — 2x — 2y = 2 &> x% — 2x + (_72)2 +y2 -2y + (‘72)2 =2+ (‘72)2 + (_72)2

ox2—2x+1+y2—2y+1=2+1+1o (x —1)2 + (y — 1)2 = 4. Thus, the center is (1, 1), and the radius is 2.

Completing the square gives x2 4 y2 —4x 410y +13 = 0 & x? —4x + (—‘24)2+y2+10y+ (129)2 = —13+(%)2+ (129)2

SX2—aX +4+y2 410y +25=—13+4+25 (x —2)2 + (y + 5)% = 16.
Thus, the center is (2, —5), and the radius is 4.

2 2
Completing the square gives x2 + y2 + 6y +2 = 0 < x% + y2 + 6y + (g) =2+ (%) ox24+y246y+9=-2+49
< x2 4 (y + 3)2 = 7. Thus, the circle has center (0, —3) and radius +/7.

2 2
Completing the square gives X2 + y2 + x =0<:>x2+x+(%) +y2 = (%) exX?+x+i+y’=1e

1\, 21 - 1 .
(x + §) + Y4 = 7. Thus, the circle has center (—ﬁ, 0) and radius 5.

2 2 2
Completingthesquaregivesxz+y2+2x+y+1=0<:>x2+2x+(%) +y2+y+(% =—l+l+(%) &

2
X2 +1+y2+y+i =1 X+1)2+ (y + %) = . Thus, the circle has center (—1, —%) and radius 3.
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90.

91.

93.

95.

96.
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_1/27\2 2 12 2

Completingthesquaregivesx2+y2—%x+%y:%@xz—%x+(—¥—2) +y2+%y+(%3) =%+(—12/—2) +(%3)
2 2

(:)xz—%x+T16+y2+%y+Tls:%+T16+T16:%:%@(x—%) +(y+% = %. Thus, the circle has center

(%, —%) and radius 1.

Completing the square gives X% +y2 + 3x +2y + 45 = 0 & X2+ 1x+ (1—£2)2+y2+2y+ (%)2 =i+ (¥)z+ (%)2
YN (x + %)2 + (y + 1)2 = 1. Thus, the circle has center (—%, —1) and radius 1.

Completing the square gives x2 + y2 +4x — 10y = 21 & 92. First divide by 4, then complete the square. This gives

2 4+ dx 4+ (%)2+y2_10y+(_T10)2 :21+<%)2+ 24 ay? +2x =0 X2 +y2 + Ix =0 x% + 1x+
(_Tm)z<:>(x+2)2+(y—5)2 —21+4+25=50, P =0exit gt (¥)2+y2 = (¥)2‘:’
Thus, the circle has center (—2, 5) and radius v/50 = 5+/2. (X + %)2 +Yy? = {5 Thus, the circle has center (—%, 0)

Y and radius .

8
—_

Completing the square gives x2 + y2 +6x — 12y +45=0 94.x2 4 y2 — 16x + 12y + 200 = 0 <

& (X+3)2+(y—6)2 = —45+9+ 36 = 0. Thus, the x2 — 16x + (—_16)2 Ty 412y + (1_2)2
center is (—3, 6), and the radius is 0. This is a degenerate 2 2
circle whose graph consists only of the point (-3, 6). — —200 + (—T16)2 + (%)2 PN

Y

(X —8)2 4 (y + 6)2 = —200 + 64 + 36 = —100. Since

completing the square gives r2 = —100, this is not the
equation of a circle. There is no graph.

x-axis symmetry: (—y) = x* + x2 & y=—x%— x2, which is not the same as y=x%+ x2, s0 the graph is not symmetric
with respect to the x-axis.

y-axis symmetry: y = (—=x)* + (—x)2 =x* 4+ x2, so the graph is symmetric with respect to the y-axis.

Origin symmetry: (—y) = (=X)* + (=x)2 < —y = x* + x2, which is not the same as y = x* + x2, so the graph is not
symmetric with respect to the origin.

x-axis symmetry: x = (—y)* — (=y)2 = y* — y2, so the graph is symmetric with respect to the x-axis.

y-axis symmetry: (—x) = y# — y2, which is not the same as x = y* — y2, so the graph is not symmetric with respect to the
y-axis.

Origin symmetry: (—x) = (—=y)* — (=y)? & —x = y* — y2, which is not the same as x = y* — y2, so the graph is not
symmetric with respect to the origin.



97.

98.

99.
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X-axis symmetry: (—y) = x3 +10x & y = —x3 — 10x, which is not the same as y = x3 + 10x, so the graph is not
symmetric with respect to the x-axis.

y-axis symmetry: y = (=x)3 + 10 (=x) < y = —x3 — 10x, which is not the same as y = x3 + 10x, so the graph is not
symmetric with respect to the y-axis.

Origin symmetry: (—y) = (—=x)3 + 10 (—=x) & —y = —x3 — 10x < y = x3 + 10x, s0 the graph is symmetric with respect
to the origin.

x-axis symmetry: (—y) = x2 + |x| & y = —x2 — |x|, which is not the same as y = x2 + |x|, s the graph is not symmetric
with respect to the x-axis.

y-axis symmetry: y = (—=x)2 + |—x| & y = x2 + |x], 50 the graph is symmetric with respect to the y-axis. Note that
[—X| = [x].

Origin symmetry: (—y) = (=x)% + |=x| & —y = x2 + |x| & y = —x2 — |x|, which is not the same as y = x2 + |x|, s0
the graph is not symmetric with respect to the origin.

x-axis symmetry: x* (—=y)* + x2 (—=y)2 = 1 & x4y* + x2y2 = 1, s0 the graph is symmetric with respect to the x-axis.
y-axis symmetry: (—x)* y4 + (—x)2 y2 =1 < x4y*+ x2y2 = 1, so the graph is symmetric with respect to the y-axis.
Origin symmetry: (—x)* (=y)* + (=x)2 (=y)? = 1 & x*y* + x2y2 = 1, so the graph is symmetric with respect to the
origin.

100. x-axis symmetry: x2 (—y)Z + x (—=y) = 1 < x2y2 — xy = 1, which is not the same as x2y2 + xy = 1, so the graph is not

symmetric with respect to the x-axis.
y-axis symmetry: (—x)2 y2 4+ (—x)y = 1 < x2y2 — xy = 1, which is not the same as x2y? + xy = 1, so the graph is not
symmetric with respect to the y-axis.
Origin symmetry: (—x)2 (—y)2 +(—xX)(-y)=1e x2y2 + Xy = 1, so the graph is symmetric with respect to the origin.

101. Symmetric with respect to the y-axis. 102. Symmetric with respect to the x-axis.
y y
0 X
0 X
103. Symmetric with respect to the origin. 104. Symmetric with respect to the origin.
y y

0 X
0 X
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105. {(x, V) [ X2 +y2 < 1}. This is the set of points inside

(and on) the circle x2 + y2 = 1.

106. {(x, Y) [ X2 4+y2 > 4}. This is the set of points outside

the circle x2 + y2 = 4,

107. Completing the square gives x2 4+ y2 —4y —12 =0

109.

110. (a) Symmetric about the x-axis.

y y

108. This is the top quarter of the circle of radius 3. Thus, the
—4 2 —4 2 is 1 97) = 9_7"
= X2+y2—4y+(T) :12+(7) (=g area|54( 7T) 4

y

x2 + (y—- 2)2 = 16. Thus, the center is (0, 2), and the | N il
radius is 4. So the circle x2 + y2 = 4, with center (0, 0) N 1 i
and radius 2, sits completely inside the larger circle. Thus, RV E N
the area is w42 — 722 — 167 — 4rr — 127 {' )
X
\ /

(a) The point (5, 3) is shiftedto (5+ 3,3+ 2) = (8, 5).

(b) The point (a, b) is shifted to (a + 3, b + 2).

(c) Let (x,y) be the point that is shifted to (3, 4). Then (x 4+ 3,y + 2) = (3, 4). Setting the x-coordinates equal, we get
X 4+ 3 =3 & x = 0. Setting the y-coordinates equal, we gety + 2 = 4 & y = 2.So the point is (0, 2).

(d) A=(=5,-1),s0 A" =(-5+3,-1+2) =(-2,1); B=(-3,2),s0B’ = (-=3+3,2+2) = (0,4);and C = (2, 1),
s0C'=@2+3,1+2)=(5,3).

(b) Symmetric about the y-axis. (c) Symmetric about the origin.

111. (a) In 1980 inflation was 14%; in 1990, it was 6%; in 1999, it was 2%.

(b) Inflation exceeded 6% from 1975 to 1976 and from 1978 to 1982.

(c) Between 1980 and 1985 the inflation rate generally decreased. Between 1987 and 1992 the inflation rate generally
increased.

(d) The highest rate was about 14% in 1980. The lowest was about 1% in 2002.

112. (a) Closest: 2 Mm. Farthest: 8 Mm.
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x=32 28 .,  (x=387 (x—3)°

-3
25 16 25 25 4
rootofbothsideswegetx—s:i,/% ::t%gc)x :3i57‘/§. Sox :3—%— ~ —1.33 0rx :3+5—*2/§ ~ 7.33.

=le

Bl

(b) When y = 2 we have +

& (x — 3)2 = 2. Taking the square
3

The distance from (—1.33, 2) to the center (0, 0) isd = \/ (=1.33 = 0)2 + (2 — 0)2 = 4/5.7689 ~ 2.40. The distance

from (7.33, 2) to the center (0, 0) is d = \/ (7.33 = 0)2 + (2 — 0)2 = +/57.7307 ~ 7.60.

2 2 2 2
113. Completing the square gives x2 + y2 +ax + by +¢ = 0 < x2 +ax + (%) +y2+by+ (g) =—c+ (%) + (g)

a\2 b\? a2 +b2 _ _ . a2 4 b2
= (x + E) +ly+ 5) = —C + R This equation represents a circle only when —c +

2, p2 2, p2
ac+b . . ac+b
+ =0, and this equation represents the empty set when —c + I

> 0. This

< 0.

equation represents a point when —c +

. _ _ a b o aZ + b?
When the equation represents a circle, the center is (_5’ _5)’ and the radius is ,/ —C + : = %\/ a2 4+ b? — 4ac.

114. (@) (i) (x —2)2 4+ (y —1)2 = 9, the center is at (2,1), and the radius is 3. (x — 6)% +

(y — 4)2 = 16, the center is at (6, 4), and the radius is 4. The distance between centers is
\/(2 —6)2+(1—42= \/(—4)2 +(=3)2 = /16 + 9 = /25 = 5. Since 5 < 3 + 4, these circles intersect.

(i) x2 + (y —2)%2 = 4, the center is at (0, 2), and the radius is 2. (x —5)% + (y — 14)2 = 9,
the center is at (5, 14), and the radius is 3. The distance between centers is
\/(o— 5)2 4 (2-14)2 = \/(—5)2 +(—12)2 = /251 144 = /169 = 13. Since 13 > 2 + 3,
these circles do not intersect.

(iii) (x — 3)2+(y + 1)2 = 1, the center is at (3, —1), and the radius is 1. (x — 2)2+(y — 2)2 = 25, the center is at (2, 2),
and the radius is 5. The distance between centers is \/(3 —224(-1-22= \/12 + (=32 = J1+9 =410
Since +/10 < 1 + 5, these circles intersect.

(b) If the distance d between the centers of the circles is greater than the sum rq + rp of their radii, then the circles do

not intersect, as shown in the first diagram. If d = rq + ro, then the circles intersect at a single point, as shown in the
second diagram. If d < rq + ry, then the circles intersect at two points, as shown in the third diagram.

ok &)

Casel d>ry1+rp Cae2 d=r1+n Case3 d <ryi+1n

1.3 LINES

1. We find the “steepness” or slope of a line passing through two points by dividing the difference in the y-coordinates of these

points by the difference in the x-coordinates. So the line passing through the points (0, 1) and (2, 5) has slope 50" 2.

2. (@) The line with equation y = 3x + 2 has slope 3.
(b) Any line parallel to this line has slope 3.
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(c) Any line perpendicular to this line has slope —%.

. The point-slope form of the equation of the line with slope 3 passing through the point (1,2) isy —2 = 3(x — 1).
. For the linear equation 2x + 3y — 12 = 0, the x-intercept is 6 and the y-intercept is 4. The equation in slope-intercept form

isy = —%x + 4. The slope of the graph of this equation is —%.

. The slope of a horizontal line is 0. The equation of the horizontal line passing through (2, 3) is y = 3.
. The slope of a vertical line is undefined. The equation of the vertical line passing through (2, 3) is x = 2.

7. (a) Yes, the graph of y = —3 is a horizontal line 3 units below the x-axis.

(b) Yes, the graph of x = —3 is a vertical line 3 units to the left of the y-axis.
(c) No, a line perpendicular to a horizontal line is vertical and has undefined slope.
(d) Yes, a line perpendicular to a vertical line is horizontal and has slope 0.

8. ¥ Yes, the graphs of y = —3 and x = —3 are perpendicular lines.
5
x=-3
o 5 x
y=-3
Y2 — V1 0-2 -2 Yo—y1 -1-0 -1 1
9. m= = =—==-2 10.m = = - ==
M= —x 0-(D 1 M= —x 3-0 3 3
11_mZYZ—Y1=—1—(—2)=1 lomoY2=Y1 _ —2-1 =3 _ 3
X2 — X1 7-2 5 X2 —X1 3—(-H 8 8
_Y2-v1_4-4_ _Y2-yn1_-1-3 -4 4
13'm_x2—x1_0—5_0 14'm_x2—x1_ 1-4 -3 3
y2—=y1 _ -5-(=2) -3 3 Yo=y1 _ —2-(=2)
15 m= = =— == 16.m = = =0
M= —x  6-10 -4 4 M= —x  6-3
— 2-0
17. For ¢4, we find two points, (—1, 2) and (0, 0) that lie on the line. Thus the slope of £1 ism = % =—1-0" —2.
2—X1  —1=
. . . - 3-2 . .
For ¢, we find two points (0, 2) and (2, 3). Thus, the slope of £7 ism = % =50" % For ¢3 we find the points
2—X1 -
. - 1—(-2 ) .
(2, —2) and (3, 1). Thus, the slope of £3 ism = 3:2 ){1 =3 ( > ) = 3. For ¢4, we find the points (-2, —1) and
2—X1 -

18.

. - -2—-(-1 -1 1
(2, =2). Thus, the slope of £4 ism = zz — zi =5 ((_2)) =T =7

(@) ¥ m=2 (b) y m=3

m=1

m=0

m=-1



19.

20.

21.

22.

23.
24.
25.
26.

27.

28.

29.

30.

3L

32.

35.
36.
37.
38.
39.

40.

. We are given two points, (1, 0) and (0, —3). Thus, the slope ism =

. We are given two points, (—8, 0) and (0, 6). Thus, the slope ism =
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. ) . . . . 0-4 . . .
First we find two points (0, 4) and (4, 0) that lie on the line. So the slope ism = i —1. Since the y-intercept is 4,

the equation of the lineisy =mx + b= —-1x +4. Soy = —x + 4, orx+y—4:0.O

We find two points on the graph, (0, 4) and (—2, 0). So the slope ism = _2__40 = 2. Since the y-intercept is 4, the
equation of the lineisy =mx +b=2x+4,s0y=2x+4<2x —y+4=0.

We choose the two intercepts as points, (0, —3) and (2, 0). So the slopeism = % = % Since the y-intercept is —3,
the equation of the lineisy =mx +b = %x —3,0r3x —2y —6=0.

We choose the two intercepts, (0, —4) and (-3, 0). So the slope ism = % = —%. Since the y-intercept is —4, the

equation of the line isy:mx+b=—%x —4s4x+3y+12=0.

Usingy =mx + b, wehavey =3x + (—=2)or3x —y —2=0.
Usingy:mx+b,wehavey=%x+4<:>2x—5y+20=0.

Using the equationy —y; =m (X — Xx1),wegety —3=5(x—-2) = -5x+y=-7<5x—y—-7=0.

Using the equationy —y; =m (X — x1),wegety —4=—-1x—-(-2)oy—4=—-x—-2x+y—-2=0.

Using the equation y —y; = m (X —Xx1), wegety — 7 = %(x—l)®3y—21:2x—2<:>—2x+3y =19

2x =3y +19=0.

Using the equationy —y; = m (X — X1), we gety — (=5) = —%(x —(3)eo2y+10=-7x-21=7x+2y+31=0.

First we find the slope, whichism = a—un _ E = i = —5. Substituting into y — y; = m (x — X1), we get
X2 — X1 1-2 -1
y—-6=-5x-1)oy—-6=-5%+55%+y—-11=0.
. . S - 3—-(-2 Lo
First we find the slope, which ism = Y2~ N _ (=2) = % = 1. Substituting into y — y; = m (x — Xq), we get
X2—X1  4-(-1)

y—-3=1x-4)oy-3=x—-4x—-y—-1=0.

ya—y1__—3-5 -8
X2 —X1 —1—-(-2) 1
intoy —y; =m(Xx —xq1),wegety —5=-8[x —(-2)] &y=—-8x—-11lor8x +y + 11 =0.
ya—y1 _ 7=7
X2 — X1 4—-1
y—y1=m(X-—x1),wegety—7=0(x—-1)oy=70ry—7=0.

ya—y1 _=3-0_ =3

= — = 3. Using the y-intercept
Xp—Xx1 0-1 -1 g fhe y P

We are given two points, (—2, 5) and (—1, —3). Thus, the slope ism =

= —8. Substituting

We are given two points, (1,7) and (4, 7). Thus, the slope ism = = 0. Substituting into

wehavey =3x + (=3)ory=3x —3o0r3x —y—-3=0.
Ya—y1 _ 6-0

= = 2 = . Using the y-intercept
Xo—x; 0—(-8) 8 4 gtney P

we have y = %x+6<:>3x —4y +24=0.

Since the equation of a line with slope 0 passing through (a, b) is y = b, the equation of this line is y = 3.

Since the equation of a line with undefined slope passing through (a, b) is x = a, the equation of this line is x = —1.

Since the equation of a line with undefined slope passing through (a, b) is x = a, the equation of this line is x = 2.

Since the equation of a line with slope 0 passing through (a, b) is y = b, the equation of this line isy = 1.

Any line parallel to y = 3x —5 has slope 3. The desired line passes through (1, 2), so substituting into y —y; = m (X — X1),
wegety —2=3x—-1)oy=3x—-1or3x—-y—-1=0.

. . 1 - o
Any line perpendicularto y = —%x + 7 has slope _T/Z = 2. The desired line passes through (-3, 2), so substituting

intoy —y; =m(X —xq1),wegety —2=2[x — (-3)]©&y=2x+8o0r2x —y+8=0.
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43.

45.

46.

47.

48.

49.
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Since the equation of a horizontal line passing through (a, b) is y = b, the equation of the horizontal line passing through
(4,5)isy =5.

Any line parallel to the y-axis has undefined slope and an equation of the form x = a. Since the graph of the line passes
through the point (4, 5), the equation of the line is x = 4.

Sincex+2y=62y=-Xx+6cy= —%x + 3, the slope of this line is —%. Thus, the line we seek is given by

y—(-6)=—3(x-D)e2y+12=-x+1eXx+2y+11=0.

. Since 2x +3y +4 =03y = —2x —4 &y = —4x — %, the slope of this line is m = —%. Substituting m = —% and

b = 6 into the slope-intercept formula, the line we seek is given by y = —%x +6<2x+3y —18=0.
Any line parallel to x = 5 has undefined slope and an equation of the form x = a. Thus, an equation of the line is x = —1.

Any line perpendicular to y = 1 has undefined slope and an equation of the form x = a. Since the graph of the line passes
through the point (2, 6), an equation of the line is x = 2.

First find the slope of 2x + 5y +8 = 0. Thisgives2x + 5y +8 =05y = -2x -8 &y = —%x - %. So the

slope of the line that is perpendicular to 2x +5y +8 = 0ism = 255 = % The equation of the line we seek is

y—(-2)=3(x—(-1) &2y +4=5x+5&5x — 2y + 1 =0.

First find the slope of the line 4x —8y = 1. Thisgives4x —8y = 1< -8y = —4x+ 1oy = %x - %. So the slope of the

line that is perpendicular to 4x —8y = lism = 1 = —2. The equation of the line we seek is y — (—%) =— (x — %)

12
©y+3=-2x+1e6x+3y—-1=0.

1-5 —4
First find the slope of the line passing through (2, 5) and (-2, 1). This givesm = = 1= 1, and so the equation
of the linewe seekisy —7=1(x—-1) < x—-y+6=0.
s . . o -1-1 =2 1
. First find the slope of the line passing through (1, 1) and (5, —1). This givesm = 1 -1 -2 and so the slope
of the line that is perpendicular ism = _T/Z = 2. Thus the equation of the line we seekisy + 11 =2(x +2) &
2x—y—-7=0.
(a) y 52. (a) y

2, 1/

1 X

1
1 x
(4, -1)

(b)y—1:%(x—(—Z))@Zy—2:3(x+2)<:> b)y-(-)=-2x-4Heoy+l=-2x+8<
2y —2=3x+6<=3x -2y +8=0. 2X+y—-7=0.




53.

55.

57.

b=-1 8-
b=— \
b=-6 8
AN ¢
44 b=6
b=3
—8- b=1
thO

y =—-2x+b,b =0, £1, £3, 6. They have the same
slope, so they are parallel.

m=1.5

m=0.75

m=0.25
" T »m=0
2 8 m=—0.25

m=-0.75
m=-1.5

y=m(x —3),m =0, +£0.25, £0.75, £1.5. Each of the

lines contains the point (3, 0) because the point (3, 0)

satisfies each equation y = m (x — 3). Since (3, 0) is on

the x-axis, we could also say that they all have the same

x-intercept.

y =3 —X = —x + 3. So the slope is —1 and the
y-intercept is 3.

56.
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m=1.5

m=0.75

m=0.25
m=0

m=-0.25

m=-0.75

m=-1.5

y =mx — 3, m =0, +0.25, +0.75, +1.5. Each of the
lines contains the point (0, —3) because the point (0, —3)
satisfies each equation y = mx — 3. Since (0, —3) ison
the y-axis, they all have the same y-intercept.

m=-2
y=24+m(x+3),m=0, +0.5, +1, +2, +6. Each of
the lines contains the point (—3, 2) because the point
(=3, 2) satisfies each equation y = 2 4+ m (x + 3).

58.y = 4x — 2. So the slope is § and the y-intercept is —2.

¥
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59. —2x +y =7y =2x 4+ 7. So the slope is 2 and the 60.2x -5y =0 -by=-2x oy = %x. So the slope is

y-intercept is 7. £ and the y-intercept is 0.

y

61. 4x +5y:10<:>5y:—4x+10<:>y:—%x+2. So 62.3x —4dy =12 —4y=-3x+12cy = %x —3. S0
the slope is —2 and the y-intercept is 2. the slope is  and the y-intercept is —3.

y y

63. y = 4 can also be expressed as y = 0x + 4. So the slope is 64. x = —5 cannot be expressed in the formy = mx + b. So
0 and the y-intercept is 4. the slope is undefined, and there is no y-intercept. This is a
y vertical line.




slope is undefined, and there is no y-intercept. This is a
vertical line.

67. 5x + 2y — 10 = 0. To find x-intercepts, we set y = 0 and

solve forx: 5x +2(0) —10=0=5x =10 x = 2,50
the x-intercept is 2.

To find y-intercepts, we set x = 0 and solve for y:
50)+2y—10=0<2y =10y =5, s0the
y-intercept is 5.

SECTION 1.3 Lines 85

65. x = 3 cannot be expressed in the formy = mx +b. Sothe 66.y = —2 can also be expressed as y = 0x — 2. So the slope

is 0 and the y-intercept is —2.

y

68. 6x — 7y — 42 = 0. To find x-intercepts, we set y = 0 and

solve forx: 6x —7(0) —42=0<6x=42<x =7,%0
the x-intercept is 7.

To find y-intercepts, we set x = 0 and solve for y:
6(0)—7y—42=07y =—-42 <y = —6,s0the
y-intercept is —6.
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71.

73.

74.

75.
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%x — %y + 1 =0. To find x-intercepts, we set y = 0 and

solveforx: 4x =2 (0 +1=0e x=-1lex=-2
so the x-intercept is —2.

To find y-intercepts, we set x = 0 and solve for y:

O -3y+1=0oiy=1ey=3sothe

y-intercept is 3.

y = 6x + 4. To find x-intercepts, we set y = 0 and solve
forx:0=6x+46x=—-4ox= —%,sothe
x-intercept is —3.

To find y-intercepts, we set x = 0 and solve for y:

y = 6(0) + 4 = 4, so the y-intercept is 4.

YA

70.

72.

X — £y —2 = 0. To find x-intercepts, we set y = 0 and
solve forx: 4x — £ (0) —2=0e x =2 x =6,50

the x-intercept is 6.
To find y-intercepts, we set x = 0 and solve for y:

10 -ty-2=0oty=-2oy=-10sothe
y-intercept is —10.

y = —4x — 10. To find x-intercepts, we set y = 0 and
solveforx:0=—-4x - 10 4x =-10=x = —g, S0
the x-intercept is —3.

To find y-intercepts, we set x = 0 and solve for y:

y = —4(0) — 10 = —10, so the y-intercept is —10.

YA

N :

To determine if the lines are parallel or perpendicular, we find their slopes. The line with equation y = 2x + 3 has slope 2.

The line with equation2y —4x —5=02y =4x+5oy =2X+ % also has slope 2, and so the lines are parallel.

To determine if the lines are parallel or perpendicular, we find their slopes. The line with equation y = %x + 4 has slope %

The line with equation2x +4y =14y =-2x -1y = —%x — 711 has slope —% #* —712, and so the lines are neither

parallel nor perpendicular.

To determine if the lines are parallel or perpendicular, we find their slopes. The line with equation —3x + 4y = 4 &

4y =3+4ey= %x+1hasslope %.The Iinewithequation4x+3y:54:)3y:—4x+54:>y:—%x+%has

4 _ _L . .
slope —3 = 34 and so the lines are perpendicular.

To determine if the lines are parallel or perpendicular, we find their slopes. The line with equation 2x — 3y = 10 &

3y =2x —10 &y = $x — 20 has slope 4. The line with equation 3y —2x —7 =03y =2x + 7 &y = x + § also

has slope % and so the lines are parallel.
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77. To determine if the lines are parallel or perpendicular, we find their slopes. The line with equation 7x — 3y = 2 &

78.

79.

80.

81.

82.

7_1

3y =7x —2 &y = {x — § hasslope 4. The line with equation 9y +21x = 1< 9y = —21x — 1y = —4 — § has

7 1 ; ; ;
slope —5 # —773 and so the lines are neither parallel nor perpendicular.

To determine if the lines are parallel or perpendicular, we find their slopes. The line with equation 6y — 2x = 5 <

By = 2x +5 &y = $X + 2 has slope 2. The line with equation 2y + 6x = 1< 2y = —6x — 1 &y = —3x — 5 has

slope —3 = —713, and so the lines are perpendicular.

We first plot the points to find the pairs of points that determine each side. Next we

4-1 1
find the slopes of opposite sides. The slope of AB is 1= g = and the

10-7 3 1 . .
= —. Since these slope are equal, these two sides

slope of DC is m =53

o 7-1 6 .
are parallel. The slope of AD is 1= - —3, and the slope of BC is
10-4 6
5—7 =2
Hence ABCD is a parallelogram.

= —3. Since these slope are equal, these two sides are parallel.

We first plot the points to determine the perpendicular sides. Next find the slopes of

3-(-1) 4 2

the sides. The slope of AB is -3 5= 3 and the slope of AC is

8—(-1) 9 3 .
- (3 6 2.Slnce
(slope of AB) x (slope of AC) = (%) (—%) = —1, the sides are perpendicular,

and ABC is a right triangle.

We first plot the points to find the pairs of points that determine each side. Next we

' L . 3-1 2 1
find the slopes of opposite sides. The slope of AB is 1-1-10-5 and the

. 6-8 -2 1 _. .
slope of DC is 0—10-"10=5 Since these slope are equal, these two sides

6-1 5

are parallel. Slope of AD is 1= 1= —5, and the slope of BC is

3-8 -5 . .
1-10-1 - —5. Since these slope are equal, these two sides are parallel.

Since (slope of AB) x (slope of AD) = % x (=5) = —1, the first two sides are

each perpendicular to the second two sides. So the sides form a rectangle.

Dr/ﬂc
i

™

1 x

-1
(8) The slope of the line passing through (1, 1) and (3, 9) is % = § = 4. The slope of the line passing through (1, 1)

5=
21-1 20

and (6, 21) is =5 = 4. Since the slopes are equal, the points are collinear.

6—-1
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. . Y 4 . .
(b) The slope of the line passing through (—1, 3) and (1, 7) is -0 =32~ 2. The slope of the line passing through

-1 2
. 15-3 12 . . .
(—1,3) and (4, 15) is m =z Since the slopes are not equal, the points are not collinear.
N . o (147 4-2
We need the slope and the midpoint of the line AB. The midpoint of AB is (T T) = (4, 1), and the slope of
. -2-4 —6 . . . -1 -1 .
ABism = =1 =% = —1. The slope of the perpendicular bisector will have slope —=3= 1. Using the

point-slope form, the equation of the perpendicular bisectorisy —1=1(x —4)orx —y —3 =0.

. We find the intercepts (the length of the sides). When x = 0, we have 2y +3(0) — 6 =0 < 2y = 6 < y = 3, and when

y =0, we have 2 (0) + 3x — 6 = 0 < 3x = 6 < x = 2. Thus, the area of the triangle is % 3) () =3.

. . . . . b-0 b .
(a) We start with the two points (a, 0) and (0, b). The slope of the line that contains them is 0=a- & So the equation

of the line containing them isy = —gx + b (using the slope-intercept form). Dividing by b (since b # 0) gives

Yy x X .y

Yo XX Y

b a+ <:>a+b
(b)Settinga:6andb:—8,weget%+L8:1<:>4x—3y:24<:>4x—3y—24:0.

(a) The line tangent at (3, —4) will be perpendicular to the line passing through the points (0, 0) and (3, —4). The slope of
_34__00 = —g. Thus, the slope of the tangent line will be — (_:/ 3 = g Then the equation of the tangent
lineisy — (—4) =3 (x —3) ©4(y+4) =3(x —3) & 3x —4y —25=0.

(b) Since diametrically opposite points on the circle have parallel tangent lines, the other point is (—3, 4).

this line is

(a) The slope represents an increase of 0.02° C every year. The T -intercept is the average surface temperature in 1950, or
15° C.
(b) In 2050, t = 2050 — 1950 = 100, so T = 0.02(100) + 15 = 17 degrees Celsius.

(8) The slope is 0.0417D = 0.0417 (200) = 8.34. It represents the increase in dosage for each one-year increase in the
child’s age.
(b) Whena =0,c =8.34(0 + 1) = 8.34 mg.

(a) y (b) The slope, —4, represents the decline in number of spaces sold for
each $1 increase in rent. The y-intercept is the number of spaces at
200 the flea market, 200, and the x-intercept is the cost per space when the
manager rents no spaces, $50.

100

20 40 60 80 100 X
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90. (a) y (b) The slope is the cost per toaster oven, $6. The y-intercept, $3000, is
the monthly fixed cost—the cost that is incurred no matter how many
10,000 toaster ovens are produced.
5000
500 1000] x
91. (a) (b) Substituting a for both F and C, we have
C | —-30° | —20° | —10° | 0° | 10° | 20° | 30°
a=la+Re-ta=Rc
F | —22° | —4° 14° | 32° | 50° | 68° | 86°
a = —40°. Thus both scales agree at
—40°.
th—1t1 80—70 10

5
= —. So the linear

92. (a) Using n in place of x and t in place of y, we find that the slope is =

np—n; 168—120 48 24

equation ist — 80 = 5 (n — 168) <>t — 80 = N — 35 & t = 2N +45.

(b) When n = 150, the temperature is approximately given by t = 2—54 (150) + 45 = 76.25° F ~ 76° F.

93. (&) Using t in place of x and V in place of y, we find the slope of the line  (b)
using the points (0, 4000) and (4, 200). Thus, the slope is
200 — 4000  —3800
T 4-0 T 4
linear equation is V. = —950t + 4000.

= —950. Using the V -intercept, the

(c) The slope represents a decrease of $950 each year in the value of the
computer. The V -intercept represents the cost of the computer.

(d) When t = 3, the value of the computer is given by
V = —950 (3) + 4000 = 1150.

. change in pressure 4.34 .
94. (a) We are given 10 feet change in depth — 10 0.434. Using P for (b)
pressure and d for depth, and using the point P = 15 whend = 0, we

have P —15=10.434(d — 0) & P = 0.434d + 15.

(c) The slope represents the increase in pressure per foot of descent. The
y-intercept represents the pressure at the surface.
(d) When P = 100, then 100 = 0.434d + 15 < 0.434d = 85 &

d = 195.9 ft. Thus the pressure is 100 Ib/in3 at a depth of
approximately 196 ft.
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95. The temperature is increasing at a constant rate when the slope is positive, decreasing at a constant rate when the slope is

negative, and constant when the slope is 0.
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96. We label the three points A, B, and C. If the slope of the line segment AB is equal to the slope of the line segment BC,
then the points A, B, and C are collinear. Using the distance formula, we find the distance between A and B, between B
and C, and between A and C. If the sum of the two smaller distances equals the largest distance, the points A, B, and C are
collinear.

Another method: Find an equation for the line through A and B. Then check if C satisfies the equation. If so, the points are
collinear.

1.4 SOLVING QUADRATIC EQUATIONS

) —b + Vb2 — 4ac
1. (@) The Quadratic Formula states that x = -
(b) In the equation %xz —Xx—4=0a= % b = —1, and ¢ = —4. So, the solution of the equation is
(= _Nn2_a(i) -
v+ fe2-a() oL,
X = = = -=2o0r4.

1 1
2(3)
2. (a) To solve the equation x2 — 4x — 5 = 0 by factoring, we write X2 — 4x —5 = (x — 5) (X + 1) = 0 and use the
Zero-Product Property to get x =50or x = —1.

2
(b) To solve by completing the square, we add 5 to both sides to get x2 — 4x = 5, and then add (—%) to both sides to get
X2 —4x4+4=5+4(x—-22=9x—-2=43cx=50rx = —1.

(c) To solve using the Quadratic Formula, we substitute a = 1, b = —4, and ¢ = —5, obtaining
— (-4 +/(-42-4Q) (-5
X = 4 (Z(i) W )=4i2\/%=2j:34:)x=50rx=—1.

3. For the quadratic equation ax2 + bx + ¢ = 0 the discriminant is D = b2 — 4ac. If D > 0, the equation has two real
solutions; if D = 0, the equation has one real solution; and if D < 0, the equation has no real solution.

4. There are many possibilities. For example, x2 = 1 has two solutions, x2 = 0 has one solution, and x2 = —1 has no
solution.

.x2—8x+15:0<:>(x—3)(x—5):0(:)X—3:00rx—5:O.Thus,x:30rx:5.

X2 45X +6=0(X+3)(x+2)=0&x+3=00rx+2=0. Thus,x = =3 0rx = —2.

X2 —x=6ox2—-x—-6=0(X+2)(x—-3)=0cx+2=00rx —3=0. Thus, x = —2 or x = 3.

X2 —dx=21ox2—4x-21=0 (X +3)(x—7) =0 x+3=00rx —7=0. Thus, x = =3 0rx = 7.

. 5x2—9x —2=0&Bx+1)(x—2)=0=5x+1=00rx —2 =0. Thus,x:—% orx =2.

10. 6x2 —x —12=0¢ (3x +4)(2x —3) =0 3x +4=00r2x —3=0. Thus, x = —3 or x = 3.

11 282 =55 +3 252 =55 —3 =0 (25 +1) (s —3) =0 2s+1=00rs — 3 =0. Thus,s = —3 ors = 3.

12. 4y2 9y =284y —9y —28 =0 4y +7) (y—4) =04y +7=00ry —4=0.Thus,y = —F or y = 4.
13. 1222—442:45(:)1222—442—45:0(:)(62+5)(22—9):O@Gz+5:Oor22—9:O.Thus,z:—%orz:%.
14. 4w = 4w+ 34w’ —4w-3=0= Qu+1)2w—-3)=0=2w+1=00r2w —3=0. If 2w+ 1 = 0, then

w:—%;iwa—3:0,thenw:%.

© 0N o U

15. X2 =5(x + 100) & x2 = 5x 4 500 < x2 —5x —500 = 0 < (X — 25) (X +20) = 0 < x — 25 = 0 or X + 20 = 0. Thus,
X =250rx = —20.
16. 6x (X —1) =21 —x < 6x2 —6x =21 —x < 6x2 —5x—21 =0 (2x+3)(3x —7) =0=2x+3=00r3x -7 =0.

If 2x +3=0,thenx=—%;if3x—7=0,thenx=%.
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X2 —8x+1=0x2-8x=-1ox2-8x+16=-1+16(x—-4°2=15x-4=+/16x =4+ /15
X246x—2=0x2+6x=2x2+6x+9=24+9= (x+3)°2=1lox+3=4+/I1l o x = -3+ /11
X2 —6x —11=0=x2—6x=11x2-6x+9=1149= (x—3)2=20=>x —3=42/5<x =3+2.5.

2
x2+3x—%:O@x2+3x:%@x2+3x+%=%+%@(x+%) =V _s4sx+d=t2ex=-3+2&

_ 1 _
x=sorx=-%

3 2
x2+x—%:O<:>x2+x—Z<:>x2+x+%:%+%<:>(x+%) :1:x+%:j:1<:>x:—%il.80
_ 1 _4_ 3 141
X=—5—-l=-50x=-5+1=3.

2
x2—5x+1:O<:>x2—5x:—1<:>x2—5x+2745:—1+27?<:)(x—%) :%:x—%:i,/%:i—vzﬂ@
_5 V21
X—E:I:T.

X2+ 2x+21 =0 x2 +22x = -2l & x2 +22x + 112 = —21 4112 = 21 + 121 & (x + 11)2 = 100 =
X+11 =410 x = —-11+10. Thus,x = —=1lorx = —-21.

X2 —18x =19 x2 —18x + (—9)2 =19+ (—9)2 =19+ 81 & (x — 9)2 =100 = x — 9 = £10 &< x = 9 + 10, S0
x =-=1lorx =19.

5x2+10x — 7 =0 x?+2x -~ § =02+ x=feoxl+x+1=f+lox+12=Roxt1=+ /2
<:>x:—1i2—*éE

2% +16x +5=0x2+8x+3 =0x2+8 =-3 X’ +8k+16=-3+16 = (x+4? =2 o
x+4=i\/§@x=—4i#.

2
2x2+7x+4:0<:>x2+%x+2:O@x2+%x:—2@x2+%x+%:—2+%@(x+%) =He
7 /17 7. /1
X+Z=ﬂ: E@X=—z:|:24c

2
2 — 2.5 — 2.5y — 2,.5,,.25_9, 25 5\ _ 153 5_ 4 /153
AX“+5Xx—8=0X"+7Xx-2=0X"+3X =26X +Zx+m_2+6—@(x+g) =5 ©X+g=*/ %

_ _5,3/17
S X = 8:i: g -

X2 —8x+12=0(x—2)(x—6) =0 x =20rx = 6.
x2—3x—18=0& (X+3)(Xx—6) =0 x =—30rx =6.
x24+8x—20=0& (X+10)(x —2) =0 x = —100rx = 2.
10x2+9x—7=0Gx+7)(2x-1) =0 x=—Lorx = 3.
2x2—|—x—3=0<:>(x—1)(2x+3)=0<:>x—1=00r2x+3=0. Ifx —1=0,then x = 1;if 2x + 3 = 0, then

=3
X=—3.

.3x2+7x+4=0(:>(3x+4)(x+1)=0<:>3x+4=00rx+1=0. Thus,x:—% orx =—1.

w2 rex—5=0ox2+2x-3=0ox+x=3oxl+u+1=F+lox+l=ox+1=-x/Fo

x=—1i2—5/6.
2 — 6x + 1 = 0 =
—b+vb2—dac —(-6)£ /(62 —-4)(A) 6+36-4 6+32 6+42

X2 —3x+§=00% —12x+4=03x-2?=0=x=%.
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39.

40.

41.

42.
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45.

46.

47.

48.

49.

L 25X2 + 70X +49 =0 (B5Xx+7)2 =05x+7T=05x=—T o X = —
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_ —b+vb?-dac -6+ 62-4(4)(-1) —-6++52 3+13
- 2a - 2(4) - 8 - 4
42 4+16x—9=0(2x - 1) (2x +9) =0 2x —1=00r2x +9=0. If2x =1 =0, then x = 3; if 2x +9 =0, then

2X2+3x—3 =0 4x2+6x—1 =0 & X

x=-3.
0 = x2 —4x +1 = 0 =
—b + /b2 — 4ac —(—4)i\/(—4)2—4(1)(1) 4+ ./16—4 4+J12 4423
X = = = = = =24+ .3
2a 2(1) 2 2 2
—(=3)+,/(-32-41)@3 B—10 —
w=3w-1)eow -3w+3=0=>w= =3 (2(1; ()()=3i 29 12=3i;/_3.5incethe

discriminant is less than 0, the equation has no real solution.

—bxVb2—dac -O)E/E*-40)B) 5+/B-12 -5+/B3

2a 2(1) - 2 2

34574722 =0=7=

10y2 — 16y +5=0=

X_—bi\/b2—4ac_—(—16)i\/(—16)2—4(10)(5)_16j:«/256—200_16j:«/§_8i«/ﬁ
B 2a B 2(10) B 20 -2 10

(S BN

242X +2=0=X = . Since the

—btV/b2—dac -@EJ@°-4Q) Q) —2+F-24 —2+720
2a - 2(3) - 6 - 6
discriminant is less than 0, the equation has no real solution.

—bxvhZ—dac -~ (DEJ(N-4B)6) 7+ /100 7+ /51
2a - 2(5) - 10 10
Since the discriminant is less than 0, the equation has no real solution.

x2 —0.011x — 0.064 = 0 =

(o J o0+ \/ (~0.011)? — 4(1) (~0.064) 0,011 + /0.000121 + 0.256 _ 0.011 + 0.506
- 2(1) - 2 - 2 '
0.011 4 0.506 _0.011 - 0.506

Thus, x ~ ———— = 0.259 or X
2 2

X% — 2.450x + 1.500 = 0 =
_ —(=2.450) + \/ (=2.450)? — 4 (1) (1500) 2,450 + \/6.005—6 _ 2.450 +/0.0025  2.450  0.050

5x2 —7X 4+ 5= X =

= —0.248.

. Th
200) 2 2 2 us
2.4 ) 2.450 — 0.
X = M =12500rx = M = 1.200.
2 2
x2 — 2.450x 4 1.501 = 0 =
(o (20 + \/ (—2.450)2 — 4 (1) (L501)  2.450 + /6.0025 —6.004 _ 2.450 + \/—0.0015
- 2(1) - 2 - 2 '
Thus, there is no real solution.
. x2 —1.800x +0.810 =0=
— (—1.800) =+ ,/(—1.800)2 — 4 (1) (0.810 -
‘= ( ) \/( o ) D ( ) _ 1.8001«/2.24 324 1.800;«/6 _ 0,900, Thus the only

solution is x = 0.900.



51.

52.

53.

55

56.

57.
58.

59.
60.

61.
62.

SECTION 1.4 Solving Quadratic Equations 93

h = 30t + oot & 30t + oot —h = 0. Using the Quadratic Formula,
—(vo)ﬂt/(vo)2 —4(39) (=h) —vg £ ,/v2 + 2gh
o ) e
2(39) 0
S = M 25 =nP+neoen?+n-25 = 0. Using the Quadratic Formula,
C-lEJ@O2P-40) (=29 1+ /TF85
200 2 '
A = 2x2 + 4xh < 2x2 + 4xh — A = 0. Using the Quadratic Formula,

2(2)

—(@h) /(@42 —4@ (-A)  —ah+/16h7+8A 4= 442 +2A)  _gh42./a07 5 2A
4 N 4 B 4

4

2 (—2h +/4n7 1 2A) _oh /a2 1 2A
2

A = 2nr?2 + 2nrh o 2712 4+ 2arh — A = 0. Using the Quadratic Formula,

_—@mh) = J@uh —4@m) (<A) _ —axh+ /ax?h 4 BrA _ —h+ \/x2h2 1 2A
B 2 (2m) B 4r B 27 '

! ! —1@c(s+b)+c(s+a):(s+a)(s+b)<:>cs+bc+cs+ac:sz+as+bs+ab<:>

St =
s+a s+b ¢

s2 4+ (a+b—2c)s + (ab — ac — bc) = 0. Using the Quadratic Formula,

—(a+b—2c) % /(@+b—20) — 4(1) (ab — ac — be)
S =

2(1)
—(a+b—2c)++a? + b2+ 4c2 + 2ab — 4ac — 4bc — 4ab + 4ac + 4bc
- 2
—(@a+b—2c)++a2+hb2+4c2 —2ab
B 2
1 2 4 2 1 2 9 4 2 2 2
r+1—r_r2@r 1 r)(r+1_r)_r 1 r)(rz)@r(l N+2rce=4(1—-ryer—rc4+2rc=4—4r
)+ -4M)(-4) —5+25116 -5+4l

<12 4 5r — 4 = 0. Using the Quadratic Formula, r = PXeN) = 5 5

D = b2 — 4ac = (—6)2 — 4 (1) (1) = 32. Since D is positive, this equation has two real solutions.

x2 =6x —9 < x2 —6x +9,50 D = b2 — 4ac = (—6)2 — 4 (1) (9) = 36 — 36 = 0. Since D = 0, this equation has one
real solution.

D = b2 — 4ac = (2.20)2 — 4 (1) (1.21) = 4.84 — 4.84 = 0. Since D = 0, this equation has one real solution.

D =hb?—4ac= (2.21)2 —4(1)(1.21) = 4.8841 — 4.84 = 0.0441. Since D # 0, this equation has two real solutions.
D =b2 —4ac = (5)2 — 4 (4) (%”) = 25— 26 = —1. Since D is negative, this equation has no real solution.

D =b? —4ac = (r)2 —4() (-s) = r2 4 4s. Since D is positive, this equation has two real solutions.

1
.a?x?24+2ax+1=0(ax+1)2 =0 ax+1=0. Soax+1=0thenax = —1lex =—=.

Lax?—(a+1)x+@+1l)=0ofax—(@+1)](x—1)=0cax—(@a+1)=00rx —1=0. Ifax — (a+1) =0,

thenx:aTH;ifx—lzo,thenx:l.
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We want to find the values of k that make the discriminant 0. Thus k2 — 4 (4) 25) =0 k? = 400 < k = £20.
We want to find the values of k that make the discriminant 0. Thus D = 362 — 4 (k) (k) = 0 < 4k? = 362 = 2k = +36 <
k = +18.

Let n be one number. Then the other number must be 55 — n,since n + (55 —n) = 55. Because
the product is 684, we have (n) (55 —n) = 684 <> 55n — n? = 684 < n? —55n 4+ 684 = 0 =

N = —(=55)+\/(-55)?~4(1))(684) _ 554 /30705-2736 _ 554,289 _ 55417 Son = 55417 _ 72 _ 36 or
= 200) = 2 =2z =2 ="z =72 =

% = 19. In either case, the two numbers are 19 and 36.

_ 55-17 _
n=="%"—=

Let n be one even number. Then the next even number is n + 2. Thus we get the equation n2 + (n +2)2 = 1252 <
n2+n24+4n+4=1252<0=2n%+4n —1248:2(n2+2n—624) =2(n—24)(n+26). Son =240rn = —26.
Thus the consecutive even integers are 24 and 26 or —26 and —24.

Let w be the width of the garden in feet. Then the length is w + 10. Thus 875 = w (w 4 10) < w? + 10w — 875 = 0 &
(w4 35) (w — 25) = 0. So w + 35 = 0 in which case w = —35, which is not possible, or w — 25 = 0 and so w = 25.
Thus the width is 25 feet and the length is 35 feet.

Let w be the width of the bedroom. Then its length is w + 7. Since area is length times width, we have
228=(w+TNw=wl+Tw e w?+Tw—-228=0 (w+19) (w—-12) =0 = w +19 =0 or w — 12 = 0. Thus
w = —19 or w = 12. Since the width must be positive, the width is 12 feet.

Let w be the width of the garden in feet. We use the perimeter to express the length | of the garden in terms of width. Since
the perimeter is twice the width plus twice the length, we have 200 = 2w + 2l < 2l =200 — 2w < | = 100 — w. Using
the formula for area, we have 2400 = w (100 — w) = 100w — w? & w? — 100w + 2400 = 0 < (w — 40) (w — 60) = 0.
Sow—-40=0w=40,0rw—60 =0 w = 60. If w =40, then] = 100 — 40 = 60. And if w = 60, then

| =100 — 60 = 40. So the length is 60 feet and the width is 40 feet.

First we write a formula for the area of the figure in terms of x. Region A has x

dimensions 14 in. and x in. and region B has dimensions (13 + x) in. and x in. So win

the area of the figure is (14 - x) + [(13 + x) x] = 14x + 13x + x2 = x2 4 27x. We A i

are given that this is equal to 160 in?, s0 160 = x2 + 27x <> x2 + 27x — 160 = 0 T .

< (X +32) (x = 5) & x = =32 or x = 5. x must be positive, so x =5 in.

The shaded area is the sum of the area of a rectangle and the area of a triangle. So A =y (1) + % OIVE %yz +y. We
are given that the area is 1200 cm?, so 1200 = %y2 +y e y? 42y —2400 =0 o (y +50) (y — 48) = 0. y is positive, so
y =48 cm.

Setting P = 1250 and solving for x, we have 1250 = #;x (300 — x) = 30x — 5x? & %% — 30x + 1250 = 0.

—(-30)+ \/ (302 -4(45) 1250 30, or=BE 30420

Using the Quadratic Formula, x = = = . Thus
2 ( & ) 0.2 0.2
30—-20 30+ 20 .
X = 02 = 50 0r x = O—+2 = 250. Since he must have 0 < x < 200, he should make 50 ovens per week.

Let x be the length of one side of the cardboard, so we start with a piece of cardboard x by x. When 4 inches are
removed from each side, the base of the box is x — 8 by x — 8. Since the volume is 100 in3, we get 4 (x — 8)2 = 100 <
X2 — 16X +64 =25 x2 —16x +39 =0 (X — 3) (x —13) = 0. So x = 3 or x = 13. But x = 3 is not possible, since
then the length of the base would be 3 — 8 = —5, and all lengths must be positive. Thus x = 13, and the piece of cardboard
is 13 inches by 13 inches.
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76. Let r be the radius of the can. Now using the formula V = 7rr2h with V = 407 cm3 and h = 10, we solve for r. Thus
407 = 7r? 10) 4 = rZ=r =42 Sincer represents radius, r > 0. Thus r = 2, and the diameter is 4 cm.

77. Let w be the width of the lot in feet. Then the length is w + 6. Using the Pythagorean Theorem, we have
w2 + (w+6)2 = (174)2 & w? + w? + 12w + 36 = 30,276 © 2w? + 12w — 30240 = 0 < w2 + 6w — 15120 = 0 &
(w + 126) (w — 120) = 0. So either w + 126 = 0 in which case w = —126, which is not possible, or w — 120 = 0 in
which case w = 120. Thus the width is 120 feet and the length is 126 feet.

78. Let h be the height of the flagpole, in feet. Then the length of each guy wire is h + 5. Since the distance
between the points where the wires are fixed to the ground is equal to one guy wire, the triangle is equilateral,
and the flagpole is the perpendicular bisector of the base. Thus from the Pythagorean Theorem, we get

1 2 2 2 2 2 2 2
[§(h+5)] +h2 = (h+5)2 < h? 4 10h + 25 + 4h2 — 4h2 4 40h + 100 <> h2 —30h — 75 = 0 =

—(—30)£,/(~30)2—4(1)(-75 . N
P Gl (2(1)) DTS 30i«/9200+300 _ 30i«2/1200 _ 30%0\@ Since h = 30—%0¢§ < 0, we reject it. Thus

the height is h = 304208 _ 15 10/3 ~ 32.32 ft ~ 32 ft 4 in.

79. Let x be the rate, in mi/h, at which the salesman drove between Ajax and Barrington.

Direction Distance Rate Time
. . 120
Ajax — Barrington 120 X ~
. . 150
Barrington — Collins 150 x + 10
X 410
N distance | _ . . . . .
We have used the equation time = to fill in the “Time” column of the table. Since the second part of the trip
. 1 ) . . 120 1 150
took 6 minutes (or 5 hour) more than the first, we can use the time column to get the equation — + — = —— =
X 10 x+10

120 (10) (X + 10) + X (X + 10) = 150 (10x) > 1200x + 12,000 + x2 + 10x = 1500x < x2 — 290X + 12,000 = 0 &

—(—290),/ (—290)2—4(1)(12,000 /84.100—48,000
y — —20 / ( 2) ax ) _ 290+ 84,]200 48,000 _ 290:I:\2/36,100 — 2904190 _ 145 + 95, Hence, the salesman

drove either 50 mi/h or 240 mi/h between Ajax and Barrington. (The first choice seems more likely!)

80. Let x be the rate, in mi/h, at which Kiran drove from Tortula to Cactus.

Direction Distance Rate Time
250
Tortula — Cactus 250 X ~
Cactus — Dry Junction 360 X+ 10 360
v X + 10
. distance _— . .
We have used time = to fill in the time column of the table. We are given that the sum of
. . . 250 360
the times is 11 hours. Thus we get the equation ~ + X410 11 < 250 (x 4+ 10) + 360x =

11X (X + 10) & 250x + 2500 + 360x = 11x2 + 110x & 11x2 — 500x — 2500 = 0 =

(o 00+ \/ (~500)% — 4 (11) (~2500) 500 + ,/250,000 + 110,000 _ 500 + /360,000 _ 500 = 600
B 2(11) B 22 B 22 S22
Kiran drove either —4.54 mi/h (impossible) or 50 mi/h between Tortula and Cactus.

Hence,
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Let r be the rowing rate in km/h of the crew in still water. Then their rate upstream was r — 3 km/h, and their rate
downstream was r + 3 km/h.

Direction Distance | Rate Time
6

Upstream 6 r-3 | —

P r—3
6

Downstream 6 r+3 | —

r+3

Since the time to row upstream plus the time to row downstream was 2 hours 40 minutes = % hour, we get the equation

%er =2@6(3)(r+3)+6(3)(r—3)=8(r—3)(r+3)4:>18r+54+18r—54=8r2—72<:>

0:8r2—36r—72:4(2r2—9r—18) —4Qr+3)(r—6)2r+3=00rr —6=0. f2r +3=0,thenr = —3,
which is impossible because the rowing rate is positive. If r —6 = 0, then r = 6. So the rate of the rowing crew in still
water is 6 km/h.

Let r be the speed of the southbound boat. Then r 4 3 is the speed of the eastbound boat. In two hours the southbound boat
has traveled 2r miles and the eastbound boat has traveled 2 (r 4+ 3) = 2r + 6 miles. Since they are traveling is directions

with are 90° apart, we can use the Pythagorean Theorem to get (2r)2 + (2r + 6)2 = 302 < 4r2 4 4r2 + 24r + 36 = 900
& 8r2 4 24r — 864 = 0@8(r2+3r—108) =0o8(r+12)(r—9)=0.Sor = —120rr = 9. Since speed is
positive, the speed of the southbound boat is 9 mi/h.

Using hg = 288, we solve 0 = —16t2 + 288, fort > 0. S0 0 = —16t2 + 288 < 16t2 = 288 < t2 = 18 =

t = +4/18 = £3/2. Thus it takes 3+/2 & 4.24 seconds for the ball the hit the ground.

. (a) Using hg = 96, half the distance is 48, so we solve the equation 48 = —16t2 + 96 < —48 = —16t2 = 3 =12 =

t = +4/3. Since t > 0, it takes +/3 &~ 1.732 s.

(b) The ball hits the ground when h = 0, s0 we solve the equation 0 = —16t2 + 96 <> 16t2 = 96 < t2 = 6 = t = +/6.
Sincet > 0, it takes +/6 ~ 2.449 s,

We are given vg = 40 ft/s.

(a) Setting h = 24, we have 24 = —16t2 + 40t < 16t2 — 40t +24 =0 < 8 (2t2 —5t +3) =0=8@2t—-3)(t—-1)=0

ost=1lort = 1%. Therefore, the ball reaches 24 feet in 1 second (ascending) and again after 1% seconds
(descending).
(b) Setting h = 48, we have 48 = —16t2 4+ 40t < 16t2 — 40t + 48 = 0= 2t2 —5t + 6 = 0 &
_ 5+425-48 544/-23
4

4
never reaches a height of 48 feet.

t . However, since the discriminant D < 0, there is no real solution, and hence the ball

(c) The greatest height h is reached only once. So h = —16t2 + 40t <> 16t2 — 40t 4+ h = 0 has only one solution. Thus
D= (—40)2—-4 (16) (h) = 0 < 1600 — 64h = 0 < h = 25. So the greatest height reached by the ball is 25 feet.

(d) Setting h = 25, we have 25 = —16t2 + 40t < 16t% — 40t + 25 = 0 & (4t —5)2 = 0 &> t = 17. Thus the ball
reaches the highest point of its path after 1% seconds.

(e) Setting h = 0 (ground level), we have 0 = —16t2 4+ 40t < 2t2 —5t =0 <t (2t —5) =0<t =0 (start) or t = 2%.
So the ball hits the ground in 25 s.

If the maximum height is 100 feet, then the discriminant of the equation, 16t2 — vot + 100 = 0, must equal zero. So

0 = b? — 4ac = (—00)? — 4 (16) (100) & 2 = 6400 = vo = +80. Since vo = —80 does not make sense, we must have
vo = 80 ft/s.
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(a) The fish population on January 1, 2002 correspondstot = 0, so F = 1000 (30 + 17 (0) — (0)2) = 30, 000. To find
when the population will again reach this value, we set F = 30, 000, giving
30000 = 1000 (30 + 17t — t2) = 30000 + 17000t — 1000t2 <> 0 = 17000t — 1000t2 = 1000t (17 —t) <t = 0 or
t = 17. Thus the fish population will again be the same 17 years later, that is, on January 1, 2019.

(b) Setting F = 0, we have 0 = 1000 (30+17t —t2) St2 -1t -30 = 0 =

t = 17+ 2i9+120 = 17+ 2409 = 17 i220'22. Thust ~ —1.612 ort ~ 18.612. Since
t < 0is inadmissible, it follows that the fish in the lake will have died out 18.612 years after January 1, 2002, that is on

August 12, 2020.

Let y be the circumference of the circle, so 360 — y is the perimeter of the square. Use the circumference to find the
radius, r, interms of y: y = 271 = r = y/ (2m). Thus the area of the circle is 7 [y/ (271')]2 = y2/ (47). Now if the
2
perimeter of the square is 360 — y, the length of each side is % (360 — y), and the area of the square is [% (360 — y)] .
2
Setting these areas equal, we obtain y2/ (4x) = [% (360 — y)] ey/(2ym) = % (360 — y) & 2y = 360/ — /7Yy

& (2+ /m)y =360,/ Therefore, y = 360/7/ (2 + /m) ~ 169.1. Thus one wire is 169.1 in. long and the other is
190.9 in. long.

Let w be the uniform width of the lawn. With w cut off each end, the area of the factory is (240 — 2w) (180 — 2w). Since
the lawn and the factory are equal in size this area, is % - 240 - 180. S0 21,600 = 43,200 — 480w — 360w + 4w?

0 = 4w? — 840w + 21,600 = 4 (w2 — 210w + 5400) =4 (w — 30) (w — 180) = w = 30 or w = 180. Since 180 ft is too
wide, the width of the lawn is 30 ft, and the factory is 120 ft by 180 ft.

2 2
. Let h be the height the ladder reaches (in feet). Using the Pythagorean Theorem we have (7%) +h2 = (19%) =

2 2 2 2
15 2 39 2 39 15 1521 225 _ 1296 __ — ./ —

Let t be the time, in hours it takes Irene to wash all the windows. Then it takes Henry t + % hours to wash all

the windows, and the sum of the fraction of the job per hour they can do individually equals the fraction of the

9 11 1

job they can do together. Since 1 hour 48 minutes = 1 + 2—8 =1+ % = £, we have n + t—3 =5 ©
+35. 2

2
T +m = g = 9(2t +3) +2(9t) = 5t (2t + 3) < 18t + 27 + 18t = 10t2 + 15t < 10t2 — 21t — 27 = 0
‘ —(—21)i\/ (=21 —4(10) (=27) 21+ /AT 1080  21+39 sop_ 2% _ 9
N 2(10) N 20 20 20 10
21+39 . . . . . .
ort = 0 = 3. Since t < 0 is impossible, all the windows are washed by Irene alone in 3 hours and by Henry alone in

3+ % = 4% hours.

Let t be the time, in hours, it takes Kay to deliver all the flyers alone. Then it takes Lynn t + 1 hours to deliver all the flyers

1 1 1 1 1
alone, and it takes the group 0.4t hoursto doittogether. Thus 2+ =4+~ = = < 1 (0.4t)+= (0.4)+—— (0.4t) =1
group g sty e~ oa © 4 A+ 04D+ 04

4t
<:>t+4+t+—l =10ett+D)+4t+D)+4t=100t+1) St2+t4+4t+4+4t=10t+10t?-t—-6=0c
t—3)(t+2)=0.Sot =3o0rt =-2. Sincet = —2 is impossible, it takes Kay 3 hours to deliver all the flyers alone.
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. Let x be the distance from the center of the earth to the dead spot (in thousands of miles). Now setting
K 0.012K K 0.012K
F =0, we have 0 = +— o = — o K(239—-x)2 = 0.012Kx? &

Tx2 T (239-x)2 X2 (239 — x)2
57121 — 478x + x2 = 0.012x2 < 0.988x2 — 478x + 57121 = 0. Using the Quadratic Formula, we obtain

—(~478)=/(~478)° ~40.988) 57121) _ 4784 /7PBAGA—FP5TAZISE _ 478 /OTALE . AT8L52.362 -
X= 2(0.989) = 1.976 = HOES L0 ~ A0ESS02 ~ 241,903 26.499.

So either x & 241.903 4 26.499 ~ 268 or x ~ 241.903 — 26.499 ~ 215. Since 268 is greater than the distance from the
earth to the moon, we reject it; thus x ~ 215,000 miles.
If we have x2 —9x + 20 = (X —4) (x —5) =0, then x =4 or x =5, so the roots are 4 and 5. The product is 4-5 = 20, and
thesumis4+5=9. Ifwehavex2 —2x —8 = (X — 4) (X + 2) =0,thenx =4 or x = —2, so the roots are 4 and —2. The
product is 4- (—2) = —8, and the sum is 4+ (—2) = 2. Lastly, if we have x2+4x +2 = 0, then using the Quadratic Formula,
4+ /82 -4(1)(2) -4+B -4+22
2(1) 2 2
product is (—2 - ﬁ) . (—2 + ﬁ) =4 —2=2,and the sum is (—2 - ﬁ) + (—2 + ﬁ) = —4. Ingeneral, ifx =rq
and x = ry are roots, then x2 +bx +¢ = (X — 1) (X — rp) = X2 — r{X — FoX +r1rp = X2 — (r1 + ) X + r1ro. Equating
the coefficients, we getc =rqrp andb = — (ry +ro).
Let x equal the original length of the reed in cubits. Then x — 1 is the piece that fits 60 times along the length
of the field, that is, the length is 60 (x — 1). The width is 30x. Then converting cubits to ninda, we have
375=60(x—1)-30x.1—§2 =2x(x-1)©30=x>-xex>-x-30=0& (X —6)(x +5)=0.Sox = 6or
x = —5. Since x must be positive, the original length of the reed is 6 cubits.

we have x = = —2++/2. Theroots are —2 — /2 and —2 + +/2. The

1.5 COMPLEX NUMBERS

w

~N O O b

11
13.
15.
17.
19.
21.

2

w

. The imaginary number i has the property that i2 = —1.
. For the complex number 3 + 4i the real part is 3 and the imaginary part is 4.

. (@) The complex conjugate of 3 + 4i is 3+ 4i =3 — 4i.
(b) B+4i)(B+4)=32+4=25

. 1f 3 4+ 4i is a solution of a quadratic equation with real coefficients, then 3 + 4i = 3 — 4i is also a solution of the equation.
. Yes, every real number a is a complex number of the form a + 0i.
. Yes. For any complex number z, z + Z = (a 4 bi) 4 (a + bi) = a 4 bi +a — bi = 2a, which is a real number.
. 5 —7i: real part 5, imaginary part —7. 8. —6 + 4i: real part —6, imaginary part 4.
_23_ o = —% - %i: real part -2 imaginary part —%. 10. 4+T7i= 2+ %i: real part 2, imaginary part %
3: real part 3, imaginary part 0. 12. —%: real part —%, imaginary part 0.
—%i: real part 0, imaginary part —%. 14. i+/3: real part 0, imaginary part +/3.
V34 /=4 = /34 2i: real part /3, imaginary part 2. 16.2 — /=5 = 2 — i+/5: real part 2, imaginary part —/5.
B+4+2i)+5=34+@2+5)i=3+7i 18.3i —(2-3i)=-2+[3—-(-3)]i =—-2+6i

G=3)+(=4—Ti)=(B-4)+(=3-T7)i =1—10i  20. (=3 +4i)—(2 —5i) = (=3 — 2)+[4 — (=5)]i = —5+9i

(—646)+O—i)=(—6+9+6-1)i=3+5 22 (3—2i)+(—5—%i) :(3—5)+(—2—%)i = —2-1i

(7-3)-(5+3i)=-5+(-%-3)i=2-2
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. (3-Ti)(B+7i)=32—(7i)2 =58
35.
36.

37.
38.
39.
40.
41.

42.

45.
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49.
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(=4+i1)—(2—=5))=—4+i—-2+5i=(—4—-2)+ (L +5)i = —6 + 6i

(=12 48i)— (7T+4i)=—12+8i —7—4i = (=12 —7) + 8 —4)i = —19 + 4i

6i —(4—i)=6i —4+i=(—4)+6+1)i=—4+7i

4(=1+42i)=—4+8i 28. -2 (3 — 4i) = —6 + 8i
(T—i)(4+2i)=28+14i —4i —2i2 = (28+2) + (14 —4)i = 30 + 10i
(5-3i)(1+i)=5+5i —3i —3i°=(5+3)+(5-23)i =8+2i

(6 +5i) (2 — 3i) = 12 — 18i + 10i — 15i2 = (12 + 15) + (—18 + 10) i = 27 — 8i
(=2+1)(3—7i)=—6+14i +3i —7i2=(—6+7)+ (14 +3)i =1+ 17i
(2+5i)(2—5i)=22 - (5i)2=4—-25(-1) =29

(2+50)2 =22+ (5i)2 +2(2) (5i) = 4 — 25 + 20i = —21 + 20i
(3=7i)2 =32+ (71)2 = 2(3) (7i) = —40 — 42i

1_1 i_ i 0 i
i 00 i2 -1
1o 1 1-i_a-i_1-i_1-i g g
1+i 1+4i 1—-i 1-i2 141 2 2 2
2-3i  2-3i 1+2i_2+4i—3i—6i2_(2+6)+(4—3)i_8+ior§+li
1-2i  1-2i 1+2i 1—4j2 N 1+4 T 5 575
5—i  5-—i 3—4i_15—20i—3i+4i2_(15—4)-|—(—20—3)i_11—23i_u_§i
3+4i  3+4i 3-—4i 9 — 16i2 - 9+16 - 2% B B
10 100 1+2i  10i +20i%  —204+10i 5(—4+2i) .
1—-2i  1-2i 142 1-—-4i2 =~ 1+4 5 -

. 1 1 243 243 243 2+3i .
2-3i _1= = . = = — ZA i|
=3 =5 =7-3 243 4-92 4+9 13 BB
4+6i 446 3i_12i+18i2_—18+12i_—18+12i_2 4
3i 3 3 g2 -9 -9 -9 “3
—3+5i —3+5i 15i —45i + 7512 —75—45i 75 N _45i—1~|-1i

151 15 151 ~ 22512  —225 <~ —225 ' 225 3 '>
1 1 1 1-i 1 1+i  1—i  14i _1—i+—1—i_ ,
1+i 1—i 1+i 1—i 1—i 1+i 1-i2 1-i2 2 2
(1+2)3—i) 3—i+6i—2i% 5+5 2—i 10—5i +10i —5i®2 (10+5)+ (—5+10)i

2+i - 2+i 240 2—i 4-j2 N 5

15 + 5i _ .
=—5 =%+%|=3+|
5
i3 =% = —i 48.i10=(i2) —(-1)P=-1
2
(3i)5=35(i2) i — 243 (=1)2i = 243i 50. (2i)* = 2%i4 = 16 (1) = 16
250 250

ilOOO:(i4) —1250 1 52.i1°°2:(i4) i2-1j2=_1
V=49 = JA9/—1 =7Ti 54. /8L = i
VB2 =3 2i/3 =62 = —6 56.,/3v=27 =/ -3iv/3=3i

(3=v78) (1+v=D) = (3-ivB) (W+1) =3+3i —ivE—i?VE = (3+5) + (3= B),

99
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(V3—v=2) (VB - v=8) = (v3-2i) (VB -2iv2) = V18— 2i V6 — 2i/B + 4i2/2
= (3v2 - 42) + (—2v6 - 2vB) i = —v2 - 4i /B

218 24213 2(14iV2)

142 1+iv2  1+iv2

V=36 6 2 V2 2iv2 V2
J2V=8 T iVZsi V2 iv2  a? T -1
X2 4+49=0x2 = —49= x = £7i

3 +1=0:32=-1ox?=-}ox=+Li

—btvb2—dac  —(DEJEDP -4 1+ 77

—iv2

X X+2=0sX 72 20 2 5 £ 500
—2+,/(0?2-4)(@ —2+F—8 —2+J-F —2+472i

2 .

X& 4+ 2Xx + =X ) > 5 5 i
—34+/32-41)(7) —-3+.-19 5.

2 _ _ _ _ 3 19
—(—6) £,/(-6)2 —4(1) (10 — — i

2 — 6 +10 = 0= X = (=6) \/(2(1)) M ( )=6i«/26 40=6i2«/ 4=6i22| a4

- JO? =4O

“14V1-4 148 -1+4iV3 4 5
= = =—1+3

2 _ _
X“+X+1=0=>x= 20 = > 5 5
—(=3)+,/(-32-41) @3 - = i
X430 x = ()Y -4DBG)  3+0-12 3£V 3:3i"/§=%i~/§i
2(1) 2 2 2
—(-2)+ /(22 -4@Q (1) 24+ /F-8 2+ =4 2+2i
2 _ _ _ _ — _ 1,1
2X 2X+1=0=x= 20 = ) = 2 == _24_-2|

3 —(3)£/(3)2-4(1)(3 . ]
t+3+?:0<:>t2+3t+3:0:t: @ (2()1) ()():‘3“29‘12:‘3iﬂ=‘3§'“§=—%i%§l

BX2 + 12X +7=0=

_ —12 /AP ~4O) (D) 124 /TIA-T68 _ —124V2 _ —1242i/6 _ —12 | 216 _ 1 . /B
X = 2(6) = 2 = 2 == =1+ 1+

X+ 3ix+1=0=
2

~@)#/E) o0 efios 3 F gavE
= 2() = 2 = 2 = 2 =-gE
7+w=3—-4i+5+21=3+4i +5—2i =8+2i
Itw=3—-41+5+2=8—2i =8+2i
7.7=B-4i)(3+4i)=32+42=25
Z-W=(3+4i)(5—2i)=15—6i + 20i — 8i2 = 23 + 14i
LHS=Z4+w=(a+bi)+(c+di)y=a—-bi+c—di=@+c)+(-b—-d)i=(@+c)—(b+d)i.
RHS=Z+w=@+bi)+(c+di)=@+c)+(b+d)i=@+c)—(b+d)i.
Since LHS = RHS, this proves the statement.
LHS =7Zw = (a + bi) (c + di) = ac + adi + bci + bdi2 = (ac — bd) + (ad + bc) 1 = (ac — bd) — (ad + bc) .
RHS=7Z-w=a+bhi-c+di =(a—bi)(c—di)=ac—adi —bci +bdi? = (ac — bd) — (ad + bc)i.
Since LHS = RHS, this proves the statement.
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LHS = (2)? = (@ + b1))° = (a — bi)2 = a2 — 2abi + b?i2 = (a2 - b2) — 2abi.

RHS = 22 = (a+bi)? = a2 + 2abi + b%i? = (a — b?) + 2abi = (a2 — b?) — 2abi.
Since LHS = RHS, this proves the statement.

Z=a+bi=a—bi=a+hi =z

z+7Z = (a+bi)+ (a+bi) =a+bi +a — bi = 2a, which is a real number.
z—Z=(@a+bi)—(@+bi)=a+bi —(a—bhi)=a-+bi —a+hi = 2bi, which is a pure imaginary number.
z-7=(a+bi)- @+bi)=(a+bi)-(a—bi)=a?—b2%i2 = a2 + b2, which is a real number.

. Suppose z =Z. Then we have (a + bi) = (a+bi)=a+bi =a—bi = 0= —-2bi = b =0,s0zisreal. Now if z is real,

then z = a + Oi(where a is real). Since Z = a — 0i, we have z = Z.

—b+ b2 — 4ac

Using the Quadratic Formula, the solutions to the equation are x = — Since both solutions are imaginary,
2 2 : —b | Vdac—b? 7.
we have b — 4ac < 0 & 4ac — b~ > 0, so the solutions are x = 22 + o i, where /4ac — b4 is a real number.

Thus the solutions are complex conjugates of each other.
Lid=it i =0, i =i =0 i2=-1i%=i%.i2 = -1,i0 = i8.i2 = —q;

i=ii° =
B=—ii’=i*id=i, il =i8.i8=—i; f=1i8=i*i*=1iP=i®.i*=1
Because i4 = 1, we have i" = i", where r is the remainder when n is divided by 4, that is, n = 4 - k +r, where k is an

integer and 0 < r < 4. Since 4446 = 4 - 1111 + 2, we must have 4446 = j2 = —1.

1.6 SOLVING OTHER TYPES OF EQUATIONS

Note:

JX =X

In cases where both sides of an equation are squared, the implication symbol < is sometimes used loosely. For example,

—-1"” («/Y)2 = (x — 1)2 is valid only for positive x. In these cases, inadmissible solutions are identified later in the

solution.

1

(a) To solve the equation x3 — 4x2 = 0 we factor the left-hand side: x2 (x — 4) = 0, as above.
(b) The solutions of the equation x2 (x — 4)=0arex =0and x = 4.

. (&) Isolating the radical in +/2x 4+ x = 0, we obtain +/2x = —x.

2
(b) Now square both sides: (\/ﬂ) =(—x)2=2x =x2.

(c) Solving the resulting quadratic equation, we find 2x = x2 = x2 — 2x = x (x — 2) = 0, s0 the solutions are x = 0 and
X = 2.

(d) We substitute these possible solutions into the original equation: +/2-0+ 0 = 0, so x = 0 is a solution, but
V2-2+2=4+0,s0x = 2 is not a solution. The only real solution is x = 0.

. The equation (x + 1)2 — 5+ 1) + 6 = 0is of quadratic type. To solve the equation we set W = x + 1. The resulting

quadratic equation is W2 —5W +6=0& (W —3) (W —2) =0 W =20rW =3 x+1=20rx+1=3¢c
x = 1or x = 2. You can verify that these are both solutions to the original equation.

. The equation x® + 7x3 — 8 = 0 is of quadratic type. To solve the equation we set W = x3. The resulting quadratic equation

isW2+7W —8=0.
x2—x:04:>x(x—1):0<:>x:Oorx—1:0. Thus, the two real solutions are 0 and 1.

. 3x3 —6x2 =0=3x2(x —2) =0 x =0o0rx — 2 =0. Thus, the two real solutions are 0 and 2.

3:25x<:>x3—25x:0<:>x(x2—25):O«:)x(x+5)(x—5):O«:)X:OOrx+5:00rx—5:O. The three

real solutions are —5, 0, and 5.
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X0 =53 o x’—5x3=0ax3 (x2—5) =0 x =00rx2 —5=0. The solutions are 0 and /5.

x5 —3x2 =0 x2 (x3—3) =0 x =00rx3 —3=0. The solutions are 0 and /3.

6x° — 24X = 0 © 6X (x4 - 4) =0 < 6X (x2 + 2) (x2 - 2) =0. Thus, x = 0, or x2 + 2 = 0 (which has no solution), or
x2 — 2 = 0. The solutions are 0 and +£+/2.
0 =475 — 1072 = 272 (223 - 5). If2z2 =0,thenz = 0. 1f 223 -5 =0, then 223 =5 <=z = \3/% The solutions are 0

and \3/§

0= 125t10 — 2t7 =17 (12513 — 2). Ift7 = 0, thent = 0. I 125t° —2 = 0, then t = I = 2. The solutions are 0
and %

0=x°+8x2=x2 (x3+8) =x2 (X +2) (x2—2x+4) ox2=0,Xx+2=00rx2—2x+4=0. If x2 = 0, then
X =0:if X +2 =0, then x = —2, and x2 — 2X + 4 = 0 has no real solution. Thus the solutions are x = 0 and x = —2.

0 =x*+64x = x <x3—|—64) o x=00rx3+64=0.1fx3+64=0,then x3 = —64 < x = —4. The solutions are 0
and —4.

0 = x3 — 5x2 + 6x =x(x2—5x+6) =Xx(x—-2)(x—3)=x=0,x—2=0,0rx—3=0. Thusx =0, or x = 2, or
X = 3. The solutionsare x =0, x =2,and x = 3.

0=x#—-x3—-6x2=x2 (x2—x —6) = x2 (X — 3) (X + 2). Thus either x2 = 0, so x = 0,0r x = 3, or x = —2. The
solutions are 0, 3, and —2.

0=x*+4x34+2x2 =x2 (x2 44X + 2). So either x2 = 0 < x = 0, or using the Quadratic Formula on x2 + 4x +2 = 0,

we have x = —*£ 3?1_)4(1)(2) = _4iV216_8 = _‘Hz“/g = _4i22‘/§ = —2 + /2. The solutions are 0, —2 — +/2, and

—2+4/2.
0=y>—8y*+4y3 =3 (y2 -8y + 4). If y3 =0, theny = 0. If y2 — 8y + 4 = 0, then using the Quadratic Formula, we

— (-8 +/(-8*-4() @ 8+.a8
2

2(D)
(3x+5)* — 3x+5)°3 = 0. Lety = 3x + 5. The equation becomes y* — y3 = 0 o
y(y3—1)=y(y—1)(y2+y+l)=0. Ify=0then3x +5=0&x=—3. Ify—1=0then3x +5-1=0

have y = = 4 + 2./3. Thus, the three solutions are 0, 4 — 24/3, and 4 + 2./3.

©x=—4 1fy?2+y+1=0,then (3x +5)2 + (3x +5) + 1 = 0 & 9x? + 33x + 31 = 0. The discriminant is
b2 — 4ac = 332 — 4(9) (31) = —27 < 0, so this case gives no real solution. The solutions are x = —% and x = —%.

(X +5)* —16 (x +5)2 = 0. Let y = x + 5. The equation becomes y* — 16y2 = y2 (y — 4) (y +4) = 0. If y2 = 0, then
X+5=0andx =—-5.Ify—4=0,thenx+5—4=0andx = —-1. Ify+4=0,thenx +5+4 =0and x = —9. Thus,
the solutions are —9, —5, and —1.

0:x3—5x2—2x+10=x2(x—5)—2(x—5):(x—5)(x2—2). Ifx —5 =0, then x = 5. If x2 — 2 = 0, then

X2 = 2 & X = 4+/2. The solutions are 5 and 2-+/2.

0=2x34+x2—18x —9=x2(2x +1) —9(2x + 1) = 2x + 1) (x2—9) = (2x +1) (x — 3) (x + 3). The solutions are
1

—3,3,and =3.

x3—x2+x—1:x2+1<:>0:x3—2x2+x—2:x2(x—2)+(x—2):(x—2)(x2+1).Sincex2+1:0has

no real solution, the only solution comes fromx —2 =0 x = 2.
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3 —x+1=x34+3x2 4+ x0=6x3—3x2—2x +1=3x2(2x - 1) — (2x = 1) = (2x — 1) (3x2 —1) o2x—1=0

or3x2—1=0.1f2x —1 =0, thenx = % If3x2 —1=0,then 3x%2 = 1 & x2 = % oSX = i\/%. Thesolutionsare%
and i\/%.

4 4
Z+Z+123@(Z+1)(Z+_Z+1)=(Z+l)(3)<:>22+z+4=3z+3‘:>22_22+1=0<:>(Z—1)2=0.The

solution is z = 1. We must check the original equation to make sure this value of z does not result in a zero denominator.
—— +15=3mesM+5|——+15)=M+5@Bm) =10+ 15m+75=3m“ +15m < 3m°- -85 =0
m+5 m+5

m=+,/ 8—??. Verifying that neither of these values of m results in a zero denominator in the original equation, we see that

the solutions are —,/ % and ,/£.

1 1 5 1 1 5
m‘}—m = Z <:>4(X—1)(X+2)(m+m) = 4(X—1)(X+2)(Z) =

AX+2)+4(Xx—1) =5(X—1)(X+2) < 4x+8+4x —4 =5x2 +5x —10 = 5x2 —3x — 14 = 0 &
7
BGx+7)(x—-2)=0. If5x+7:0,thenx:—%;ifx—Z:O, then x = 2. The solutions are ~z and 2.

10 12 10 12
7—m+4:0@x(x—3)(7—m+4) =0 (x—3)10—12x + 4x(x —3) = 0 &

10x — 30 — 12x + 4x%2 — 12x = 0 < 4x2 — 14x — 30 = 0. Using the Quadratic Formula, we have

N ﬂ:\/(—14)2 —4@® (=30 14+ /196+480 14+676  14+26
B 2(4) a 8 B 8 -8

. So the solutions are 5 and —%.

x2

X + 100
or x +50 = 0. Thus x = 100 or X = —50. The solutions are 100 and —50.

2X
X2 +1

:5O<:>X2:50(X+1OO):5OX+5000<:>X2—50X—5000:0<:>(X—100)(X+50):0<:>X—1OO:O

=lo2x=x2+1ox2-2x+1=(x—1)2=0,s0x = 1. This is indeed a solution to the original equation.

N 1 _2 1
X+DXx+2)  x+1 x+2
& x2 =2 =0& x = £+/2. We verify that these are both solutions to the original equation.

S+ X+ +1=2X+2)+(X+1) X2 +3x+2+1=2x+4+x+1

X 2 1
_ _ _a) — _ 2_ay _ _ 2 _ 5y _5—0.Usi i
13- x_3 Xz_gﬁx(x H=2x+3)—1e=x“—3x =2x+6—1 < x* —5x —5 = 0. Using the Quadratic

~ (-5 £(-5* -4 (-5 5+3/5
N 2

Formula, x = > . We verify that both are solutions to the original equation.
X 43 = X+ D) @X4T) = X+ 7) (X +3) > X2+ 3x — 2% — 9x — 7 = 262 + 13x + 21
2X+7 Xx+3 B N

324+ 19x+28 =0 (Bx+7)(x+4) =0. Thus either 3x +7 = 0,0 X = —%, or x = —4. The solutions are —%
and —4.

1 2 _ 2 _ 2 —
=1 X2_0<:>x 2x—-1) = 0 & x X +2 = 0
—(=2)£./(=22-41) (2 JEi=8 V=2
X = =2 (2(1; b @ = 2+ 24 8 = 21—2 4. Since the radicand is negative, there is no real solution.
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X+ 2 x+2) x  x242
r=5¢e ) o= =5Xx & X242 =5X(3X +4) & x2 +2 = 15x2 4+ 20x < 0 = 14x2 + 20X — 2
3+ % 3+3 ) x 3x+4
N GOk V(207 — 414 (-2) _ -0+ /A00+112 _ —20+ 612 _ -20£16v2 _ —5+4v2
- 2(14) N 28 - 28 N 28 - 7
—5+42

solutions are

3+4 3+4 _ :
; X =x@x(2—§)(2 Z):x(Z—é)x<:>3x+1=2x2_4x < 2x2 — 7x — 1 = 0. Using the Quadratic
X X

—(DEYEDP-ADQED 75T 7+ /57
== .

. Both are admissible, so the solutions are
2(2) 4

5=.2x-3o5 = (vax — 3)2 © 25 = 4x — 3 & 4x = 28 & x = 7 is a potential solution. Substituting into the
original equation, we get 5 = /4 (7) — 3 < 5 = /25, which is true, so the solution is x = 7.
Vex—1=3¢< (\/8x — 1)2 =3¥o8x-1=9oXx = %. Substituting into the original equation, we get

x|

Formula, we find x =

8 (%) —1 =3 +/9 =3, which is true, so the solution is x = 3.

VX —1=3 -5 (V2x - 1)2 = (v3x — 5)2 & 2x — 1 =3x — 5 & x = 4. Substituting into the original equation,
we get /Z(@) — 1 = /3(4) — 5 < /7 = +/7, which is true, so the solution is x = 4.

2
V3F =\/x2+1<:>(«/3+x)2=( x2+1) o34x=x24+loxl-x-2=0ox+1)(x-2) =0

x = —1 or x = 2. Substituting into the original equation, we get /3 + (=1) = /(=1)2 + 1 & /2 = /2, which is true,
and +/3+ 2 = +/22 4+ 1, which is also true. So the solutions are x = —1 and x = 2.
\/x+2=x<:>(«/x+2)2 =x2ox+2=x2ox2—-x—-2=(X+1)(x—2) =0 x = —10rx = 2. Substituting

into the original equation, we get /(—1) + 2 = —1 < +/1 = —1, which is false, and +/2 + 2 = 2 < /4 = 2, which is
true. So x = 2 is the only real solution.

VI = 2x & (VA=) = ()2 4 —6x =42 & 22 + 3K —2 = X+2) (X —1) = 0 & X = —2
orx = % Substituting into the original equation, we get /4 — 6 (—2) = 2 (—2) < /16 = —4, which is false, and

4—-6 (%) =2 (%) < +/1 =1, which is true. So x = % is the only real solution.

VX FIt+l=xo VX t+l=x—-1loX+l=K-122X+1=x2-2x+10=x2—4x = x (X — 4).

Potential solutions are x = 0 and x — 4 & x = 4. These are only potential solutions since squaring is not a reversible
operation. We must check each potential solution in the original equation.

Checkingx =0: /2(0) + 1+ 1= (0) @ ~/1+ 1 =0is false.

Checkingx =4: V2@ +1+1=(4) &9+ 1 =43+ 1=4istrue. The only solution is x = 4.

X—=/9-3=0x=/9-3=x2=9-3x=0=x%2+3x—0. Using the Quadratic Formula to find the potential

—3+V3¥-4(1) (-9 -3+45 -3+3.5
2(1) - 2 - 2

original equation, we see that x = _3+T3‘/§ is a solution, but x = _?’_Tm isnot. Thus x = % is the only solution.
X—/X—1=3ex-3=K-Tlex-32= (-1 ex2—6x+I=x—-1cx2-7x+10 =0
(x —2) (x —5) = 0. Potential solutions are x = 2 and x = 5. We must check each potential solution in the original
equation. Checking x = 2: 2 — /2 — 1 = 3, which is false, so X = 2 is not a solution. Checkingx =5:5—-5—-1=3
<5 —2 =3, whichistrue, so x = 5 is the only solution.

solutions, we have x = . Substituting each of these solutions into the
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VB X42=1-xoVB-x=-1-x& (V3=%) = (-1-x23-x =x2+2x+1 e x2 +3x —2 = 0. Using

-3+ -4 (-2) -3+V17
- 2

the Quadratic Formula to find the potential solutions, we have x = 20

. Substituting

each of these solutions into the original equation, we see that x = #ﬁ is a solution, but x = _3+T‘/ﬁ is not. Thus

X — J_T‘/ﬁ is the only solution.

VA FI=24xF1le (VRFD) =2+ X+  oXx+l=4+4/KFl+x+loX—4=4/KF1c

X—2=2/XxF1le (x—-2)2= (2«/x+l)2<:>x2—4x+4=4(x+1)@XZ—BX —0ox(x—8=0sx=0
or x = 8. Substituting each of these solutions into the original equation, we see that x = 0 is not a solution but x = 8 is a
solution. Thus, x = 8 is the only solution.

VIFX4+VI=X =2 (VIHTX4VI=X)2 = 2 & 140 + 1=X) + 2/ITXVI=X = 4 &
242/T+xVI—x =4 /T xJVI—x=1a1+x)1-x)=11-x2 =1 x2 =0,50 x = 0. We verify

that this is a solution to the original equation.

x* —4x2 43 =0. Let y = x2. Then the equation becomes y2 —4y +3 =0 (y—1)(y—3)=0,50y =lory = 3. If
y=1thenx2 =1ox =+1,and if y = 3, then X2 = 3 & x = /3.

x4 —5x2 4+ 6 =0. Lety = x2. Thentheequationbecomesy2 —5y+6=0=(y—-2)(y—3)=0,soy=2o0ry=3.If
y=2thenx?2 =2 x =+v2 andify = 3, then x2 =3 = x = +/3.

2x4 4+ 4x2 + 1 = 0. The LHS is the sum of two nonnegative numbers and a positive number, so 24 +4ax2+1>1 #0.
This equation has no real solution.

0=x8-2x3-3= (x3—3) (x3+1). Ifx3-3=0thenx3 =3 x =3, orifx3=-1ox=-1 Thusx = /3
or x = —1. The solutions are /3 and —1.

0=x6—26x3-27 = (x3 ~27) (x3+1). 1Fx3-27=0x3=27,50x=3.1fx3+1=0x3 = —1,50x = —1.
The solutions are 3 and —1.

x84+ 15x4 =16 =0=x8 + 15x4 — 16 = (x4 + 16) (x4 - 1). If x4 + 16 = 0, then x* = —16 which is impossible (for
real numbers). If x4 —1=0ox%=1,50x ==41. The solutions are 1 and —1.

0=(Xx+52—-3(x+5)—10=[(x+5) —5][(X +5)+2] = x (X +7) & x = 0orx = —7. The solutions are 0 and
—T1.

Xx+1 x +1)\2 X+1 .
Letw:%.ThenO:(%) +4(%) 3becomes 0 = w? + 4w +3 = (w+1) (w +3). Nowif w+1 =0,
X+1 X+1 . X+1 X+1
then%—kl:O@ j(_ =—1<:>x+1=—x<:>x=—%,andlfw+3=0,then%+3=0<:> T3

& X +1=-3x &x =—3. The solutions are —5 and —3.

2
Letw:L.Then ! -2 ! —8=0becomes w? —2w—-8=0=(w—-4) (w+2)=0.S0w—4=0
x+1 Xx+1 Xx+1

1
@w=4,andw+2=04:>w=—2.Whenw=4,wehaveX+1=4(:>1=4x+4<:>—3=4x<:)x=—%.When

1 .
w = —2, we have =-21l=-2X-23=-2XSX= —%. Solutions are —% and —%.
Xx+1

2

X X 4x .

Letw = ——. Then (——) = —— — 4 becomes w? = 4w —4 < 0 = w2 — 4w + 4 = (w — 2)2. Now if
X+2 X+2 X+2

w —2 =0, then

X X
—2=0 —— =2 X =2X +4 & x = —4. The solution is —4.
X+2 X+2
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Letu = x%/3. Then 0 = x*/3 —5x2/3 4+ 6 becomesu? —5u+6 =0 U —-3)(U—-2) =0 u—-3=00ru—2=0.
Ifu—3=0thenx?3 -3=0=x23=3cx=43%2=43/3. Ifu—-2=0,thenx?? —2=0x? =2
X = £23/2 — 2./2. The solutions are +3+/3 and +:2./2.

CLetu = ¥X;then0 = /X =3 X —4=u2-3u—-4=@U—-4U+1).Sou—-4=K-4=0¢hK=4c

Xx=4%=2560ru+1=¥X+1=0e & = —1. However, ¥X is the positive fourth root, so this cannot equal —1.
The only solution is 256.

AX+DY2 —5(x+1)32 + (x+1)52 = 0<:>«/X+1[4—5(X+1)+(X+1)2] — 0o
«/x+l<4—5x—5+x2+2x+1)=O(:)«/x+l(x2—3x)=0(:>«/x+l-x(x—3)=0<:>x=—lorx=Oor
x = 3. The solutions are —1, 0, and 3.

Letu=x—4;then0=2(x —4)"B —(x =3 —(x =13 =273 — 43 —ul3 =ulB Qu+1)(u—-1). So
u=x—4=0(:>x=4,or2u+l=2(x—4)+1=2x—7=0<:>2x=7(:>x=%,oru—1=(x—4)—1=x—5=0
& X = 5. The solutions are 4, %,and 5.

x3/2 —10x1/2 4 25x71/2 = 0 & x~1/2 (x2 —10x +25) =0 x1/2(x —5)2 = 0. Now x~1/2 £ 0, s0 the only

solution is x = 5.

xY2 _x=1/2 _gx—3/2 = 0= x3/2 (x2 —X - 6) =0 X2 (x +2) (x —3) = 0. Now x /2 £ 0, and furthermore

the original equation cannot have a negative solution. Thus, the only solution is x = 3.

Letu = x%/6. (We choose the exponent ¢ because the LCD of 2, 3, and 6 is 6.) Then x/2 — 3x1/3 = 3x%/6 — 9
x3/6 _3x2/6 —3x1/6 _9 518 302 =3u— 9 0=u3—3u2—3u+9=u2(U—3)—3(U—23) = (u—23) (u2 —3).
Sou—3=00ru?—3=0.1fu—-3=0thenx/6 -3 =0 x/6 =3 x =30 =729. Ifu? —3 =0, then
x1/3 -3 =0 x1/3 =3 x =33 = 27. The solutions are 729 and 27.

Letu = /X. Then 0 = x —5./X + 6 becomes u2 —5u +6 = (U—3) (U—2) =0. Ifu—3=0,then /X —3=0&
JX=3x=9.1fu-2=0,then /x —2=0¢« /X =2 < x = 4. The solutions are 9 and 4.
1 4 4

Sty =0 1+4x+4x°> =0 (1+2x)? =06 1+2x =06 2x = —1 & x = —3. The solution is — 3.
o4
0 = 4x~* — 16x 2 + 4. Multiplying by - Weget,0=1 — 4x2 + x4, Substituting u = x2, we get 0 = 1 — 4u + u?, and

SO OO _ g Tod 45T 428 51 3 Substituting

using the Quadratic Formula, we get u = LGN

&

back, we have x2 = 2 & /3, and since 2 + +/3 and 2 — /3 are both positive we have x = +v/2 + /3 0r x = £v/2 —
Thus the solutions are —v/2 — /3, v2 — +/3, =2 + +/3, and v/2 + /3.

VA/X 4+ 5+ x = 5. Squaring both sides, we get +/x +5+ x = 25 & +/x + 5 = 25 — x. Squaring both sides again, we
getx +5 = (25 —x)2 & x +5 = 625 — 50x + X% < 0 = x2 — 51x 4 620 = (x — 20) (x — 31). Potential solutions are
x = 20 and x = 31. We must check each potential solution in the original equation.

Checking x = 20: v/+/20+5+20 = 5 < v/+/25+20 = 5 < /5 + 20 = 5, which is true, and hence x = 20 is a

solution.

Checking x = 31: /\/BIL) +5+31 = 5 < v/+/36 + 31 = 5 < /37 = 5, which is false, and hence x = 31 is not a

solution. The only real solution is x = 20.

34x2—4x:x<:>4x2—4x:x3<:>0:x3—4x2+4x:x(x2—4x+4) =x(x—2)%2 Sox =0o0rx =2. The

solutions are 0 and 2.
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XX +3=(x+3)320=x2/X+3— (x+3)32 =0 =X +3[(x2)—(x+3)]<:>0=~/x +3(x2—x—3).
If (x+3)1/2 =0,thenx +3 =0 x = —3. If x2 — x — 3 = 0, then using the Quadratic Formula x = “ET‘/ﬁ The

solutions are —3 and 113,

—_ o . 2 2
Let u = +/11 — x2. By definition of u we require it to be nonnegative. Now /11 = x2 - — =1 u — o= 1.

V11 —x2
Multiplying both sides by u we obtain W-2=ue0=ul-u-2=@Uu- 2)(u+1). Sou=2oru=—1. Butsinceu
must be nonnegative, we only have u = 2 < /11 — XR=2ol1ll-x2=doxl=Tox= ++/7. The solutions are
+/7.
VX + /X + 2 = 2. Squaring both sides, we get X + v/X + 2 = 4 < /X + 2 = 4 — x. Squaring both sides again, we get
X4+2=(@4-x)2=16-8x+x2=0=x2-9X+140=X—-7)(x—2). fx =7=0,thenx =7. Ifx =2 =0,
then x = 2. So x = 2 is a solution but x = 7 is not, since it does not satisfy the original equation.

\/1+\/x+\/2x+1 = 5+ /X. We square both sides to get 1 + VX ++/2Xx +1 = 5 + /X &
X+/2x+1= (44 ﬁ)z =16+ 8/X + x & /2x +1 = 16 + 8,/X. Again, squaring both sides, we obtain
2x+1=(16+ 8\/Y)2 = 256 + 256./X + 64x & —62x — 255 = 256./X. We could continue squaring both sides until

we found possible solutions; however, consider the last equation. Since we are working with real numbers, for /X to be
defined, we must have x > 0. Then —62x — 255 < 0 while 256,/X > 0, so there is no solution.

0=x*—5ax2 +4a2 = (a - x2) (4a - xz). Since a is positive, a — x2 = 0 < x2 = a & x = ,/a. Again, since a is

positive, 4a — x2 = 0 < x2 = 4a < x = +2,/a. Thus the four solutions are +./a and +2./a.

0 = a3 +b% = (ax+b)(a2x2—abx+b2). Soax +b = 0o ax = —b o x = —g or
—(—ab) £ \/(—ab)z —4(@2) (%)  ap+./—3a2p2 o _ o b
X = = , but this gives no real solution. Thus, the solution is x = ——.
2 (a?) 2a2 a
JX+a+ /x —a =2+ 6. Squaring both sides, we have

x+a+2(Vx+a)(Vx—a)+x—a=2(x+6) =2x+2(vx+a) (VX —a) =2x+12e2 (/X +a) (VX —a) =12
& (VX +a) (vVx—a) = 6. Squaring both sides again we have (x +a) (x —a) = 36 & x> — a2 = 36 & x? = a2 + 36

oSX = i\/m. Checking these answers, we see that x = —\/m is not a solution (for example, try substituting

a=28),butx = m is a solution.

Let w = x1/6. Then x1/3 = w2 and x1/2 = w3, and so

0=w?—aw?+bw—ab=w?(w-a)+bw—a)= (w2+b)(w—a)= (¥X+b)(¥x—a). S0 ¥x—a=0e

a = ¥X < x = ab is one solution. Setting the first factor equal to zero, we have 3/X +b =0 X = —b & x = —bS.

However, the original equation includes the term b &X, and we cannot take the sixth root of a negative number, so this is not
a solution. The only solution is x = al.

Let x be the number of people originally intended to take the trip. Then originally, the cost of the trip is ? After 5 people

cancel, there are now x — 5 people, each paying giﬂ +2. Thus 900 = (x — 5) (g + 2) <900 =900+ 2x — @ —10

4500 .
<0=2x-10 - ~ &0 = 2x2 — 10x — 4500 = (2x — 100) (x + 45). Thus either 2x — 100 = 0, so x = 50, or

X +45 = 0, x = —45. Since the number of people on the trip must be positive, originally 50 people intended to take the trip.



108

80.

81.

82.

83.

85.

86.

87.

CHAPTER 1 Equations and Graphs

. 120,000
Let n be the number of people in the group, so each person now pays

120,000
n

. If one person joins the group, then there would

120,000
be n 4+ 1 members in the group, and each person would pay n

—6000. So (n+1) ( - 6000) = 120,000

n \ (120,000 n )
o [(W) (T - 6000)] n+1) = (M) 120,000 < (20 — n) (n + 1) = 20n < —n2 + 19n + 20 = 20n &

0=n2+4+n—-20=(n—4)(n+5). Thusn =4 orn = —5. Since n must be positive, there are now 4 friends in the group.

We want to solve for t when P = 500. Letting u = 4/t and substituting, we have 500 = 3t + 10/t + 140

—5 4+ /1105
500 = 3u? + 10U + 140 < 0 = 3u2 + 10u — 360 & U = —

-5+ /1105
3

. Since u = /t, we must have u > 0. So

J=u= ~ 9.414 &t =~ 88.62. So it will take 89 days for the fish population to reach 500.

Let d be the distance from the lens to the object. Then the distance from the lens to the image is d — 4. So substituting
- 1 1 1 .
F =48, x =d,and y = d — 4, and then solving for x, we have 8- 1 + T Now we multiply by the
LCD, 4.8d (d —4), togetd (d —4) =4.8(d —4) +4.8d & d? —4d = 9.6d —19.2 < 0 = d? —13.6d + 19.2 =
13.6 £10.4

d= — Sod = 1.6 ord = 12. Since d — 4 must also be positive, the object is 12 cm from the lens.

Let x be the height of the pile in feet. Then the diameter is 3x and the radius is %x feet. Since the volume of the cone is

3x\ 2 3mx3 4000 4000
1000 i3, we have = (=) x = 1000 & = = 1000 & x® = — @ x = J—— ~ 7.52 feet.
3\ 2 4 3w 3w

. Letr be the radius of the tank, in feet. The volume of the spherical tank is %‘rrrB and is also 750 x 0.1337 = 100.275. So

37r3 =100.275 < r = 23.938 & r = 2.88 feet.

Let r be the radius of the larger sphere, in mm. Equating the volumes, we have %nr3 = %ﬂ' (23 +33 +43) o

r3=234+33 444 < r3=99or = ¥99 ~ 4.63. Therefore, the radius of the larger sphere is about 4.63 mm.

We have that the volume is 180 ft3, so x (x — 4) (x + 9) = 180 <> x3 + 5x2 — 36x = 180 <> x3 + 5x2 — 36x — 180 = 0
&x2(x+5)—36(x+5 =0 (x+5) (x2—36) =0 (X +5) (X +6) (x —6) = 0= x = 6 is the only positive
solution. So the box is 2 feet by 6 feet by 15 feet.

Let x be the length, in miles, of the abandoned road to be used. Then the length of the abandoned road not used

is 40 — x, and the length of the new road is /102 4 (40 — x)2 miles, by the Pythagorean Theorem. Since the

cost of the road is cost per mile x number of miles, we have 100,000x + 200,000m = 6,800,000

& 2v/x2 — 80x + 1700 = 68 — x. Squaring both sides, we get 4x2 — 320x + 6800 = 4624 — 136x + X2 <

3x2 —184x +2176 =0 = x = 184*@ = 184488 o x = 136 or x = 16. Since 451 is longer than the existing

road, 16 miles of the abandoned road should be used. A completely new road would have length /102 + 402 (let x = 0)
and would cost /1700 x 200,000 =~ 8.3 million dollars. So no, it would not be cheaper.
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Let x be the distance, in feet, that he goes on the boardwalk before veering off onto the sand.
The distance along the boardwalk from where he started to the point on the boardwalk closest

to the umbrella is +/7502 — 2102 = 720 ft. Thus the distance that he walks on the sand is

/(720 = x)2 + 2102 = /518,400 — 1440X + X2 + 44,100 = /x2 — 1440x + 562,500.

Distance Rate Time
Along boardwalk X 4 %
2 _ 1440x + 562,500
Across sand X2~ 1440x + 562,500 | 2 VX 2X +

Since 4 minutes 45 seconds = 285 seconds, we equate the time it takes to walk along the boardwalk and across the sand

) 2 — 1440x + 562,500 .
to the total time to get 285 = % + VX 2X + & 1140 — x = 24/x2 — 1440x + 562,500. Squaring both

sides, we get (1140 — x)2 = 4 (x2 — 1440x + 562,500) © 1,299,600 — 2280 + x2 = 4x2 — 5760x + 2,250,000

& 0 = 3x2 — 3480x + 950,400 = 3 (x2 —1160x + 316,800) = 3(x—720)(x —440). Sox —720 =0
< x = 720, and X — 440 = 0 & x = 440. Checking x = 720, the distance across the sand is
210 feet. So % + 2—%0 = 180 + 105 = 285 seconds. Checking x = 440, the distance across the sand is

\/(720 — 440)2 + 2102 = 350 feet. So # + 3—20 = 110 + 175 = 285 seconds. Since both solutions are less than or equal
to 720 feet, we have two solutions: he walks 440 feet down the boardwalk and then heads towards his umbrella, or he walks
720 feet down the boardwalk and then heads toward his umbrella.

Let x be the length of the hypotenuse of the triangle, in feet. Then one of the other
sides has length x — 7 feet, and since the perimeter is 392 feet, the remaining side
must have length 392 — x — (x — 7) = 399 — 2x. From the Pythagorean Theorem,
we get (x — 7)2 + (399 — 2x)2 = x2 < 4x2 — 1610x + 159250 = 0. Using the
Quadratic Formula, we get

x — 16810+ 16122@)4(4)(159250) = 161°i8V 44100 _ 161055210, and so x = 227.5 or x = 175. But if x = 227.5, then the

side of length x — 7 combined with the hypotenuse already exceeds the perimeter of 392 feet, and so we must have x = 175.
Thus the other sides have length 175 — 7 = 168 and 399 — 2 (175) = 49. The lot has sides of length 49 feet, 168 feet, and
175 feet.

. Let h be the height of the screens in inches. The width of the smaller screen is h + 7 inches, and the width of the bigger

screen is 1.8h inches. The diagonal measure of the smaller screen is y/h2 4+ (h + 7)2, and the diagonal measure of the
larger screen is \/h2 + (1.8h)2 = v/4.24h? ~ 2.06h. Thus \/h2 + (h + 7)2 + 3 = 2.06h < /h2 + (h + 7)2 = 2.06h — 3.
Squaring both sides gives h? + h2 ++ 14h + 49 = 4.24h? — 12.36h + 9 < 0 = 2.24h% — 26.36h — 40. Applying

26,36,/ (—26.36)°—4(2.24)(—40) 56 364 /10532405 . 26.36 & 32.45
22.28) = 4.48 ~ 4.48

the Quadratic Formula, we obtain h =

__ 26.36 +32.45

h ~ ~ 13.13. Thus, the screens are approximately 13.1 inches high.

4.48
Since the total time is 3 s, we have 3 = vd + a4 Letting w = +/d, wehave 3 = 3+ w2 & - w? +1w—-3=0
, 7 T 1090 ' 2+ 1050 1090 7
—545 +591.054 .
& 2w +5450 — 6540 =0 w = ————""" Since w > 0, we have +/d = w ~ 11.51, so d = 132.56. The well

4
is 132.6 ft deep.
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Method 1: Letu = /X, so u? = x. Thus x — /X —2 = O becomesu? —u—2=0< U —2) (U+1)=0.Sou =2
oru=—11fu=2then /X =2= x =4. Ifu = -1, then /X = —1 = x = 1. So the possible solutions are 4 and
1. Checking x = 4wehave4 —/4—2=4—-2—-2=0. Checkingx =1wehavel —/1—-2=1—-1-2£0. The
only solution is 4.

Method 2: X — /X —2=0x —2= /X = X2 —4x +4=xx2 —5x+4=0& (x —4) (x —1) = 0. So the
possible solutions are 4 and 1. Checking will result in the same solution.

1 12 1
Method 1: Letu = ——, sou? = 5. Thus 5 + 0
x—3 (x —3) (x=3% x-=3

. _ —104/102-4(12)()) _ —10+£452 _ —1042J/13 _ —5+/13 _ —5-/13
the Quadratic Formula, we have u = 21D = =7 = 1 = et Ifu= ===,

+ 1 = 0 becomes 12u2 + 10u 4+ 1 = 0. Using

_5_ 12(-5++13
5 m@x—S— 12 =5+v13 _ ( ):—5+\/E.Sox:—2+\/ﬁ.

then =3 =1 T 513 —51/13 2
5413 1 -5+ 413 _a_ 12  -5-,/13 _ 12<_5_m) — _5_
Ifu==% ,thenX_B_ 5 o X 3_—5+Jﬁ s = - = -5-./13. So
X =—2—+/13.
The solutions are —2 =+ +/13.
12

1
ethod 2: Multiplying by the , (X —3)%, we get (x —3) +—+ =0-x=-3) ¢
Method 2: Multiplying by the LCD, (x — 3)2 (x —3)2 0 4 0-(x—23)2

(x—3)2 x-3
12410(Xx —=3) + (X —3)2 =012+ 10x — 30 + X% — 6x + 9 = 0 & x2 4 4x — 9 = 0. Using the Quadratic
Formula, we have u = =4 422_4(1)(_9 = _4i2‘/5_2 = _‘&222@ = —2 + /13. The solutions are —2 + +/13.

SOLVING INEQUALITIES

1 (@) Ifx <5thenx -3 <5-3=x-3<2.
(b) Ifx <5,then3.-x <3.5=3x < 15.
() Ifx >2,then —3-x < -3.-2= —3x < —6.
(d) If x < —2,then —x > 2.
. . .o X+1
2. To solve the nonlinear inequality < 0we
X =2 Interval (—00,-1) | (=1,2) | 2, 00)
first observe that the numbers —1 and 2 are zeros Signofx +1 — + +
of the numerator and denominator. These Signof x —2 ~ ~ +
numbers divide the real line into the three Signof (X +1)/(x —2) + — +

intervals (—oo, —1), (=1, 2), and (2, 00).

The endpoint —1 satisfies the inequality, because

1 . . . . 241,
+ 5 = 0 < 0, but 2 fails to satisfy the inequality because 2—+2 is not

defined.
Thus, referring to the table, we see that the solution of the inequality is [—1, 2).

3. (a)
(b)
4. (a)
(b)

No. For example, if x = =2, thenx (x + 1) = =2(=1) =2 > 0.
No. For example, if x = 2,then x (x + 1) =2 (3) = 6.

To solve 3x < 7, start by dividing both sides of the inequality by 3.
To solve 5x — 2 > 1, start by adding 2 to both sides of the inequality.
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5 6.
X —2+3xz% X 1—2x > 5x
—5|-17> $;no -5 11 > —25; yes
-1| -5>%;no -1 3> —5; yes
0 —2>0;no 0 1>0;yes
21 0=4no 2 -2 >%no
1 1> 3;yes 1 —1>5:n0
VB 47> 1 yes V5 | —3.47 > 11.18; no
3 72%;yes 3 —5>15;no
5| 13> 3;yes 5 —9 > 25: no
The elements 2, 1, /5, 3, and 5 satisfy the inequality. The elements —5, —1, and 0 satisfy the inequality.
7 8.
X 1<2x—-4<7 X —2<3—-x<2
-511<-14<7;no -5 —-2<8<2;no
-1 1<—-6<7;n0 -1 —2<4<2;no
0 1<—-4<7;n0 0 —-2<3<2,no
21 1<-8<7no 2 —2< % <2no
2| 1<-4<T7no 2 —2 <3 <2;no
1 1<-2<7;n0 1 —2<2<2;no
V5] 1<047<7;n0 V5 | =2 <0.76 < 2; yes
3 1<2<7;yes 3 —2<0<2;yes
5 1<6<7;yes 5 —2< -2 <2;yes
The elements 3 and 5 satisfy the inequality. The elements +/5, 3, and 5 satisfy the inequality.
9. 10.
X % < % X X2 +2 <4
-5 —% < 3iyes =5 | 27 <4;no
-1 -1< 3;yes -1 | 3<4vyes
0 % is undefined; no 0 2 < 4;yes
2 3<3ino 2 | 2 <4 yes
3 <o 2 | % <4 ves
1 1< 3;ino 1 3 < 4;yes
/5 0.45 < %; yes V51 7<4no
3 %5%;yes 3 11 <4;no
5 t<Ziyes 5 | 27 <4;no
The elements —5, —1, 4/5, 3, and 5 satisfy the inequality. The elements —1, 0, 4, 2, and 1 satisfy the inequality.
11. 5x < 6o x < %. Interval: (—oo, g] 12.2x > 8 © x > 4. Interval: [4, c0)

Graph:
Graph: e 4

Y
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13.2x -5>3o2x>8ox >4 14.3x+11 <53 < —-b6oXx <=2
Interval: (4, oo) Interval: (—oo, —2)
Graph: > Graph:
4 -2
15.2-3%>8o3& <2-8ex < -2 16.1 <5-2xo2x <5-1eox <2
Interval: (—oo, —2) Interval: (—oo, 2)
Graph: Graph:
iy 2
17.2x+1<0e2x < -leXx <—3 18.0<5-2x&2X <5&X < 3
Interval: (—oo, —%) Interval: (—oo, %)
Graph: T Graph: s
2 2
19. 14+4x <5-2xXobx<d4dex < % 205-3x<2-9%X &6x<-3Xx< —%
Interval: (—oo, %] Interval: (—oo, —%]
Graph: S Graph: 1
3 2
2L Ix-2s20ix>8ex> 88 22. %2 — 1x > } + x (multiply both sides by 6) <
Interval:(%s,oo) 4—3x21+6x<:>329x@%2x
Interval: (—oo, %]
Graph: 6 >

Graph: |

3

2.4-3X<—(148)©4-3xx<-1-8xob5x<-5 242(7x-3)<12X+16=14x-6<12x+ 16 &

[$)] [¢e]

ox< -1 2X<2sx<11
Interval: (—oo, —1] Interval: (—oo, 11]
Graph: Graph:
-1 11
25.2<x+5<4e-3<x<-1 26.5<3x—-4<149<3x<183<x<6
Interval: [-3, —1) Interval: [3, 6]
Graph: Graph:
-3 —1 3 6
27. 6<3x-7<8c1<3x<1561<x<5 28.-8<5x—4<5o-4<5x<9o -2 <x<
.1 49
Interval: [§5] Interval: [—g, g]
Graph: Graph:



29. 2<8-2&<-1o-10<-2x<-9&5>x=>3

(:)%gx <5

Interval: [%, 5)

SECTION 1.7  Solving Inequalities

30.-3<H+7<io-W<x<-Lo
—Qax<-28

. 10 13
Interval: [—?, —?]

113

Graph: 9 e Graph: 10 3
2 3 6
2 _ 2x-3 1 4-3 1
31 3 > X12 > 3 <8 > 2x — 3 > 2 (multiply each 32. -3 < 5 X < 7 < (multiply each expression by 20)
expression by 12) 11 > 2x > 5 4 > x > 3 —10=4(@-3%)<5-10<16-12x <5<
13 1 .. 11
Interval:(%,%] —265—12x5—11<:>?2xzﬁ(:>ﬁ§xg?
<[4l 13
Interval: o B
Graph: 5 M
2 2 Graph: M >
2 6
33. (x +2) (x — 3) < 0. The expression on the left of the inequality changes sign where x = —2 and where x = 3. Thus we
must check the intervals in the following table.
From the table, the solution set is
Interval (=00,=2) | (=2,3) | (3,00) x| =2 < x < 3}. Interval: (=2, 3).
Signof x + 2 - + +
Signofx —3 - - + Graph: 5 3
Sign of (x +2) (x —3) + — +

34. (x —5) (x +4) > 0. The expression on the left of the inequality changes sign when x = 5 and x = —4. Thus we must

check the intervals in the following table.

From the table, the solution set is

Interval (=00, —4) | (=4,5) | (5,00) (XX < —4or5<x).
Signofx —5 — - + Interval: (—oo, —4] U [5, 00).
Signofx + 4 - + +
Sign of (x —5) (x + 4) + - + Graph: —4 5 >
35. x (2x + 7) > 0. The expression on the left of the inequality changes sign where x = 0 and where x = —%. Thus we must
check the intervals in the following table.
- - From the table, the solution set is
Interval (—oo, —5) (—5,0) (0, 00) {x X < _% or0 < x}.
Sign of x - — +
Signof 2x + 7 — + + Interval: (—oo, —%] U [0, 00).
Signof x 2x +7) + — +

Y

Graph:

LSTEN]
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36. x (2 — 3x) < 0. The expression on the left of the inequality changes sign when x = 0 and x = % Thus we must check the

intervals in the following table.

Interval (—00,0) (0, %) (3, oo)
Sign of x - + +
Sign of 2 — 3x + + —
Sign of x (2 — 3x) - + -

37.

x = —3. Thus we must check the intervals in the following table.

Interval (=00,=3) | (=3,6) | (6,00)
Signofx +3 - + +
Signof x — 6 - - +
Sign of (x 4+ 3) (x — 6) + - +

38.

X = —2. Thus we must check the intervals in the following table.

Interval (=00,=3) | (=3,-2) | (=2,0)
Signofx +3 - + +
Sign of x + 2 - - +
Sign of (x +3) (x + 2) + - +

From the table, the solution set is

{x|x500r%§x}.

Interval: (—oo, 0] U [% oo).

\ 4

Graph:

wI[N

x2—3x—18<0& (X +3) (X — 6) < 0. The expression on the left of the inequality changes sign where x = 6 and where

From the table, the solution set is
{x | =3 < x < 6}. Interval: [-3, 6].

Graph: . o

X2 +5X+6> 0 (X+3)(X+ 2) > 0. The expression on the left of the inequality changes sign when x = —3 and

From the table, the solution set is
{x|x<-=30or —2 <x}.
Interval: (—oo, —3) U (=2, 00).

Graph: —o——————o0——>
-3 2

39. 2% +x>1le2x24x—-1>0 (X + 1) (2x — 1) > 0. The expression on the left of the inequality changes sign where
x = —1 and where x = % Thus we must check the intervals in the following table.

Interval (=00, —1) (—1, %) (% oo)
Signofx +1 — + +
Signof2x —1 — - +
Signof (x +1) 2x — 1) + - +

From the table, the solution set is

{x|xg—lor%§x}.

Interval: (—oo, —1] U [% oo).

Y

Graph:

40. X2 < x+2ox2—x—2 <0& (X +1) (X —2) < 0. The expression on the left of the inequality changes sign when
x = —land x = 2. Thus we must check the intervals in the following table.

Interval (=00,-1) | (=1,2) | (2,00)
Signofx +1 - + +
Signofx —2 - - +
Signof (x + 1) (x — 2) + - +

From the table, the solution set is
{x]—-1<x <2} Interval: (-1, 2).

Graph:
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41.3x2 —3x < 2X% +4 o x2 -3 -4 <0 (X + 1) (x — 4) < 0. The expression on the left of the inequality changes sign

where x = —1 and where x = 4. Thus we must check the intervals in the following table.
From the table, the solution set is
Interval (=00, =1) | (=14 | (4,00 (x| =1 < x < 4}. Interval: (=1, 4).
Signofx +1 - + +
Signofx — 4 - - + Graph: M 4
Signof (x + 1) (x — 4) + - +

42.5x2 +3x > 3x2 +2 = 2x2 +3x —2 > 0 = (2x — 1) (x + 2) > 0. The expression on the left of the inequality changes
sign when x = % and x = —2. Thus we must check the intervals in the following table.

From the table, the solution set is

Interval —00,-2) | (-2, % i

nterva (=00, —2) ( ,2) (z,oo) {xlxg—Zor%gx}.
Signof2x — 1 - — +

Sign of x + 2 _ + + Interval: (—oo, —2] U [% oo).
Sign of 2x — 1) (X + 2) + - +

\ 4

Graph:

=

43. x2 > 3(X + 6) & X2 —3x —18 > 0 (X + 3) (x — 6) > 0. The expression on the left of the inequality changes sign
where x = 6 and where x = —3. Thus we must check the intervals in the following table.

From the table, the solution set is
Interval (=00,=3) | (=3,6) | (6,00) {X|x <—=30r6 < x}.
Signofx +3 - + + Interval: (—oo, —3) U (6, 00).
Signof x — 6 - - +
Sign of (x + 3) (x — 6) + - + Graph: —o ——————>

44. x2+2x >3 x2+2x-3> 0 (X + 3) (x — 1) > 0. The expression on the left of the inequality changes sign when
x = —3 and x = 1. Thus we must check the intervals in the following table.

From the table, the solution set is

Interval (=00,-3) | (=3,1) | (1,00) {x|x <—3o0rl <x}.

Signofx +3 - + + Interval: (—oo, —3) U (1, 00).
Signofx —1 - - +

Sign of (x +3) (x — 1) + - + Graph: —o ——————>

45. x2 <4 %2 —4 <0 (X +2) (x — 2) < 0. The expression on the left of the inequality changes sign where x = —2 and
where x = 2. Thus we must check the intervals in the following table.

From the table, the solution set is

Interval (=00, =2) | (=2,2) | (2,00) (X | =2 < x < 2}. Interval: (=2, 2).
Signof x +2 - + +

Signof x — 2 - - + Graph: ) 2

Sign of (x +2) (x — 2) + - +
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46. x2 > 9= x2 -9 > 0 (X +3) (x —3) > 0. The expression on the left of the inequality changes sign when x = —3 and
x = 3. Thus we must check the intervals in the following table.

From the table, the solution set is

Interval (=00,-3) | (=3,3) | (3,00) {x|x <—=30r3<x}.

Signofx +3 - + + Interval: (—oo, —3] U [3, 00).
Signofx —3 - - +

Sign of (x +3) (x —3) + - + Graph: 3 3 >

47. (x +2) (x — 1) (x — 3) < 0. The expression on the left of the inequality changes sign when x = —2, x = 1, and x = 3.
Thus we must check the intervals in the following table.

Interval (—00,—-2) | (-2,1) | (1,3) | (3,00)
Signof x + 2 - + + +
Signofx —1 - - + +
Signofx —3 - - - +
Signof x +2) (x — 1) (x —3) - + - +

From the table, the solution setis {x | x < —2 or 1 < x < 3}. Interval: (—oo, —2]U[1, 3]. Graph:
-2 1 3

48. (x —=5) (x —2) (x + 1) > 0. The expression on the left of the inequality changes sign when x =5, x = 2, and x = —1.
Thus we must check the intervals in the following table.

Interval (=00, =) | (-1,2) | (2,5) | (5,00)
Signofx —5 — — - +
Signof x —2 - - + +
Signofx +1 - + + +
Signof x =5 (x —2)(x + 1) - + - +
From the table, the solution setis {x | —1 < x < 2or5 < x}. Interval: (=1, 2) U(5, 0o). Graph: ﬂ—g—)

49. (X —4) (X + 2)% < 0. Note that (x 4 2)2 > 0 forall x # —2, s0 the expression on the left of the original inequality changes
sign only when x = 4. We check the intervals in the following table.

From the table, the solution set is

Interval (=00,=2) | (=2,4) | (4,0) {X | x # —2and x < 4}. We exclude the
Signofx — 4 - - + endpoint —2 since the original expression cannot
Sign of (x + 2)2 + + + be 0. Interval: (—oo, —2) U (=2, 4).
Sign of (x — 4) (X + 2)2 - - +

Graph:

—2 4
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50. (x +3)2 (x + 1) > 0. Note that (x + 3)2 > 0forall x # —3, so the expression on the left of the original inequality changes

sign only when x = —1. We check the intervals in the following table.
From the table, the solution set is {x | x > —1}.
Interval (=00, —3) | (=3,-1) | (=1,009) | (The endpoint —3 is already excluded.)
Sign of (x + 3)> + + + Interval: (=1, c0).
Signofx +1 - - +
Sign of (x +3)2 (x + 1) _ - + Graph: - o

51. (x — 2)2 (x —3)(x+1) < 0. Note that (x — 2)2 > 0 for all X, so the expression on the left of the original inequality

52.

53.

changes sign only when x = —1 and x = 3. We check the intervals in the following table.

Interval (=00,=1) | (=1,2) | 2,3) | (3,0)
Sign of (x — 2)? + + + +
Sign of x — 3 - - - +
Signofx +1 - + + +
Sign of (x —2)2 (x —3) (x + 1) + - - +

From the table, the solution setis {x | —1 < x < 3}. Interval: [—1, 3]. Graph:

X2 (x2 — 1) >0 x2 (x + 1) (x — 1) > 0. The expression on the left of the inequality changes sign when x = £1 and
x = 0. Thus we must check the intervals in the following table.

Interval (=00,-1) | (=1,0) | (0,1) | (1,00)
Sign of x2 + + + +
Signofx +1 - + + +
Signof x — 1 - - - +
Sign of x2 (x2 - 1) + - - +

From the table, the solution set is {x | x < —1, x =0, or 1 < x}. (The endpoint 0 is included since the original expression

is allowed to be 0.) Interval: (—oo, —1] U {0} U [1, co). Graph:

>
>

-1 0 1

x3—4x > 0 x (x2 — 4) > 0< X (X +2) (x —2) > 0. The expression on the left of the inequality changes sign where

x = 0, x = —2 and where x = 4. Thus we must check the intervals in the following table.

Interval (=00,-2) | (=2,0) | (0,2) | (2,00)
Sign of x - - + +
Signof x + 2 - + + +
Signof x — 2 - - - +
Sign of x (X 4+ 2) (x — 2) - + - +

From the table, the solution setis {x | =2 < x < 0or x > 2}. Interval: (-2, 0)U(2, 00). Graph: —o—o———0—
) 0 2
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54. 16x < x3 < 0 < x3 — 16X = X (x2 — 16) =X (X —4) (X + 4). The expression on the left of the inequality changes sign
when x = —4, x = 0, and x = 4. Thus we must check the intervals in the following table.

Interval (=00, —4) | (=4,0) | (0,4) | (4,00)
Signofx +4 - + + +
Sign of x - - + +
Signof x — 4 - - - +
Signof x (X +4) (x — 4) - + - +

From the table, the solution setis {x | —4 < x < 0 or4 < x}. Interval: [—4, 0]U[4, co). Graph:

\ 4

X+3
55. > + 1 > 0. The expression on the left of the inequality changes sign where x = —3 and where x = % Thus we must

check the intervals in the following table.

From the table, the solution set is

Interval -0, —3 -3,1 1
( ) ( 2) (2 ) {x |x <=3orx > %} Since the denominator
Signof x + 3 - + +
Signof 2x — 1 - _ + cannot equal 0, X # %
: 3 o 1
Sign of 2Xx+ 1 + — + Interval: (—oo, —3] U (2, oo)_

Graph:

-3 1

4 —x . . . .
56. v < 0. The expression on the left of the inequality changes sign when x = —4 and x = 4. Thus we must check the

intervals in the following table.

From the table, the solution set is

Interval (=00, —4) | (-4,4) | (4,00) (XX < —4orx > 4}.
Sign of 4 — x + + - Interval: (—oo, —4) U (4, 00).
Signof x + 4 — + +
- Graph! —o————————o—
Sign of - - —4 4
ign of ~ T4 +

4—x . . . . . .
57. 14 < 0. The expression on the left of the inequality changes sign where x = £4. Thus we must check the intervals in

the following table.

From the table, the solution set is

Interval (—00,—4) | (4,4) | (4,00 {X|x <—4orx > 4}.
Sign of 4 — x + + - Interval: (—oo, —4) U (4, 00).
Signof x + 4 - + +
4—x Graph: —o0—o—>
Sign of —— - - —4 4
g X+4 *
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x+1 x+1 x+1 2(x-3 3x -5 . . .
+ <0< + +2e0< + + ( ) <0< . The expression on the left of the inequality
x—3 Xx—3 x—3 x—3 x—3

changes sign when x = % and x = 3. Thus we must check the intervals in the following table.

B58. -2 <

From the table, the solution set is

5 5
Interval (_OO’ §) (3,3) (3, 00) {x | x < % or3<x < oo}.
Signof 3x —5 - + +
Sign of x — 3 — — + Interval: (—oo, %) U (3, 00).
3x—5
Sign of X + - +
Xx—3 Graph: T 2 3 >
3
2x+1 2x+1 2x+1 3(xx-=5 - 16
59. X+ <3& X+2_ 3<0& X2 L <0& X+ < 0. The expression on the left of the inequality
X—5 X—5 X—5 X—5 X—5

changes sign where x = 16 and where x = 5. Thus we must check the intervals in the following table.

From the table, the solution set is

Interval (=00,5) | (5,16) | (16, 00) {x | x <5o0rx > 16}. Since the denominator

Sign of —x + 16 + + - cannot equal O, we must have x # 5.

Signofx —5 - + + Interval: (—o0, 5) U [16, c0).

. —X 416

Sign of X —5 - + - Graph: >

5 16
3 3 3 3-
60. 31_2 >l 3t§ -1>0e Bti - 3_2 >0 3% > 0. The expression on the left of the inequality changes

sign when x = 0 and x = 3. Thus we must check the intervals in the following table.

Since the denominator cannot equal 0, we must

Interval (=00,0) | (0,3) | B, ) have x = 3. The solution set is {x | 0 < x < 3}.
Signof 3 — x + + - Interval: [0, 3).
Sign of 2x - + +
2x Graph:
Sign of —— — — 0 3
ign o 3—x +
4 4 4 . 4 —x? 2—X)(2 .
61.;<x<:>;—x<04:>;—¥<04:> X <0<:>( X)X( +X)<O. The expression on the left of the

inequality changes sign where x = 0, where x = —2, and where x = 2. Thus we must check the intervals in the following

table.
Interval (=00,=2) | (=2,0) | (0,2) | (2,00)
Sign of 2 + x - + + +
Sign of x - - + +
Sign of 2 — x + + + -
2— 2
Sign of —( X)X( +X) + - + -

From the table, the solution setis {x | =2 < x < 0or 2 < x}. Interval: (-2, 0)U(2, 00). Graph: —o—o———0—>
) 0 2
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3 1 —2x —3x? X243 :
AL VUL SUU W DU S e I D S M>O.Theexpressmnon

Xx+1 Xx+1 X+1 X+1 X+1 Xx+1
the left of the inequality changes sign whenx =0, x = —%, and x = —1. Thus we must check the intervals in the following
table.

Interval (—00, —1) (—1, —%) (—%, o) 0, 00)

Sign of —x + + + -

Sign of 2 + 3x - - + +

Signofx +1 - + + +

2— 2
S|gn of w + — + —

From the table, the solution set is {x |x <—lor —% <x < 0}. Interval: (—oo, —1) U (—%,O).

. —0 >
Graph: o 2 0
3
2 —2x —
63 14 2oy 2 _E< X(x+1) 2x —2(X+1)§ @x + X +2x — 2X 250@
X+17 X X+1 X X(X+1)  xx+1) x(x+1) X(X+1)
24x-2 2)(x—1
XX < w < 0. The expression on the left of the inequality changes sign where x = —2, where

X(x+1) — X(x+1)

x = —1, where x = 0, and where x = 1. Thus we must check the intervals in the following table.

Interval (—00,-2) | (-=2,-1) | (-1,0) | (0,1) | (1,00)
Signof x +2 - + + + +
Signofx —1 - - - - +
Sign of x - - - + +
Signofx +1 - — + + +
Sign of % + - + - +

Since x = —1 and x = 0 yield undefined expressions, we cannot include them in the solution. From the table, the solution

setis{x | =2 < x < —=1or0 < x < 1}. Interval: [-2, —1) U (0, 1]. Graph:
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3 40 3 A e X A=) x(x=D) ©3x—4x+4—x2+x>0@

x—1 x - x—1 x - XxX(x—1) x(x-1) xx-=-1)~— X(x—=1) -
—x2 —

4 —X -0 2-x)2+x)

Xo—D) > e — x-1D > 0. The expression on the left of the inequality changes sign when x = 2, x = —2,

x = 0, and x = 1. Thus we must check the intervals in the following table.

Interval (—00,—=2) | (=2,0) | (0,1) | (1,2) | (2,00)
Sign of 2 — x + + + + -
Sign of 2 + x - + + + +
Sign of x - - + + +
Signofx —1 - - - + +

. 2—X)2+x
Sign of %(_1)) - + — + -

Since x = 0 and x = 1 give undefined expressions, we cannot include them in the solution. From the table, the solution set

is{x| —-2<x<0orl<x <2} Interval: [-2,0) U (1, 2]. Graph: —e———o0—o0—e—

-2 0o 1 2
6 6 6 6 6x 6(x—1) x(x-1)

65. —=>1 —=—=1>0 — — >0
x—1 x = (:)x—l X - @x(x—l) x(x—=1 x(x-=1) "~ <
6x — 2 2 _

X —6X +6 —X° + X P X +x+62 (—Xx+3) X +2) > 0. The
X (X —1) X (X —1) X(x—=1)

expression on the left of the inequality changes sign where x = 3, where x = —2, where x = 0, and where x = 1. Thus we

must check the intervals in the following table.

Interval (—00,—-2) | (-=2,0) | (0,1) | (1,3) | (3,00)
Signof —x +3 + + + + -
Signof x +2 - + + + +
Sign of x - - + + +
Signofx — 1 — — — + +

. —X+3)(x+2
Sign of (x(x—)—(l)) - + - + -

From the table, the solution setis {x | =2 < x <0or1 < x < 3}. The points x = 0 and x = 1 are excluded from the

solution set because they make the denominator zero. Interval: [—2, 0) U (1, 3]. Graph: o—o
-2
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x 5 X(x+1) 2.5 4@ x+1) x2 4% —10—8x —8
4ol 2 _4s0 - . 0 0
x+1 T2 TxF1 "% 20+ 27D 20+ o0 20+ 1) zve

X
66. ~
22

x2 —7x — 18 xX—9) (X +2)
261D 20  2x10)

> 0. The expression on the left of the inequality changes sign when x = 9, x = —2,

and x = —1. Thus we must check the intervals in the following table.

Interval (=00,-2) | (=2,=1) | (=1,9) | (9,00)
Signofx — 9 - - - +
Signof x +2 - + + +
Signofx +1 - - + +

. x=-9x+2
Sign of — 2~~~ - -

ign of — xT D + +

From the table, the solution setis {x | —2 < x < —10r9 < x}. The point x = —1 is excluded from the solution set because

-1
it makes the expression undefined. Interval: [-2, —1) U [9, c0). Graph: —eo————————+—>

-2 9
67 X+2 - x—l@x+2_x—1 - x+2)(x-2) (x-DH(x+3) 0o
X+3 x-2 X+3 x-2 xX+3)x—-2) xX—-2)(x+3
2 2
X —4—x“—2x+3 —2x—1 . . .
<0& ————— < 0. The expression on the left of the inequalit
X+3) (x—2) *X+3) (X —2) P quality
changes sign where x = —%, where x = —3, and where x = 2. Thus we must check the intervals in the following table.
Interval (—00, —3) (—3, —%) (—%, 2) 2, 00)
Signof —2x — 1 + + - -
Signofx +3 - + + +
Signofx —2 — - — +
—2x —1
Signof ————— + - + -
NIy -2

From the table, the solution set is {x |-3<x<-3or2< x}. Interval: (—3, —%) U (2, 00).

, —O———0———————O——p
Graph: 5 ) 5

2
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68 1 4 1 0o X+2 Xx+1 - @x+2+x+1< o 2x+3 <0 The
"X+1 x+2 -~ X+Dx+2) X+ x+2) ~ X+ (x+2) ~ X+ x+2) ~
expression on the left of the inequality changes sign when x = —%, x = —1, and x = —2. Thus we must check the intervals
in the following table.

Interval (—00, —2) (—2, —%) (—%, —1) (=1, 00)
Sign of 2x + 3 — — + +
Signofx +1 - - - +
Signof x + 2 - + + +
. 2X +3
Sign of —— - + - +
N FDx+2
From the table, the solution set is {x | x < —2o0r — % <X < —1}. The points x = —2 and x = —1 are

excluded from the solution because the expression is undefined at those values. Interval: (—oo, —2) U [—% —1).

, =—0
Graph: - 7% ~
-1 2
69. % > 0. Note that (x — 2)2 > 0 for all x. The expression on the left of the original inequality changes sign
X p—
when x = —2 and x = 1. We check the intervals in the following table.
Interval (—00,-2) | (-2,1) | 1,2) | (2,0)
Signofx —1 - - + +
Signof x +2 - + + +
Sign of (x — 2)2 + + + +
(x = 2)°

From the table, and recalling that the point x = 2 is excluded from the solution because the expression is
undefined at those values, the solution set is {x | x < —2 or x > 1and x # 2}. Interval: (—oo, —2] U [1,2) U (2, 00).

Graph: ———¢—o0—>»
-2 1 2
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70

71.

72.

(2x — 1) (x — 3)?

CHAPTER 1 Equations and Graphs

2 < 0. Note that (x — 3)2 > 0 for all x = 3. The expression on the left of the inequality changes sign

when x = % and x = 4. We check the intervals in the following table.

Interval (—00, %) (% 3) 3.4 | (4,00
Signof2x —1 - + + +
Sign of (x — 3)2 + + + +
Signof x — 4 - - - +
Sign of W + - - +

From the table, the solution set is {x | X # 3and % <X < 4}. We exclude the endpoint 3 because the original expression

cannot be 0. Interval: (2,3) U (3, 4). Graph: T T 4

[S)

x> x2ext—x2 > 0o x? (x2 - 1) > 0 x2(x —1) (x +1) > 0. The expression on the left of the inequality

changes sign where x = 0, where x = 1, and where x = —1. Thus we must check the intervals in the following table.

Interval (—o0,-1) | (-1,0) | (0,1) | (1,00)
Sign of x2 + + + +
Signofx —1 — - - +
Signof x +1 - + + +
Sign of x2 (x — 1) (X + 1) + - - +

From the table, the solution setis {x | x < —1or1 < x}. Interval: (—oco, —1) U (1, 00). Graph; —o————0—>
-1 1

X°>x2exd—x2> 0 x2 (x3 - 1) >0 x2(x—1) (x2 +Xx+ 1) > 0. The expression on the left of the inequality

-1+ -4 @) -1+ /73

2(D) - 2
Since these are not real solutions. The expression x2 + x + 1 does not change signs, so we must check the intervals in the
following table.

changes sign when x = 0 and x = 1. But the solution of x24+Xx+1=0arex =

Interval (=00,0) | (0,1) | (1,00)
Sign of x2 + + +
Signof x — 1 - - +
Signof x2 +x +1 + + +
Signofxz(x—l)(x2+x+1) - - +

From the table, the solution setis {x | 1 < x}. Interval: (1, co). Graph:

Y



73.

74.

75.

76.

7.

78.
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For v/16 — 9x2 to be defined as a real number we must have 16 — 9x2 > 0 < (4 — 3X) (4 + 3x) > 0. The expression in the

inequality changes sign at x = % and x = —%.

Interval (—oo, —%) (—%, %) (‘—3‘ oo)
Sign of 4 — 3x + + -
Sign of 4 + 3x - + +
Sign of (4 — 3x) (4 + 3x) — + -

Thus —3 < x <

i

For v/3x2 — 5x + 2 to be defined as a real number, we must have 3x2 —5x +2 > 0 & (3x —2) (x — 1) > 0. The
expression on the left of the inequality changes sign whenx = % and x = 1. Thus we must check the intervals in the
following table.

Interval (—oo, %) (% 1) (1, 00)
Sign of 3x — 2 - + +
Signofx —1 — - +
Sign of (3x —2) (x — 1) + - +

Thusxg%orlgx.

1/2
For (m) to be defined as a real number we must have X2 —5x —14 > 0 < (X = 7) (X +2) > 0. The

expression in the inequality changes signat x = 7 and x = —2.
Interval (=00,=2) | (=2,7) | (7,00)
Signofx —7 - - +
Sign of x 42 - + +
Signof (x = 7) (X + 2) + - +

Thus x < —2o0r 7 < X, and the solution set is (—oo, —2) U (7, 00).

1-—x . 1
For 4 7T to be defined as a real number we must have 7

z > 0. The expression on the left of the inequality changes

sign when x = 1 and x = —2. Thus we must check the intervals in the following table.

Interval (—00,-2) | (-2,1) | (1, 0)
Signof 1 —x + + -
Sign of 2 + x — + +
1-—x
Sign of —— - -
9 24X +
Thus —2 < x < 1. Note that x = —2 has been excluded from the solution set because the expression is undefined at that

value.

b

a—c<X<2a—c
b ~ b

1
a(bx—c)zbc(wherea,b,c>0)<:>bx—cz%@bxz%+C@xz—(%+c)=§+%@xz§+

We havea < bx +¢ < 2a,whereab,c >0 a—-c<bx <2a—-c&
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79.

80.

81.

82.

83.

85.

86.

87.

h

CHAPTER 1 Equations and Graphs

Inserting the relationship C = %(F —32),wehave20 < C <3020 < g (F-32)<30e=36<F-32<5Ms
68 < F < 86.

Inserting the relationship F = 2C +32, we have 50 < F < 9550 < 2C+32< 9518 < 2C <6310 < C < 35.

Let x be the average number of miles driven per day. Each day the cost of Plan A is 30 + 0.10x, and the cost of Plan B is
50. Plan B saves money when 50 < 30 + 0.10x < 20 < 0.1x < 200 < x. So Plan B saves money when you average more
than 200 miles a day.

Let m be the number of minutes of long-distance calls placed per month. Then under Plan A, the cost will be

25 + 0.05m, and under Plan B, the cost will be 5 + 0.12m. To determine when Plan B is advantageous, we must solve
254 0.05m > 54 0.12m < 20 > 0.07m < 285.7 > m. So Plan B is advantageous if a person places fewer than
286 minutes of long-distance calls during a month.

We need to solve 6400 < 0.35m + 2200 < 7100 for m. So 6400 < 0.35m + 2200 < 7100 < 4200 < 0.35m < 4900 <
12,000 < m < 14,000. She plans on driving between 12,000 and 14,000 miles.

5 where T is the temperature in °C, and h is the height in meters.

(b) Solving the expression in part (a) for h, we geth = 100(20 — T). So0 < h <5000 < 0 < 100(20 — T) < 5000 <
0<20—-T <50 -20< -T <3020 > T > —30. Thus the range of temperature is from 20° C down to
—30° C.

(a) Let x be the number of $3 increases. Then the number of seats sold is 120 — x. So P = 200 + 3x
33X =P-200=x = % (P —200). Substituting for x we have that the number of seats sold is
120 —x =120 — 1 (P — 200) = - %P + 580.
(b) 90 < —2P + 380 < 115 270 < 360 — P +200 < 345 < 270 < —P +560 < 345 & —290 < —P < 215 &

290 > P > 215. Putting this into standard order, we have 215 < P < 290. So the ticket prices are between $215 and
$290.

If the customer buys x pounds of coffee at $6.50 per pound, then his cost ¢ will be 6.50x. Thus x = 6_05 Since the
scale’s accuracy is +0.03 Ib, and the scale shows 3 Ib, we have 3 — 0.03 < x < 3+ 0.03 < 2.97 < 6—C5 <303

(6.50)2.97 < ¢ < (6.50)3.03 < 19.305 < ¢ < 19.695. Since the customer paid $19.50, he could have been over- or
undercharged by as much as 19.5 cents.

4,000,000

0.0004 < 2 < 0.01. Sinced? > Oandd # 0, we can multiply each expression by d? to obtain

0.0004d? < 4,000,000 < 0.01d2. Solving each pair, we have 0.0004d? < 4,000,000 <> d? < 10,000,000,000
= d < 100,000 (recall that d represents distance, so it is always nonnegative). Solving 4,000,000 < 0.01d? <
400,000,000 < d2 = 20,000 < d. Putting these together, we have 20,000 < d < 100,000.



88.

89.

90.

91.
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600,000
x2 4300

denominator and not worry that we might be multiplying both sides by a negative number or by zero.) 1200 < x2 + 300

< 500 < 600,000 < 500 (x2 + 300) (Note that x2 + 300 > 300 > 0, so we can multiply both sides by the

0<x2-9000 < (x — 30) (x + 30). The expression in the inequality changes sign at x = 30 and x = —30. However,
since x represents distance, we must have x > 0.

Interval (0,30) | (30, 00)
Sign of x — 30 - +
Sign of x + 30 + +
Sign of (x — 30) (x + 30) - +

So x > 30 and you must stand at least 30 meters from the center of the fire.

128 + 16t — 16t2 > 32 & —16t2 + 16t + 96 > 0 <> —16 (t2 —t— 6) > 0 —16(t — 3) (t + 2) > 0. The expression on

the left of the inequality changes signat x = —2,att = 3, and att = —2. However, t > 0, so the only endpointist = 3.

Interval 0,3) | (3,00)
Sign of —16 — -
Signoft —3 - +
Signoft+2 + +
Signof =16 (t — 3) (t + 2) + -

So0<t<3

Solve 30 < 10 + 0.9v — 0.01v2 for 10 < v < 75. We have 30 < 10 + 0.9v — 0.0102 < 0.0102 = 0.9 +20 < 0 =
(0.1o — 4) (0.1o — 5) < 0. The possible endpointsare 0.1v —4=0<0.1o =4 v =40and0.1o —5=0<0.1o =5
<o =50.

Interval (10, 40) | (40,50) | (50, 75)
Signof 0.1v — 4 - + +
Signof 0.1o — 5 — — +
Sign of (0.1v — 4) (0.1v — 5) + - +

Thus he must drive between 40 and 50 mi/h.

2
240 > v + 12)—0 =3 2—101)2 +0-20<0& (2—101) — 3) (v 4+ 80) < 0. The expression in the inequality changes sign at

v = 60 and o = —80. However, since v represents the speed, we must have » > 0.

Interval (0,60) | (60, c0)
Sign of 250 — 3 - +
Sign of v + 80 + +
Sign of (2—101) _ 3) +80) | - +

So Kerry must drive between 0 and 60 mi/h.
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92.

93.

94.

95.

96.

97.
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Solve 2400 < 20x — (2000 +8x + 0.0025X2) & 2400 < 20x — 2000 — 8x — 0.0025x2 & 0.0025x% — 12x + 4400 < 0

< (0.0025x — 1) (x — 4400) < 0. The expression on the left of the inequality changes sign whenx = 400 and x = 4400.
Since the manufacturer can only sell positive units, we check the intervals in the following table.

Interval (0,400) | (400,4400) | (4400, )
Sign of 0.0025x — 1 - + +
Sign of x — 4400 - - +
Sign of (0.0025x — 1) (x — 4400) + - +

So the manufacturer must sell between 400 and 4400 units to enjoy a profit of at least $2400.
Let x be the length of the garden and w its width. Using the fact that the perimeter is 120 ft, we must have 2x + 2w = 120
& w = 60 — x. Now since the area must be at least 800 ftZ, we have 800 < x (60 — X) <> 800 < 60x — X2 <

x2 — 60X + 800 < 0 < (x — 20) (x — 40) < 0. The expression in the inequality changes sign at x = 20 and x = 40.
However, since x represents length, we must have x > 0.

Interval (0,20) | (20,40) | (40, 0)
Signof x — 20 - + +
Sign of x — 40 — - +
Sign of (x — 20) (x — 40) + - +

The length of the garden should be between 20 and 40 feet.

Casel:a<b <0 Wehavea-a>a-b,sincea <0,andb-a>b-b,sinceb <0. Soa? > a-b > b, that is
a<b<0= a?> b2 Continuing, we havea -a < a-b?, sincea < 0and b?-a < b2 - b, since b2 > 0. So

a3 <ab? <b3. Thusa <b <0=a3>Db3 Soa<bh<0=a"> b", ifniseven anda" < b, if n is odd.
Case2:0<a<b Wehavea-a <a-b,sincea>0,andb-a <b-b,sinceb > 0. Soa2 <a-b <b? Thus0 <
a <b= a2 <b? Likewise,a?-a <a?-bandb-a%2 <b-b? thusa® <b3. S00 <a < b= a" < b", for all positive
integers n.

Case3:a <0 <b Ifnisodd, thena™ < b", because a" is negative and b" is positive. If n is even, then we could have
eithera” < b" ora" > b". For example, —1 < 2 and (—1)2 < 22, but —3 < 2 and (—3)2 > 22.

The rule we want to apply here is“a <b = ac <bcifc > 0anda < b = ac > bcifc < 0”. Thus we cannot simply

multiply by x, since we don’t yet know if x is positive or negative, so in solving 1 < o we must consider two cases.

Case 1: x > 0  Multiplying both sides by x, we have x < 3. Together with our initial condition, we have 0 < x < 3.
Case 2: x <0 Multiplying both sides by x, we have x > 3. But x < 0and x > 3 have no elements in common, so this
gives no additional solution.

Hence, the only solutions are 0 < x < 3.

a <b,sobyRulel,a+c <b+c. Using Rule 1 again, b + ¢ < b 4 d, and so by transitivity, a + ¢ < b + d.

% < % so by Rule 3, d% < d% S % < ¢. Adding a to both sides, we have % +a < ¢+ a. Rewriting the left-hand
side as % + % = %ﬁ_d) and dividing both sides by b + d gives % < LL;.

_c(b+d) 0a+c c

d Ybrd “q

- cb
Similarly,a + ¢ < T +cC
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1.8 SOLVING ABSOLUTE VALUE EQUATIONS AND INEQUALITIES

1. The equation |x| = 3 has the two solutions —3 and 3.

O© 00 N o O

11.

12.

13.

14.

15.

16.

17.

18.
19.

20.

21.

22.

23.

. (@) The solution of the inequality |x| < 3 is the interval [-3, 3].

(b) The solution of the inequality |x| > 3 is a union of two intervals (—oo, —3] U [3, c0).

. (a) The set of all points on the real line whose distance from zero is less than 3 can be described by the absolute value

inequality |x| < 3.
(b) The set of all points on the real line whose distance from zero is greater than 3 can be described by the absolute value
inequality |x| > 3.

. (@) |2x — 1] = 5 is equivalent to the two equations 2x — 1 =5and 2x — 1 = —5.

(b) [3x + 2| < 8isequivalentto -8 < 3x —2 < 8.

. |5X] =20 & 5x = £20 © x = 4.

=3x| =106 —3x = +10 & x = +30.
.5X|+3=285|x| =25 |x| =5 < x = +5.

L iXl-7T=2e1x|=9& x| =18 & x = £18.

. IXx —=3] =2isequivalenttox —3 =42 x =3+2<x=1orx =5.
10.

[2x — 3| = 7 isequivalenttoeither2x —3 =7 2x=10Xx =5;02x —3 = -7 2X = -4 < x = —2. The two

solutions are x = 5and x = —2.

X +4| =0.5isequivalenttox +4 =405 x=-4+05<x =—-450rx = —35.

[x 4+ 4] = —3. Since the absolute value is always nonnegative, there is no solution.

|2x — 3| = 1l isequivalenttoeither2x —3 =1l 2x =14 o x =7,0r2x —3 = -11 ©2x = -8 & x = —4. The

two solutions are x = 7 and x = —4.

|2 — x| = 11 is equivalent to either 2 — x =11 & x = —9; or 2 — x = —11 < x = 13. The two solutions are x = —9 and
x = 13.

4—13x+6] =1 —|3x + 6] = —3 & |3x + 6] = 3, which is equivalent to either 3x + 6 =3 < 3x = -3 o x = —1;
or3x +6 = -3 3x = —9 < x = —3. The two solutions are x = —1 and x = —3.

|5 —2x| + 6 = 14 & |5 — 2x| = 8 which is equivalent to either 5 —2x =8 & —2x =3 o X = —%; or5—-2x = -8«

—2Xx=-13sXx = %.The two solutions are x =—% and x = 1—23
31X +5/+6=15<3|x + 5 =9 < |x + 5] = 3, which is equivalent to eitherx + 5 =3 x = -2;orx+5=-3 &

X = —8. The two solutions are x = —2 and x = —8.

20 + |2x — 4] = 15 & |2x — 4] = —5. Since the absolute value is always nonnegative, there is no solution.
8+5'%x—%’ :33@5‘%x—%’ :25@‘%x—%‘ = 5, which isequivalenttoeither%x—%:5(:»%x = 365@
x=Forix-2=-5oix=-2 ox=-2. Thetwosolutionsare x = —2 and x = .
‘%x+2‘—%=4@‘%x+2‘ =%Which isequivalenttoeither%x+2=%@%x=%@x=%;or%x+2=—%@
%x = —% S X = —6—65. The two solutions are X = % and x = —6—65.

[x — 1] = |3x + 2|, which is equivalent to either x —1 =3x + 2 & —2x = 3 & X :—%;orx—l:—(3x+2)@
X—=1=-3XX-24x=-1ox= —711. The two solutions are x = —% and x = —%.

X + 3| = |2x + 1| isequivalentto either x +3 =2x+1o X = -2 x =2;0rx+3=—(2x+1) ©x+3=-2x—-1

& 3x = —4 & X = —4. The two solutions are x = 2 and x = —4.
x| <5 —5 < x < 5. Interval: [-5, 5].
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[2X| < 20 & —20 < 2x < 20 & —10 < x < 10. Interval: [-10, 10].

2x| > 7isequivalentto 2x > 7> X > £;0r2x < —7 & x < —4. Interval: (—oo, —%) U (7,00).

% [Xx] > 1< x| > 2isequivalentto x > 2 or x < —2. Interval: (—oo, —2] U [2, 00).

|x —4] < 10is equivalentto —10 < x — 4 < 10 & —6 < x < 14. Interval: [—6, 14].

[x — 3] > 9isequivalenttox —3 < =9 X < —6;0rx —3 > 9 x > 12. Interval: (—oo, —6) U (12, 00).

X +1] > lisequivalenttox +1 >1ox >0;0orx +1 < -1 < x < —2. Interval: (—oo, —2] U [0, c0).

X +4| < Oisequivalentto [x + 4| =0 < x + 4 = 0 & x = —4. The only solution is x = —4.

[2x + 1| > 3isequivalentto2x +1 < -3 2x < 4o Xx < -2;0r2x+1 >3 2x > 2 < x > 1. Interval:
(=00, =2] U [1, 00).

3x — 2| > 7isequivalentto3x —2 < - 73X < -box < —%; or3x —2> 73X > 9 x > 3. Interval:
(—oo, —%) U (3, 00).

2Xx —3] <04 —-04<2x—-3<04=26<2x <34<13 <x <17 Interval: [1.3,1.7].
4 8

IBX =2 <6 —6 <5x—2 <6 —4 <5x <8 —F <x < & Intenval: (¢, §).

X—2

—2
<2227 0 6<x—2<6o—4<x <8 Interval: (=4, 8).

Xx+1

24@‘%(x+1)‘ >4 3x+1] > 4 < |x +1] > 8 which is equivalent to either x +1 > 8 & x > 7; or

Xx+1< -8 x < -9 Interval: (—oo, —9] U [7, c0).

[x + 6] < 0.001 & —0.001 < x + 6 < 0.001 & —6.001 < x < —5.999. Interval: (—6.001, —5.999).
Xx—al<doe-d<x—a<doa—d<x <a+d. Interval: (@ —d,a+d).

4Ix+2| -3 <B4 x+2<lbo|x+2|<de -4 <x+2 <4 —6 <X <2 Interval: (-6, 2).

3—|2x+4| < 1o —|2x + 4] < —2 & |2x + 4] > 2 which is equivalent to either 2x +4 > 2 ©2x > -2 < x > —1;0r
2X4+4< 22X < -6 x < =3. Interval: (—oo, —3] U [—1, 00).

3
<X <3

Nl—

8—|2Xx—1>6o —|2Xx—1]> 2 2x—-1 <2 -2<2X-1<2-1<2X <3 -
Interval: [—% %]

TIX+2/+5>47x+2]> -1l |x+2| > —%. Since the absolute value is always nonnegative, the inequality is
true for all real numbers. In interval notation, we have (—oco, c0).

5 4 1

1
1 1 5 1 ik i ; ; 1.5 . 5
. 7’4x+§‘ > G‘:"4X+§‘ > 3, which is equivalent to either 4x + 3 > 3 ©4x > 3 & X > §,0r4x+§ <-3&

X < =2 X < —%. Interval: (—oo, —%) U (%oo)

2|3+ 3[+3s51e2|ix+3 s M8 [fx 43 s Mo 2 Ix+3sUe 2T hxsAe-Bsx<42

Interval: [-54, 42].
1 < |x] <4. Ifx >0, thenthisisequivalentto 1 < x < 4. Ifx <0, then thisisequivalenttol < —x <4< —-1>x > —4
< —4 <x < —1. Interval: [-4, —1] U [1, 4].

<x < 171 Since x = 5 is excluded, the solution is

Nl

0 < |x —5| < 4. Forx #5, this is equivalentto -3 < x -5 < 1
9 11
[3:5)u (s %]

15

m>2<:>1>2|x+7|(x;£—7)<:>|x+7|<%<:>—% <x+7<te-8 <x<-Bandx -7

.(_15 13
Interval: (—7, - ) U (— ,—7).
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1 . .
P < 5& ¢ < |2x - 3|, since [2x —3| > 0, provided 2x — 3 # 0 & x # 3. Now for x # 3, we have

t < |2x—3lisequivalenttoeither £ < 2x -3 ¥ < x ol <xox-3<-tex<cPox<i

Interval: (—oo, %] U [%, oo).

x| <3 50. x| > 2 B51.Ix—-7]>5 B2.|x —=2| <4
x| <2 5. x| >1 55. x| > 3 56. x| < 4
(a) Let x be the thickness of the laminate. Then |x — 0.020] < 0.003.

(b) [x —0.020] < 0.003 & —0.003 < x —0.020 < 0.003 < 0.017 < x < 0.023.

h —68.2 h —68.2
2.9
between 62.4 in and 74.0 in.

‘ <2 -2< <2< -58<h—-68.2<58«624 <h < 74.0. Thus 95% of the adult males are

|x — 1| is the distance between x and 1; |x — 3] is the distance between x and 3. So |x — 1] < |x — 3| represents those
points closer to 1 than to 3, and the solution is X < 2, since 2 is the point halfway between 1 and 3. If a < b, then the

. ) a4+
solutionto |[x —a| < |x —blisx <

1.9 SOLVING EQUATIONS AND INEQUALITIES GRAPHICALLY

. The solutions of the equation x2 — 2x — 3 = 0 are the x-intercepts of the graph of y = x2 — 2x — 3.

. The solutions of the inequality x2 — 2x — 3 > 0 are the x-coordinates of the points on the graph of y = x2 — 2x — 3 that lie

above the x-axis.

. (3) From the graph, it appears that the graph of y = x4 — 3x3 — x2 4 3x has x-intercepts —1, 0, 1, and 3, so the solutions

to the equation x4 —3x3 —x2+3x =0arex = —-1,x=0,x=1,and x = 3.
(b) From the graph, we see that where —1 < x < 0or1 < x < 3, the graph lies below the x-axis. Thus, the inequality
x4 —3x3 —x2 + 3x < Ois satisfied for {x | =1 < x <0orl < x <3} =[-1,0] U1, 3].

. (@) The graphs of y = 5x — x2 and y = 4 intersect at x = 1 and at X = 4, so the equation 5x — x2 = 4 has solutions x = 1

and x = 4.
(b) The graph of y = 5x — x2 lies strictly above the graph of y = 4 when 1 < x < 4, so the inequality 5x — x2 > 4 is
satisfied for those values of x, that is, for {x | 1 < x < 4} = (1, 4).

. Algebraically: x —4 =5x + 12 & —16 = 4x & x = —4. 6. Algebraically: %x —-3=64+2X=-9= %x S X = —6.

Graphically: We graph the two equations y; = x — 4 and

Graphically: We graph the two equations y; = %x —3and
y2 = 5x + 12 in the viewing rectangle [—6, 4] by

y2 = 6 + 2x in the viewing rectangle [—10, 5] by

[-10,2]. Zooming in, we see that the solution is x = —4. [—10, 5]. Zooming in, we see that the solution is x = —6.
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Algebraically: ; + % =7 2x (; + %) =2x(7)

S4+l=1Uxox =1

. . 2 1
Graphically: We graph the two equations y; = X + ™
and yo = 7 in the viewing rectangle [—2, 2] by [-2, 8].
Zooming in, we see that the solution is x ~ 0.36.

4

. Algebraically: x2 —32 =0 x2 =32 =

X = £/32 = +4./2.

Graphically: We graph the equation y; = x2 — 32 and
determine where this curve intersects the x-axis. We use
the viewing rectangle [—10, 10] by [-5, 5]. Zooming in,
we see that solutions are x ~ 5.66 and x ~ —5.66.

~

,
N

Algebraically: x2 + 9 = 0 < x2 = —9, which has no real
solution.
Graphically: We graph the equation y = x2 + 9 and see

that this curve does not intersect the x-axis. We use the
viewing rectangle [-5, 5] by [-5, 30].

30

6 5

8. Algebraically: _4 6 =S

X+2 2x 2x+4

4 6 5

2X@)-x+2)6)=xOBG)=8x—-6x—-12=5
—12=3x o -4 =x.
Graphically: We graph the two equations

4
= T 2+ 4
rectangle [-5, 5] by [—10, 10]. Zooming in, we see that
there is only one solution at x = —4.

N

and yp, = in the viewing

10. Algebraically: x3 +16 =0 = x3 = —16 & x = —27/2.

Graphically: We graph the equation y = x3 + 16 and

determine where this curve intersects the x-axis. We use
the viewing rectangle [—5, 5] by [—5, 5]. Zooming in, we

see that the solution is x ~ —2.52.

Algebraically: X2 +3=2x & x2 —2x+3=0&

(D J(=2? -4 2+/78

X= 2(1) 2(1)

Because the discriminant is negative, there is no real
solution.

Graphically: We graph the two equations y; = x2 + 3 and
y> = 2x in the viewing rectangle [—4, 6] by [—6, 12], and
see that the two curves do not intersect.




13. Algebraically: 16x* = 625 < x* = 82 =

15.

X =43 =£25.

Graphically: We graph the two equations y; = 16x# and
y2 = 625 in the viewing rectangle [—5, 5] by [610, 640].
Zooming in, we see that solutions are x = £2.5.

640 T

630 T

620 T

4 2 0 2 4

Algebraically: (x —5)* —80 =0 (x —5)* =80 =
X —5 =480 =425 < x =5+ 235,
Graphically: We graph the equation y; = (x — 5)4 — 80

and determine where this curve intersects the x-axis. We
use the viewing rectangle [—1, 9] by [—5, 5]. Zooming in,

we see that solutions are X ~ 2.01 and x ~ 7.99.
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14. Algebraically: 2x> — 243 = 0 & 2x° = 243 & x5 = 23

SO X = 5/2;33:%\5/%.

Graphically: We graph the equation y = 2x° — 243 and

determine where this curve intersects the x-axis. We use
the viewing rectangle [-5, 10] by [-5, 5].

Zooming in, we see that the solution is x ~ 2.61.

16. Algebraically: 6 (x + 2)° = 64 < (X +2)° = %‘l = 332

ox+2=J2 =2 lex=-2+3J8L

Graphically: We graph the two equations y; = 6 (X + 2)°
and y, = 64 in the viewing rectangle [—5, 5] by [50, 70].
Zooming in, we see that the solution is x ~ —0.39.

01T

17. We graph y = x2 — 7x + 12 in the viewing rectangle [0, 6] 18. We graph y = x2 — 0.75x + 0.125 in the viewing

by [—0.1, 0.1]. The solutions appear to be exactly x = 3
and x = 4. [Infactx2 — 7x + 12 = (x — 3) (x — 4).]

rectangle [—2, 2] by [-0.1, 0.1]. The solutions are
x = 0.25and x = 0.50.
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19. We graph y = x3 — 6x2 + 11x — 6 in the viewing 20. Since 16x3 + 16x2 = X + 1 < 16x3 +16x2 —x —1 =0,
rectangle [—1, 4] by [—0.1, 0.1]. The solutions are we graph y = 16x3 + 16x2 — x — 1 in the viewing
x = 1.00, x = 2.00,and x = 3.00. rectangle [—2, 2] by [—0.1, 0.1]. The solutions are:

x = —1.00, x = —0.25, and x = 0.25.

T o-
T il

21. We first graph y = x — 4/x + 1 in the viewing rectangle [-1, 5] by [-0.1, 0.1] and
find that the solution is near 1.6. Zooming in, we see that solutions is x ~ 1.62.

-0.7

0.1

-0.1
2 1+ K=V1+x2 &

1 0.01
1+ /X —+/1+x2 =0.Since /X is only defined
for x > 0, we start with the viewing rectangle 0.00 N
[—1, 5] by [—1, 1]. In this rectangle, there 1 1 2 4 5 ' 2.' 2 2.'34
appears to be an exact solution at x = 0 and
another solution between x = 2 and x = 2.5. We -1 -0.01

then use the viewing rectangle [2.3, 2.35] by
[—0.01, 0.01], and isolate the second solution as

X ~ 2.314. Thus the solutions are x = 0 and
X ~ 2.31.

23. We graph y = x}/3 — x in the viewing rectangle [—3, 3] by [—1, 1]. The solutions
arex = —1,x =0, and x = 1, as can be verified by substitution.

-1
24. Since x1/2 is defined only for x > 0, we start by

1 0.01
graphing y = x/2 4+ x1/3 — x in the viewing
rectangle [—1, 5] by [—1, 1] .We see a solution at . .
x = 0 and another one between x = 3 and 1 1 2 3 5 0.00 " 335 340
x = 3.5. We then use the viewing rectangle
[3.3,3.4] by [-0.01, 0.01], and isolate the second 1 -0.01

solution as x ~ 3.31. Thus, the solutions are
x =0and x ~ 3.31.
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We graph y = +/2x + 1+ 1 and y = x in the viewing rectangle [—3, 6] by [0, 6]
and see that the only solution to the equation +/2x + 1+ 1 = x is X = 4, which can
be verified by substitution.

We graphy = /3 —x +2and y = 1 — x in the viewing rectangle [—7, 4] by
[—2, 8] and see that the only solution to the equation /3 —x +2 =1 —Xx is
X &~ —3.56, which can be verified by substitution.

We graph y = 2x# + 4x2 + 1 in the viewing rectangle [—2, 2] by [—5, 40] and see

that the equation 2x% + 4x2 + 1 = 0 has no solution.

We graph y = x8 — 2x3 — 3 in the viewing rectangle [—2, 2] by [—5, 15] and see
that the equation x8 — 2x3 — 3 = 0 has solutions x = —1 and x ~ 1.44, which can
be verified by substitution.

x3 — 2x2 — x — 1 =0, so we start by graphing
the function y = x3 — 2x2 — x — 1 in the viewing
rectangle [—10, 10] by [—100, 100]. There
appear to be two solutions, one near x = 0 and 10 : 5 : 5 : 10
another one between x = 2 and x = 3. We then / ]\

100

use the viewing rectangle [-1, 5] by [-1, 1] and

zoom in on the only solution, x & 2.55.

x4 — 8x2 + 2 = 0. We start by graphing the
function y = x4 — 8x2 + 2inthe viewing
rectangle [—10, 10] by [—10, 10]. There appear
to be four solutions between x = —3 and x = 3.
We then use the viewing rectangle [—5, 5] by
[—1, 1], and zoom to find the four solutions -

X~ —2.78, x ~ —0.51, x ~ 0.51, and x ~ 2.78.

135
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BLXxXx-1)(x+2) =tx o

10

X (x — 1) (x + 2) — £x = 0. We start by graphing

the functiony =x (x = 1) (x +2) — %x in the
viewing rectangle [—5, 5] by [—10, 10]. There
appear to be three solutions. We then use the
viewing rectangle [—2.5, 2.5] by [-1, 1] and
zoom into the solutions at x &~ —2.05, x = 0.00,
and x ~ 1.05.

-10

32. x* = 16 — x3. We start by graphing the functions y; = x* and y, = 16 — x3 in the viewing rectangle [—10, 10] by
[—5, 40]. There appears to be two solutions, one near x = —2 and another one near x = 2. We then use the viewing
rectangle [-2.4, —2.2] by [27, 29], and zoom in to find the solution at x ~ —2.31. We then use the viewing rectangle
[1.7,1.8] by [9.5, 10.5], and zoom in to find the solution at x ~ 1.79.

0 29 10.4
N 102
- 10.0
1 9.8
| : b o7 96 ! |
10 5 5 10 24 23 22 170 175 180

33. We graph y = x2 and y = 3x + 10 in the viewing rectangle [—4, 7] by [5, 30].
The solution to the inequality is [—2, 5].

34. Since 0.5x2 4 0.875x < 0.25 < 0.5x2 + 0.875x — 0.25 < 0, we graph

y = 0.5x2 4 0.875x — 0.25 in the viewing rectangle [—3, 1] by [=5, 5]. Thus the
solution to the inequality is [—2, 0.25].

35. Since x3 4 11x < 6x2 + 6 < x3 — 6x2 + 11x — 6 < 0, we graph

4
y = x3 — 6x2 + 11x — 6 in the viewing rectangle [0, 5] by [—5, 5]. The solution )
set is (—oo, 1.0] U [2.0, 3.0].

0

2 2 4

-4
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36. Since 16x3 +24x%2 > —9x — 1 &
: : 4 0.01
16x° + 24x< 4+ 9x + 1 > 0, we graph
2
y = 16x3 + 24x2 + 9x + 1 in the viewing AN A o 000
rectangle [—3, 1] by [—5, 5]. From this rectangle, -3 -2 1 ) 1 -1|_0 ' -0|.5 ' '
we see that x = —1 is an x-intercept, but it is i
. . -4
unclear what is occurring between x = —0.5 and -0.01

x = 0. We then use the viewing rectangle [—1, 0] by [—0.01, 0.01]. It shows y = 0 at x = —0.25. Thus in interval notation,
the solution is (—1, —0.25) U (—0.25, o).

37. Since x1/3 < x &x13 —x < 0,wegraphy = x1/3 —x  38.Since vV0.5x2 +1 < 2|x| & +/0.5x2 + 1 — 2|x| < 0, we
in the viewing rectangle [—3, 3] by [—1, 1]. From this, we graphy = /05x2+1—2 x| in the viewing rectangle
find that the solution set is (—1, 0) U (1, c0). [—1, 1] by [-1, 1]. We locate the x-intercepts at

X &~ 40.535. Thus in interval notation, the solution is

approximately (—oo, —0.535] U [0.535, c0).

39. Since (x+1)2 < (x =12 (x+1)2 = (x —=1)2 <0,  40.Since (x + 1)2 < x3 & (x +1)2 — x3 < 0, we graph

we graph y = (x + 1)2 — (x — 1)2 in the viewing y = (x + 1)2 — x3 in the viewing rectangle [—4, 4] by
rectangle [—2, 2] by [-5, 5]. The solution set is (—oo, 0). [—1, 1]. The x-intercept is close to x = 2. Using a trace
function, we obtain x /~ 2.148. Thus the solution is
4 [2.148, c0).
2

41. We graph the equations y = 3x2 — 3x and y = 2x2 + 4 in the viewing rectangle
[—2, 6] by [—5, 50]. We see that the two curves intersect at x = —1 and at X = 4, 40 T
and that the first curve is lower than the second for —1 < x < 4. Thus, we see that T
. . . 20 T
the inequality 3x2 — 3x < 2x2 + 4 has the solution set (—1, 4). E 1
-2 2 4 6




138

42.

45.

46.

CHAPTER 1 Equations and Graphs

We graph the equations y = 5x2 + 3x and y = 3x2 + 2 in the viewing rectangle
[—3, 2] by [-5, 20]. We see that the two curves intersect at x = —2 and at x = %
which can be verified by substitution. The first curve is larger than the second for

x < —2and for x > 1, so the solution set of the inequality 5x2 + 3x > 3x? + 2 is

(—o0, =2]U [%, oo).

. We graph the equation y = (x — 2)2 (x —3) (X + 1) in the viewing rectangle

[—2, 4] by [—15, 5] and see that the inequality (x — 2)2 x—3)(x+1) <Ohas
the solution set [—1, 3].

. We graph the equation y = x?2 (x2 - 1) in the viewing rectangle [—2, 2] by

[—1, 1] and see that the inequality x2 (x2 - 1) > 0 has the solution set
(=00, —1] U {0} UL, o0).

To solve 5 — 3x = 8x — 20 by drawing the graph of a single equation, we isolate
all terms on the left-hand side: 5 — 3x = 8x — 20
5—3x—8x+20=8x—-20—-8x+20 < —11x +25=00r 11x — 25 =0.
We graph y = 11x — 25, and see that the solution is x &~ 2.27, as in Example 2.

Graphing y = x3 — 6x2 + 9x and y = /X in the viewing rectangle [—0.01, 0.02]
by [—0.05, 0.2], we see that x = 0 and x = 0.01 are solutions of the equation
x3 —6x2 4 9x = JX.

1 * 1 3
-1
0.2
01
— —t——
-0.01/1 0.01 0.02
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47. (a) We graph the equation (c) We graph the equations y = 15,000 and
y = 10x + 0.5x2 — 0.001x3 — 5000 in the viewing y = 10x + 0.5x% — 0.001x3 — 5000 in the viewing
rectangle [0, 600] by [—30000, 20000]. rectangle [250, 450] by [11000, 17000]. We use a zoom

or trace function on a graphing calculator, and find that

20000 the company’s profits are greater than $15,000 for

279 < x < 400.

200 400 \600

-20000 16000 /\
14000 '/

(b) From the graph it appears that 12000 T
0 < 10x + 0.05x2 — 0.001x3 — 5000 for 00 400
100 < x < 500, and so 101 cooktops must be produced
to begin to make a profit.

48. (a) (b) Using a zoom or trace function, we find that y > 10 for x > 66.7. We
1571
T could estimate this since if x < 100, then (52%)2 < 0.00036. So for
10
s X < 100 we have \/1.5x + (5355)° ~ vI5. Solving v/I.5x > 10 we
0 ! ' } ' ] get1.5> 100 or x > % = 66.7 mi.
0 50 100 ’

49. Answers will vary.

50. Calculators perform operations in the following order: exponents are applied before division and division is applied before
1
X X
addition. Therefore, Y_1=x"1/3 is interpreted as y = 3 =73 which is the equation of a line. Likewise, Y_2=X/x+4 is

interpreted as y = ; +4 =144 =5. Instead, enter the following: Y_1=x"(1/3), Y_2=x/(x+4).

1.10  MODELING VARIATION

1. If the quantities x and y are related by the equation y = 3x then we say that y is directly proportional to x, and the constant
of proportionality is 3.
. . 3 . .
2. If the quantities x and y are related by the equation y = " then we say that y is inversely proportional to x, and the constant
of proportionality is 3.

3. If the quantities x, y, and z are related by the equation z = 3; then we say that z is directly proportional to x and inversely

proportional to y.

4. Because z is jointly proportional to x and y, we must have z = kxy. Substituting the given values, we get
10=k#4)(5) =20k ok = % Thus, X, y, and z are related by the equation z = %xy.

5. (a) Inthe equation y = 3x, y is directly proportional to x.
(b) Inthe equation y = 3x + 1, y is not proportional to x.

. 3 . .
6. (@) Inthe equationy = PEE y is not proportional to x.

(b) Inthe equationy = g y is inversely proportional to x.
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7. T = kx, where k is constant. 8. P = kw, where k is constant.
k
9.0v= 7 where Kk is constant. 10. w = kmn, where k is constant.
ks . k .
11. y = —, where k is constant. 12. P = —, where k is constant.
t T
. kx?2 .

13. z =k, /Yy, where k is constant. 14. A = = where K is constant.
15. V = klwh, where k is constant. 16. S = kr262, where k is constant.
kP2t2 _ .

17. R = e where Kk is constant. 18. A = k. /Xy, where k is constant.
19. Since y is directly proportional to X, y = kx. Since y =42 when x = 6, wehave 42 =k (6) &k =7. Soy = 7x.

20.

21.

22.

23.

24.
25.

26.
27.

28.

29.

30.

31.

32.

33.

. . k . k 24
w is inversely proportional to t, so w = T Since w = 3whent =8, we have 3 = 3 ok=24,50w = T

k k 21
A varies inversely asr, so A = T Since A=7whenr =3, wehave7_§4:>k_21 SoA=— -

P is directly proportional to T, so P = kT. Since P = 20 when T = 300, we have 20 = k (300) < k = is SoP = %T.

[y

. - . . . kx .
Since A is directly proportional to x and inversely proportional to t, A = e Since A=42whenx = 7andt = 3, we

k g) < k = 18. Therefore, A = 1?

have 42 =
S = kpq. Since S = 180 when p =4 and q = 5, we have 180 = k (4) (5) & 180 =20k < k =9. So S = 9pq.

. . . k. k
Since W is inversely proportional to the square of r, W = 7 Since W = 10 whenr = 6, we have 10 = (— <k = 360.

6)2
SoW:@.
r2
23
t—k—y Sincet = 25whenx =2,y =3, and r = 12, Wehave25_kL() ek =50. Sot—50—y

Since C is jointly proportional to I, w, and h, we have C = klwh. Since C =128 whenl = w = h = 2, we have
128 =k (2) (2) (2) © 128 = 8k < k = 16. Therefore, C = 16lwh.

2
H = kIZw?. Since H =36 when | = 2and w = %, we have 36 = k ()2 (§)” <36 = gk <>k = 8L So H = 81122,

k k k 27.5
R=—.SinceR=25whenx =121,25= — = — <k =275. Thus, R = —.
VX ’ VIR N VX
2) (2
M =kaTbc. Since M =128whena=dandb=c=2,wehave128=ka(;( ) 4k =<k =32.S0 M _BZ%bC
3

X
@ z=k—=

y2

3 27 3
(b) If we replace x with 3x and y with 2y, thenz = k@ = — kX— , 50 z changes by a factor of 2.
ey? 4\ y? 4
2

X
@ z=k—

y4

3x)? 9 [ x 9
(b) If we replace x with 3x and y with 2y, thenz = k( )4 I k—; ). so z changes by a factor of 1z.
2y y4

(@) z =kx3y®

(b) If we replace x with 3x and y with 2y, then z = k (3x)3 (2y)® = 864kx3y®, so z changes by a factor of 864.



35.

36.

37.

38.

39.

40.

41.

42.

44.
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k

.(a)Z:XZ—ys

k 1

k
b) If we replace x with 3x and y with 2y, thenz = = — ,
(b) p y y @022y)°  12x2y3

so z changes by a factor of 7—12

(a) The force F needed is F = kx.

(b) Since F =30 N when x = 9 cm and the spring’s natural length is 5 cm, we have 30 =k (9 — 5) © k =7.5.
(c) From part (b), we have F = 7.5x. Substituting x =11 —5 =6 into F = 7.5x gives F = 7.5(6) = 45 N.
(@ C =kpm

(b) Since C = 60,000 when p = 120 and m = 4000, we get 60,000 = k (120) (4000) < k = %. SoC =
(c) Substituting p = 92 and m = 5000, we get C = % (92) (5000) = $57,500.

pm.

=

(@) P =ks3.
(b) Since P = 96 when s = 20, we get 96 = k - 203 < k = 0.012. So P = 0.012s3.
(c) Substituting x = 30, we get P = 0.012 - 303 = 324 watts.

(a) The power P is directly proportional to the cube of the speed s, so P = ks3.
(b) Because P = 80 when s = 10, we have 80 = k (10)3 ok= T%%o = 22—5 =0.08.
(c) Substituting k = 2—25 and s = 15, we have P = % (15)3 = 270 hp.

D = ks2. Since D = 150 when s = 40, we have 150 = k (40)2, so k = 0.09375. Thus, D = 0.09375s2. If D = 200, then
200 = 0.09375s2 < 52 ~ 2133.3, 50 5 & 46 mi/h (for safety reasons we round down).

L — ks2A. Since L = 1700 when s = 50 and A = 500, we have 1700 = k (502) (500) & k = 0.00136. Thus

L = 0.00136s2A. When A = 600 and s = 40 we get the lift is L = 0.00136 (402) (600) = 1305.6 Ib.

F = kAs2. Since F = 220 when A = 40 and s = 5. Solving for k we have 220 = k (40) (5)2 < 220 = 1000k &
k = 0.22. Now when A = 28 and F = 175 we get 175 = 0.220 (28) s2 <> 28.4090 = 52 s0 s = 4/28.4090 = 5.33 mi/h.

(@) T2 =kd3
. 3
(b) Substituting T = 365 and d = 93 x 108, we get 3652 = k - (93 x 106) ok =1.66x 10719

3 . .
() T2 =166 x 10719 (279 x 10%)” = 3.60 x 10° = T = 6.00 x 10*. Hence the period of Neptune is 6.00x10*
days~ 164 years.

kT
. P=—.
@ P=5
_— k (400) _
(b) Substituting P =33.2, T =400, and V = 100, we get 33.2 = 100 <k =8.3. Thus k = 8.3 and the equation is
8.3T
P=—.
\Y
- 8.3(500) .
(c) Substituting T =500 and V = 80, we have P = 80 - 51.875 kPa. Hence the pressure of the sample of gas is
about 51.9 kPa.
2
@ F = k—w:’

(b) For the first car we have wq = 1600 and s; = 60 and for the second car we have w2 = 2500. Since the forces are equal

1600602  2500-s5  16- 602 .
=k 2 & = 52,50 5, = 48 mi/h.
r r 25

we have k
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45.

46.

47.

48.

49.

50.

51.

52.
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. . . k
(a) The loudness L is inversely proportional to the square of the distance d, so L = FER

I k
(b) Substitutingd = 10 and L = 70, we have 70 = 10 < k = 7000.

k 1/k
(c) Substituting 2d for d, we have L = W =1 (d_2) so the loudness is changed by a factor of %.
k k
(d) Substituting %d ford, we have L = — = 4 (d_2) so the loudness is changed by a factor of 4.
1
5d

(a) The power P is jointly proportional to the area A and the cube of the velocity v, s0 P = k Av3.

(b) Substituting 2v for » and %A for A, we have P =k (% A) (20)3 = 4k Av3, so the power is changed by a factor of 4.

3
(c) Substituting %u for v and 3A for A, we have P = k (3A) (%v) = 3 Ako3, so the power is changed by a factor of %.

kL
(@ R= Fil
. k(1.2) 7 —
(b) Since R =140 when L = 1.2 and d = 0.005, we get 140 = 0.005)2 & K = 5155 = 0.002916.
(c) Substituting L = 3 and d = 0.008, we have R = 2200 (0.0?(>)8)2 = 43;5 ~ 137 Q.
k@3L) 3kL

(d) If we substitute 2d for d and 3L for L, then R = so the resistance is changed by a factor of %.

@d)2 ~ 4d?2’
Let S be the final size of the cabbage, in pounds, let N be the amount of nutrients it receives, in ounces, and let c be the

N
number of other cabbages around it. Then S = k?. When N = 20 and ¢ = 12, we have S = 30, so substituting, we have

N
30= k% < k=18 Thus S = 18—. When N = 10and ¢ = 5, the final size is S = 18 (%) = 36 Ib.

Es  k6000* 4
(a) For the sun, Eg = k6000% and for earth Eg = k3004, Thus == = ——— = (%) = 20% = 160,000. So the sun
Ee k3004
produces 160,000 times the radiation energy per unit area than the Earth.
(b) The surface area of the sun is 47 (435,000)2 and the surface area of the Earth is 4 (3,960)2. So the sun has
4m (435,000 (435,000

47t (3,960)2 3,960

2
) times the surface area of the Earth. Thus the total radiation emitted by the sun is

435,000

3,960
Let V be the value of a building lot on Galiano Island, A the area of the lot, and g the quantity of the water produced. Since
V is jointly proportional to the area and water quantity, we have V. = kAq. When A = 200 - 300 = 60,000 and q = 10, we
have V = $48, 000, so 48,000 = k (60,000) (10) < k = 0.08. Thus V = 0.08 Aq. Now when A = 400 - 400 = 160,000
and q = 4, the value is V = 0.08 (160,000) (4) = $51,200.

(@) Let T and | be the period and the length of the pendulum, respectively. Then T = k1.

s 1o T2 o @212 T?
B T=k/IT=T2=Kl =I|= @ If the period is doubled, the new length is oz = 4? = 4l. So we would
quadruple the length | to double the period T.
Let H be the heat experienced by a hiker at a campfire, let A be the amount of wood, and let d be the distance from

2
160,000 x ( ) = 1,930,670,340 times the total radiation emitted by the Earth.

A A
campfire. So H = kd—3. When the hiker is 20 feet from the fire, the heat experienced is H = k2—03, and when the amount

2 A 2A
of wood is doubled, the heat experienced is H = kd_3' So km = kd_3 &d3 =16,000 & d = 202 ~ 25.2 feet.



53.

55.

56.

57.
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(a) Since f is inversely proportional to L, we have f = T where k is a positive constant.

k k
(b) If we replace L by 2L we have = % = 1t sothe frequency of the vibration is cut in half.

. (a) Sincer is jointly proportional to x and P — x, we have r = kx (P — x), where k is a positive constant.

(b) When 10 people are infected the rate is r = k10 (5000 — 10) = 49,900k. When 1000 people are infected the rate is
r = k- 1000 - (5000 — 1000) = 4,000,000k. So the rate is much higher when 1000 people are infected. Comparing
1000 people infected 4,000,000k
10 people infected - 49,900k
is about 80 times as large as when 10 people are infected.
(c) When the entire population is infected the rate is r = k (5000) (5000 — 5000) = 0. This makes sense since there are no
more people who can be infected.

these rates, we find that

~ 80. So the infection rate when 1000 people are infected

2.5 x 1026

5 ~ 347 x 10~14,
(2.4 x 1019)

L
Using B = kd—2 with k = 0.080, L = 2.5 x 1025, and d = 2.4 x 1019, we have B = 0.080

The star’s apparent brightness is about 3.47 x 10~14 W/m?2.
. L L L i " .
First, we solve B = kd_2 ford: d2 = kE =d= ‘/kE because d is positive. Substituting k = 0.080, L = 5.8 x 1039, and

, 5.8 x 10% : .
B =82x10"16 wefindd = 0.0SOm ~ 2.38 x 1022, 50 the star is approximately 2.38 x 1022 m from earth.
Z X

Examples include radioactive decay and exponential growth in biology.

CHAPTER 1 REVIEW

1

@ Y (b) The distance from P to Q is

d(P,Q) = /(-5 -2 + 12— 0)2
_ /I TIH = /193

.. (=542 1240 3
The midpoint —)=(-=.6).
(c) The midpoin |s( R ) ( > )

(e) The radius of this circle was found in part (b). It is

ol > r =d (P, Q) = +/193. So an equation is
2
12-0 —2)2 —_0)2 = Y 2 _
(d) Thelinehasslopemzﬂ=_.172_,and has x=2+(y -0 —(v193) © (X —2)* +y4 =193
equationy —0= -2 (x —2) oy = —¥x + & o b
& 12X + Ty — 24 = 0.
y
0 )
2 X
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2. (a) )

(d) The line has slope m =

0

1141
2-7

—10

= — =2, and

-5

itsequationisy +11=2(x — 2) &
y+1l1=2x-4y=2x—15.

y
1

3. (a)

Pe4

)

(d) The line has slope m =

4

0

2 — (—14)
—6—4

16 8

-0 5

and equationy — 2 = —% xX+6)e

y—2 8, _ 48

8

y

38

5

K

(b) The distance from P to Q is

d(P,Q) =/@ =12+ (-11+ 1?

(c) The midpoint is (2%7, —i- 1) = (g _5).

2 2’
(e) The radius of this circle was found in part (b). It is
r =d (P, Q) = 5./5. So an equation is

X—72+(y+1)2= (5¢§)2 o

(X =7)% 4+ (y + 1)? = 125.

y

(b) The distance from P to Q is

d(P,Q) = /(=6 — 42 +[2— (—14)2
= /100 + 256 = /356 = 2./89

—6+4 2+ (—14)
2 2

(c) The midpoint is ( ) = (-1, —6).

(e) The radius of this circle was found in part (b). It is
r =d (P, Q) = 24/89. So an equation is

[~ (612 + (v~ 27 = (2v89)

(X + 6)2 + (y — 2)%2 = 356.

|
N




4. (a)

Qe

(d) The line has slope m =

2 .P x
~2—(~6)
5—(=3)

has equation y — (—2) = 3 (x — 5) &

1

1 5 9

y

2

9

2 X
P

—_4_1
_8_2,and

CHAPTER1  Review

(b) The distance from P to Q is

d(P,Q) = /[5— (~3 +[-2 — (~6)I2
_ JAITT0 = VB0 = 4.

54 (—3) —2+ (—6)
2 2

(c) The midpoint is ( ) =1, -4).

(e) The radius of this circle was found in part (b). Itis
r =d (P, Q) = 4+/5. So an equation is

=52+ [y~ (-2 = (45) &

(x —5)2 + (y +2)%2 = 80.

y

G

6.{(x,y)|x >4ory > 2}

7.d(A,C) = \/(4—(—1))2+(4—(—3))2 = \/(4+1)2+(4+3)2 = /74 and

d(B,C) = /(5= (—1)2 + (3= (=3))2 = /(5 + 1) + (3+3)2 = +/72. Therefore, B is closer to C.

145

2
8. The circle with center at (2, —5) and radius +/2 has equation (x — 2)2 + (y + 5)2 = (ﬁ) S(X=22+(y+52=2.

9. The center is C = (-5, —1), and the point P

(0,0) is on the circle. The radius of the circle is

r=d(P,C) = \/(o —(=5)2+ (00— (—1))2:\/ (0+5)2 + (0 + 1)2 = +/26. Thus, the equation of the circle is

(X +5)2 4 (y + 1)% = 26.

2—1 3+8

10. The midpoint of segment P Q is ( >

111
2’2

r=3%-dpP,Q = l\/(z— (=1))2+(3-8)2 = %\/(2+1)2+(3—8)2 &1 = 1./34. Thus the equation is

(=3)"+(-%)

), and the radius is % of the distance from P to Q, or
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(b) The circle has center (—1, 3) and

11. (a) x2+y2+2x—6y+9=0@(x2+2x)+(y2—6y)=—9<:>
radius 1.

(x2+2x+1)+(y2—6y+9):—9+1+9<:>

(X 4+ 1)2 4 (y — 3)2 = 1, an equation of a circle.

©

12. (@) 22 +2y2 —2x +8y = & X2 —x +y? +4y =t & (b) The circle has center (% —2)

(XZ—X+%)+(y2+4Y+4)=%+%+4@ andradius#.

y

1\2 22 _ 9 tion of a circl
x—3) +(y+2)? = 3, an equation of a circle.

/| _\1 N X
/ N\
/[ \
[ \
\ z
\ /
N\ /
N P

=—72+436< (X —6)2 4 y2 = —36.

13. (@) X2 +y2 + 72 = 12X & (x2 _ 12x) Y2 =-Te (x2 —12x +36) +y2
Since the left side of this equation must be greater than or equal to zero, this equation has no graph.

(b) This is the equation of the point
(3,5).

14. (@) x2+y2 —6x — 10y + 34 =0 > x2 — 6X + y2 — 10y = —34 &
<x2—6x+9)+<y2—10y+25):—34+9+25<:>
y

(x —3)2 4 (y — 5)2 = 0, an equation of a point.
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15. y =2 — 3x 16.2x —y+1=0y=2x+1
y y
X |y X y
-218 -2 | -3
0f2 0
2 1
X 1 X
X_Y_ X Yy_ _
17.2 7_1<:>y 18.4+5—0<:>5X+4y_0
y y
X y X y
-2 | -14 —4 5
o -7 0
2 0 2 4| -5
/z X 1 X
19. y = 16 — x2 20.8x 4+ y2 =0 < y2 = —8x
y y
X |y X |y
3| 7 -8 | 48
-1 15 -2 | 44
16 0| 0 1
15 1 x
2
3| 7 / ; \
2L x = fy 2.y =—J1-x2
y Y
X |y X y
0|0 -1 0 !
2 4 1 0 -1 1
3|9 ! x 0
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23.y=9—x?2
(a) x-axis symmetry: replacing y by —y gives —y =9 — x2, which is not the same as the original equation, so the graph is
not symmetric about the x-axis.
y-axis symmetry: replacing x by —x givesy =9 — (—x)2 =9 — x2, which is the same as the original equation, so the
graph is symmetric about the y-axis.
Origin symmetry: replacing x by —x and y by —y gives —y = 9 — (—=x)2 < y = —9 + x2, which is not the same as
the original equation, so the graph is not symmetric about the origin.
(b) To find x-intercepts, we set y = 0 and solve for x: 0 = 9 — x2 < x2 = 9 < x = =£3, s0 the x-intercepts are —3 and 3.
To find y-intercepts, we set x = 0 and solve fory: y =9 — 02 =9, so the y-intercept is 9.
24, 6x + y% =36
() x-axis symmetry: replacing y by —y gives 6x + (—y)? = 36 < 6x + y? = 36, which is the same as the original
equation, so the graph is symmetric about the x-axis.
y-axis symmetry: replacing x by —x gives 6 (—x) + y2 = 36 < —6x + y2 = 36, which is not the same as the original
equation, so the graph is not symmetric about the y-axis.
Origin symmetry: replacing x by —x and y by —y gives 6 (—x) + (—y)2 =36 & —6x + y2 = 36, which is not the
same as the original equation, so the graph is not symmetric about the origin.
(b) To find x-intercepts, we set y = 0 and solve for x: 6x + 02 = 36 < x = 6, s0 the X-intercept is 6.
To find y-intercepts, we set x = 0 and solve for y: 6 (0) + y2 = 36 < y = +6, s0 the y-intercepts are —6 and 6.
25 x2 4+ (y—172=1
(a) x-axis symmetry: replacing y by —y gives x2 + [(—y) - 1]2 =lex+y+ 1)2 = 1, so the graph is not symmetric
about the x-axis.
y-axis symmetry: replacing x by —x gives (—x)2 + (- 1)2 =lox2+ (y— 1)2 = 1, so the graph is symmetric
about the y-axis.
Origin symmetry: replacing x by —x and y by —y gives (—x)2 + [(=y) — 1] = 1 & x2 + (y + 1)? = 1, so the graph
is not symmetric about the origin.
(b) To find x-intercepts, we set y = 0 and solve for x: x2 + (0 — 1)2 = 1 < x2 = 0, so the x-intercept is 0.
To find y-intercepts, we set x = 0 and solve for y: 02 + y— 1)2 =ley-1=+1<y=0o0r2,sothe y-intercepts
are 0 and 2.
26. x4 =16+y
() x-axis symmetry: replacing y by —y gives x* = 16 + (—y) < x* = 16 — y, so the graph is not symmetric about the

X-axis.

y-axis symmetry: replacing x by —x gives (—x)* = 16 +y < x* = 16+ y, so the graph is symmetric about the y-axis.
Origin symmetry: replacing x by —x and y by —y gives (—x)* = 16 + (—y) < x* = 16 — y, s0 the graph is not
symmetric about the origin.

(b) To find x-intercepts, we set y = 0 and solve for x: x* = 16 4+ 0 & x* = 16 & x = 42, so the x-intercepts are —2 and

2.
To find y-intercepts, we set x = 0 and solve for y: 0* = 16 + y < y = —16, so the y-intercept is —16.

27. 9x2 — 16y2 = 144

@)

x-axis symmetry: replacing y by —y gives 9x2 — 16 (—y)? = 144 < 9x2 — 16y2 = 144, so the graph is symmetric
about the x-axis.

y-axis symmetry: replacing x by —x gives 9 (—x)% — 16y2 = 144 < 9x2 — 16y2 = 144, s0 the graph is symmetric
about the y-axis.

Origin symmetry: replacing x by —x and y by —y gives 9 (—x)% — 16 (—y)? = 144 < 9x2 — 16y? = 144, s0 the
graph is symmetric about the origin.



(b)
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To find x-intercepts, we set y = 0 and solve for x: 9x2 — 16 (0)2 = 144 < 9x? = 144 < x = =4, so the x-intercepts
are —4 and 4.
To find y-intercepts, we set x = 0 and solve for y: 9 (0)2 — 16y? = 144 < 16y2 = —144, so there is no y-intercept.

4
28. y=—
y=3

@)

(b)

x-axis symmetry: replacing y by —y gives —y = g which is different from the original equation, so the graph is not
symmetric about the x-axis.

y-axis symmetry: replacing x by —x givesy = —ix which is different from the original equation, so the graph is not
symmetric about the y-axis.

Origin symmetry: replacing x by —x and y by —y gives —y = —ix oy = ; so the graph is symmetric about the
origin.

To find x-intercepts, we set y = 0 and solve for x: 0 = ; has no solution, so there is no x-intercept.

To find y-intercepts, we set x = 0 and solve for y. But we cannot substitute x = 0, so there is no y-intercept.

29. X2 4 4xy +y2 =1

@)

(b)

x-axis symmetry: replacing y by —y gives x2 4 4x (—y) + (—y)? = 1, which is different from the original equation, so
the graph is not symmetric about the x-axis.

y-axis symmetry: replacing x by —x gives (—x)Z + 4 (—x) y 4+ y2 = 1, which is different from the original equation,
so the graph is not symmetric about the y-axis.

Origin symmetry: replacing x by —x and y by —y gives (—=x)? +4 (=x) (=y) + (=y)? = 1 = x%2 + 4xy + y?> = 1,50
the graph is symmetric about the origin.

To find x-intercepts, we set y = 0 and solve for x: X2 + 4x ) + 02=1ox2=1ox==+1,s0the X-intercepts are
—land1.

To find y-intercepts, we set x = 0 and solve for y: 02 + 4 Oy + y2 =l y2 =1 &y = +£1, so the y-intercepts are
—land1.

30. x3+xy2=5

@

(b)

x-axis symmetry: replacing y by —y gives x3 + x (—=y)2 = 5 & x3 + xy2 = 5, s0 the graph is symmetric about the
X-axis.

y-axis symmetry: replacing x by —x gives (—x)3 + (—x) y2 = 5, which is different from the original equation, so the
graph is not symmetric about the y-axis.

Origin symmetry: replacing x by —x and y by —y gives (—x)3 + (—Xx) (—y)2 = 5, which is different from the original
equation, so the graph is not symmetric about the origin.

To find x-intercepts, we set y = 0 and solve for x: x3 + x (0)2 =5 < x3 = 5 < x = /5, so the x-intercept is /5.
To find y-intercepts, we set x = 0 and solve for y: 03 + Oy2 = 5 has no solution, so there is no y-intercept.
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31. (a) We graph y = x2 — 6x in the viewing rectangle
[—10, 10] by [-10, 10].

(b) From the graph, we see that the x-intercepts are 0
and 6 and the y-intercept is 0.

33. (a) We graph y = x3 — 4x2 — 5x in the viewing
rectangle [—4, 8] by [—30, 20].

(b) From the graph, we see that the x-intercepts are —1,
0, and 5 and the y-intercept is 0.

35. (a) The line that has slope 2 and y-intercept 6 has the slope-intercept equation  (c) v

y =2Xx +6.

(b) An equation of the line in general formis2x —y + 6 = 0.

32. (a) We graph y = /5 — x in the viewing rectangle

(b) From the graph, we see that the x-intercept is 5 and
the y-intercept is approximately 2.24.

X2 x2
34. (a) We graph T +y2 :1<:>y2 :1—7 =
x2
y=d=4,/1- T in the viewing rectangle [—3, 3] by

[-2,2].

(b) From the graph, we see that the x-intercepts are —2
and 2 and the y-intercepts are —1 and 1.




36. (&) The line that has slope —% and passes through the point (6, —3) has (©
equationy—(—s)=—%(x—6)@y+3=—%(x—6)@y=—%x.

() —3x+3=y+3ex-6=-2y—6ex+2y=0.

37. (a) The line that passes through the points (—1, —6) and (2, —4) has slope (©

A D 2 e = 2 —(— — 252
m= -0 _3,soy (6)=5x-(-D]eoy+6=5x+3
oy=2x-1

b)) y=54x-—L o3y=2x-16=2x -3y —16 =0.

38. (a) The line that has x-intercept 4 and y-intercept 12 passes through the points (c)
12-0 L
(4,0) and (0, 12), som = o=z " —3 and the equation is

y—-0=-3x—4) oy=-3x+12.
b)y=-3%+123x+y—-12=0.

39. (a) The vertical line that passes through the point (3, —2) has equation x =3.  (c)
(b)x=3<=x-3=0.
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40. (a) The horizontal line with y-intercept 5 has equation y = 5. (©

(b)y=5<y-5=0.

41. (a) 2x -5y =105y =2x—-10y = %x — 2, so the given line has slope (c)
m= % Thus, an equation of the line passing through (1, 1) parallel to this
Iineisy—l:%(x—l)@y:%x+%.

b)) y=2x+Eo5y=2x+3e2x-5y+3=0.

42. (a) The line containing (2, 4) and (4, —4) has slope (©
m= _44 _24 = _78 = —4, and the line passing through the origin with

this slope has equation y = —4x.

(b)y=—-4xs4x+y=0.

43. (a) Theliney = %x — 10 has slope % so a line perpendicular to this one has ()
slope —712 = —2. In particular, the line passing through the origin

perpendicular to the given line has equation y = —2x.

b)y=-2x=2x+y=0.

v

=V

=V



44.

45.

46.

47.

48.

49.
X2 424X +144 =0 (x+12)2 =0 x+12=0ox = —12.
51.

52.
53.

55.

56.

57.

58.
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(a)x—3y+16=04:>3y=x+164:>y=%x—k%ﬁ,sothegivenlinehas (© v

slope % The line passing through (1, 7) perpendicular to the given line has

1
equationy—?:—m(x—1)(:)y—7=—3(x—1)«:)y=—3x+10.

(b)y=-3x+10=3x+y—-10=0.

1 \ -
The line with equation y = —%x — 1 has slope —%. The line with equation9y +3x +3 =09y = -3x -3 <

y = —2x —  also has slope —3, so the lines are parallel.

The line with equation 5 — 8y = 3 <> 8y = 5x —3 &y = 3x — § has slope 3. The line with equation 10y + 16x = 1 <

10y = —16x + 1<y = —8x + 5 has slope —§ = —5—}8, so the lines are perpendicular.
(a) The slope represents a stretch of 0.3 inches for each one-pound increase in weight. The s-intercept represents the length
of the unstretched spring.
(b) Whenw =5,s =0.3(5)+2.5=15+2.5=4.0inches.
(a) We use the information to find two points, (0, 60000) and (3, 70500). Then the slope is
m— 70,500 — 60,000 _ 10,500
3-0 3
(b) The slope represents an annual salary increase of $3500, and the S-intercept represents her initial salary.
(c) Whent = 12, her salary will be S = 3500 (12) + 60,000 = 42,000 + 60,000 = $102,000.
X2 - 4+14=0xX-7)(x—-2)=0x=T70rx =2

= 3,500. So S = 3,500t + 60,000.

2?2 +x=1e2x?+x-1=02x-1)(x+1) =0. Soeither2x —1=0=2x =1lox = 1;00x+1=0s
X =-—1.

X2 4+5x—2=0@Bx—-1)(x+2)=0x=3Fo0rx=-2
0=4x3—25x=x(4x2—25)=x(2x—5)(2x—|—5)=0. Soeither x = 0; 0r2x —5 =0 2x =5 & X = 3; or

2X+5=0e2x=-5x=-3.

.x3—2x2—5X+1O:0<:>x2(x—2)—5(x—2):O<:>(x—2)(x2—5):0<:>x:20rx:i\/§.

2 +4x—1=0=>

y — —bhy/b?—dac _ —WE/ @AY 4+ T6FID 4T 4427 2(_2iﬁ) _ =2+ 7
= 2a = 2(=3) = 6 =—=% — 6 — =5 =3 -

bt/ —rae —(=3)%,/(=3)2=4(1)(9 YT /=57 .
X2 _3x4+9=0=x = =& 222 dac _ ~(73) (2(1)) DO _ 3+ 29 36 _ 3= 5 21 \which are not real numbers.

There is no real solution.
1 + 2
X Xx—1

y — —bty/bZdac _ (O (6’ —4BN) _ 643617 _ 624 _ 6226 _ 2(3+6) _3+/6
=—7% = 73) =% =8 T 6 =% =73

=3 X-1D)4+2x) =3)X)x—-1) ox—-1+2x =3x2 -3x <0 =32 —6x +1=

X 1
X—2 x+2 x2—a
< x = 2or x = —5. However, since x = 2 makes the expression undefined, we reject this solution. Hence the only
solution is X = —5.

SXX+2)+(X—2) =8 x24+2X+Xx—2=8X2+3x—10=0 (X —2) (X +5) =0
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x4—8x2—9=0@(x2—9)(x2+1)=O<:>(x—3)(x+3)(x2+1)=O:>x—3=0<:>x=3,0rx+3=0<:>

X = —3, however X2 + 1 = 0 has no real solution. The solutions are x = =+3.

X —4X =32 Letu=X. Thenu? —4u =32 u2 —4u—-32 =0« (u—8)(u+4) =0Soeitheru —8 =0 or

U+4=0.1fu—-8=0,thenu=8< X =8 x =64 Ifu+4=0,thenu = —4 & /X = —4, which has no real

solution. So the only solution is x = 64.

xV2 _ox1/2 4 x3/2 = 0 = x71/2 (l—2x —|—x2) =0 x V21 -x)2 =0. Since x~1/2 —1//X is never 0, the

only solution comes from (1 — x)2 =0el-x=0=x=1.

(1+@2—2(1+ﬁ)—15=0. Letu = 1+ /X, then the equation becomesu? —2u —15=0< (U—5) (U+3) =0

ou—-5=00ru+3=0.fu—-5=0,thenu=51+.x=5c . /X=4ox=16.1fu+3=0,thenu=-3 &
1+ /X = =3 & /X = —4, which has no real solution. So the only solution is x = 16.

X —T7=4dox—T=2t4x=7+t4,s0x=11orx =3.

. . 5+9
. |2x—5|=9|sequwalentt02x—5=i—9<:>2x=54_—94:>x=T.Sox=—20rx=7.

@ 2-3i)+1+4i))=Q2+1)+(-3+4)i=3+i
(b) 2+i)(3—2i)=6—4i +3i —2i12=6—i+2=8—i

() 3—6i)— (6—4i)=3—6i —6+4i = (3—6)+ (—6+4)i =—3—2i
(b) 4i (2—%i)=8i—2i2=8i—|—2=2—|—8i

442 442 2+i B8+8i+2% B8+8i—2 6+8i

6 8:
a = . = = = = 2 =
@ 55 =727 277 -2 411 5 —5ts!
O (1-v-I)(1+v/-I)=(1-)A+i)=1+i-i-i?=1+1=2
8+3i 8+3i 4—3i 32-12i—9i2 32-12i+9 41-12i .
(a) = . = = = :ﬂ_g|
4431 4430 4-3i 16 — 9i2 16 4+9 25 RS

(b) /=10 - /=40 = i+/10 - 2i4/10 = 20i2 = —20
x24+16=0x2 = —16 & x = +4i

X2 = —12 & X = £/—12 = +2/3i

—b+vh?—4ac  —6+62—4(1)(10) —64+/36—40
N - 2

? _ _ _ .
Xc+6x+10=0x = 3 20 =-3i
—(-3) £ /(=32 -4 @ 3+JF 3 7
2— = = = = — -
2X X+2=0x 20 ) 4i 4|

x4—256=0<:>(x2—16) (x2+16)=0(:>x=i40rx=j:4i

x3—2x2+4x—8=0<:>(x—2)(x2+4)@x=20rx=i—2i
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76.
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78.
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Let r be the rate the woman runs in mi/h. Then she cycles atr + 8 mi/h.

Rate | Time | Distance

4

Cycle | r+8 | —— 4

y + r+8

Run r E 25

r
4 25
Since the total time of the workout is 1 hour, we have 18 + - = 1. Multiplying by 2r (r + 8), we

get 4(2r) +25(2)(r+8) = 2r(r+8) < 8r +5r + 40 = 2r2 4 16r < 0 = 2r2 4+ 3r — 40 =

—34,/(3)2—4(2)(—40 _34./97T350 34329
r = ¢ )2(2)( (40 - =3+ 49+32° Si 329 Since r > 0, we reject the negative value. She runs at

r= _3+T V329 ~, 378 mi/h.

2
Substituting 75 for d, we have 75 = x + 2—0 & 1500 = 20x + x2 < x2 4 20x — 1500 = 0 & (x — 30) (x 4 50) = 0. So

x = 30 or x = —50. The speed of the car was 30 mi/h.

Let x be the length of one side in cm. Then 28 — x is the length of the other side. Using the Pythagorean Theorem, we
have X2 + (28 — X)2 = 202 < x2 + 784 — 56x + x2 = 400 <> 2x2 — 56X + 384 :O<:>2(X2—28X+192) =0o
2(x —12)(x —16) = 0. So x = 12 or x = 16. If x = 12, then the other side is 28 — 12 = 16. Similarly, if x = 16, then
the other side is 12. The sides are 12 cm and 16 cm.

. . 80 . -
Let | be length of each garden plot. The width of each plot is then T and the total amount of fencing material is

80 480
4(I)+6(|—) = 88. Thus4l+|— =88<:>4I2+480=88I(:>4I2—88I+480=0<:>4(I2—22I+120) =0

4(I—10)(I—12)_0 Sol =10o0rl = 12. If | = 10 ft, then the width of each plot is 82 19 = 8 ft. If1 = 12 ft, then the

width of each plot is 12 = 6.67 ft. Both solutions are possible.

X—2>-113x>-9<x > -3 80.12—x27x<:>1228x<:)%zx.
Interval: (=3, 00).
( ) Interval: (—oo,%]
Graph: >
Graph: 5
2
3-x<2xX-T710<33xe P <x 82.-1<2X+5<3o-6<2X<-2c-3<x<-1

Interval: (-3, —1].
Interval: [%,oo) ( 1

Graph:

Y
|
|

Graph: 10
3

. x244x —12 > 0 (x — 2) (x + 6) > 0. The expression on the left of the inequality changes sign where x = 2 and where

X = —6. Thus we must check the intervals in the following table.
Interval: (—oo, —6) U (2, 00) .

Interval (=00, —6) | (=6,2) | (2,00)

Signofx —2 - — + Graph: —706—;—>
Signofx + 6 - + +

Sign of (x — 2) (X + 6) + - +
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84. x2 <1ox2—1<0e (x—1)(x +1) < 0. The expression on the left of the inequality changes sign when x = —1 and
x = 1. Thus we must check the intervals in the following table.

Interval: [—1, 1]
Interval (=00, -1) | (-1,1) | (1,00)
Signof x — 1 - - + Graph: — "
Signofx +1 - + +
Signof (x —1) (x + 1) + - +
2x +5 2x+5 2x +5 1 4
85. X+ <l X+o _ 1<0& X+o X+ <0&e X+ < 0. The expression on the left of the inequality
X+1 X+1 X+1 X+1 1

changes sign where x = —1 and where x = —4. Thus we must check the intervals in the following table.

We exclude x = —1, since the expression is not

Interval (=00, —4) | (=4,-1) | (=1,00) defined at this value. Thus the solution is
Signof x + 4 - + 4 [-4, -1).
Signofx +1 - - +
9 Graph:
. X+ 4 —4 -1
Sign of —— + - +
X+1

86. 2x2 > x +3 & 2x2 —x —3 > 0 & (2x — 3) (x + 1) > 0. The expression on the left of the inequality changes sign when
—land % Thus we must check the intervals in the following table.

Interval: (—oo, —1] U [% oo)

Interval (=00, —1) (—1, %) (% oo)
Sign of 2x — 3 - — . >
ign of 2x + Graph: - s
Signofx +1 — + + 2
Signof 2x —=3) (x + 1) + - +
87 x4 <0 x4 < 0. The expression on the left of the inequality changes sign where x = —2, where x = 2
"x2_-4 — xX—2)(x+2) ~ ' p q y g g = ) =4
and where x = 4. Thus we must check the intervals in the following table.
Interval (=00,=2) | (=2,2) | (2,4) | (4,00)
Signofx —4 — - - +
Signof x — 2 — — + +
Signof x +2 - + + +
X —4
Signof —————— - + - +
g X—=2)(Xx+2)

Since the expression is not defined when x = £2,we exclude these values and the solution is (—oo, —2) U (2, 4].

Graph: —o
-2
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5 5 5 5
- <0 <0le—— <0 < 0. The
X3 —x2—4x +4 X2(x—1)—4(x—1) (x—1)(x2—4) xX=DKx-2)(x+2)
expression on the left of the inequality changes sign when —2, 1,and 2. Thus we must check the intervals in the following

table.

Interval (=00,-2) | (-2,1) | (1,2) | (2,00)
Signofx —1 — — + +
Signof x — 2 — — — +
Signof x + 2 — + + +
5
Sign of — -
9 X=DXxX—=2)(x+2) + +

Interval: (—oo0, —2) U (1, 2)

Graph; —0————0—o0—»

-2 1 2
X =5 <3 -3<x-5<3s2<x<8 90.|x—4] <002 -0.02<x-4<002=
Interval: [2, 8] 3.98 < x < 4.02
Interval: (3.98, 4.02)
Graph:
8 Graph:
3.98 4.02
[2x + 1| > lisequivalentto2x +1 >1or2x+1<—-1.Case1:2x+1>1<2x >0 x >0. Case 2: 2x +1 < -1

S 2X < =2 < x < =1, Interval: (—oo, —1] U [0, o0). Graph: >
1

[x — 1] is the distance between x and 1 on the number line, and |x — 3] is the distance between x and 3. We want those
points that are closer to 1 than to 3. Since 2 is midway between 1 and 3, we get x € (—o0, 2) as the solution. Graph:

(@) For /24 — x — 3x2 to define a real number, we must have 24 — x — X2 >0 (8— 3x) (3 + x) > 0. The expression
on the left of the inequality changes sign where8 —3x =0 —3x = -8 & x = %; or where x = —3. Thus we must
check the intervals in the following table.

. 8
Interval: [—3, g].

Interval (=00, —3) (_3’ %) (% oo) Graph:

Sign of 8 — 3x + + -

Sign of 3 + x - + + -3 8
Sign of (8 — 3x) (3 +X) - + _ ’
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(b) For — to define a real number we must have x — x4 >0 x (1 - x3) >0 x(1-x) (1 +x 4+ x2) > 0.

1
Vx = x
The expression on the left of the inequality changes sign where x = 0; or where x = 1; or where 1 + X + X2 = 0 =

x = —1Ev %il_)d'(l)(l) = 1iv21—4 which is imaginary. We check the intervals in the following table.

Interval: (0, 1).

Interval (=00,0) | (0,1) | (1,00) Graph:

Sign of x - + +

Signof 1 — x + + - 0 1
Sign of 1+ x + x? + + +

Signofx(l—x)(l+x+x2) - + -

6 9 6 9 6 9
94. We have 8 < %nr3§12<:>— << oI—<r<IZ Thusre |:,3/—, 3/—:|.
T T T s T T

95. From the graph, we see that the graphs of y = x2 — 4x and y = X + 6 intersect at x = —1 and x = 6, so these are the
solutions of the equation x2 — 4x = x + 6.

96. From the graph, we see that the graph of y = x2 — 4x crosses the x-axis at x = 0 and X = 4, so these are the solutions of
the equation x2 — 4x = 0.

97. From the graph, we see that the graph of y = x2 — 4x lies below the graphof y = x 4+ 6 for —1 < x < 6, so the inequality
x2 — 4x < X + 6 is satisfied on the interval [—1, 6].

98. From the graph, we see that the graph of y = x2 — 4x lies above the graph of y = x + 6 for —co < X < land 6 < X < oo,
so the inequality x2 — 4x > x + 6 is satisfied on the intervals (—co, —1] and [6, 00).

99. From the graph, we see that the graph of y = x2 — 4x lies above the x-axis for x < 0 and for x > 4, s0 the inequality
x2 — 4x > 0 is satisfied on the intervals (—oo, 0] and [4, co).

100. From the graph, we see that the graph of y = x2 — 4x lies below the x-axis for 0 < x < 4, so the inequality X2 — 4x > 0 is
satisfied on the interval [0, 4].

101. x2 — 4x = 2X + 7. We graph the equations y; = x2 — 4x 102. v/X + 4 = x2 — 5. We graph the equations y; = v/X + 4

and y, = 2x + 7 in the viewing rectangle [-10, 10] by and y» = x2 — 5 in the viewing rectangle [—4, 5] by
[—5, 25]. Using a zoom or trace function, we get the [0, 10]. Using a zoom or trace function, we get the
solutions x = —land x =7. solutions x &~ —2.50 and x = 2.76.
0
1

-10 5 10 4 2 0 2 4
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103. x* — 9x2 = x — 9. We graph the equations y; = x* — 9x2 104. [|x + 3| — 5| = 2. We graph the equations

105.

107.

and y, = x — 9 in the viewing rectangle [-5, 5] by
[—25, 10]. Using a zoom or trace function, we get the
solutions x &~ —2.72, x &~ —1.15, x = 1.00, and x ~ 2.87.

10

4x — 3 > x2. We graph the equations y; = 4x — 3 and
y2 = x2 in the viewing rectangle [—5, 5] by [0, 15]. Using
a zoom or trace function, we find the points of intersection

areatx = 1 and x = 3. Since we want 4x — 3 > x2, the
solution is the interval [1, 3].

15
10

8]

x* — 4x2 < 3x — 1. We graph the equations

y1 = x* —4x? and y, = $x — 1 in the viewing rectangle
[-5, 5] by [-5, 5]. We find the points of intersection are
atx ~ —1.85, x & —0.60, x &~ 0.45, and x = 2.00. Since
we want x* — 4x? < $x — 1, the solution is

(—1.85, —0.60) U (0.45, 2.00).

y1 = |Ix + 3| — 5] and y» = 2 in the viewing rectangle
[—20, 20] by [0, 10]. Using Zoom and/or Trace, we get the
solutions x = —10, x = —6,x =0, and x = 4.

10T

106. x3 — 4x2 — 5x > 2. We graph the equations

y1 = x3 — 4x2 — 5x and y, = 2 in the viewing rectangle
[—10, 10] by [-5, 5]. We find that the point of intersection

is at x &~ 5.07. Since we want x3 — 4x2 — 5x > 2, the
solution is the interval (5.07, c0).

10 -5 1 10

108. ‘xz — 16‘ — 10 > 0. We graph the equation

y = ‘xz — 16‘ — 10 in the viewing rectangle [—10, 10] by

[—10, 10]. Using a zoom or trace function, we find that the
X-intercepts are x &~ £5.10 and x &~ £2.45. Since we

want ‘xz — 16‘ — 10 > 0, the solution is approximately

(=00, —5.10] U [—2.45, 2.45] U [5.10, 00).

10
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109. Here the center is at (0,0), and the circle passes through the point (-5, 12), so the radius is
r = \/ (=5—0)2 + (12— 0)2 = /25 + 144 = /169 = 13. The equation of the circle is X% + y2 = 132 &
x2 + y2 = 169. The line shown is the tangent that passes through the point (=5, 12), so it is perpendicular to the line

. - 12-0 12 . .
through the points (0, 0) and (-5, 12). This line has slope m1 = T 0= "3 The slope of the line we seek is
1 1 5
My, = —— = ———— = —_ Thus, an equation of the tangent lineisy — 12 = = (X + 5 —12=2x+2
2 m; 125 12 q g y pX+5 ey DX+ e

y = %x+% < 5x — 12y + 169 =0.
110. Because the circle is tangent to the x-axis at the point (5, 0) and tangent to the y-axis at the point (0, 5), the center is at

(5,5) and the radius is 5. Thus an equation is (x — 5)2 + (y — 5)2 = 52 < (x — 5)2 + (y — 5)2 = 25. The slope of

. . . . 5-1 4 4 . . .
the line passing through the points (8, 1) and (5,5) ism = Es-3- 7% so an equation of the line we seek is

y—1l=-2(x-8 &4x+3y—-35=0.
111. Since M varies directly as z we have M = kz. Substituting M = 120 when z = 15, we find 120 = k (15) < k = 8.
Therefore, M = 8z.

. . . k L . k
112. Since z is inversely proportional to y, we have z = y Substituting z = 12 when y = 16, we find 12 = 6 sk =192

Therefore z = ﬁ
y
k
ﬁ.
k
(b) Substituting | = 1000 when d = 8, we get 1000 = W < k = 64,000.

113. (a) The intensity | varies inversely as the square of the distance d, so | =

64,000 64,000

(c) From parts (a) and (b), we have | = 2 Substituting d = 20, we get | = 2072 = 160 candles.
114. Let f be the frequency of the string and | be the length of the string. Since the frequency is inversely proportional to the
k k 2
length, we have f = T Substituting | = 12 when k = 440, we find 440 = 0 < k = 5280. Therefore f = g For
5280 . .
f = 660, we must have 660 = —— < | = % = 8. So the string needs to be shortened to 8 inches.

|
115. Let v be the terminal velocity of the parachutist in mi/h and w be his weight in pounds. Since the terminal velocity is

directly proportional to the square root of the weight, we have v = k. /w. Substituting v = 9 when w = 160, we solve

9
for k. This gives 9 = k4/160 & k = —— ~ 0.712. Thus v = 0.712,/w. When w = 240, the terminal velocity is

+/160
v = 0.7124/240 = 11 mi/h.

116. Let r be the maximum range of the baseball and v be the velocity of the baseball. Since the maximum range is directly
proportional to the square of the velocity, we have r = lp2. Substituting » = 60 and r = 242, we find 242 = k (60)2 <
k &~ 0.0672. If v = 70, then we have a maximum range of r = 0.0672 (70)2 = 329.4 feet.
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1 (a) y

There are several ways to determine the coordinates of S. The diagonals of a
square have equal length and are perpendicular. The diagonal PR is horizontal

R and has length is 6 units, so the diagonal QS is vertical and also has length 6.
Thus, the coordinates of S are (3, 6).

2. (8 y

(b) The length of PQ is \/ (0 —3)2 + (3 —0)2 = V18 = 3/2. So the area of

PQRS is (3&)2 —18.

(b) The x-intercept occurswheny = 0,500 = x2 —4 < x2 =4 = x = +2. The
y-intercept occurs when x = 0,50y = —4.

(c) x-axis symmetry: (—y) = x2 —4 < y = —x2 + 4, which is not the same as the
original equation, so the graph is not symmetric with respect to the x-axis.

3. (a) ¥y

y-axis symmetry: y = (—x)2 —4doy= x2 — 4, which is the same as the
original equation, so the graph is symmetric with respect to the y-axis.

Origin symmetry: (—y) = (—x)2 — 4 < —y = x2 — 4, which is not the same
as the original equation, so the graph is not symmetric with respect to the origin.

(b) The distance between P and Q is

% d(P,Q) =/(-3-5%+(1—6)2 = BIT 25 = /B9,
oo (=345 146) 7
(c)Themldpomtls( L )_(1,7).
.. 1-86 -5 5
¥ (d) The slope of the line is S 5-3- 3§

(e) The perpendicular bisector of P Q contains the midpoint, (l, %) and it slope is

the negative reciprocal of %. Thus the slope is _Vls = —%. Hence the equation
isy—-s=-8x-Deoy=-8+&+5=-8x+3L Thatis,
y=—8&x+ 3%

(f) The center of the circle is the midpoint, (1, % , and the length of the radius is %«/@ . Thus the equation of the circle

whose diameter is P Q is (x — 1) + (y - %)2 = (%\/@)2 o x-1)2+ (y - %)2 -8
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4. (a) x2 4 y2 = 25 = 52 has center (0,0) (b) (x —2)2 + (y + 1)2 = 9 = 3% has

and radius 5. center (2, —1) and radius 3.

y y

e

5 (@ x=4- y2. To test for symmetry about the x-axis, we replace y with —y:

X =4 — (—y)2 & x = 4 — y2, s0 the graph is symmetric about the x-axis.
To test for symmetry about the y-axis, we replace x with —x:

—X=4- y2 is different from the original equation, so the graph is not
symmetric about the y-axis.

For symmetry about the origin, we replace x with —x and y with —y:

—X =4 — (=y)? & —x = 4 — y2, which is different from the original
equation, so the graph is not symmetric about the origin.

To find x-intercepts, we set y = 0 and solve for x: x =4 — 02 = 4, so the
x-intercept is 4.

To find y-intercepts, we set x = 0 and solve for y:: 0 =4 — y2 < y2 =4
&y = 2, s0 the y-intercepts are —2 and 2.

(b) y = |x — 2]|. To test for symmetry about the x-axis, we replace y with —y:

—y = |x — 2| is different from the original equation, so the graph is not
symmetric about the x-axis.

To test for symmetry about the y-axis, we replace x with —x:

y = |—x — 2| = |x + 2| is different from the original equation, so the
graph is not symmetric about the y-axis.

To test for symmetry about the origin, we replace x with —x and y with
—y: =y = |—X = 2| &y = — |x + 2|, which is different from the original
equation, so the graph is not symmetric about the origin.

To find x-intercepts, we set y = 0 and solve for x: 0 = |x — 2| &

X —2=0& x = -2, so the x-intercept is 2.

To find y-intercepts, we set x = 0 and solve for y:

y =10 —2| = |-2| = 2, so the y-intercept is 2.

©x2+6x+y2—-2y+6=0&
X24ex+94+y2—2y+1l=4e
(X +3)2+(y—1)2 =4 =2°has
center (—3, 1) and radius 2.

y

()




10.

. (a) To find the x-intercept, we set y = 0 and solve for x: 3x —5(0) =15 (b) Y

. (&) When x = 100 we have T = 0.08 (100) — 4 =8 — 4 = 4, so the (b) T

CHAPTERT  Test 163

< 3x = 15 & x =5, so the x-intercept is 5.
To find the y-intercept, we set x = 0 and solve for y: 3 (0) — 5y = 15
& —5y = 15 < y = —3, so the y-intercept is —3.

(©3x -5y =155y =3 -15cy=32x-3. 1

(d) From part (c), the slope is %

(e) The slope of any line perpendicular to the given line is the negative /

reciprocal of its slope, that is, —3—}5 =-3.

. (@ 3x+y—10=0<y = —3x+10, so the slope of the line we seek is —3. Using the point-slope, y — (—6) = -3 (x — 3)

SYy+6=-3x+9=3x+y—-3=0.

(b) Using the intercept form we get % + % =le2X+3y=12<2x+3y —-12=0.

temperature at one meter is 4° C.

(c) The slope represents an increase of 0.08° C for each one-centimeter 5
increase in depth, the x-intercept is the depth at which the temperature
is 0° C, and the T -intercept is the temperature at ground level.

y 60 | 80 100 120 x

4+ /2421 -4+V16-8 -4+£8 -4£2/2 -2+2
22 4 4 4 2 '
©3-X-3=xo3-x=/X-30B-x)2%= (\/3TX)2<:>X2—6X+9 —3-x&
x2 —5x +6 = (x —2) (x — 3) = 0. Thus, x = 2 and x = 3 are potential solutions. Checking in the original equation,
we see that only x = 3 is valid.
(d) x/2 —3x1/4 42 = 0. Letu = x1/4, then we have u? —3u+2 =0 < (U —2) (u — 1) = 0. So either u —2 = 0 or
U—1=0.1fu-2=0thenu=2x/4=2ox=2=16.1fu-1=0thenu=1ox/*=1ox=1 S0
x =1orx =16.
(e x4—3x2+2=0<:>(x2—1) (x2—2)=0. Sox2—1=0ox==10rx2—2=0e x = ++/2. Thus the

. @) xX2—x—-12=0s(x—4)(x+3)=0.S0x =4orx = —3.

(b) 2x2 +4x+1=0=x =

solutionsare x = —1,x = 1, X = —+/2, and x = +/2.
(f) 3x—4-10=0=3x-4=0ex-4=Pox-4=+tPox=4+8 sox=4-L =20
x =4+ % =2 Thus the solutions are x = 4 and x = £.
@ B—2I)+ @4+3)=3+4+ (=2i +3) =7 +i
(b) (B—=2i) — (4+3i) = (3 —4) + (—2i —3i) = —1 —5i
© B3—2I)(4+31)=3-4+3.31 =2 -4—2i -3 =12+9i —8i —6i2=12+i —6(—1) = 18+1i
@3°2 _3-2 4-3 12-wi+6? 12-17i-6_ 6 17,

— = i
(e i%8 = (i2)24 = (¥ =1

4+3i  4+3i 4-3  16—-92  16+9 25 25
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M) (V2-v=2) (VB+v=2) =v2-8+ V22 - V(28 - (v=2) =4 +2i —4i = (-2) =6 - 2i

11. Using the Quadratic Formula, X2 44X +3 =0 X =

—4+£42-4(2)(3) —4+V-8 _ |
2(2) - 4 - 2"

12. Let w be the width of the parcel of land. Then w + 70 is the length of the parcel of land. Then w? + (w + 70)2 = 130? &
w2 + w2 + 140w + 4900 = 16,900 < 2w? + 140w — 12,000 = 0 < w2 + 70w — 6000 = 0 < (w — 50) (w + 120) = 0.
Sow =50 0or w = —120. Since w > 0, the width is w = 50 ft and the length is w + 70 = 120 ft.

13. (@ -4 <5-3x <17 -9 < —=3x <12 < 3 > x > —4. Expressing in standard form we have: —4 < x < 3.

Interval: [—4, 3). Graph:
—4 3

(b) x (x —1) (x + 2) > 0. The expression on the left of the inequality changes sign when x = 0, x =1, and x = —2. Thus
we must check the intervals in the following table.

Interval (=00,-2) | (—=2,0) | (0,1) | (1,00)
Sign of x - - + +
Signofx —1 — — - +
Sign of x 42 - + + +
Signof x (x = 1) (x — 2) - + - +
From the table, the solution set is {x | =2 < x <0or1 < x}. Interval: (—2,0) U (1, o0).

Graph: —o———o0——o0—>
-2 0 1

(©) Ix —4] <3isequivalentto -3 <x —4 <3< 1 <x < 7. Interval: (1, 7). Graph:

7
2x —3 2x —3 2x—3 x+1 X—4 . . .
(d) L <le rl 1<0& Yt X+l < 1 < 0. The expression on the left of the inequality
changes sign where x = —4 and where x = —1. Thus we must check the intervals in the following table.
Interval (=00, =1) | (-1,4) | (4,00)
Signofx — 4 - - +
Signofx +1 - + +
X—4
Sign of —— —
g X1 + +
Since x = —1 makes the expression in the inequality undefined, we exclude this value. Interval: (-1, 4].
Graph:
- 4

14.5 < % (F-32) <109<F —-32< 18«41 < F < 50. Thus the medicine is to be stored at a temperature between
41° Fand 50° F.
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15. For v/6x — x2 to be defined as a real number 6x — x2 > 0 < x (6 — x) > 0. The expression on the left of the inequality
changes sign when x = 0 and x = 6. Thus we must check the intervals in the following table.

Interval (—00,0) | (0,6) | (6,00)
Sign of x - + +
Sign of 6 — x + + -
Sign of x (6 — x) - + -

From the table, we see that v/6x — x2 is defined when 0 < x < 6.

16. (a) x3 —9x — 1 = 0. We graph the equation (b) x2 — 1 < |x 4 1|. We graph the equations
y = x3 — 9x — 1 in the viewing rectangle [5, 5] y1 = x2 —1and y, = |x + 1] in the viewing
by [—10, 10]. We find that the points of rectangle [—5, 5] by [—5, 10]. We find that the
intersection occur at x ~ —2.94, —0.11, 3.05. points of intersection occur at x = —1 and x = 2.

Since we want x2 — 1 < [X + 1|, the solution is
the interval [-1, 2].

h2
17. (@ M =kwT

Q) (62) wh?

(b) Substitutingw =4,h =6, L =12, and M = 4800, we have 4800 = k < k =400. Thus M = 4OOT'

3) (102
(¢) Now if L =10, w = 3,and h = 10, then M = 400% = 12,000. So the beam can support 12,000 pounds.

FOCUS ON MODELING Fitting Lines to Data

1 (a) y (b) Using a graphing calculator, we obtain the regression
liney = 1.8807x + 82.65.

180 (c) Using x = 58 in the equation y = 1.8807x + 82.65,
£ we get y = 1.8807 (58) + 82.65 ~ 191.7 cm.
= 160
.0
(]
as
140 -

40 50 X

Femur length (cm)
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2. (a) y (b) Using a graphing calculator, we obtain the regression
800+ liney = 16.4163x — 621.83.
e}
§ (c) Using x = 95 in the equation
§ 6001 y = 16.4163x — 621.83, we get
s y = 16.4163 (95) — 621.83 ~ 938 cans.
2
§ 400
Z
T : : : :
50 60 70 80 90 x
High temperature (°F)
3. (a) y (b) Using a graphing calculator, we obtain the regression
100+ line y = 6.451x — 0.1523.
80 R (c) Using x = 18 in the equation y = 6.451x — 0.1523,
£ we get y = 6.451 (18) — 0.1523 = 116 years.
i;) 60 .
) L)
f:” 40
20
o0 2 4 6 8 10 12 14 16 18 20 x
Diameter (in.)
4. (a) V4 (b) Letting x = 0 correspond to 1990, we obtain the
400 regression line y = 1.8446x + 352.2.
g 3901 (c) Using X = 21 in the equation y = 1.8446x + 352.2,
% 380 we get y = 1.8446 (21) + 352.2 =~ 390.9 ppm COp,
ks 3701 slightly lower than the measured value.
S
© 360/
350]
¢

1990 1995 2000 2005 2010 x
Year



5. (a)

6. (a)

7. (a)

8. (a)

Chirping rate (chirps/min)

Mosquito positive rate (%)

MRT score (%)

200

100+

Sea ice extent (million km?)

50

T T T

60 70 80

Temperature (°F)

T

90

10 20
Years since 1986

50+

20

0 60 80
Flow rate (%)

100 ¥

80

9 100
Noise level (dB)

1o *
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(b) Using a graphing calculator, we obtain the regression
line y = 4.857x — 220.97.

(c) Using x = 100° F in the equation
y = 4.857x — 220.97, we get y ~ 265 chirps per
minute.

(b) Using a graphing calculator, we obtain the regression
liney = —0.1275x + 7.929.

(c) Using x = 30 in the regression line equation, we get
y = —0.1275 (30) + 7.929 ~ 4.10 million km?.

(b) Using a graphing calculator, we obtain the regression
liney = —0.168x + 19.89.

(c) Using the regression line equation
y = —0.168x + 19.89, we get y ~ 8.13% when
X = 70%.

(b) Using a graphing calculator, we obtain
y = —3.9018x + 419.7.

(c) The correlation coefficient isr = —0.98, so linear
model is appropriate for x between 80 dB and
104 dB.

(d) Substituting x = 94 into the regression equation, we
gety = —3.9018 (94) + 419.7 ~ 53. So the
intelligibility is about 53%.
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9. (a) y (b) Using a graphing calculator, we obtain
807 y = 0.27083x — 462.9.
? (c) We substitute x = 2006 in the model
«2 704 y = 0.27083x — 462.9 to get y = 80.4, that is, a life
Q
o expectancy of 80.4 years.
[0}
.“E 604 (d) The life expectancy of a child born in the US in 2006
was 77.7 years, considerably less than our estimate
in part (b).
T : : : :
1920 1940 1960 1980 2000 ¥
Year
10. (a) (© y
Year | x | Height (m)
1972 | 0 5.64
1976 | 4 5.64
1980 | 8 5.78

1984 | 12 5.75
1988 | 16 5.90
1992 | 20 5.87

Winning pole valut height (m)

+
1996 24 5.92 0‘ ]b io 3‘0 X
2000 | 28 5.90 Years since 1972

2004 | 32 5.95 The regression line provides a good model.

2008 | 36 5.96 (d) The regression line predicts the winning pole vault

height in 2012 to be

(b) Using a graphing calculator, we obtain the regression y = 0.00929 (2012 — 1972) + 5.664 ~ 6.04 meters,

line y = 5.664 + 0.00929x.
11. Students should find a fairly strong correlation between shoe size and height.
12. Results will depend on student surveys in each class.
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2.1 FUNCTIONS

1

10.

11.

13.

If f (x) =x3+1, then

(a) thevalueof f atx = —1is f (—1) = (—1)3 +1=0.

(b) the value of f atx =2is f 2) =23 +1=0.

(c) the net change in the value of f betweenx = —landx =2is f (2) — f (1) =9—-0=09.

. For a function f, the set of all possible inputs is called the domain of f, and the set of all possible outputs is called the

range of f.

-5

. (@) f(x)=x2—3xandg(x) = X=> have 5 in their domain because they are defined when x = 5. However,
X

h (x) = +/x — 10 is undefined when x = 5 because /5 — 10 = +/—5, so 5 is not in the domain of h.

(b) f(5):52—3(5):25—15:10andg(5):% = g =0.
. (&) Verbal: “Subtract 4, then square and add 3.”
(b) Numerical:
x| fx)
0 19
2 7
4 3
6

. A function f is a rule that assigns to each element x in a set A exactly one element called f (x) in a set B. Table (i) defines

y as a function of x, but table (ii) does not, because f (1) is not uniquely defined.

. (@) Yes, itis possible that f (1) = f (2) = 5. [For instance, let f (x) =5 forall x.]

(b) No, it is not possible to have f (1) =5and f (1) = 6. A function assigns each value of x in its domain exactly one
value of f (x).

. Multiplying x by 3 gives 3x, then subtracting 5 gives f (x) = 3x — 5.
. Squaring x gives x2, then adding two gives f (x) = X2 +2.

. Subtracting 1 gives x — 1, then squaring gives f (x) = (x — 1).

Adding 1 gives x + 1, taking the square root gives 1/x + 1, then dividing by 6 gives f (x) = X6+ 1.
. X+2 -
f (x) = 2x + 3: Multiply by 2, then add 3. 12.g(x) = T: Add 2, then divide by 3.

2_4
h (x) =5(x 4+ 1): Add 1, then multiply by 5. 14.k (x) = X

: Square, then subtract 4, then divide by 3.
169
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. . . . 3
15. Machine diagram for f (x) = +/x — 1. 16. Machine diagram for f (x) = >
subtract 1,
1—> then take — >0 subtrqct 2,
M 3—> take rgmprocal, — >3
subtract 1,
2—> then take —> 1 subtrqct 2,
square root —1—> take rgcnprocal, — > -1
~ subtract 1, | _
5—> then take —> 2 ~ | subtrqct 2, | _
square root 1—> take rgcnprocal, — > -3
17. f(x)=2(x — 1)2 18.g(x) = |2x + 3|
X f (x) X g (x)
-1]2(-1-1)?=8 3| 12(=3)+3/=3
0 2(-1?=2 -2 | 2(-2)+3|=1
1| 2a-12=0 0 12(0)+3| =3
2 22-12%2=2 1 2(1)+3| =5
3| 2B8-1)72=38 3| 2@ +31=9

19. f(x) =x2—6; f(-3) = (32 -6=9-6=3f3) =32-6=9-6=23; f(0) =02—6 = —6;
)= () -e-i-e--2
20. fX)=x342x; f(=2) = (=28 +2(-2) = -8—-4=-12, f(-1) = (1)} +2(-1) = -1 -2 = —3;

fo=0c+20=0f(})=(1)+2(3) =t +1=%

1
C1-2x 1-2Q) 1-2(=2) 5 (1 _1—2(7)__ _1-2a
2 f0) =571 T@ =" _—1,f(—2)_f_§,f(§)_T_0,f(a)_ T
_1-2(-a) 1+42a, . _1-2@-1) 3-2a
f(—a) = 3 =3 f@a-1)= 3 =3
X% +4, 2244 8 (=% +4 8, _a’+4 _(=x)?+4  x2+4,
2h0)="F—ih@="F—=cih(-d="—F—=gh@="F—ih(X)="F—="F—
_ 22 2 _ 2
h(a—2):(a 25)+4:a :a+8;h(ﬁ):(ﬁ)5+4:x;-4.

_ a2 a2 2m ) — (x4 20— w2 2 £ (L = (1) (L)L, 2
f@=a“+2@)=a“+2a; f (—x) = (—x)*+2(—x) =X 2x,f(a)_(a) +2(a)_a2+ .

1 1
24.h(x)=x+;;h(—1)=(—1)+}1:-1-1:-2;h(2)=2+%=g;h(%)=§+

h(x—1)=x—1+L;h(1)=1+ =£+x.
x—1 X X

X

x| P~



25.

26.

27.

28.

29.

30.

3L

32.

33.

35.
36.

37.

38.
39.

40.

SECTION 2.1 Functions 7

Cl-x. 0 1-@2) -1 1 1= (1 _1—(2)_%_1.
g(X)—H—X,g(Z)— 12 3 g,g( 1)_T(_l),whlchlsundeflned,g(z) 1+(%) _g_g,
-—@ 1-a —@-1 1-a+1 2-a 1—(X2—1) 2 —x2
@=12 - ga-n=1 = =—=ig(x-1) = =
g 1+@ 1l4a 1+@-— ) 1+a-1 a 1+ (x2-1) x2
g = t,g( 2) = th g2 = WhICh is undefined; g (0) = O——i_;:—l g@ = a—i—z,
2_942 a2 a+1+2 a+3
2_ — = . = — =
9 2) mpyar v aaytElC e gy

k(x) = —x2—2x+3;k(0) = —02—2(0)+3=3;k(2) = —22—-2(2)+3= -5k (=2) = — (=2)2 —2(=2)+3=3;
k(ﬁ) - —(ﬁ)z—z(ﬁ) +3=1-2V2k(@a+2) = -@+22—-2@+2) +3 = —a% —6a —5;
k(—x)=—(—x)2—2(—x)+3=—x2+2x+3;k(x2) =—(x2)2—2(x2)+3=—x4—2x2+3.

k(x) =2x3 —3x%; k(0) =2(0)2 —=3(0)2 =0; k(3) =2(3)3 —3(3)2 = 27; k (—=3) = 2(=3)3 —3(=3)2 = —

3 2 3_32
K(3)=2(3) -3(3) =—5k(®) =2(8°-3(3)° = =7 k(=0 =2(=0° =3(=0% = -2 -3,

k( )_2( ) —3(x3)2=2x9—3x6.
) = 2]x—1f; f(=2) = 2|-2—1] = 2(3) = 6 f(0) = 20—1] = 2(1) =
(%) - 2(%—1‘ - 2(%) =1 f@ =22-1=2(1) =2 f(x+1) = 2|x+1)—1] = 2x|;

f(x +2)=2‘(x2+2)—1‘=2‘x2+1’=2x2+2(sincex2+1>0).

-2 2 1 1
f(x)_|| f(-2) = 1= |_— -1, f(-1) = u=—=—1;f(x)isnotdefinedatx:O;
-2 -2 -1 -1
5 5 ) ’XZ‘ x2 o, 1 /x| x
f(5):?:§:1,f(x ):X—sz—zzlslncex >O,X¢O,f(;):1/—xzm
Since —2 < 0, we have f (—=2) = (—=2)2 = 4. Since —1 < 0, we have f (—1) = (—1)2 = 1. Since 0 > 0, we have

f(0)=0+1=1.Sincel>0,wehave f (1) =1+1=2.Since2>0,wehave f (2)=2+1=3.
Since —3 < 2, we have f (—3) = 5. Since 0 < 2, we have f (0) = 5. Since 2 < 2, we have f (2) = 5. Since 3 > 2, we
have f (3) =2(3) —3=3. Since5 > 2,wehave f 5) =2(5)—-3=7.

Since —4 < -1, we have f (—4) = (—4)2 +2(—-4) = 16 — 8 = 8. Since —% < —1, we have

2
f (_g) - (_g) 42 (—%) =9_3=-2 since —1 < —1, we have f (—1) = (~1) +2(~1) =1 — 2 = —1. Since
—1 <0< 1, wehave f (0) =0. Since 25 > 1, we have f (25) = —

. Since —5 < 0, we have f (=5) =3(—5) = —15. Since 0 <0 < 2, wehave f (0) =0+1=1. Since 0 < 1 < 2, we have

f())=1+1=2.Since0<2<2 wehave f(2)=2+1=3. Since5 > 2,wehavef(5):(5—2)2:9.
FX4+2)=(X+22+1=x24+ax+4+1=xX24+4x+5 F () +f 2 =x2+14+ 22 +1=x2+1+4+1=x2+6.
f@x)=3@2x)—1=6x—1;2f (x) =2(3x — 1) = 6x — 2.

f(xz) =x24+4[F 0 =[x +4]2 =x2 + 8 + 16.

i(5)=6(3)-18=2c-18, féx)=exgl8=3(zxs_6) =h

f(x)=3x—=2,50f(1)=3(1)—2=1and f (5) =3(5) —2 = 13. Thus, the net change is f (5)— f (1) =13 -1 =12.
f(x) =4-5x,50 f(83 =4—-5@B) = —11land f(5) = 4 —-5(5) = —21. Thus, the net change is
fG-f@ =-21-(-11)=-
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4.gt) =1-1250g(-2) =1-(-2* =1-4=-3andg(5) = 1 -5 = —24. Thus, the net change is
0(5) — g(—2) = —24— (=3) = ~21.
42. h(t) =t?2+5,50h (=3) = (—3)?45 = 14and h (6) = 62+5 = 41. Thus, the net change is h (6) —h (—3) = 4114 = 27.

43. f(a) = 5 —2a f@+h) = 5—-2@+h) = 5 - 2a — 2h;
f@+hy—f@ 5—-2a—2h—(5-2a) 5-2a—-2h—-5+2a —2h
= = =— =-2
h h h h
44. f(a)=3a2+2; f (a+h)=3(@+h)2+2=3a%+6ah+3h%2+2;
f@+h)—f (@) (332 +6ah +3h2 + 2) - (3612 +2) 6ah + 3h2
h h h
45.f(a):5;f(a+h):5;f(a+hr)]_f(a):5;520.
1 1
6. @ =77 f@th = =
1 1 a+1 B at+h+1
f@a+h)—f@ athtl atl @+D@+h+D) (@+D@+h+1)
h - h - h
—h
_@+hH@+h+D _ -1
h T @+l @+h+1)
a+h
47. f (@) = —f(a+) Py
a+h a @+h@+1  a@+h+1
f@+h)—f@ atrh+1 a+1 (@+h+D@+1DH @+h+D@+]D
h - h - h
@+hy@+1—a@+h+1)
2 _ (a2
3 @+h+1) @+l _a“+atah+h (a +ah+a)
o h o h@+h+1@+1)
1
“@+h+1@+1)
2(@a+h)
48. f(@)= —f(a+h) hoT
2(@+h) 2a 2a+2h)@-1)  2a@+h-1
f@+h)—f@ arh-1 a-1_ (@+h-H@-1) (@+h-D@-1
h - h - h
2@+h)y(@a—-1)—-2a@a+h-1)
_ (@+h—1)(a—1) _ 2a%+2ah —2a—2h—2a% —2ah +2a
B h - h@+h-1)@-1
B —2h B 2
“h@+h-1)@-1) (@+h-1@-1
49. f (a) =3 — 5a + 4a?;
f(a+h):3—5(a+h)+4(a+h)2:3—5a—5h+4(a2+2ah+h2)
=3 —5a — 5h + 4a2 + 8ah + 4hZ;
f(a+h)_f(a)_(3—5a—5h+4a2+8ah+4h2)—(3—5a+4a2)
h - h
_ 3—5a—5h+4a®+8ah+4h? —3+5a—4a?  —5h +8ah 4 4h?
N h - h

_ h(=5+8a+4h)

N = —5+ 8a + 4h.



51.

52.

53.
. f(x) =5x2+4,0 < x <2 Thedomainis [0,2], f (0) =5(0)2 +4 =4,and f (2) =5(2)2 + 4 = 24, s0 the range is

55.

56.

57.

58.

59.
60.
61.
62.

63.

65.
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. f(a)=a3; f (a+h)=(a+h)3=ad+3a2h +3ah? + h3;

3 2 2, ph3 3
f(a+h)_f(a)_(a + 3ach + 3ah +h)—(a)_3a2h+3ah2+h3
h N h N h
h (3a2 +3ah + h2)
= - =3a2 +3ah + h2.
f (x) = 3x. Since there is no restriction, the domain is all real numbers, (—oo, co). Since every real number vy is three

times the real number %y, the range is all real numbers (—oo, 00).

f(x) = 5x2 + 4. Since there is no restriction, the domain is all real numbers, (—00, 00). Since 5x2 > 0 for all x,
5x2 + 4 > 4 for all x, so the range is [4, co).
f (X) =3x,—2 < x < 6. Thedomainis [-2, 6], f (—2) = 3(—2) = —6, and f (6) = 3(6) = 18, so the range is [—6, 18].

[4, 24].

1 . . -
f(x)= —3 Since the denominator cannot equal 0 we have x — 3 # 0 < x # 3. Thus the domain is {x | x % 3}. In

interval notation, the domain is (—oo, 3) U (3, 00).

1 . . . .
f(x)= I —6 Since the denominator cannot equal 0, we have 3x — 6 # 0 < 3x # 6 < X # 2. In interval notation, the

domain is (—o0, 2) U (2, 00).

2 . . -
f(x)= xX2+ T Since the denominator cannot equal 0 we have x2 — 1 # 0 < x2 # 1 = x = +1. Thus the domain is
{x | x # £1}. In interval notation, the domain is (—oco, —1) U (=1, 1) U (1, 00).

4
f(x)= 7 & Since the denominator cannot equal 0, X2+ x—6 0 X+3)(x—2)#0=>x # —-30rx #2.

Xé+ X —

In interval notation, the domain is (—oo, —3) U (=3, 2) U (2, 00).

f (x) = +/x + 1. We must have X + 1 > 0 < x > —1. Thus, the domain is [—1, co).

g(x)= \/m The argument of the square root is positive for all x, so the domain is (—oo, c0).

f (t) = ¥t — 1. Since the odd root is defined for all real numbers, the domain is the set of real numbers, (—oo, co).

g (x) = +/7 — 3x. For the square root to be defined, we musthave 7 —3x >0 =7 > 3x & % > X. Thus the domain is
(w00 5]

f (x) = /T — 2x. Since the square root is defined as a real number only for nonnegative numbers, we require that

1-2x >0ex < 3. Sothe domainiis {x | x < 3}. In interval notation, the domain is (—oo, %]

. g (X) = v/x2 — 4. We must have X2 —4>00 (X — 2) (x +2) > 0. We make a table:

(—00,=2) | (-2,2) | (2,0)
Signof x — 2 — — +
Signof x +2 - + +
Sign of (x —2) (X + 2) + - +
Thus the domain is (—oo, —2] U [2, 00).
gx) = @ We require 2 + x > 0, and the denominator cannot equal 0. Now 2+ X >0 x > —2,and3 —x # 0

< X # 3. Thus the domain is {x | x > —2 and x # 3}, which can be expressed in interval notation as [—2, 3) U (3, 00).
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X .
66. g (x) = W\/;l We must have x > 0 for the numerator and 2x2 +x — 1 # 0 for the denominator. So 2x2+x —1 # 0
S2X-1)(X+1)#0=>2x—1#00orx+1#0x # % or X % —1. Thus the domain is [0, %)U (%,oo).
67. g (x) = Jx2 — 6x. Since the input to an even root must be nonnegative, we have x2 — 6x > 0 < X (x — 6) > 0. We make

68.

69.

70.

71.

72.

a table:

(—00,0) | (0,6) | (6,00)
Sign of x - + +
Signof x — 6 - - +
Sign of x (X — 6) + - +

Thus the domain is (—oo, 0] U [6, 00).

g(x) =+vx2—-2x —8. We must have x2 — 2x — 8 > 0 < (X —4) (x +2) > 0. We make a table:

(=00, =2) | (=2,4) | (4,00)
Signof x — 4 — — +
Signof x +2 - + +
Sign of (x —4) (X + 2) + — +

Thus the domain is (—oo, —2] U [4, c0).

f(x) = . Since the input to an even root must be nonnegative and the denominator cannot equal 0, we have

x
T“w
SN

X —4 > 0 x > 4. Thus the domain is (4, o).

2
X . . . .
f(x) = Nd Since the input to an even root must be nonnegative and the denominator cannot equal 0, we have

6 — x > 0 6 > x. Thus the domain is (—oo, 6).

f (x) = ———=. Since the input to an even root must be nonnegative and the denominator cannot equal 0, we have

2X—1>0Xx > % Thus the domain is (%,oo).

X . . . .
fx) =+ . Since the input to an even root must be nonnegative and the denominator cannot equal 0, we have
V9 —x2

9—x%2> 0 (3—x)(3+x) > 0. We make atable:

Interval (=00,=3) | (=3,3) | (3,00)
Signof 3 —x + + -
Sign of 3+ x - + +
Sign of (x —4) (X + 2) — + —

Thus the domain is (=3, 3).
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73. To evaluate f (x), divide the input by 3 and add % to the result.

X 2 N
@ f(X)=§+§ © 7
(b)
X | fXx)
2 % 1 /
4 2 1 %
6| 3
0| ®

74. To evaluate g (x), subtract 4 from the input and multiply the result by %.

@gx)=x—-4-3=3x-4 © y
(b)
X | 9(X)
2 | -3 1
4] o 1
6| 3
8| 3

i

75. Let T (x) be the amount of sales tax charged in Lemon County on a purchase of x dollars. To find the tax, take 8% of the
purchase price.

(® T (x) = 0.08x (© Y
(b)
X | T(X) |
2| 0.16
41 0.32
6 | 048
8 | 064
1 X

76. Let V (d) be the volume of a sphere of diameter d. To find the volume, take the cube of the diameter, then multiply by =
and divide by 6.

@V @d)=dd m/6=Fd3 (© iy
(b)

X f (x)

2 4?7" ~ 4.2

4| 3T ~335

6 | 36w~ 113

2567 10
8 | 25T ~ 268
1 X
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1 if x is rational . . . . .
The domain of f is all real numbers, since every real number is either rational or

77. f(x) = |

5 if x isirrational

irrational; and the range of f is {1, 5}.

1 if xisrational . . . L .
78. f(x) = L The domain of f is all real numbers, since every real number is either rational or
5x if x is irrational
irrational. If x is irrational, then 5x is also irrational, and so the range of f is {x | x = 1 or x is irrational}.
2 2
79. () V (0) = 50 (1 _ 205) —50and V (20) = 50 (1 - %) —o. ©
X V (X)
(b) V (0) = 50 represents the volume of the full tank at time t = 0, and 0 | 50
V (20) = 0 represents the volume of the empty tank twenty minutes
5 | 28.125
later.
10 | 125
(d) The net change in V as t changes from 0 minutes to 20 minutes is 15 3125
V (20) — V (0) = 0 — 50 = —50 gallons. 20 0

80. (a) S(2) = 4w (2)2 = 16w ~ 50.27, S (3) = 4 (3)? = 367 ~ 113.10.
(b) S (2) represents the surface area of a sphere of radius 2, and S (3) represents the surface area of a sphere of radius 3.

0.5¢)2 0.75¢)2
81. (a) L (0.5¢) = 10 /1—( Cz) ~ 8.66 m, L (0.75¢) = 10 1! c2) ~ 6.61 m, and

(0.9¢)?
c2
(b) It will appear to get shorter.

13 +7(1)04 20
82 @R(1)=.[—" = /= =2mm, b
@ RO =T a@os =V =2m R T

13 + 7 (10)04 1 2
R0y = B0 7 66 mm, and
1+ 4(10)04 10 | 1.66

L (0.9c) =10,/1 - ~ 4.36 m.

0.4 100 | 1.48

R (100) = w ~ 1.48 mm.
1+ 4(100)%4 200 | 1.44
(c) The net change in R as x changes from 10 to 100 is 500 1.41
R (100) — R (10) ~ 1.48 — 1.66 = —0.18 mm. 1000 | 1.39

83. (a) v (0.1) = 18500 (0.25 - 0.12) = 4440, (o)
r o (r)
2

v (0.4) = 18500 (0.25 —-04 ) = 1665. 0 4625
(b) They tell us that the blood flows much faster (about 2.75 times faster) 0.1 | 4440
0.1 cm from the center than 0.1 cm from the edge. 0.2 | 3885
(d) The net change in V as r changes from 0.1 cmto 0.5 cm is 0.3 | 2960
V (0.5) — V (0.1) = 0 — 4440 = —4440 cm/s. 04 | 1665
0.5 0

84. (a) D (0.1) = \/2 (3960) (0.1) + (0.1)2 = +/792.01 ~ 28.1 miles

D (0.2) = \/2 (3960) (0.2) + (0.2)2 = +/1584.04 ~ 39.8 miles




85.

86.

87.

88.

89.

90.

91.
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(b) 1135 feet = 4135 miles &~ 0.215 miles. D (0.215) = \/2 (3960) (0.215) + (0.215)2 = /1702.846 ~ 41.3 miles

(© D (7) =/2(3960) (7) + (7) = /55489 ~ 235.6 miles

(d) The net change in D as h changes from 1135 ft (or 0.215 mi) to 7 miis D (7) — D (0.215) ~ 235.6 —41.3 = 194.3 miles.

(a) Since 0 < 5,000 < 10,000 we have T (5,000) = 0. Since 10,000 < 12,000 < 20,000 we have
T (12,000) = 0.08 (12,000) = 960. Since 20,000 < 25,000 we have T (25,000) = 1600 + 0.15 (25,000) = 5350.
(b) There is no tax on $5000, a tax of $960 on $12,000 income, and a tax of $5350 on $25,000.

(@ C (75) =75+ 15 = $90; C (90) = 90 + 15 = $105; C (100) = $100; and C (105) = $105.
(b) The total price of the books purchased, including shipping.

75x if0<x<2

150 +50(x —2) ifx > 2
(b) T(2)=75(2) =150; T (3) = 150 + 50 (3 — 2) = 200; and T (5) = 150 + 50 (5 — 2) = 300.
(c) The total cost of the lodgings.

@ Tx=

1540 —x) if0 <x <40
@Fx=10 if40 < x < 65

15(x —65) ifx > 65
(b) F (30) =15(40 — 10) = 15- 10 = $150; F (50) = $0; and F (75) = 15 (75 — 65) 15 - 10 = $150.
(c) The fines for violating the speed limits on the freeway.

w w w w 1

We assume the grass grows linearly.
h

60 A

501
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92. PaA
1000 +

900 +

Population
(x1000) 800F

700 +

600 +

0‘ 1980 1990 2000 2010 1
Year

93. Answers will vary.
94. Answers will vary.

95. Answers will vary.

2.2 GRAPHS OF FUNCTIONS

1. To graph the function f we plot the points (x, f (x)) ina

x | Fo | &y
-2 2 (=2,2)
1| -1 | (-1,-1
on the graph of f. The height of the graph of f above the o| —2 0, —2)
x-axiswhen x = 3is 7. 11 =1 (1, -1

coordinate plane. To graph f (x) = x2 — 2, we plot the

points (x, x2 — 2). So, the point (3, 32— 2) =@3,7)is

2 2 2,2)

2. If f (4) = 10 then the point (4, 10) is on the graph of f.

3. If the point (3, 7) is on the graph of f, then f (3) =7.

4. () f (x) = x2 isapower function with an even exponent. It has graph IV.
(b) f(x)= x3 is a power function with an odd exponent. It has graph I1.
(c) f (x)= . /Xisaroot function. It has graph I.

(d) f (x) = |x|is an absolute value function. It has graph IlI.

5 6.
X | fOO)=x+2 y X | f(x)=4—-2x Y
—6 -4 -2 8
-4 -2 -1 6
-2 0 1 0 4 1
0 2 1 X 1 2 1
2 4 2 0
4 6 3 =2
6 8 4 —4




11.

13.

8.
y f(x)=—x+3, 4
-3<x<3 \
-3 6
-2 5 1
0 3 ! !
1 2
2 1
3 0
10.
x | f(x)=—x2 Y
+4 —16
+3 -9
+2 —4 !
+1 -1
0 0
y 12.
X |90 =—(x+1)>2 s
-5 -16 = o
-3 —4 SN
-2 -1
-1 0
0 -1
—4
3 -16
1y 14.

X |[r(x)=23x4

-3 243
-2 48
-1

0
1
2 48
3 243

100
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X—3 y
X o= 2
0<x<5
0 -1.5
1| -1 1// -
2 —-05
3 0
4 0.5
5 1
X | fx)=x2—-4 y
+5 21
+4 12
+3 5 !
+2 \/
+1 3
0 4
X [gx)=x24+2x+1
-5 16
-3 4
-2 1
-1 0 I
1
4
3 16

X [rx)=1—x4
-3 —-80
-2 -15
-1 0

0

1 0

2 -15

3 —80
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10+

A =
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___ Il [ O d N ™M < 1O ©
I = I
~ e -
= X~ =
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N+ O +H N ™ < < |N N N M © — 0 I~ ©
< | o) — < N ™
) o0 )
= b= «
A= =
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o
m\
N S~
= N ! S
by =
P
o | >
_ [
o M N +d O +d N ™
<X|bw © o 0o~ O O Il [ +
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- N
0 ~ o
= — =

2
0)

C (1)

t4+1

X

22.

< - e

AN O i N 1 N

21.




23. 24,
X | H(X) =]2x| ’
+5 10
+4 8
+3 6
+2 4 : '
+1 2
0 0
25. 26.
X |G (X)=|x| +x 7
-5 0
-2 0
0 0 !
1 2 : '
2 4
5 10
27. 28.
x | f(x)=]2x -2 J
-5 12
-2 8
0 2 !
1 0 : '
2 2
5 8

29. f (x) =8x — x2
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X |HX) =|x+1]
-5 4
-4 3
-3 2
-2 1
-1 0
0 1
2

X |GX)=Ix| —x
-5 10
-2 4
-1 2
0 0
0
3 0

X
X | f(x)= Xl
-3 -1
-2 -1
-1 -1
0 undefined
1 1
2 1
3 1

(b) [~10, 10] by [-10, 10]
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(© [~2,10] by [-5, 20] (d) [~10, 10] by [—100, 100]
20 100
10
10 -5 5 10
-2 2 4 6 8\ 10 -100

The viewing rectangle in part (c) produces the most appropriate graph of the equation.
30. g(x) =x2—x—20
(@ [-2,2] by [-5, 5] (b) [-10, 10] by [—10, 10]

(d) [~10, 10] by [—100, 100]

100
10 -5 5 10
-100
The viewing rectangle in part (c) produces the most appropriate graph of the equation.
3L h(x)=x3—5x—4
(@ [-2,2]by [-2,2] (b) [-3, 3] by [-10, 10]
2 10
1 %
A ———
-2/ -\ i 1 2 -3 3
-1
E -10
(©) [-3,3]by[-10,5] (d) [-10, 10] by [—10, 10]

-3
-5

-10

The viewing rectangle in part (c) produces the most appropriate graph of the equation.
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32. k(x) = g5x* —x2 +2
(@ [-1,1] by [-1,1] (b) [-2, 2] by [-2, 2]

(©) [-5,5] by [-5,5] (d) [-10, 10] by [-10, 10]

The viewing rectangle in part (d) produces the most appropriate graph of the equation.

0 ifx <2 1 ifx <1
33 f(x)= ) 34. f (x) = )
1ifx>2 x+1 ifx>1
y y
1 -—
2
1 X 1 X
3 ifx <2 1—x ifx <=2
3. f(x)= 36. f (x) =
x—1ifx>2 5 ifx > -2
y y




184 CHAPTER 2 Functions

X ifx<0
37. f(x) =
Xx+1 ifx>0
y
1
1
-1 ifx <-1
9 fXx)=11 if-1<x<1
-1 ifx>1
2
o——02
A f (0= 2 ifx<-1
' S k2 ifx s -1
y
1
1
0 if|x]| <2
43. f (x) = )
3 if|x|>2

2x+3 ifx < -1

38. f (x) = )
3—x ifx>-1
Yy
\
fl
1
-1 ifx < -1
0. f(x)=1x if-1<x<1
1 ifx>1
y
1
1
1—x2 ifx <2
2. f (x) = )
X ifx>2
Yy
/L

x2 if x| <1

4. f =
N ll if x| >1
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4 ifx < -2 —X ifx <0

45 f (x) = { x2 if—2<x<2 46.f (x)=19—x2 if0<x <3
—X+6 ifx>2 x—3 ifx>3
y y

47.

48.

49.

51.
52.
53.
. No, the given curve is not the graph of a function of x, by the Vertical Line Test.
55.
56.

57.
58.
59.

F () = X+2 ifx<-1
Sl k2 x> -1

185

X —x2 ifx > 1 _ _ _ .
f(x)= The first graph shows the output of a typical graphing device. However, the actual graph

x—=13 ifx <1

of this function is also shown, and its difference from the graphing device’s version should be noted.

y

/1" x

-2 ifx <=2 1 ifx < -1
fx)y=9x if-2<x<2 50. f(x) =1 1—x if-1<x<?2
2 ifx>2 -2 ifx>2

The curves in parts (a) and (c) are graphs of a function of x, by the Vertical Line Test.
The curves in parts (b) and (c) are graphs of functions of x, by the Vertical Line Test.
The given curve is the graph of a function of x, by the Vertical Line Test. Domain: [—3, 2]. Range: [-2, 2].

No, the given curve is not the graph of a function of x, by the Vertical Line Test.

The given curve is the graph of a function of x, by the Vertical Line Test. Domain: [—3, 2]. Range: {—2} U (0, 3].

Solving for y in terms of x gives3x —5y =7y = %x — % This defines y as a function of x.

Solving for y in terms of x gives 3x%2 — y = 5 < y = 3x2 — 5. This defines y as a function of x.

Solving for y in terms of x gives x = y2 < y = 4./X. The last equation gives two values of y for a given value of x. Thus,

this equation does not define y as a function of x.
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61.

62.

63.

67.
68.

69.

70.

CHAPTER 2 Functions

. Solving for y interms of x gives X2 + (y — 12 =4 = (y—-12 =4 -x2 oy-1=+t/4—-x2 oy =1+ /4 —X2.

The last equation gives two values of y for a given value of x. Thus, this equation does not define y as a function of x.

Solving for y in terms of x gives 2x —4y2 =3 < 4y2 =2x —3 &y = i%«/Zx — 3. The last equation gives two values

of y for a given value of x. Thus, this equation does not define y as a function of x.

Solving for y in terms of x gives 2x? — 4y? = 3 & 4y? = 2x?> — 3 & y = +£5/2x2 — 3. The last equation gives two

values of y for a given value of x. Thus, this equation does not define y as a function of x.

Solving for y in terms of x using the Quadratic Formula gives 2xy — 5y2 = 4 < 5y2 —2xy +4 = 0 &

(=20 £/ (=20 =46 ()  2x+/4x2-80 x+/x2-20
B 10 B 5

2(5)
given value of x. Thus, this equation does not define y as a function of x.

. The last equation gives two values of y for a

. Solving for y in terms of x gives ,/y —5=x oy =X+ 5)2. This defines y as a function of x.
65.
66.

Solving for y in terms of x gives 2 |x| +y = 0 & y = —2|x|. This defines y as a function of x.
Solving for y in terms of x gives 2x + |y| = 0 & |y| = —2x. Since |a| = |—al, the last equation gives two values of y for a
given value of x. Thus, this equation does not define y as a function of x.

Solving for y in terms of x gives x = y3 &y = IX. This defines y as a function of x.

Solving for y in terms of x gives x = y* < y = + ¥X. The last equation gives two values of y for any positive value of x.
Thus, this equation does not define y as a function of x.

(@ f(x)=x2+c, forc=0,2 4, and6. (b) f (x) =x2+c,forc=0,—2,—4,and —6.

N

EN
)
® o H N O
[N
EN
EN
VaRTaN =
) ﬂmbmmo
! A S
|

2102 -10-

(c) The graphs in part (a) are obtained by shifting the graph of f (x) = x2 upward ¢ units, ¢ > 0. The graphs in part (b)
are obtained by shifting the graph of f (x) = x2 downward ¢ units.

(@ f((x)=(x—c)? forc=0,1,2 and3. (b) f (x) = (x —c)2, forc =0, —1, —2, and —3.
c=0 c=1 c=—-1 ¢=0

107

c=2 c=-2
A

c=3 c=-3 4
/

4 2 4 4 2 0 2 4

44
_6’
-8

KN
<

(c) The graphs in part (a) are obtained by shifting the graph of y = x2 to the right 1, 2, and 3 units, while the graphs in
part (b) are obtained by shifting the graph of y = x2 to the left 1, 2, and 3 units.
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71. @) f(x)=(x—c)3 forc=0,2, 4, and6. (b) f (x) = (x —c)3, forc =0, —2, —4, and —6.

c=2 c=6 c=—4 =0

=
N M O ©® O

o]
.
°°°"?"?’4 2L BLDLBLS
\
\;
N
©
&
N

b

c=0 =4 c=—6 c=—2

(c) The graphs in part (a) are obtained by shifting the graph of f (x) = x3 to the right ¢ units, ¢ > 0. The graphsin part (b)
are obtained by shifting the graph of f (x) = x3 to the left |c| units, ¢ < 0.

72. (@) f(x)=cx? forc=1,3,2 and4. (b) f (x) =cx? forc =1, -1, -3, and —2.
c=1 c=4 c=2
. . 10 .
| ° )
6 1
4 T2
\\2 T
PR 0
M =1
6
8 . N
10 c=—4 c=—2

(¢) As [c| increases, the graph of f (x) = cx? is stretched vertically. As |c| decreases, the graph of f is flattened. When
¢ < 0, the graph is reflected about the x-axis.

73. (@) f(x)=xC forc= % %, and %. (b) f (x) =xC,forc=1, % and %
3 N c=1
L:l (‘:%
!
2
1 H =1
14 1
=5
1 0 1 2 3 1 = “1]
-1 -2

(c) Graphs of even roots are similar to y = /X, graphs of odd roots are similar to y = ¥Xx. As ¢ increases, the graph of
y = /X becomes steeper near x = 0 and flatter when x > 1.

1 1
74. (@) f(x) = X—n,forn =1land3. (b) f (x) = X—n,forn =2and 4.
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(c) Asn increases, the graphs of y = 1/x" go to zero faster for x large. Also, as n increases and x goes to 0, the graphs of
y = 1/x" go to infinity faster. The graphs of y = 1/x" for n odd are similar to each other. Likewise, the graphs for n
even are similar to each other.

. I . . —6-1 . .

75. The slope of the line segment joining the points (—2, 1) and (4, —6) ism = y = —%. Using the point-slope form,
we havey — 1 = —%(x+2)<:>y = —%x — % +ley= —%x — %. Thus the function is f (x) = —%x — % for
—2<x <4

. - . . -2-3 5 . .

76. The slope of the line containing the points (—3, —2) and (6, 3) ism = 3_5- 9= 9 Using the point-slope equation

. 5 L
of the line, we have y —3 = 3 (x —6) &y = 3x — L + 3 = —x — 1. Thus the function is f (x) = §x — 3, for

9
-3 <X <6.

77. First solve the circle for y: x2 + y2 =9 < y2 =9 —x2 = y = +,/9 — x2. Since we seek the top half of the circle, we
choose y = v/9 — x2. So the function is f (X) =+/9 —x2, =3 < x < 3.

78. First solve the circle for y: x2 + y2 =9 < y2 =9 — x2 = y = +/9 — x2. Since we seek the bottom half of the circle,
we choose y = —/9 — x2. So the function is f (x) = —v9 —x2, -3 < x < 3.

0.5 .
79. We graph T (r) = Z for 10 < r < 100. As the balloon  80. We graph P (v) = 14.103 for 1 < » < 10. As wind speed

is inflated, the skin gets thinner, as we would expect. Increases, so does power output, as expected.

P
Ta
20,000
0.004 -
0.003 -
0,002 10,000
0.001
0 50 r 0 5 10
6.00 + 0.10x if 0 < x <300
8l. (a) E(x) = ) (b) E
36.00 4+ 0.06 (x — 300) if 300 < x 60
50
40
30
20
10

0 100 200 300 400 500 600 X
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c
[ 200 f0o<x<1 4.00 -
220 ifl<x<11 HH“
. 3.00 o
82. C(x) = 240 ifll<x<12 e
2.00 .
400 ifl9<x<2
0 1 2 x
Pa
049 ifo<x<1 1.00
070 ifl<x<?2 0.80
83 P(x)= )
091 if2<x<3 0.60 -
112 if3<x<35 | S,
0.40
0.20
0 1 2 3 4 X

84. The graph of x = y2 is not the graph of a function because both (1, 1) and (—1, 1) satisfy the equation x = y2. The graph
of x = y3 is the graph of a function because x = y3 < x1/3 = y. If n is even, then both (1, 1) and (-1, 1) satisfies the
equation x = y", so the graph of x = y" is not the graph of a function. When n is odd, y = x1/" is defined for all real
numbers, and since y = x1/" < x = y", the graph of x = y" is the graph of a function.

85. Answers will vary. Some examples are almost anything we purchase based on weight, volume, length, or time, for example
gasoline. Although the amount delivered by the pump is continuous, the amount we pay is rounded to the penny. An
example involving time would be the cost of a telephone call.

86. y y y
1 -—oH 1 mw 14:
o 1 X o 1 X o« 1 X
f ) =[] g (x) = [[2x] h (x) = [3x]

The graph of k (x) = [nx]] is a step function whose steps are each % wide.
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87. () The graphs of f (x) = x2 4+ x —6and g (x) = ‘xz + X — 6‘ are shown in the viewing rectangle [—10, 10] by

[~10, 10].
! W

I T T 1
-10 -5 5 10 -10 -5 * 5 10
10

For those values of x where f (x) > 0, the graphs of f and g coincide, and for those values of x where f (x) < 0, the
graph of g is obtained from that of f by reflecting the part below the x-axis about the x-axis.

(b) The graphs of f (x) = x* —6x2 and g (x) = ‘x“ - 6x2’ are shown in the viewing rectangle [—5, 5] by [—10, 15].

-10 -10

For those values of x where f (x) > 0, the graphs of f and g coincide, and for those values of x where f (x) < 0, the
graph of g is obtained from that of f by reflecting the part below the x-axis above the x-axis.

(©) Ingeneral, if g (x) = | f (x)|, then for those values of x where f (x) > 0, the graphs of f and g coincide, and for those
values of x where f (x) < 0, the graph of g is obtained from that of f by reflecting the part below the x-axis above the
X-axis.

y y

NN B VA VAN
/| V

y=*fx) y=9()

2.3 GETTING INFORMATION FROM THE GRAPH OF A FUNCTION

1. To find a function value f (a) from the graph of f we find the height of the graph above the x-axis at x = a. From the graph
of f weseethat f (3) =4and f (1) =0. The netchange in f betweenx =landx =3isf () - f (1) =4-0=4.

2. The domain of the function f is all the x-values of the points on the graph, and the range is all the corresponding y-values.
From the graph of f we see that the domain of f is the interval (—oo, co) and the range of f is the interval (—oo, 7].

3. (@) If f isincreasing on an interval, then the y-values of the points on the graph rise as the x-values increase. From the
graph of f we see that f is increasing on the intervals (—oco, 2) and (4, 5).
(b) If f is decreasing on an interval, then y-values of the points on the graph fall as the x-values increase. From the graph
of f we see that f is decreasing on the intervals (2, 4) and (5, c0).
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(& A function value f (a) is a local maximum value of f if f (a) is the largest value of f on some interval containing
a. From the graph of f we see that there are two local maximum values of f: one maximum is 7, and it occurs
when x = 2; the other maximum is 6, and it occurs when x = 5.

(b) A function value f (a) is a local minimum value of f if f (a) is the smallest value of f on some interval containing a.
From the graph of f we see that there is one local minimum value of f. The minimum value is 2, and it occurs when
X =4.

. The solutions of the equation f (x) = 0 are the x-intercepts of the graph of f. The solution of the inequality f (x) > Ois

the set of x-values at which the graph of f is on or above the x-axis. From the graph of f we find that the solutions of the
equation f (x) = 0are x =1 and x = 7, and the solution of the inequality f (x) > 0 is the interval [1, 7].

. (@) To solve the equation 2x + 1 = —x + 4 graphically we graph the y

functions f (x) = 2x + 1 and g (x) = —x + 4 on the same set of axes
and determine the values of x at which the graphs of f and g

intersect. From the graph, we see that the solution is x = 1.

(b) To solve the inequality 2x + 1 < —x + 4 graphically we graph the functions f (x) =2x +1and g (X) = —x +4o0n
the same set of axes and find the values of x at which the graph of g is higher than the graph of f. From the graphs in
part (a) we see that the solution of the inequality is (—oo, 1).

(@ h(=2)=1,h(©0)=-1,h(2) =3,andh (3) = 4.

(b) Domain: [—3, 4]. Range: [—1, 4].

(© h(=3)=3,h(2)=3,andh(4) =3,s0h (x) =3whenx = -3, x =2,0rx = 4.

(d) The graph of h lies below or on the horizontal line y = 3when —3 < x < 2 or x = 4, s0 h (x) < 3 for those values of x.
(e) The net change in h betweenx = —3andx =3ish(3)—h(-3)=4-3=1.

(@ 9(=4=39(-2)=29(0)=-2,9(2) =1andg (4 =0.

(b) Domain: [—4, 4]. Range: [-2, 3].

(©) g(—4) =3. [Notethatg (2) = 1not3.]

(d) Itappearsthatg (x) < 0for—1 < x < 1.8and forx = 4; thatis, for {x | —1 < x < 1.8} U {4}.
() g(—=1) =0andg(2) =1, so the net change betweenx = —landx =2is1—-0=1.

(@ () =3>1=g(0).So f(0)is larger.

(b) f(=3)~—-1<25=g(-3). Sog(-3)is larger.

(© f(x)=gXx) forx =—2andx =2.

(d fx)<g®x) for—4 <x <—2and2 < x < 3;thatis, on the intervals [—-4, —2] and [2, 3].
(e f(x)>g(x)for—2 < x < 2;thatis, on the interval (-2, 2).

(a) The graph of g is higher than the graph of f at x = 6, so g (6) is larger.

(b) The graph of f is higher than the graph of g at x = 3, so f (3) is larger.

(c) The graphs of f and g intersectatx =2, x =5, and x &~ 7,50 f (x) = g (x) for these values of x.
(d) f(x) <g®)forl<x <2andapproximately5 < x < 7;thatis, on [1, 2] and [5, 7].

(@ f(x)>g(x)for2 <x <5andapproximately 7 < x < 8; thatis, on [2, 5) and (7, 8].



192 CHAPTER 2 Functions

11. (a) 12. (a) y

(b) Domain: (—oo, 0o); Range: (—o0, 00) (b) Domain: (—oo, 0o); Range (—o0, 00)

13. (8 yA 14. (a) ¥4

s LA

=

(b) Domain: (1, 4); Range (—4, 2)
(b) Domain: [—2, 5]; Range [—4, 3]

15. (a) 16. ()

YA

(b) Domain: [—3, 3]; Range: [—1, 8]

(b) Domain: [—3, 3]; Range [—6, 3]

17. (a)

18. (a)

1 2

(b) Domain: (—oo, 00); Range: [—1, co) (b) Domain: (—oo, 00); Range: (—oo, 2]
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19. (a) 20. (a)
2
1
i 2 4 6
-1
(b) Domain: [1, co); Range: [0, co) (b) Domain: [—2, c0); Range: [0, co)
21. (a) 22. (a)
5 5
8-6-4-2| 2468 -8-6\4-2 | 2 4/6 8
5T
(b) Domain: [—4, 4]; Range: [0, 4] (b) Domain: [-5, 5]; Range: [-5, 0]
23. y 24, y
—2x+3
1 3x—7
1
1 X
(a) From the graph, we see that x — 2 = 4 — x when (a) From the graph, we see that —2x + 3 = 3x — 7 when
X =3. X =2.
(b) From the graph, we see X —2 > 4 — x when x > 3. (b) From the graph, we see that —2x 43 < 3x — 7 when

X > 2.
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25. y

(a) From the graph, we see that x2 =2 — x when
X=-2o0rx =1

(b) From the graph, we see that x2 < 2 — x when
—2<x<1l

27.

-10
-20
-30

(a) We graph y = x3 + 3x2 (black) and
y = —x2 + 3x + 7 (gray). From the graph, we see
that the graphs intersect at x ~ —4.32, x ~ —1.12,
and x ~ 1.44.

(b) From the graph, we see that

x3 4 3x2 > —x2 + 3x + 7 on approximately
[—4.32, —1.12] and [1.44, c0).

29.

() We graph y = 16x3 + 16x2 (black) and y = x + 1
(gray). From the graph, we see that the graphs

intersectat x = —1, x = _%, and X = %.

(b) From the graph, we see that 16x3 + 16x2 > x + 1 on

- o).

26. y

2
y=—x

y=3—4x

(a) From the graph, we see that —x2 =3 — 4x when
x=1lorx =3.

(b) From the graph, we see that —x2 > 3 — 4x when
1<x<3.

28.

(a) We graph y = 5x2 — x3 (black) and
y = —x2 4 3x + 4 (gray). From the graph, we see
that the graphs intersect at x ~ —0.58, x &~ 1.29, and
X & 5.29.

(b) From the graph, we see that
5x2 — x3 < —x2 4 3x + 4 on approximately
[-0.58, 1.29] and [5.29, c0).

30.

-1 01 2 3 4 5

(@ We graphy = 1+ /X (black) and y = v/x2 + 1
(gray). From the graph, we see that the solutions are
x =0and x ~ 2.31.

(b) From the graph, we see that 1 + /X > v/x2 + 1 on
approximately (0, 2.31).



31. (a) The domain is [—1, 4] and the range is [—1, 3].

SECTION 2.3 Getting Information from the Graph of a Function 195

(b) The function is increasing on (—1, 1) and (2, 4) and decreasing on (1, 2).

32. (a) The domain is [—2, 3] and the range is [—2, 3].

(b) The function is increasing on (0, 1) and decreasing on (—2, 0) and (1, 3).

33. (a) The domain is [—3, 3] and the range is [-2, 2].

(b) The function is increasing on (—2, —1) and (1, 2) and decreasing on (—3, —2), (—1, 1), and (2, 3).

34. (a) The domain is [—2, 2] and the range is [-2, 2].

(b) The function is increasing on (—1, 1) and decreasing on (=2, —1) and (1, 2).

3. (8 fXx) = x2 —Bx is graphed in the viewing rectangle
[-2, 7] by [-10, 10].

_2_1OW6

(b) The domain is (—oo, co) and the range is
[—6.25, 00).

(c) The function is increasing on (2.5, co). It is
decreasing on (—o0, 2.5).

37. (a) f (x) = 2x3 —3x2 — 12x is graphed in the viewing
rectangle [—3, 5] by [—25, 20].

20
0

-10
-20

(b) The domain and range are (—oo, 00).

(c) The function is increasing on (—oo, —1) and (2, 00).

It is decreasing on (—1, 2).

36.(a) f (x) = x3 — 4x is graphed in the viewing rectangle
[—10, 10] by [—-10, 10].

10

(b) The domain and range are (—oo, c0).

(c) The function is increasing on (—oo, —1.15) and
(1.15, o). It is decreasing on (—1.15, 1.15).

38. (a) f (x) = x* — 16x2 is graphed in the viewing
rectangle [—10, 10] by [—70, 10].

(b) The domain is (—oo, co) and the range is [—64, 00).

(c) The function is increasing on (—2.83, 0) and
(2.83, 00). It is decreasing on (—oo, —2.83) and
(0, 2.83).
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39. (@ f(x)= x3 4 2x2 — x — 2 is graphed in the viewing
rectangle [-5, 5] by [-3, 3].

2 —
—f— AN I + |
4 [ \j 2 4

(b) The domain and range are (—oo, 00).

(¢) The function is increasing on (—oo, —1.55) and
(0.22, 00). It is decreasing on (—1.55, 0.22).

41. (a) f (x) = x2/% is graphed in the viewing rectangle
[—10, 10] by [5, 5].

(b) The domain is (—oo, co) and the range is [0, co).

(¢) The function is increasing on (0, 0o). It is decreasing
on (—oo, 0).

40. (@) f (x) = x* — 4x3 + 2x2 + 4x — 3 is graphed in the
viewing rectangle [—3, 5] by [-5, 5].

(b) The domain is (—oo, 0o) and the range is [—4, 00).

(c) The function is increasing on (—0.4, 1) and (2.4, c0).
It is decreasing on (—oo, —0.4) and (1, 2.4).

42. (@) f (x) = 4 — x2/3 is graphed in the viewing rectangle
[—10, 10] by [10, 10].

10

-10 -5 5 10

-10

(b) The domain is (—oo, 0o) and the range is (—oo, 4].

(c) The function is increasing on (—oo, 0). Itis
decreasing on (0, o).

43. (a) Local maximum: 2 at x = 0. Local minimum: —latx = —2and O at x = 2.
(b) The function is increasing on (—2, 0) and (2, co) and decreasing on (—oo, —2) and (0, 2).

44. (a) Local maximum: 2 at x = —2 and 1 at x = 2. Local minimum: —1 at x = 0.
(b) The function is increasing on (—oo, —2) and (0, 2) and decreasing on (—2, 0) and (2, c©).

45. (a) Local maximum: Oatx =0and 1atx = 3. Local minimum: —2atx = —2and —latx = 1.
(b) The function is increasing on (—2, 0) and (1, 3) and decreasing on (—oo, —2), (0, 1), and (3, 00).

46. (a) Local maximum: 3atx = —2 and 2 at x = 1. Local minimum: Oatx = —land —latx = 2.
(b) The function is increasing on (—oo, —2), (—1, 1), and (2, co) and decreasing on (—2, —1) and (1, 2).

47. (a) Inthe first graph, we see that f (x) = x3 — x has a local minimum and a local maximum. Smaller x- and y-ranges show
that f (x) has a local maximum of about 0.38 when x ~ —0.58 and a local minimum of about —0.38 when x ~ 0.58.

U

5 -0.60

0.5 0.50 0.55 0.60
-0.3 1 t f t i
0.4
-0.4
} t 0.3
-0.55 -0.50 05

(b) The function is increasing on (—oo, —0.58) and (0.58, co) and decreasing on (—0.58, 0.58).
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48. (a) In the first graph, we see that f (x) = 3 + x + x2 — x3 has a local minimum and a local maximum. Smaller x- and
y-ranges show that f (x) has a local maximum of about 4.00 when x = 1.00 and a local minimum of about 2.81 when

X ~ —0.33.
T29 41
—_—
T28 4.0
f P—t—t—+—t27 39 +—+—+—+——
-2 -0.40 -0.35 -0.30 0.9 1.0 1.1

(b) The function is increasing on (—0.33, 1.00) and decreasing on (—oo, —0.33) and (1.00, co).

49. (a) In the first graph, we see that g (x) = x* — 2x3 — 11x2 has two local minimums and a local maximum. The local
maximum is g (x) = 0 when x = 0. Smaller x- and y-ranges show that local minima are g (x) ~ —13.61 when

x ~ —1.71and g (x) ~ —73.32 when x ~ 3.21.

S | 5 -175  -170  -165 31 3.2 33
I I F——t——1-134 -73.0 '\I/'
-50 -13.6 -735
-100 -13.8 -74.0

(b) The function is increasing on (—1.71, 0) and (3.21, co) and decreasing on (—oo, —1.71) and (0, 3.21).

50. (a) In the first graph, we see that g (x) = x° — 8x3 + 20x has two local minimums and two local maximums. The local
maximums are g (x) &~ —7.87 when x ~ —1.93 and g (x) = 13.02 when x = 1.04. Smaller x- and y-ranges show that
local minimums are g (x) &~ —13.02 when x = —1.04 and g (x) &~ 7.87 when x =~ 1.93. Notice that since g (x) is odd,

the local maxima and minima are related.

20 -2.0 -1.8 131
W k : + } -7.8
| ) ) \ 13.0
I N N 1
5 5 -7.9
129 - f * {
-20 8.0 1.0 12
-1.2 -1.0 7.90
f * f i -12.8
-13.0
7.80 T t f t !
2132 1.90 1.95 2.00

(b) The function is increasing on (—oo, —1.93), (—1.04, 1.04), and (1.93, co) and decreasing on (—1.93, —1.04) and
(1.04, 1.93).



198 CHAPTER 2 Functions

51. (a) In the first graph, we see that U (x) = x4/6 — x has only a local maximum. Smaller x- and y-ranges show that U (x)
has a local maximum of about 5.66 when x = 4.00.

10 5.70
5 5.65
; : 5.60 +————+————
/ 5 3.9 4.0 41

(b) The function is increasing on (—oo, 4.00) and decreasing on (4.00, 6).

52. (a) In the first viewing rectangle below, we see that U (x) = x+/x — x2 has only a local maximum. Smaller x- and
y-ranges show that U (x) has a local maximum of about 0.32 when x = 0.75.

1.0 0.40

0.5 0.35

0.0 t } t 1 0.30 t } ? i
0.0 0.5 1.0 0.7 0.8 0.9

(b) The function is increasing on (0, 0.75) and decreasing on (0.75, 1).

_ 1—x2 - .
53. (a) In the first graph, we see that V (x) = 3 has a local minimum and a local maximum. Smaller x- and y-ranges
show that V (x) has a local maximum of about 0.38 when x ~ —1.73 and a local minimum of about —0.38 when
X &~ 1.73.
2 0.40 1.6 1.7 18
‘{\ -0.30 t f t !
I'-’-—-:/\ ; | 0.35
5 " 035
} t } t T 0.30
- -1.8 -1.7 -1.6 -0.40

(b) The function is increasing on (—oo, —1.73) and (1.73, co) and decreasing on (—1.73, 0) and (0, 1.73).

54. (a) In the first viewing rectangle below, we see that V (x) = 1 has only a local maximum. Smaller x- and

X2 4+ X +
y-ranges show that V (x) has a local maximum of about 1.33 when x =~ —0.50.

2 1.40

1.35

-5 5 } t f t T 1.30
-0.6 -0.5 -0.4

(b) The function is increasing on (—oo, —0.50) and decreasing on (—0.50, co).

55. (a) At 6 A.Mm. the graph shows that the power consumption is about 500 megawatts. Since t = 18 represents 6 P.M., the
graph shows that the power consumption at 6 p.M. is about 725 megawatts.
(b) The power consumption is lowest between 3 A.M. and 4 A.M..



56.

57.

58.

59.

60.

61.

62.
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(c) The power consumption is highest just before 12 noon.
(d) The net change in power consumption from 9 A.M. to 7 P.M. is P (19) — P (9) &~ 690 — 790 ~ —100 megawatts.

(a) The first noticeable movements occurred at time t = 5 seconds.
(b) It seemed to end at time t = 30 seconds.
(¢) Maximum intensity was reached att = 17 seconds.

(a) This person appears to be gaining weight steadily until the age of 21 when this person’s weight gain slows down. The
person continues to gain weight until the age of 30, at which point this person experiences a sudden weight loss. Weight
gain resumes around the age of 32, and the person dies at about age 68. Thus, the person’s weight W is increasing on
(0, 30) and (32, 68) and decreasing on (30, 32).

(b) The sudden weight loss could be due to a number of reasons, among them major illness, a weight loss program, etc.

(c) The net change in the person’s weight from age 10 to age 20 is W (20) — W (10) = 150 — 50 = 100 Ib.

(2) Measuring in hours since midnight, the salesman’s distance from home D is increasing on (8, 9), (10, 12), and (15, 17),
constant on (9, 10), (12, 13), and (17, 18), and decreasing on (13, 15) and (18, 19).

(b) The salesman travels away from home and stops to make a sales call between 9 A.M. and 10 A.M., and then travels
further from home for a sales call between 12 noon and 1 p.m. Next he travels along a route that takes him closer to
home before taking him further away from home. He then makes a final sales call between 5 p.M. and 6 p.M. and then
returns home.

(c) The net change in the distance D from noon to 1 p.Mm. is D (1 P.m.) — D (noon) = 0.

(a) The function W is increasing on (0, 150) and (300, co) and decreasing on (150, 300).
(b) W has a local maximum at x = 150 and a local minimum at x = 300.
(c) The net change in the depth W from 100 days to 300 days is W (300) — W (100) = 25 — 75 = —50 ft.

(a) The function P is increasing on (0, 25) and decreasing on (25, 50).
(b) The maximum population was 50,000, and it was attained at x = 25 years, which represents the year 1975.

(c) The net change in the population P from 1970 to 1990 is P (40) — P (20) = 40 — 40 = 0.

Runner A won the race. All runners finished the race. Runner B fell, but got up and finished the race.

() F 63. (a) E
80 1
o1 400 |
60 300
50 ]
40 2001
30 1
o] 100
10
I s ——— 0' 50 100 150 200 250 300 T

1 2 34567 8 910 *

(b) As the temperature T increases, the energy E
increases. The rate of increase gets larger as the
temperature increases.

(b) As the distance x increases, the gravitational
attraction F decreases. The rate of decrease is rapid
at first, and slows as the distance increases.
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64. In the first graph, we see the general location of the minimum of V = 999.87 — 0.06426T -+ 0.0085043T 2 — 0.0000679T 3
isaround T = 4. In the second graph, we isolate the minimum, and from this graph, we see that the minimum volume of
1 kg of water occurs at T ~ 3.96° C.

1005

1000

\

995
0 20

999.76
999.75 %
999.74
35 4.0 4.5

' . - 10 .
65. In the first graph, we see the general location of the minimum of E (v) = 2.7303—5. In the second graph, we isolate the
b —

minimum, and from this graph, we see that energy is minimized when » ~ 7.5 mi/h.

10000 L
5000 ‘[
6 8 10

4700

4650

4600 t t
7.4 7.

+ |
t 1
5 7.6

66. In the first graph, we see the general location of the maximum ofo (r) =3.2(1 —r) r2 isaround r = 0.7 cm. In the second
graph, we isolate the maximum, and from this graph we see that at the maximum velocity is approximately 0.47 when

r ~ 0.67 cm.

67. (&) f (x) isalways increasing, and f (x) > O for all x.

0.0

1.0
. H
+ } + } + y
0.6 0.8 1

0

y /
X

(=]

0.50

0.48

0.46
]
1

" 1 "
T N T N
0.60 0.65 0.70

(b) f (x) is always decreasing, and f (x) > 0 for all x.

=
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(¢) f (x)isalways increasing, and f (x) < 0 forall x. (d) f (x) is always decreasing, and f (x) < 0 for all x.
Y. Yy
o —_— 0 x

68. Numerous answers are possible.
69. (a) If x = a is a local maximum of f (x) then (o) Let f (x) = x* 4+ x2 — 6x + 9. From the graph, we
f @) > f (x) >0forall x around x = a. So see that f (x) has a minimum at x = 1. Thus g (x)
) ) - _ L
[g (a)] > [g (x)] and thus g (a) > g (¥). also hz-;\s a minimum at x = 1 and this minimum
Similarly, if x = b is a local minimum of f (x), then valueis g (1) = V14 +12 —6(1) +9 = V5.
f (x) > f (b) > 0forall x around x = b. So 10
2 2
[900]” = [g (b)] and thus g (x) = g (b).
(b) Using the distance formula, 5
900 =/ (x —3)2 + (x2 - 0)? o———
=Vx4+x2-6x+9 0 2
I - 100 miles .
1. If you travel 100 miles in two hours then your average speed for the trip is average speed = hours = 50 mi/h.
. . f(b)—-f@
2. The average rate of change of a function f between x = a and x = b is average rate of change = —b_a
3. The average rate of change of the function f (x) = x2 between x = 1 and x = 5 is
2_ 12
_fG-f@ 5" -1 25-1 24
te of ch = = = = — =6.
average rate of change - 2 2 2
4. (a) The average rate of change of a function f between x = a and x = b is the slope of the secant line between (a, f (a))
and (b, f (b)).
(b) The average rate of change of the linear function f (x) = 3x + 5 between any two points is 3.
5. (a) Yes, the average rate of change of a function between x = a and x = b is the slope of the secant line through (a, f (a))
f)-f
and (b, f (b)); that is, w.
(b) Yes, the average rate of change of a linear function y = mx + b is the same (namely m) for all intervals.
6. (a) No, the average rate of change of an increasing function is positive over any interval.
(b) No, just because the average rate of change of a function between x = a and x = b is negative, it does not follow
that the function is decreasing on that interval. For example, f (x) = x2 has negative average rate of change between
x = —2and x =1, but f isincreasing for0 < x < 1.
7. (@) Thenetchangeis f (4)— f (1)) =5-3=2.

wl N

. . 5-3
(b) We use the points (1, 3) and (4, 5), so the average rate of change is —1-
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8. (@) Thenetchangeis f (5) — f (1) =2—-4=-2.

(b) We use the points (1, 4) and (5, 2), so the average rate of change is % = —TZ = —%.
9. (@) Thenetchangeis f (5) — f (0)=2—-6 = —4.
(b) We use the points (0, 6) and (5, 2), so the average rate of change is é — g = %4

10. (a) The netchangeis f (5) — f (-1) =4—-0=4.
5-(-1) 6 3
11. (8) Thenetchangeis f (3)— f (2)=[3(3)—-2]-[3(2)—-2]=7—-4=3.

fR-1f@ 3

Th f ch is—————— =- =3
(b) The average rate of change is 3.3 1 3

(b) We use the points (—1, 0) and (5, 4), so the average rate of change is

12. (a) The net changeisr (6) —r (3) = [3 -1 (6)] - [3 -1 (3)] —1-2=-1

(b) The average rate of change is M = —1.
6—3 3
13. (a) Thenetchangeish (1) —h (—4) = [—1+ %] - [_ (-4) + %] = % - % = _5,

. h()-h(-4) -5
(b) The average rate of change is -4 ~5° 1.

14. (a) The net change is g (2) — g (—3) = [2 -2 (2)] - [2 -2 (—3)] =2 _4=-1
1

o

9@ -9(-3 _

b) Th te of ch i
(b) The average rate of change is (3

2
3

15. (a) The net change is h (6) — h (3) = [2 6)2 — 6] - [2 3)2 - 3] — 66— 15 =51.

h@®-h@E) 51

63 _3=l7.

(b) The average rate of change is

16. (a) The net change is f (0) — f (—2) = [1 -3 (0)2] _ [1 -3 (—2)2] —1-(-11) =12

fO-f(2 12

Th f ch is—————— = — =6.
(b) The average rate of change is - (=2 > 6

17. (@) The net change is f (10) — f (0) = [103 —4 (102)] - [03 —4 (02)] — 600 — 0 = 600.
f(10)— f(0) 600 _

(b) The average rate of change is —To—o ~" 10" 60.

18. (a) The net changeis g (2) — g (—2) = [24 -84 22] - [(—2)4 — (=23 + (—2)2] —12-28=-16.

2)—g (-2 —-16
(b) The average rate of change is g(z)——(g—(Z)) == —4.

19. (a) The netchangeis f (3+h) — f (3) = [5 G+ h)2] - [5 (3)2] — 45 4 30h + 5h2 — 45 = 5h2 + 30h.

f (3+h)— f(3) 5h?+30h

— 5h +30.
G+h -3 h +

(b) The average rate of change is

20. (a) The netchangeis f (2 +h)— f (2) = [1 —32+ h)2] - [1 -3 (2)2] - (—3h2 —12h - 11) —(=11) = —3h2—12h.

f(2+h)—f(@ —3n?—12h

_ — _3h—12
@2+h) -2 h

(b) The average rate of change is




21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

3L
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1 1 1-a
Th h i —gH==-== )
(8 Thenetchangeisg (@) —g(1) 371 3
l-a
g@-9®» a4 _ 1-a 1
(b) The average rate of change is a1 ~2-1 a@-D a
. 2 2 2h
(a)Thenetchangelsg(h)—g(O)_h+1—0+1_—h+1.
2h
9 -90©0 "hy1 -2 2
(b) The average rate of change is — = b “RhiD - hil
2 2h

2
Th h is f N-f@=_—F--=-—rrs
(@) The netchangeis f (a +h) @) a+h a a(a+h)

(b) The average rate of change is

2h
f(a+h)—f(a)__a(a+h)__ 2h 2
@a+hy—a h " ah(@a+h) a@+h)’

(@) Thenetchangeis f (a+h)— f (a) =+va+h — . /a.
(b) The average rate of change is

f@a+h)—f@ va+ —\/E.a/a+h+\/§_ @a+hy—-a h _ 1
@+h-a h Ja+h+ya h(Ja+th+,a) h(Jath+,a) a+th+.a

(a) The average rate of change is
1 1
f(a+h)—f(a)_[j(a+h)+3]—[ja+3] fat+ih+3-ta-3 In
@+hy—a h h “ h

(b) The slope of the line f (x) = %x +3is % which is also the average rate of change.

(a) The average rate of change is
g@+h-g@ [4@+h+2]-[-4a+2] -4a-4h+2+4a-2 _—_4h__4

@@a+hy—a h h h
(b) The slope of the line g (x) = —4x + 2 is —4, which is also the average rate of change.

The function f has a greater average rate of change between x = 0 and x = 1. The function g has a greater average rate of
change between x = 1 and x = 2. The functions f and g have the same average rate of change between x = 0 and x = 1.5.

The average rate of change of f is constant, that of g increases, and that of h decreases.

. W (200)—W (1000 50-75 =25 1
The average rate of change is 200 — 100 = 200-100 — 100 — 2 ft/day.
(a) The average rate of change is PGAO)—-P@) _40-40_ 0 =0.

40-20  40-20 20
(b) The population increased and decreased the same amount during the 20 years.

.. 1591-85 735
(a) The average rate of change of population is 2000—1998 — 3 — 245 persons/yr.
826 — 1,483 —657
2004 — 2002~ 2
(c) The population was increasing from 1997 to 2001.

(d) The population was decreasing from 2001 to 2006.

(b) The average rate of change of population is

= —328.5 persons/yr.
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. 800—-400 400 100
32. (a) The average speed is 15768 — 84— o1 ~ 4.76 m/s.
. 1,600—-1,200 400
(b) The average speed is A2 -263 — 129 ~ 2.68 m/s.
(©
Lap | Length of timetorunlap | Average speed of lap.
1 32 6.25 m/s
2 36 5.56 m/s
3 40 5.00 m/s
4 44 4.55 m/s
5 51 3.92m/s
6 60 3.33mis
7 72 2.78 m/s
8 77 2.60 m/s
The man is slowing down throughout the run.
33. (a) The average rate of change of sales is % = %? = 14 players/yr.
(b) The average rate of change of sales is % = 1—18 = 18 players/yr.
(c) The average rate of change of sales is 23;(5) : 2;3 1= _1103 = —103 players/yr.
(d)
Year | DVD players sold | Change in sales from previous year
2003 495 —
2004 513 18
2005 410 —103
2006 402 -8
2007 520 118
2008 580 60
2009 631 51
2010 719 88
2011 624 —95
2012 582 —42
2013 635 53

Sales increased most quickly between 2006 and 2007, and decreased most quickly between 2004 and 2005.



34.
Year | Number of books
1980 420
1981 460
1982 500
1985 620
1990 820
1992 900
1995 1020
1997 1100
1998 1140
1999 1180
2000 1220
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35. The average rate of change of the temperature of the soup over the first 20 minutes is

T(0)—T@©  119-200 -8l .
_ = % _ _405° F/min.
20-0 20-0 20 057 F/min
T(40)—T(20) 89-119 30
0-20 = 40-20 20

temperature (in absolute value).

36. (a) (i) Between 1860 and 1890, the average rate of change was

about 84 farms per year.

(if) Between 1950 and 1970, the average rate of change was

about 131 farms per year.

y (1890) —

Over the next 20 minutes, it is

= —1.5° F/min. The first 20 minutes had a higher average rate of change of

y (1860) 4570 — 2040

1890 —

y (1970) —

1860 ~ ) ~ 84, a gain of

y (1950) 2780 — 5390

1970 —

1950 ~ 0 ~ —131, a loss of

(b) From the graph, it appears that the steepest rate of decline was during the period from 1950 to 1960.

37. (a) For all three skiers, the average rate of change is

d10)-d© _10 _

10-0 ~ 10

(b) Skier A gets a great start, but slows at the end of the race. Skier B maintains a steady pace. Runner C is slow at the

beginning, but accelerates down the hill.

38. (a) Skater B won the race, because he travels 500 meters before Skater A.

(b) Skater A’s average speed during the first 10 seconds is
Skater B’s average speed during the first 10 seconds is
(c) Skater A’s average speed during his last 15 seconds is

Skater B’s average speed during his last 15 seconds is

A(10) — A(0) _

10-0

10-0

B(10)— B(0) _

40 — 25

A(40) — A(25) _

B (35) — B (20) _ 500 — 200

200—-0

0 =20m/s.
100-0

0 =10 m/s.
500 — 395

G =7m/s.

35-20

G =20m/s.
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39.
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t=a | t=b Average Speed = TO-1@)
b—a
3 a5 16(35)2-16(3)> 104
' 35-3 -
3 31 16(3.1)2 - 16(3)> 976
' 31-3 -
16(3.01)2 - 16 (3)>
3 |30 2013 = 96.16
16 (3.001)2 — 16 (3)2
3 | 3.001 = 96.016
3.001 -3
16 (3.0001)2 — 16 (3)2
.0001 = 96.001
3 | 3.000 20001 —3 96.0016

From the table it appears that the average speed approaches 96 ft/s as the time intervals get smaller and smaller. It seems

reasonable to say that the speed of the object is 96 ft/s at the instant t = 3.

2.5  LINEAR FUNCTIONS AND MODELS

10.

11.

12.

13.
14.

. If f is a function with constant rate of change, then

(a) f isalinear function of the form f (x) = ax +b.
(b) The graph of f isa line.

L f £ (x) = —5x + 7, then

(a) The rate of change of f is —5.
(b) The graph of f is a line with slope —5 and y-intercept 7.

. From the graph, we see that y(2) = 50 and y(0) = 20, so the slope of the graph is

_y@-y@© 50-20 .
= 520 =— = 15 gal/min.

. From Exercise 3, we see that the pool is being filled at the rate of 15 gallons per minute.
. If a linear function has positive rate of change, its graph slopes upward.

. f (x) = 3isa linear function because it is of the form f (x) = ax + b, witha = 0and b = 3. Its slope (and hence its rate

of change) is 0.

. f(x) =3+ §x = 3x +3islinearwitha = 3 andb = 3.
. f(X)=2—4x = —4x + 2is linear witha = —4and b = 2.

. £ (X) =X (4 —x) = 4x — x2 is not of the form f (x) = ax + b for constants a and b, so it is not linear.

f (x) = /X + Lis not linear.

f(x)= :%x+%islinearwitha:%andb:%.

2x —3

f(x)= =2- g is not linear.

f(xX)=Kx+ 1)2 = x2 + 2x + 1is not of the form f (x) = ax + b for constants a and b, so it is not linear.

f(x):%(3x -1 = %x —%islinearwitha:%andb:—%.



15.

16.

17.

18.

X f(x)=2x-5
-1 -7

0 -5

1 -3

2 -1

3

4

The slope of the graph of f (x) =2x —5is 2.

X g(X)=4—-2x

A~ w NN 2 O
o

The slope of the graph of g (xX) =4 — 2x = —2x + 4 is —2.

t | riy=-3%t+2
-1 2.67
2
1.33
0.67
0
—0.67

A W N P O

The slope of the graph of r (t) = —%t +2is —%.

t |hity=3-3t
-2 2
-1 1.25

0 05

1 —0.25

2 -1

3 -1.75

The slope of the graph of h (t) = 5 — 3tis —3.

YA

SECTION 2.5  Linear Functions and Models

=)
=Y

YA

A

~v

207



208 CHAPTER 2 Functions

19. (a) 20. ()

—-10

(b) The graph of f (x) = 2x — 6 has slope 2.

(b) The graph of g (z) = —3z — 9 has slope —3.
(¢) f (x) =2x — 6 has rate of change 2.

(¢) g (z) = —3z — 9 has rate of change —3.

21. (a) 22. ()

-10 0 10 w
-1 0 1

I

(b) The graph of h (t) = —0.5t — 2 has slope —0.5.

(b) The graph of s (w) = —0.2w — 6 has slope —0.2.
() h (t) = —0.5t — 2 has rate of change —0.5.

() s (w) = —0.2w — 6 has rate of change —0.2.

23. (a) v 24. (a) A
10
1
50 -1
2710 2 0 1 r
<1
(b) The graph of v (1) = _%Ot — 20 has slope _1?0, (b) The graphof A(r) = —%r — 1 has slope —%.
(© v (t) = =22t — 20 has rate of change — %

D, (©) A(r) = —%r — 1 has rate of change —3.



25

27
28

29
30
31

32

33

34

35

36

37.

. (a)

(b) The graph of f (t) = —3t + 2 has slope —3.

© f= —%t + 2 has rate of change —%.

26. (a)

SECTION 2.5  Linear Functions and Models

(b) The graph of g (x) = %x — 10 has slope %.

©gx = %x — 10 has rate of change %.

. The linear function f with rate of change 3 and initial value —1 has equation f (x) = 3x — 1.
. The linear function g with rate of change —12 and initial value 100 has equation g (x) = —12x + 100.

. The linear function h with slope % and y-intercept 3 has equation h (x) = %x + 3.

. The linear function k with slope —%‘ and y-intercept —2 has equation k (x) = —éx -2

209

. (a) From the table, we see that for every increase of 2 in the value of x, f (x) increases by 3. Thus, the rate of change of f

ic 3
ISj.

(b) Whenx =0, f (x) =7,s0b =7. From part (a), a = % andso f (x) = %x +7.

. (a) From the table, we see that f (—3) = 11 and f (0) = 2. Thus, when x increases by 3, f (x) decreases by 9, and so the
rate of change of f is —3.
(b) Whenx =0, f (x) =2,s0b = 2. From part (a),a = —3,and so f (x) = —3x + 2.

4 —
. (a) From the graph, we see that f (0) = 3 and f (1) = 4, so the rate of change of f is —3 =1

(b) Frompart(@),a=1,and f (0) =b =3,50 f (x) =x + 3.

1-0

. 0-4
. (&) From the graph, we see that f (0) =4 and f (2) = 0, so the rate of change of f is —— = —2.

(b) Frompart (8),a=—2,and f (0) =b =4,s0 f (x) = —2x + 4.

. (a) From the graph, we see that f (0) =2 and f (4) = 0, so the rate of change of f is 0

(b) From part (a),a = —%, and f (0)=b=2,50 f (x) = —%x + 2.

. (a) From the graph, we see that f (0) = —1 and f (2) = 0, so the rate of change of f is —.

(b) Frompart (a),a = 3,and f (0) =b = 1,50 f (x) = 3x — L.

I

01

2-0
0-2_ 1
4-0_ 2
0-(-1) 1
2—-0 2

Increasing the value of a makes the graph of f steeper. In other words, it

increases the rate of change of f.
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38.

39.

40.

41.

42.

45.

CHAPTER2  Functions
L S Increasing the value of b moves the graph of f upward, but does not affect
the rate of change of f.
/ >
/ " %
0 1 r
(a) T (b) The slope of T (x) = 150x + 32,000 is the value of a, 150.
38,000 +
(c) The amount of trash is changing at a rate equal to the slope of the graph,
36,000+ 150 thousand tons per year.
34,000 +
32,000 1
of 0 20 30 x
(a) f (b) The slope of the graph of f (x) = 200 + 32x is 32.
900+
8001 (c) Ore is being produced at a rate equal to the slope of the graph, 32 thousand
7001 tons per year.
6001
5001
4001
300+
2001
100+
o s 10 15 20 25+
(a) LetV (t) = at + b represent the volume of hydrogen. The balloon is being filled at the rate of 0.5 ft3/s, soa = 0.5,

and initially it contains 2 ft3, sob =2. Thus, V (t) = 0.5t + 2.

(b) We solve V (t) =15 < 0.5t + 2 = 15 < 0.5t = 13 <t = 26. Thus, it takes 26 seconds to fill the balloon.

(a) LetV (t) = at + b represent the volume of water. The pool is being filled at the rate of 10 gal/min, so a = 10, and
initially it contains 300 gal, so b = 300. Thus, V (t) = 10t + 300.

(b) We solve V (t) = 1300 < 10t + 300 = 1300 < 10t = 1000 < t = 100. Thus, it takes 100 minutes to fill the pool.

. (@) Let H (x) = ax + b represent the height of the ramp. The maximum rise is 1 inch per 12 inches, so a = 1—12 The ramp

starts on the ground, so b = 0. Thus, H (x) = 1—12x.
(b) We find H (150) = % (150) = 12.5. Thus, the ramp reaches a height of 12.5 inches.
—1200

. Meilin descends 1200 vertical feet over 15,000 feet, so the grade of her road is = —0.075, or —7.5%.

15,000 ~

0
— — _0.05, or —5%.
10,000 0.05, or —5%

(a) From the graph, we see that the slope of Jari’s trip is steeper than that of Jade. Thus, Jari is traveling faster.

Brianna descends 500 vertical feet over 10,000 feet, so the grade of her road is
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(b) The points (0, 0) and (6, 7) are on Jari’s graph, so her speed is % = ! miles per minute or 60 (%) =70 mi/h.

6
. . 16 — 10 .
The points (0, 10) and (6, 16) are on Jade’s graph, so her speed is 60 - 50 = 60 mi/h.

(c) t is measured in minutes, so Jade’s speed is 60 mi/h - 6—10 h/min = 1 mi/min and Jari’s speed is
70 mi/h - & h/min = £ mi/min. Thus, Jade’s distance is modeled by f (t) = 1(t — 0) + 10 = t + 10 and Jari’s
distance is modeled by g (t) = & (t —0) +0 = {t.

46. (a) Letd (t) represent the distance traveled. Whent = 0, d = 0, and when (b) d
1101
. 40-0 100 4

t =50, d = 40. Thus, the slope of the graph is =0.8. The
, us, p grapni 50-0 284
y-intercept is 0, so d (t) = 0.8t. 70
60 1
(c) Jacqueline’s speed is equal to the slope of the graph of d, that is, 50
0.8 mi/min or 0.8 (60) = 48 mi/h. Ny
20+
10

020 40 60 80 100 120 1

47. Let x be the horizontal distance and y the elevation. The slope is —%, so if we take (0, 0) as the starting point, the
elevation is y = —%x. We have descended 1000 ft, so we substitute y = —1000 and solve for x: —1000 = —WGOX =

x =~ 16,667 ft. Converting to miles, the horizontal distance is Tlso (16,667) ~ 3.16 mi.

48. (a) D (b) The slope of the graph of D (x) = 20 + 0.24x is 0.24.
30+ (c) The rate of sedimentation is equal to the slope of the graph, 0.24 cm/yr or
2.4 mm/yr.
20-

49. (a) Let C (x) = ax + b be the cost of driving x miles. In May Lynn drove  (b) c
480 miles at a cost of $380, and in June she drove 800 miles at a cost of 600:
$460. Thus, the points (480, 380) and (800, 460) are on the graph, so the 500:
460—-380 1 400
slope isa = ————— = —. We use the point (480, 380) to find the ]
Peisa = goo—ago — 4 ‘e Use the point (430, 380) tof s00]
value of b: 380 = % (480) + b < b = 260. Thus, C (x) = Fx + 260. 200l
(c) The rate at which her cost increases is equal to the slope of the line, that is 1001
%. So her cost increases by $0.25 for every additional mile she drives. r . . . . . -
0l 200 400 600 800 100012001400

The slope of the graph of

C (x) = Fx + 260 is the value of a, .
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50.

51.

52.

CHAPTER 2 Functions
(a) Let C (x) = ax + b be the cost of producing x chairs in one day. The first (b) c
day, it cost $2200 to produce 100 chairs, and the other day it cost $4800 to 109’388
produce 300 chairs.. Thus, the points (100, 2200) and (300, 4800) are on 8000 +
. 4800 — 2200 . 7000
the graph, so the slope isa = ————— = 13. We use the point 6000 1
300 — 100 0001
(100, 2200) to find the value of b: 2200 = 13 (100) + b < b = 900. Thus, 4000 +
C (x) = 13x + 900. 3000 ¢
2000 +
(c) The rate at which the factory’s cost increases is equal to the slope of the 1000 1
line, that is $13/chair. 0] 100 200 300 400 500 600 ~
The slope of the graph of
C (x) = 13x + 900 is the value of a, 13.
f — f a b) — (a b axo —a
(a) By definition, the average rate of change between x4 and xo is (x2) (1) = (@xz +b) = @x1 +b) _ 2o —aq .
X2 — X1 X2 — X1 X2 — X1
. . . axp —ax a(xp —X
(b) Factoring the numerator and cancelling, the average rate of change is 2 ! _ (X2 = x1) =a.

X2 —X1 X2 —X1

o . L f - f
(a) The rate of change between any two points is ¢. In particular, between a and x, the rate of change is M =c.

—a

(b) Multiplying the equation in part (a) by x — a, we obtain f (x) — f (a) = ¢ (x — a). Rearranging and adding f (a) to
both sides, we have f (x) = cx + (f (a) — ca), as desired. Because this equation is of the form f (x) = Ax + B with
constants A = cand B = f (a) — ca, it represents a linear function with slope ¢ and y-intercept f (a) — ca.

2.6 TRANSFORMATIONS OF FUNCTIONS

. (a) The graphof y = f (x) + 3 is obtained from the graph of y = f (x) by shifting upward 3 units.

(b) The graph of y = f (x + 3) is obtained from the graph of y = f (x) by shifting left 3 units.

. (a) The graph of y = f (x) — 3 is obtained from the graph of y = f (x) by shifting downward 3 units.

(b) The graph of y = f (x — 3) is obtained from the graph of y = f (x) by shifting right 3 units.

. (&) The graph of y = —f (x) is obtained from the graph of y = f (x) by reflecting in the x-axis.

(b) The graph of y = f (—x) is obtained from the graph of y = f (x)by reflecting in the y-axis.

. (@) The graph of f (x) + 2 is obtained from that of y = f (x) by shifting upward 2 units, so it has graph II.

(b) The graph of f (x + 3) is obtained from that of y = f (x) by shifting to the left 3 units, so it has graph I.
(c) The graph of f (x — 2) is obtained from that of y = f (x) by shifting to the right 2 units, so it has graph Il1.
(d) The graph of f (x) — 4 is obtained from that of y = f (x) by shifting downward 4 units, so it has graph V.

5. If f isan even function, then f (—x) = f (x) and the graph of f is symmetric about the y-axis.

. If f isan odd function, then f (—x) = —f (x) and the graph of f is symmetric about the origin.

. (@) The graph of y = f (x) — 1 can be obtained by shifting the graph of y = f (x) downward 1 unit.

(b) The graph of y = f (x — 2) can be obtained by shifting the graph of y = f (x) to the right 2 units.

. (@) The graph of y = f (x 4 4) can be obtained by shifting the graph of y = f (x) to the left 5 units.

(b) The graph of y = f (x) + 4 can be obtained by shifting the graph of y = f (x) upward 4 units.

. (@) The graph of y = f (—x) can be obtained by reflecting the graph of y = f (x) in the y-axis.

(b) The graph of y = 3f (x) can be obtained by stretching the graph of y = f (x) vertically by a factor of 3.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
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(a) The graph of y = —f (x) can be obtained by reflecting the graph of y = f (x) about the x-axis.

(b) The graphof y = % f (x) can be obtained by shrinking the graph of y = f (x) vertically by a factor of %

(&) The graph of y = f (x — 5) + 2 can be obtained by shifting the graph of y = f (x) to the right 5 units and upward
2 units.

(b) The graph of y = f (x + 1) — 1 can be obtained by shifting the graph of y = f (x) to the left 1 unit and downward
1 unit.

(a) The graph of y = f (x + 3) 4 2 can be obtained by shifting the graph of y = f (x) to the left 3 units and upward
2 units.

(b) The graph of y = f (x — 7) — 3 can be obtained by shifting the graph of y = f (x) to the right 7 units and downward
3 units.

(8) The graph of y = —f (x) + 5 can be obtained by reflecting the graph of y = f (x) in the x-axis, then shifting the
resulting graph upward 5 units.

(b) The graph of y = 3f (x) — 5 can be obtained by stretching the graph of y = f (x) vertically by a factor of 3, then
shifting the resulting graph downward 5 units.

(a) Thegraphof y =1 — f (—x) can be obtained by reflect the graph of y = f (x) about the x-axis, then reflecting about
the y-axis, then shifting upward 1 unit.

(b) The graph of y =2 — % f (x) can be obtained by shrinking the graph of y = f (x) vertically by a factor of % then
reflecting about the x-axis, then shifting upward 2 units.

(&) The graph of y = 2f (x +5) — 1 can be obtained by shifting the graph of y = f (x) to the left 5 units, stretching
vertically by a factor of 2, then shifting downward 1 unit.

(b) The graph of y = % f (x — 3) + 5 can be obtained by shifting the graph of y = f (x) to the right 3 units, shrinking

vertically by a factor of 1 then shifting upward 5 units.

(@) The graphofy = % f (X — 2) 4+ 5 can be obtained by shifting the graph of y = f (x) to the right 2 units, shrinking
vertically by a factor of L then shifting upward 5 units.

(b) The graph of y = 4f (x 4+ 1) + 3 can be obtained by shifting the graph of y = f (x) to the left 1 unit, stretching
vertically by a factor of 4, then shifting upward 3 units.

(a) The graph of y = f (4x) can be obtained by shrinking the graph of y = f (x) horizontally by a factor of %.
(b) The graph of y = f (%x) can be obtained by stretching the graph of y = f (x) horizontally by a factor of 4.

(a) The graph of y = f (2x) — 1 can be obtained by shrinking the graph of y = f (x) horizontally by a factor of 1, then
shifting it downward 1 unit.

(b) The graphof y = 2f (%x) can be obtained by stretching the graph of y = f (x) horizontally by a factor of 2 and
stretching it vertically by a factor of 2.

(a) The graph of g (x) = (X + 2)2 is obtained by shifting the graph of f (x) to the left 2 units.

(b) The graph of g (x) = x2 + 2 is obtained by shifting the graph of f (x) upward 2 units.

(a) The graph of g (x) = (x — 4)3 is obtained by shifting the graph of f (x) to the right 4 units.

(b) The graph of g (x) = x3 — 4 is obtained by shifting the graph of f (x) downward 4 units.

(2) The graph of g (x) = [x + 2| — 2 is obtained by shifting the graph of f (x) to the left 2 units and downward 2 units.

(b) The graph of g (x) = g (x) = [x — 2| + 2 is obtained from by shifting the graph of f (x) to the right 2 units and upward
2 units.
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22. (a) The graph of g (x) = —/X + 1 is obtained by reflecting the graph of f (x) in the x-axis, then shifting the resulting
graph upward 1 unit.

(b) The graph of g (x) = «/—x + 1 is obtained by reflecting the graph of f (x) in the y-axis, then shifting the resulting
graph upward 1 unit.

23. (a) (b) \ 4
\
\
\
\
\
N\
\\
X
© \ y , () \ ’ ,
\ / \ /
\ / \ Yy=@x—17+3
/o
\\ , y7X2 V=.\‘2\\ /
\ / \ /
\\ 1 // \\ 1 //
~ P ~ < >
1 X 1 X
y=-x
24. (a) Y (b)
1
1 X
y J— y
© 4\/x+2+2 (d
/// ///
- -
e I - —
TR oy
/
1 X 1 X
y=—Jx+1

25. The graph of y = |x + 1] is obtained from that of y = |x| by shifting to the left 1 unit, so it has graph II.
26. y = |x — 1| is obtained from that of y = |x| by shifting to the right 1 unit, so it has graph IV.
27. The graph of y = |x| — 1 is obtained from that of y = |x| by shifting downward 1 unit, so it has graph I.
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28. The graph of y = — |x| is obtained from that of y = |x| by reflecting in the x-axis, so it has graph IlI.

29. f (x) = x2 + 3. Shift the graph of y = x2 upward 3 units.

31. f (x) = |x] — 1. Shift the graph of y = |x| downward
1 unit.

33. f (x) = (x — 5)2. Shift the graph of y = x2 to the right
5 units.

30. f (x) = x2 — 4. Shift the graph of y = x2 downward
4 units.

32. f (x) = /X + 1. Shift the graph of y = /X upward 1 unit.

) A _
Y y=yx+1

34. f (x) = (x + 1)2. Shift the graph of y = x2 to the left
1 unit.
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35. f (X) =[x + 2|. Shift the graph of y = |x| to the left 36. f (x) = +/x — 4. Shift the graph of y = /X to the right
2 units. 4 units.

37. f(x) = —x3. Reflect the graph of y = x3 in the x-axis. 38. f (x) = —|x|. Reflect the graph of y = |x| in the x-axis.

y y ,
! N ’
I h ’
N 7
li N .
/ \\ 7
/ 7 y=lx|
, y=x \\ //
2 / Nt
7 N
// x X
/
/ y=—x y=—|x|
/
!
!
1
39. y = ¥/—x. Reflect the graph of y = X in the y-axis. 40. y = J—x. Reflect the graph of y = .¥/X in the y-axis.
ya y
- 2 -~ -7 -
o=
2 X
// y:i/i\
_ -~
10 X
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41. y = %xz. Shrink the graph of y = x2 vertically by a 42,y = —5,/X. Stretch the graph of y = /X vertically by a
factor of 5, then reflect it in the x-axis.

factor of 1.
y

¥
\ 1 I
y=Nxo o __

5 PR

\ 51

\ !
1

4.y = % |x|. Shrink the graph of y = |x| vertically by a

43. y = 3|x]|. Stretch the graph of y = |x| vertically by a
factor of %

factor of 3.
y
y
y=3|x| < L
N ’
N ’
N N y=1Ix|,
\\\ // \\ //
\\ // \\l ,/ yfé\x\
AN s y=lx >
o\ ) s 1 X
N 7
Al »
1 X
45. y = (x — 3)2 + 5. Shift the graph of y = x2 to the right 46. y = /x + 4 — 3. Shift the graph of y = /X to the left
3 units and upward 5 units. 4 units and downward 3 units.
A
- -
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47.y =3 — % (x — 1)%. Shift the graph of y = x? to the right  48.y = 2 — /x + L. Shift the graph of y = /X to the left

one unit, shrink vertically by a factor of 1, reflect in the 1 unit, reflect the result in the x-axis, then shift upward

. . . 2 units.
x-axis, then shift upward 3 units.
¥y
y
\ / -
\ ! -~ -
\ / -
\ ly=x - Y=
\ / e
\ / I 4
N ’
1 X 1 ;
}’:3—%()6—1)2
y=2—Jx+1
49. y = |X + 2| 4 2. Shift the graph of y = |x]| to the left 50. y = 2 — |x|. Reflect the graph of y = |x| in the x-axis,
2 units and upward 2 units. then shift upward 2 units.
¥ ¥ ,
y=|x+2|+2 \\ //
N y=lal
\\ /, Y
7 N 7
4 1 7
’ S 7
7 N
y=|x| N // 1 X
AN 1 V2
\\\ it y=2-|x|
1 X

51. y= %«/x + 4 — 3. Shrink the graph of y = /X vertically 52.y =3 —2(x — 1)2. Stretch the graph of y = x2 vertically
by a factor of 2, reflect the result in the x-axis, then shift
the result to the right 1 unit and upward 3 units.

by a factor of L then shift the result to the left 4 units and

downward 3 units.

y
y \ i
\ /
--7 \ !
-7 \ /Y=
//’/>:\/; N !
// \ 1 /
7 \\ //
14/ — 1 X
/ x y=3-2(x—1)3
N
53. y = f (x) —3. When f (x) =x2,y =x% - 3. 54.y = f (x)+5. When f (x) =x3,y =x3 +5.
55. y = f (x +2). When f (X) = /X,y = /X + 2. 56.y = f (x —1). When f (x) = ¥X,y = I/x — L.

57.y=f(Xx+2)—5 When f (x) =Ix|,y =|x+2| 5. 58.y = —f (x —4) + 3. When f (x) = ||,
y=—|x—4|+3.
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59. y = f (—x) + 1. When f (x) = ¥X,y = &—x + 1. 60.y = —f (X +2). When f (x) = x2,y = — (x + 2)2.
61. y:2f(x—3)—2.Whenf(x):x2, 62.y:%f(x+l)+3. When f (x) = [x],

y=2(x-37-2. y=5x+1+3.
63.9(X)=f(x—2)=(x—-22=x2—4x+4 64.9(x)=f (x)+3=x3+3
65.gxX)=f(X+1)+2=|x+1+2 66.g(x) =2f (x) =21x|
67.9(X)=—f(x+2)=—/x+2 68.9(x)=—f (X —2)+1=—(x—2)2+1=—x2+4x -3
69. (8) y = f (x —4) is graph #3. 70.(@) y = 1t (x) is graph #2.

(b) y = f (x) + 3is graph #1. (b) y = —f (x + 4) is graph #3.

() y =2f (x + 6) is graph #2. (c) y = f (x —5) + 3is graph #1.

(d) y = —f (2x) is graph #4. (d) y = f (—x) is graph #4.
n@y=fx-2 b)y="~f0)-2 ©y=2f(x

y y y

d)y=—"f(x)+3 ©y="f(-x) fy=3f(x-1)

y y y

NS T LA

72.(3) y=g(x+1) b)Yy =g(x) ©y=9g(x—-2)




220 CHAPTER 2 Functions

dy=9g(x) -2 ©@y=-9(x )y =29

738 y=9(%) (b)y =g(3x)

y

74. (&) y =h(3x)

75. y = [2x] y 76.y = I[%x]l

-
.o
.-
-
o
-
1

77. o For part (b), shift the graph in (a) to the left 5 units; for part (c), shift the graph
P

in (a) to the left 5 units, and stretch it vertically by a factor of 2; for part (d), shift

(©) the graph in (a) to the left 5 units, stretch it vertically by a factor of 2, and then shift
it upward 4 units.

'

A

'

od

o B ©
L ! L |
—~
=
=
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78. 61 For (b), reflect the graph in (a) in the x-axis; for (c), stretch the graph in (a)
® 4 vertically by a factor of 3 and reflect in the x-axis; for (d), shift the graph in (a) to
2] the right 5 units, stretch it vertically by a factor of 3, and reflect it in the x-axis. The
P 5 order in which each operation is applied to the graph in (a) is not important to
obtain the graphs in part (c) and (d).
), ©) 4
S ARIC)
79. 41 For part (b), shrink the graph in (a) vertically by a factor of %; for part (c), shrink
1 @][®)
24 the graph in (a) vertically by a factor of % and reflect it in the x-axis; for part (d),
] shift the graph in (a) to the right 4 units, shrink vertically by a factor of 1 and then
2/ 2 reflect it in the x-axis
2 O (d) '
-4
80. For (b), shift the graph in (a) to the left 3 units; for (c), shift the graph in (a) to the

8l (@) y=f (x)=v2x —x2

O)y="f@)=22)-2x% (©y

left 3 units and shrink it vertically by a factor of %; for (d), shift the graph in (a) to

the left 3 units, shrink it vertically by a factor of 1 and then shift it downward
3 units. The order in which each operation is applied to the graph in (a) is not
important to sketch (c), while it is important in (d).

I
—_
~—
Nl
x
S~
Il
N
o
N
x
SN~—"
|
~—
Nl
>
N—"
N

_ ./ 2

= V4x — 4X — x—%xz
4 4
2 2

The graph in part (b) is obtained by horizontally shrinking the graph in part (a) by a factor of % (so the graph is half as
wide). The graph in part (c) is obtained by horizontally stretching the graph in part (a) by a factor of 2 (so the graph is twice

as wide).
82. (@) y=f (x) =v2x —x? ©)y = f(=x)=1/2(=x) = (=x)? (©y =—TF(=X) = —/2(=x) — (-x)?

=v/—-2x —x? =—v/-2x =x2
4
2
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(d) y = f(=2x) = /2(=2x) = (=2%)?

= —V/=2x — x2 = \/—4x — 4x2

€y

I
-
|
Nl
<
N—
I
N
|
[N
<
N——"
|
|
[N
<
N—
N

The graph in part (b) is obtained by reflecting the graph in part (a) in the y-axis. The graph in part (c) is obtained by rotating
the graph in part (a) through 180° about the origin [or by reflecting the graph in part (a) first in the x-axis and then in the
y-axis]. The graph in part (d) is obtained by reflecting the graph in part (a) in the y-axis and then horizontally shrinking the
graph by a factor of % (so the graph is half as wide). The graph in part (e) is obtained by reflecting the graph in part (a) in
the y-axis and then horizontally stretching the graph by a factor of 2 (so the graph is twice as wide).

CF ) =x4 f(=x) = (=x)* =x* = f (). Thus f (x)
is even.

85. f (x) =x2+x. f (=X) = (=x)2 + (=) = x2 —x. Thus
f(—=x) # f (x). Also, f (—x) # —f (x),s0 f (X)is
neither odd nor even.

84. f (x) =x3. f (=x) = (=x)3 = —x3 = — f (x). Thus
f (x) is odd.

86. f (x) = x* — 4x2,
f(—x) = (=x)% =4 (=x)2 = x4 —4x2 = f (x). Thus
f (x) is even.
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87. f (x)=x3—x. 88. f (x) =3x3 +2x2 4+ 1.
f(=x) = (=%)3 = (=x) = =x3 + X f(=x)=3(=x)%+2(=x)2+1=-33+2x2+1.
—_ (x3 _ x) — —f (x). Thus f (—=x) # f (x). Also f (=x) # —f (x),s0 f (x) is
. neither odd nor even.
Thus f (x) is odd.
y
y
1 /

89. T(X)=1—-X F(=x)=1-3F(X)=1+ . Thus 90. f (x) =x + 1/x.
f(—x) # f (). Also f (—x) # —f (x),s0 f (X) is f(=X) = (=X) + 1/ (=X) = =X — 1/x
neither odd nor even. X1/ = —f (X).

g Thus f (x) is odd.
y
_\IK
1 X
1
1 X
91. (a) Even (b) Odd
¥ y
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92. (a) Even (b) Odd

y

93. Since f (x) =x2 —4 <0,for =2 < x < 2, thegraphof  94.g(x) = ’x“ - 4x2‘
y = g (x) is found by sketching the graph of y = f (x) for y
X < —2and x > 2, then reflecting in the x-axis the part of
the graph of y = f (x) for -2 < x < 2.

95. () f (x)=4x —x? (b) f (x) = ‘4x - xz‘

9. (a) f(x)=x3 (b) g (x) = ’x3‘




97.

98.

99.

100.
101

102.

103.
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(a) Luisa drops to a height of 200 feet, bounces up and down, then settles at (b)  y
350 feet. 500

(c) To obtain the graph of H from that of h, we shift downward 100 feet.
Thus, H (t) = h (t) — 100.

(2) Miyuki swims two and a half laps, slowing down with each successive lap. (b) .
In the first 30 seconds she swims 50 meters, so her average speed is 60l
2—8 ~ 1.67m/s. 404
(c) Here Miyuki swims 60 meters in 30 seconds, so her average speed is 201
% =2ms. o 100 200
This graph is obtained by
stretching the original graph
vertically by a factor of 1.2.
(a) The trip to the park corresponds to the first piece of the graph. The class travels 800 feet in 10 minutes, so their average

speed is 81%0 = 80 ft/min. The second (horizontal) piece of the graph stretches fromt = 10 to t = 30, so the class

spends 20 minutes at the park. The park is 800 feet from the school.

(b) y (© y
6007 10001
1 800+
4001 6001
2001 4004
] 2001
o " 20 40 601 0 20 40 60
The new graph is obtained by shrinking the original This graph is obtained by shifting the original graph
graph vertically by a factor of 0.50. The new average to the right 10 minutes. The class leaves ten minutes
speed is 40 ft/min, and the new park is 400 ft from later than it did in the original scenario.

the school.

To obtain the graph of g (x) = (x — 2)2 + 5 from that of f (X) = (x + 2)2, we shift to the right 4 units and upward 5 units.
To obtain the graph of g (x) from that of f (x), we reflect the graph about the y-axis, then reflect about the x-axis, then shift
upward 6 units.

f even implies f (—x) = f (x); g even implies g (—x) = g (x); f odd implies f (—x) = —f (x); and g odd implies
9(=x) =—-9g(x)

If f and g are both even, then (f +9) (—x) = f (=X)+g(—x) = f (X)) + g (x) = (f +g) (X) and f + g is even.

If f and g are both odd, then (f +9) (—x) = f (—=X)+9(—x)=—=Ff (X) —g(X) = —=(f +g) (x) and f + g is odd.

If f odd and g even, then (f 4+ @) (—x) = f (=x) + g (—x) = —f (X) + g (X), which is neither odd nor even.

f even implies f (—x) = f (x); g even implies g (—x) = g (x); f odd implies f (—x) = —f (x); and g odd implies

g (=x) = =g (x).

If f and g are both even, then (fg) (—x) = f (=x) - g (=x) = f (X) - g (X) = (fg) (X). Thus fg is even.

If f and g are both odd, then (fg) (—=x) = f (—x) - g(—x) = = f X) - (=g (X)) = f (X) - g (X) = (f@) (X). Thus fg is
even

If fifoddand giseven,then (fg)(—=x)=f (=x)-g(=x)=f X)- (=g (X)) =—f (X)-g (xX) =—(fg) (X). Thus fgis
odd.
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104. f (x) = x" is even when n is an even integer and f (x) = x" is odd when n is an odd integer.
These names were chosen because polynomials with only terms with odd powers are odd functions, and polynomials with
only terms with even powers are even functions.

2.7 COMBINING FUNCTIONS

1. From the graphs of f and g in the figure, we find (f +9)(2) = f(2 +9@2) = 3+5 = 8,
f f 3
(1-9@=1@ -0 =3-5=-2 ()@ =1@9@=35=15md () @ =3 2.
2. By definition, f o g (x) = f (g (X)). So,ifg(2) =5and f (5) =12,then fog(2) = f (g (2)) = f (5) = 12.
3. If the rule of the function f is “add one” and the rule of the function g is “multiply by 2” then the rule of f o g is “multiply
by 2, then add one” and the rule of g o f is “add one, then multiply by 2.”
4. \We can express the functions in Exercise 3 algebraically as f (x) = x +1, g(X) = 2x, (f og) (x) = 2x + 1, and
(go fHYy(xX)=2(x+1).
5. (@) The function (f + @) (x) is defined for all values of x that are in the domains of both f and g.
(b) The function (fg) (x) is defined for all values of x that are in the domains of both f and g.
(c) The function (f/g) (x) is defined for all values of x that are in the domains of both f and g, and g (x) is not equal to 0.
6. The composition (f o g) (x) is defined for all values of x for which x is in the domain of g and g (x) is in the domain of f.
7. f (x) = x has domain (—o0, ). g (x) = 2x has domain (—oo, c0). The intersection of the domains of f and g is
(—OO, OO)
(f +9) (x) = x 4+ 2x = 3x, and the domain is (—oo, 00). (f — g) (X) = x — 2x = —X, and the domain is (—o0, 00).
(fo)(x) =x(2x) = 2x2, and the domain is (—oo, 00). (é) x) = % = % and the domain is (—o0, 0) U (0, c0).
8. f (X) = x has domain (—o0, 00). g (X) = /X has domain [0, co). The intersection of the domains of f and g is [0, co).
(f +9) (X) = x + /X, and the domain is [0, 00). (f — @) (X) = x — /X, and the domain is [0, co).
f
(fg) (x) = x/X = x3/2, and the domain is [0, c0). (E) (x) = % = /X, and the domain is (0, co).
9. f(x)= x2 4+ x and g x) = x2 each have domain (—oo, o). The intersection of the domains of f and g is (—oo, c0).
(f +g) (x) = 2x2 + x, and the domain is (—oo, 00). (f — @) (x) = x, and the domain is (—o0, 00).
X2 +x
X2

(fg) (x) = x* + x3, and the domain is (—oo, c0). (é) (x) =
10. f(x)=3-— x2 and g x) = x2 — 4 each have domain (—co, 00). The intersection of the domains of f and g is (—oo, 00).
(f +9) (x) = —1, and the domain is (—oo, 00). (f — @) (X) = —2x2 + 7, and the domain is (—oo, c0).
3—x2 3—x2

(fg) (x) = (3 — x2) (x2 - 4) = —x4 + 7x2 — 12, and the domain is (—o0, 00). (é) x) = Z_4 = =2 (x+2)

=1+ % and the domain is (—oo, 0) U (0, 00).

and the domain is (—oo, —2) U (=2, 2) U (2, o0).
11. f(x)=5—xandg (x) = x2 — 3x each have domain (—oo, co). The intersection of the domains of f and g is (—oo, 00).

(f+9x)=6-x)+ (x2 - 3x) = x% — 4x + 5, and the domain is (—o0, 00).
(f=-9x)=06-x)- (x2 - 3x) = —x2 4 2x + 5, and the domain is (—o0, 00).

(fg) (x) = (5 — x) (x2 - 3X) = —x3 + 8x2 — 15x, and the domain is (—oo, o0).

(é) (x) = xg : ;X = ?x_—XS) , and the domain is (—co, 0) U (0, 3) U (3, 00).
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f(x)= x2 4 2x has domain (—co, 00). g (X) = 3x2 — 1 has domain (—oo, o). The intersection of the domains of f and
g is (—oo, 00).

(f+9) () =x2+2x + (Sx2 - 1) = 4x2 4 2x — 1, and the domain is (—oco, co).
(f—g) () =x2+2x — (Sx2 - 1) = —2x2 + 2x + 1, and the domain is (—oo, 00).

(fg) (x) = (x2 + 2x) (3x2 - 1) = 3x* 4 6x3 — x2 — 2x, and the domain is (—co, co).

f X2 42X J3 . Ne
(5)(x):m,3x —1#£0=>x#+ ,andthedomalnls{x|x¢iT}.

f(x)= V25 = X2, has domain [-5,5]. g (x) = +/X + 3, has domain [—3, co). The intersection of the domains of f and g
is [-3, 5].

(f +9) (X) = V25 —x2 + /x + 3, and the domain is [-3, 5].

(f —9) (x) = V25 — x2 — {/x + 3, and the domain is [-3, 5].

(fg) () = /(25 — x2) (x + 3), and the domain is [-3, 5].

f 25 — x?2 .
(5) x) = 13 and the domain is (=3, 5].

f(x)= /16 — x2 has domain [4,4]. g (x) = VX2 =1 has domain (—o0, —1] U [1, 00). The intersection of the domains
of f and gis[—4, —1]U[1, 4].

(f +9) (X) =16 — x2 + /x2 — 1, and the domain is [—4, —1] U [1, 4].

(f =) (x) = V16 — x2 — /x2 — 1, and the domain is [—4, —1] U [1, 4].

(fg) (x) = /(16 — x2) (x2 — 1), and the domain is [—4, —1] U [1, 4].

f [16 — x2
— = ./|———, and the domain is [-4, —1) U (1, 4].
(g)(x) 71 and the domain is [ yU(1,4]

2 4
f(x) = M has domain x # 0. g (x) = X5 has domain x # —4. The intersection of the domains of f and g is

{x | x # 0, —4}; in interval notation, this is (—oo, —4) U (—4, 0) U (0, 00).

2 4 2 4 2(3x+4 L B
(f+g)(x)_x+x+4_x+x+4_ X(X+4),andthedoma|n|s( 00, —4) U (—4,0) U (0, 00).
2 4 2(x=4 L _
(f—g)(x)_X Ve X(X+4),andthedomam|s( 00, —4) U (=4, 0) U (0, 00).
2 4 L
(fa) (x) = X X+a = X(X—+4) and the domain is (—oo, —4) U (=4, 0) U (0, 00).
2
(é) (0= —2—= X;“’,and the domain is (—oo, —4) U (—4, 0) U (0, 50).

X+4
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2 . X . . . . .
f(x)= r1 has domain x # —1. g (x) = r1 has domain x # —1. The intersection of the domains of f and g is

{x | x # —1}; in interval notation, this is (—oo, —1) U (=1, 00).

2 X X+ 2 L
(f+g)(x)_X+1+X+1_X+1,andthedomalnls(—oo,—l)u(—l,oo).
2 X 2—-x
f— = - = h inis (—oo, —1 -1 .
( g) (X) 11 X+l X_|_1,andtedoma|n|s(oo, ) U (=1, 00)
X 2X
f = . = d the domain is (—oo, —1) U (-1 .
(fg) x) Tl X1 (X+1)2,an e domain is (—oo, —1) U (—1, 00)
2
f 2
(5) x) = X ;'('1 =2 S0 X # 0 as well. Thus the domain is (—oo, —1) U (-1, 0) U (0, c0).

X+1
f (X) = /X + +/3 =X. The domain of \/X is [0, co), and the domain of /3 — x is (—oo, 3]. Thus, the domain of f is
fX)=vXx+4-— 1x_ X . The domain of v/x + 4 is [—4, 00), and the domain of
domain of f is [—4, co) N {(—oc0, 0) U (0, 1]} = [—4, 0) U (0, 1].

is (—oo, 0) U (0, 1]. Thus, the

J1-=xX
X

h(x)=x-— 3)—1/4 = 7 Since 1/4 is an even root and the denominator can notequal 0, x —3 > 0 & x > 3.

_
(x =3V
So the domain is (3, 00).

VX +3 . . . 1 . . .
k(x) = xX +1 . The domain of v/x + 3 is [—3, c0), and the domain of -1 is X # 1. Since x # 1is (—oo, 1) U (1, 00),
the domain is [—3, co) N {(—o0, 1) U (1, 00)} = [-3,1) U (1, 00).
y 22. yT 23. 4.
ftyg
J f f+g
ftyg 0}/9/ > f g
0 X
f 4 2 0 2 4
5 25. 407 ft9/ 14 26 3
/
ftg 1
4 20 S f+g
P
3 AR L
f ‘ 5= =7
2 /zf/ 2 2 s f
4 -20
1
g // ] g
/ = - T T T T
I il 42 8 2 4
f(x)=2x —3andg(x) =4—x2.

@ f@O)="f(4-©?)=f@=24-3=5

(b) 9(f(0)=gQR(0)~3) =g(-3) =4~ (-32=-5
@ f(fR)=FfR@-3)=f1)=2(1)-3=-1
(b) g(g(3) =g (4—32) =g(-5 =4— (-5 =21
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31.

32.

48.
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@ (Fog) (-2 =@ =T (4-(-2%) =0 =20 -3=-3

() (@0 1) (- =g(f (-2) =g@(-2)=3) =g (-7) =4— (-1 = 45

@ (fof)y(=l)=f(f(-1)=f@(-1)—3)=f(-5)=2(-5)—3=-13

(b) @09 (-1)=9@ (1) =g (4—(-1?) =g@) =4-32 =5

@ (Fog)(x)=f(gx) =f (4—x2):2(4—x2)—3:8—2x2—3:5—2x2

() (@0 1) () =g(F () =g@x—3) =4—(x —3)2 =4~ (4x? —12x +9) = —4x® +12x - 5
@ (fof)y(x)="f(f(x))=f@Bx—5=3@3x—5)—5=09x—15-5=09x — 20

(b) (gog)(x):g(g(x)):g(z—XZ):2—(2—x2)2:2—(4—4x2+x4)=—x4+4x2—2

L fg@R)=f(®E) =4 34. f (0) = 0,509 (f (0)) =g (0) = 3.
- @o )@ =9(f(4))=9g(@ =5 36.9(0)=3,s0(fog)(0)=f(3)=0.
@ (-2)=g@(-2)=91) =4 B.f@B=2s0((fof)y@="12)=-2

. From the table, g (2) =5and f (5) =6,s0 f (g (2)) = 6.

. From the table, f (2) =3and g (3) =6,s0g(f (2)) =6.

. From the table, f (1) =2and f (2) =3,s0 f (f (1)) =3.

. From the table, g (2) =5andg(5) =1,s09(g (2)) = 1.

. From the table, g (6) =4and f (4) =1,s50 (f 0 Q) (6) = 1.
. From the table, f (2) =3 and g (3) =6,s0(go f)(2) =6.
. From the table, f (5) =6and f (6) =3,s0 (f o f)(5) =3.
. From the table, g (2) =5andg(5) = 1,50 (gog) (5) = 1.

. f (X) =2x + 3, has domain (—o0, 00); g (X) = 4x — 1, has domain (—oco, 00).

(fog)(x)=f (4x —1)=2(4x — 1) + 3 =8x + 1, and the domain is (—oo, c0).
(9o f)(X) =g (2x +3) =4 (2x + 3) — 1 = 8x + 11, and the domain is (—oo, c0).
(fof)(X)=Tf (2x+3)=2(2x +3) + 3 =4x + 9, and the domain is (—oo, 00).
(gog)(X) =g(@x —1) =4(4x —1) — 1 = 16x — 5, and the domain is (—oo, 00).

f (xX) = 6x — 5 has domain (—oo, 00). g (X) = g has domain (—o0, 00).

X X .
(fog(x)=f1 (5) =6 (5) — 5= 3x — 5, and the domain is (—o0, 00).
6x — 5

(o f)(x) =g (6x =5) =

(fof)(x)= f (6x —5) =6(6x —5) — 5 = 36x — 35, and the domain is (—o0, 00).
X

—g(X)=2_% in is (=
(9o (X) =9 (2) =5=7 and the domain is (—oo, 00).
f(x)= x2, has domain (—00, 00); g (X) = X + 1, has domain (—o0, 00).
(fog)(x) = f (x+1) = (x +1)> = x? + 2x + 1, and the domain is (—o0, c0).

(9o f)y(x) =g (xz) = (xz) + 1 =x2 + 1, and the domain is (—oo, o).

=3X — % and the domain is (—oo, co).

(fof)yx)=f (xz) = (xz)2 = x4, and the domain is (—co, 00).
(@od) (X) =g (X +1) =(Xx+1)+1=x+2, and the domain is (—oo, 00).

229



230

50.

51.
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f(x)= x3 + 2 has domain (—oo, 00). g (X) = /X has domain (—oo, c0).
(fog(x)=f (IX) = (3/?)3 + 2 = x + 2, and the domain is (—oo, 00).
(gofy(xX)=g (x3 + 2) = /%3 + 2 and the domain is (—o00, 00).
3
(fofy(x)=f (x3+2) - <x3—|—2) +2=x%+6x6 +12x3 +8+2 = x% + 6x6 + 12x3 + 10, and the domain is
(=00, 0).

1/3
Qo9 () =9 (IX) =V Ix= (x1/3) - x1/9, and the domain is (—co, 00).

f(x)= ; has domain {x | x # 0}; g (x) = 2X + 4, has domain (—o0, c0).

(fogd(x) = f(2x+4) = 2x—1+4 (f o @) (x) is defined for 2x + 4 # 0 < x # —2. So the domain is
{X | X # =2} = (—00, —2) U (-2, 00).
(gof)y(x)=g (%) :2(%) +4:§+4,thedomainis{x | X # 0} = (—o0, 0) U (0, 00).

(fof)yx)=f (%) = (—i) = X. (f o f) (x) is defined whenever both f (x) and f (f (x)) are defined; that is,

X
whenever {x | x # 0} = (—o0, 0) U (0, 0).
Qo) (X) =g @2x+4) =2(2x +4) +4 = 4X + 8 + 4 = 4x + 12, and the domain is (—oo, c0).

f (x) = x2 has domain (—o0, 00). g (X) = /X — 3 has domain [3, o).

(fog)(x)=f (Vx=3) = (Vx— 3)2 = X — 3, and the domain is [3, co).

(o f)(x) =g (xz) = v/x2 — 3. For the domain we must have x2 > 3 = x < —/3 or x > /3. Thus the domain is
(—oo, —ﬁ] @] [«/é, oo)

(fof)yx)=f (xz) = (xz)2 = x*, and the domain is (—oo, co).

(9og) (x) =g (vx—3) = V/v/Xx — 3 — 3. For the domain we must have v/X =3 > 3= X — 3 > 9= X > 12, so the
domain is [12, 00).

f (X) = |x], has domain (—o0, 00); g (X) = 2x + 3, has domain (—o0, 00)

(fog)(x) = f (2x +4) = |2x + 3|, and the domain is (—oo, 00).

(go f)(x) =g (Ix]) = 2|x] + 3, and the domain is (—o0, 00).

(f o f)(x) = f (Ix]) = |Ix]| = |x|, and the domain is (—oo, 00).

(o) (X) =g (@2x+3) =2(2x +3) + 3 =4x + 6 + 3 = 4x + 9. Domain is (—o0, 00).

. f (X) = x — 4 has domain (—oo, 00). g (X) = |X + 4| has domain (—o0, 00).

(f og) (x) = f (X +4]) = |X + 4| — 4, and the domain is (—oo, c0).

(o )Y (x) =g(x —4) =|(x —4) + 4| = |x|, and the domain is (—oo, 00).

(fof)(xX)=f (x—=4) =(x —4) —4 =x— 8, and the domain is (—o0, c0).

(@og) (X) =g (X +4]) = |IX + 4] + 4| = X + 4| + 4 (Ix + 4] + 4 is always positive). The domain is (—oo, c0).
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f(x)= XL—{—]. has domain {x | x # —1}; g (X) = 2x — 1, has domain (—oo, c0)
2x-1  2x-1
x-1+1" 2

X X 2X -
(gof)(x)—g( +1) Z(X—H)—lzX+1—l,andthedomalnls{x|x;é—1}=(—oo,—l)u(—l,oo)

, and the domain is {x | X # 0} = (—o0, 0) U (0, 00).

(fog)(X)=Ff(@2x—-1) =

_ X _ x+1 .x+1_ X X . .
(fof)(x)_f(x+1)_ X _X+X+1_2X+1.(fof)(x)|sdef|nedwheneverbothf(x)and

f (f (x)) are defined; that is, whenever x # —land2x +1 # 0= X # — WhICh is (—o0, 1)U ( %) U (—% oo).

(gog)(X)=g(@2x—1)=22x —1) — 1 =4x — 2 — 1 = 4x — 3, and the domain is (—o0, c0).

f (X) = — has domain {x | x > 0}; g (X) = x2 — 4x has domain (—oo, c0).

f

1
(fog)(x)=f (x2 - 4x) == (f 0g) (x) is defined whenever 0 < x2 — 4x = x (x — 4). The product of two
X% — 4x

numbers is positive either when both numbers are negative or when both numbers are positive. So the domain of f o g is
{X|x <0andx <4}U{x | x > 0andx > 4} which is (—o0, 0) U (4, c0).

1 1)? 1 1 4 o
(gof)(xX) =g (ﬁ) = (W) -4 (W) =" ﬁ (g o ) (x) is defined whenever both f (x) and g (f (x)) are

defined, that is, whenever x > 0. So the domain of g o f is (0, c0).

(fof)y)=f (%) 1 e (f o ) (x) is defined whenever both f (x) and f (f (x)) are defined, that is,
1

JX
whenever x > 0. So the domain of f o f is (0, c0).
2
Gog)(x) =g (x2 —4x) - (x2 —4x) —4(x2 —4x) = x4 — 8x3 + 16x2 — 4x2 + 16x = x* — 8x3 + 12x2 + 16,

and the domain is (—oo, 00).

f(x)= l has domain {x | X # —1}; g (X) = — has domain {x | x # 0}.
1 i 1 1
(fog(x)=f (—) =13 = 1 = T (f o g) (x) is defined whenever both g (x) and f (g (x)) are

defined, so the domain is {x | x # —1, 0}.

(gof)y(x) =g (x i 1) = % =z +1 . (g o f) (x) is defined whenever both f (x) and g (f (x)) are defined, so the
X+1
domainis {x | x # —1, 0}.
X
(fof)p)=f ( X ) =X _ X (f o f) (x) is defined whenever both f (x) and
X+1 X_+1+1 (X+1)(XL+1+1) 2X+1

f (f (x)) are defined, so the domain is {x | X # -1, —%}

1
©o =9 (5) =

{x | x # 0}.

= X. (g o 9) (x) is defined whenever both g (x) and g (g (x)) are defined, so the domain is

x| =
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2
58. f (x) = X has domain {x | x # 0}; g (X) = % has domain {x | x # —2}.

(fog(x)=f (x j_z) = )2( = 2 +4 . (f o @) () is defined whenever both g (x) and f (g (x)) are defined; that
X+2

is, whenever x # 0 and x # —2. So the domainis {x | x # 0, —2}.

2

2 X 2 1 N .

(gof)y(x)=g (;) 2 " = i 1ix (g o f) (x) is defined whenever both f (x) and g (f (x)) are defined,;
X

2
that is, whenever x # 0 and x #% —1. So the domainiis {x | x # 0, —1}.
(fof)yx)=f (;) = % = X. (f o f)(x) is defined whenever both f (x) and f (f (x)) are defined; that is, whenever
X

x # 0. So the domain is {x | X # 0}.
X
X+2 X

X X
= = = = . i f- h h
(9og)(X) g(x+2) < - X121 2) 14 (g 0 9) (x) is defined whenever both g (x) and

X+2
g (g (x)) are defined; that is whenever x # —2 and x # —4. So the domain is {x | X # =2, —%}.

59. (fogoh)(x)= f(g(h(X))) = f(g(x—l)):f(«/x—l):«/x— -1

60. (goh)(x)=g(x2+2) - (x2+2)3=x6—|—6x4+12x2—|—8.
1

x6 4 6x4 4+ 12x2 48’
6L (fogoh) () =f(gh) =f(g(x)=Tf(X-5=(x-5"+1

I IX IX
-1 Ne 1) Ix-1
For Exercises 63—72, many answer s are possible.
63. F(x) = (x —9)°. Let f (x) =x°and g (x) =x — 9, then F (x) = (f 0 g) (X).

64. F(X) =X+ 1L If f (x)=x+1and g (x) = /X, then F (X) = (f o g) (X).
2
X 7 Let 100 =

(fogoh)(x)=f (x6+6x4+12x2+8)=

62. (goh) (x) =g (¥x) =

(fogoh)(X)—f(

65. G (x) = andg (x) = x2, then G x) = (f og) ).

X
4
66. G (x) = L Iff(x)_—andg(x)_x+3 then G (x) = (f o g) (X).

67. H(x) = '1—x3‘. Let f (x) = x| and g (x) = L — x3, then H (x) = (f o g) (X).

68. H(X) =1+ /X If f (x)=+/1+xandgx)=./X then H (x) = (f o g) (x).

1

69. F (x) = " =%,g(x)=x+1,andh(x)=x2,thenF(x):(fogoh)(x).

70. F(x) = /X =1 Ifg(x) = x —land h(x) = /X, then (goh) (x) = /x — 1, and if f (x) = ¥Xx, then
F(x)=(f ogoh)X).

71. G(x):(4+3/?)9. Let f (x) =x%, g(x) =4+x,andh (x) = ¥X, then G (x) = (f o g oh) (x).

2 2
72.G(X) = ————. Ifg(x) =3+ xand h(x) = /X, then (goh) (X) = 3+ /X, and if f (X) = —, then
(x) L g (x) () = VX, then (g oh) () Vi3 ) =
G (X)=(fogoh)X).
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Yes. If f (X) =mqx + by and g (X) = maoXx + by, then

(fog)(x) = f (max +by) =mq (Max 4+ bp) + by = mymox 4+ myby + by, which is a linear function, because it is of the
formy = mx + b. The slope is mymo.

g(x):2x+landh(x):4x2+4x+7.

Method 1: Notice that (2x +1)2 = 4x2 + 4x + 1. We see that adding 6 to this quantity gives

(X +1)2+6 = 4x2 +4x + 1+ 6 = 4x% + 4x + 7, which is h (x). So let f (x) = x2 + 6, and we have

(fog)(X) = (2x +1)? +6 =h ().

Method 2: Since g (x) is linear and h (x) is a second degree polynomial, f (x) must be a second degree polynomial,

that is, f (x) = ax2 + bx +c forsomea, b,andc. Thus f (g(x)) = f 2x+1) =a@x+1)2 +b2x +1) + ¢ &
4ax? + dax +a + 2bx + b+ ¢ = 4ax? + (4a + 2byx+@+b+c)= 4x2 44X + 7. Comparing this with f (g (x)), we
have 4a = 4 (the x?2 coefficients), 4a + 2b = 4 (the x coefficients), and a + b + ¢ = 7 (the constant terms) <> a = 1 and
2a+b=2anda+b+c=7<a=1b=0,c=6. Thus f (x) =x2 +6.

f (x) =3x+5and h (x) = 3x2 4+ 3x + 2.

Note since f (x) is linear and h (x) is quadratic, g (x) must also be quadratic. We can then use trial and error to find g (x).
Another method is the following: We wish to find g so that (f o g) (x) = h (x). Thus f (g (x)) = 3x%2 + 3x +2 &
3(0(X)+5=3x2+3x +2<3(g (X)) =3x2 +3x -3 g(x) =x2 +x — 1.

The price per sticker is 0.15 — 0.000002x and the number sold is x, so the revenue is

R (x) = (0.15 — 0.000002x) x = 0.15x — 0.000002x2.

As found in Exercise 75, the revenue is R (x) = 0.15x — 0.000002x2, and the cost is 0.095x — 0.0000005x2, so the profit

is P (x) = 0.15x — 0.000002x2 — (0.095x - 0.0000005x2) = 0.055x — 0.0000015x2.

(2) Because the ripple travels at a speed of 60 cm/s, the distance traveled in t seconds is the radius, so g (t) = 60t.

(b) The area of a circle is 7rr2, so f (r) = 7r2.

(©) fog=m(g(t)?%=m(60t)2 = 36007t2 cm?. This function represents the area of the ripple as a function of time.

(a) Let f (t) be the radius of the spherical balloon in centimeters. Since the radius is increasing at a rate of 1 cm/s, the
radius is f (t) =t after t seconds.

(b) The volume of the balloon can be written as g (r) = %nr?’.

() gof = %ﬂ- )3 = %ﬂ-t3. g o f represents the volume as a function of time.
Letr be the radius of the spherical balloon in centimeters. Since the radius is increasing at a rate of 2 cm/s, the radiusisr = 2t

after t seconds. Therefore, the surface area of the balloon can be written as S = 4xr?2 = 47 (2t)2 = 4= (4t2) = 167t2,

(® f (x)=0.80x

(b) g(x) =x—-50

(©) (fog)(x) = f (x—50) =0.80(x —50) = 0.80x — 40. f o g represents applying the $50 coupon, then the
20% discount. (g o f)(x) = g (0.80x) = 0.80x —50. g o f represents applying the 20% discount, then the $50
coupon. So applying the 20% discount, then the $50 coupon gives the lower price.

(@ f (x)=0.90x

(b) g (x) =x —100

(€ (fog)(x) = f (x—100) = 0.90(x — 100) = 0.90x — 90. f o g represents applying the $100 coupon, then the
10% discount. (g o ) (x) = g(0.90x) = 0.90x — 100. g o f represents applying the 10% discount, then the
$100 coupon. So applying the 10% discount, then the $100 coupon gives the lower price.

Lett be the time since the plane flew over the radar station.

(a) Lets be the distance in miles between the plane and the radar station, and let d be the horizontal distance that the plane

has flown. Using the Pythagorean theorem, s = f (d) = v/1 + d2.
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(b) Since distance = rate x time, we have d = g (t) = 350t.

(© s(t)=(fog)() = f(350t) = /1 + (350t)2 = /1 + 122,500t2.
A(X) = 105x. (AocA)(X) = A(A(X) = A(L.05x) = 1.05(L.05x) = (LO5)2x.
(AcAoA)(X) = A(AcA(X) = A((1.05)2x) - 1.05[(1.05)2x] = (1.05)%x.

(AocAoAoA) (X) =A(AocAoA(X) = A ((1.05)3 x) =1.05 [(1.05)3 x] = (1.05)*x. A represents the amount in
the account after 1 year; A o A represents the amount in the account after 2 years; A o A o A represents the amount in the
account after 3 years; and A o A o A o A represents the amount in the account after 4 years. We can see that if we compose
n copies of A, we get (1.05)" x.

. If g (x) iseven, thenh (—x) = f (g (—x)) = f (g (X)) = h (x). So yes, h is always an even function.
If g (x) is odd, then h is not necessarily an odd function. For example, if we let f (x) = x — 1 and g (x) = x3, g is an odd
function, but h (x) = (f o g) (x) = f <x3) = x3 — 1 s not an odd function.
If gx) is odd and f is also odd, then
h(=x)=(fog)(=x) = f(g(—x)) = f (=g (X)) = —f (g (X)) = — (f 0g) (x) = —h (x). So in this case, h is also an
odd function.
Ifg(x)isoddand f iseven, thenh (—x) = (f o @) (—x) = f (g (—x)) = f (=g (X)) = f (g X)) = (f 0 @) (X) = h (),
so in this case, h is an even function.

2.8 ONE-TO-ONE FUNCTIONS AND THEIR INVERSES

1

11.

13
14

. A function f is one-to-one if different inputs produce different outputs. You can tell from the graph that a function is
one-to-one by using the Horizontal Line Test.

. (a) For a function to have an inverse, it must be one-to-one. f (x) = x2 is not one-to-one, so it does not have an inverse.
However g (x) = x3 is one-to-one, so it has an inverse.
(b) Theinverse of g (x) = x3is g~1 (x) = ¥X.
. () Proceeding backward through the description of f, we can describe f 1 as follows: “Take the third root, subtract 5,
then divide by 3.”

(b) f(x)=@x+5)3and f~1(x)= ?

. Yes, the graph of f is one-to-one, so f has an inverse. Because f (4) = 1, f—1 (1) = 4, and because f (5) = 3,
f~1(3) =5.

. If the point (3, 4) is on the graph of f, then the point (4, 3) is on the graph of f —1. [This is another way of saying that
fR =4 114 =3]

. (3) False. For instance, if f (x) = x, then f~1 (x) = x, but %x) = % # =1 x).
(b) Thisis true, by definition.

. By the Horizontal Line Test, f is not one-to-one. 8. By the Horizontal Line Test, f is one-to-one.

. By the Horizontal Line Test, f is one-to-one. 10. By the Horizontal Line Test, f is not one-to-one.
By the Horizontal Line Test, f is not one-to-one. 12. By the Horizontal Line Test, f is one-to-one.

. F(X) = =2x + 4. If X1 # Xp, then —2X1 # —2x5 and —2X1 + 4 # —2x» + 4. So f is a one-to-one function.
. f(X) =3x — 2. If X1 # Xp, then 3x1 # 3xp and 3x1 — 2 # 3xp — 2. So f is a one-to-one function.
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g (x) = /X. If X1 # Xp, then /X7 # /X2 because two different numbers cannot have the same square root. Therefore, g is
a one-to-one function.

g (x) = |x|. Because every number and its negative have the same absolute value (for example, |[-1| = 1 = |1]), g is not a
one-to-one function.

h (x) = x2 — 2x. Because h (0) = 0 and h (2) = (2) — 2(2) = 0 we have h (0) = h (2). So f is not a one-to-one function.
h(x) = x3 +8. If xq # xp, then x3 # x3 and x3 + 8 # x3 + 8. So f is a one-to-one function.

f (x) = x* + 5. Every nonzero number and its negative have the same fourth power. For example, (—1)* = 1 = (1)*, so

f (=1) = f (1). Thus f is not a one-to-one function.

f(x)= x*4+50<x <2 If X1 # X2, then xf #* xg because two different positive numbers cannot have the same fourth
power. Thus, xi‘ +5# xg +5. So f is a one-to-one function.

rit) = -3 0<t<5 If t1 # tp, then tf #+ tg because two different positive numbers cannot have the same sixth power.
Thus, t® — 3 #t2 — 3. Sor is a one-to-one function.

rt)= t4—1. Every nonzero number and its negative have the same fourth power. For example, (—1)4 =1= (1)4, S0
r (—1) =r (1). Thusr is not a one-to-one function.

1 . . 1
f(x) = wh Every nonzero number and its negative have the same square. For example, m =1= @ S0
X —

f (=1) = f (1). Thus f is not a one-to-one function.

1 1 1 . .
f (x) = —. Ifxg # xo, then o #+ o So f is a one-to-one function.
1 2

X
(@) f (2)="7. Since f is one-to-one, f~1(7) = 2.

(b) f~1(3) = —1. Since f is one-to-one, f (—1) = 3.

(@) f (5) = 18. Since f is one-to-one, f~1(18) =5.

(b) f~1(4) =2. Since f is one-to-one, f (2) = 4.

f (x) =5 — 2x. Since f is one-to-one and f (1) =5 —2(1) = 3, then f~1(3) = 1. (Find 1 by solving the equation
5—-2x=3)

To find g~ (5), we find the x value such that g (x) = 5; that is, we solve the equation g (x) = x2 + 4x = 5. Now

X2 4+4x =5<x2 +4x —5=0& (x —1) (x +5) = 0 < x = 1 or x = —5. Since the domain of g is [-2, ), x = 1 is
the only value where g (x) = 5. Therefore, g~ (5) = 1.

(a) Because f (6) =2, f~1(2)=6. (b)Because f 2) =5, f~1(5)=2.  (c)Because f (0) =6, f 1 (6) =0.

(a) Because g (4) =2,971(2) =4.  (b)Becauseg(7) =59 1(5)=7.  (c)Becauseg(8) =6,9~1(6) =8.

From the table, f (4) =5, s0 f~1(5) = 4. 32. From the table, f (5) =0, so f~1(0) =5.
f-1(f 1) =1 34.f(f—1(6))=6
From the table, f (6) = 1, s0 f~1 (1) = 6. Also, f (2) = 6,0 f~1 (6) = 1. Thus, f 1 (f-l (1)) — 1) =1

From the table, f (5) = 0, s0 f~1(0) = 5. Also, f (4) =5,s0 f~1 (5) = 4. Thus, f 1 (f—l (0)) — 15 =4
fgx)="fx+6)=(x+6)—6=xforall x.
g(f (x))=g(x—6)=(xx—6)+6=xforall x. Thus f and g are inverses of each other.
X X
f(gx)=f (5) =3 (§) = x for all x.
g(f () =g@®x) = %X = x forall x. Thus f and g are inverses of each other.
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flgx)="f (x;4) =3(Xg4)+4:x—4+4:xforallx.
4)—4
g(f X)) =g@Bx+4) = (BX%) = x forall x. Thus f and g are inverses of each other.

f(g(x)):f(Z_TX):2—5(2%)():2—(2—x):xforal|x.

2—(2-—
g(f (X)) =g(@2-5x)= % = %X = x forall x. Thus f and g are inverses of each other.

f@x)=f (%) = l/ix = x forall x # 0. Since f (x) = g (x), we also have g (f (x)) = x forall x # 0. Thus f and

g are inverses of each other.

fge) = f(¥x) = (W)5 = x forall x.

g(f(x) =g ( ) Vx5 = x for all x. Thus f and g are inverses of each other.
(

f@)=f(VX+9) =(XT9)°*-9=x+9-9=xforallx > -9,
g(f(x))—g(x2 ) J(x2 = 9+9—«/_2—xforallx>0 Thus f and g are inverses of each other.

3
g(f(x)=g (x3 + 1) = [(x - 1)1/3] +1=x—1+1=xforallx. Thus f and g are inverses of each other.

f(g(X))=f(£+1)—;=xforallx;&0.
X 1
( +1)—1

1 1
g(fx) =g V- 1)=( 1 )+1=(x—1)+l=xfora||x7é1.Thusfandgareinversesofeachother.

x—1

2
f(g(x) = f(\/4—x2) = 4—(\/4—x2) =V4—4+x2=+x2 =x,forall 0 < x < 2. (Note that the last

equality is possible since x > 0.)

2
g(f(x) =g (\/4— x2) = J4— (\/4 - x2) =V4—4+x2=+/xZ=x,forall 0 < x < 2. (Again, the last equality

is possible since x > 0.) Thus f and g are inverses of each other.

2x+2
2x +2 +2 2x+24+2(x—-1) 4x
f(g(x))_f( _1) 2x+2_2 2X+2_2(X_1)—T_xforallx;él.
+
X+ 2 2(72)+2 20+2)+2(x —2)  4x _
(f(x))_g( 2) ﬁ— = X+2-10—2) _T_xforallx;«éZ.Thusfandgarelnversesof
each other.
5+4x
f(g(x))_f(l—3x)_3(5+4x)+4 G40 rad_a0 10 ~* OrAXES
_ 544 _
g(f(x)):g(3XX +i) - (3Xj4) :523):(_:_44)_-;?)(()(_5)5)_%forallx;é—— Thus f and g are inverses
1-3 3x+4

of each other.
f(X)=3x+5y=3+5e3=y-5ex=3(y-5=3y-3.50 f1x)=43x-3.

f)=7-5x.y=T-5x&5x=T-yox=¢T—y) =—ty+£50 f71(x)=-{x+£
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f)=5-a3y=5-43eul=5-yex3=16-y)ox=J6E-y).% f1x)=J;6-x.

52 f(x)=3°+8y=3%’+8e3x’=y-8ax’=3y-8ox=Jly-8 50 tx) = Jix-8).
1 1 1 1 _1 1
53.f(x)_x+2.y X+2<:>x+2_§<:>x_§—280f x) = X—2.

-2 X—2
54.f(x):X—+2.y:X—+2<:>y(x+2)_x—2<:>xy+2y_x—2<:>xy—x_—2—2y<:»x(y—1) -2y +1
55, f(X) = —X .y = X ey (Xt 4) =X Xy + Ay =X X —xy = dy > x(1—y) = dy & x = —Y_ S0
: _x+4'y_x+4 y = y+4ay = y =24y y) =4y 1oy

4x
=) =
) =1
3 3 2
56. f (x) = X .y=—X«:)y(x—Z)=3x<:>xy—2y=3x<:>xy—3x=2y<:>x(y—3)=2y<:>x=—y.So
X—2 X—2 y—3
2X
-1y —
f (X)_x—s'
2 5 2 5
57. f(x) = XX_+7.y= Xxj—7 SYX-—T=2X+5xy-Ty=2X+5xy-2x=7y+5x(y—-2)=7y+5
7y+5 7x+5
= of~lx)=
X =2 (x) = —
58, f(x) = X =2 —4X_2<:> (BX+1) =X — 23Xy +y = 4X — 2 dx —3xy =y +2 > X (4—3y) =y + 2
: )= X1 Y—3X+1 y )= yt+y= y=y )=y
y+2 -1 X+2
.So f~ = .
OX= g5y T =5
2 2
59.f(x)=1XJ;3.y=1XJ;3 yA1-5X)=2x+3oy-5%y=2Xx+32Xx+5xy=y—-3=x(2+5y)=y—-3
_Y=3 o1 -3
X 5y+2 ()_5x+2
3 —4x 3 —4x y+3
60.f(x)_SX_l.y_8X_1@y(Sx—1)_3—4x<:>8xy—y_3—4x<:>4x(2y+1)_y+3<:>x_m.
_1 _ X+ 3
So f (X)_74(2x+1)'
6L f(X)=4—x2,x>0.y=4—-x2ox2=4—-yox=F—y.5 f1(x) =+v4—x,x <4 [Notethatx > 0=

62.

63.

65.

66.

f(x) <4]

=

2 1 2 2
f(x)=x2+x=(x2+x+%)—z=(x+%) —%,xz—z.yz(x+%) —%@(X—}—%) =y+ie
x+%= y+%@x=,/y+%—%,yz—%.80f‘l(x)z x+%—%,xz—%.(Notethatxz—l,sothat
2 2
x+%20,andhence(x+%) :y+%@x+%=,/y+%.AIso,sincex2—%,y:(x+%) —%z—%sothat

y+ % > 0, and hence ,/y + % is defined.)

f(x)—xexzO.y:xG@x:f/VforxzO.Therangeoffis{y|y20},sof‘l(x)zf/i,xzo.
1 1 1 1
fX)=5,x>0y==ox2=-ox=—.Therangeof fis{y|y>0},s0 f1(x) = —=,x > 0.
x2 y vy VX
3 3
f(x)= X .y=2 SX oby=2-x3ox3=2-5yox=42-5y. Thus, f 1 (x) = ¥2—5x.

7 7
f(x):(x —6) .y=(x5—6) SN=x-6x=y+6ox=J/y+6. Thus, 1 (x)=JIx+6.
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67. f (x) = +/5+ 8x. Note that the range of f (and thus the domain of f~1)is [0, 00). y = v/5+8X < y2 =5+ 8x &

2 _ W2

8x=y2—5<:>x=y 5.Thus,f—1(x)= 5,)(20_

68. f(X) =2+ /3+x. Therange of f is[2,00). y =2+ /3 +xXx Yy -2 = «/3+x<:>(y—2)2 =3+x &
Xx=(—22=3Thus, f71(x)=(x—-22%2-3x>2

69. f(X)=2+ XK. y=2+3Neoy-2=3IKox=(y-2)73 Thus, f~1x) =(x-2)73.

70. f(X)=v4—x2,0<x <2 Therangeof fis[0,2]. y=v4—-xX2oy2=4-x2ox2=4—y2 o x =/4—y2.
Thus, f1(x)=v4—-x2,0<x <2

71. (a), (b) f (x) =3x —6 72.(a), (b) f (x) =16 —x%,x >0

YA

X f
f*l
2
3 x
©fx)=3x-6y=3x-6=3x=y+b6c © f(x)=16—-x2,x>0.y=16—-x?
X=3(y+6).50 {71 () =3 (x+6). x2=16—y & x = IE =Y. S0

f~1(x) = /16 = X, x < 16. (Note: x > 0 =
f (x) =16 —x2 < 16.)

73. @), (b) f (X) =X +1 74.(a), (b) f (x)=x3 -1
y y
f
f71

Ve

// W x
Ve
L X
© fFX)=vXF1Lx>-1Ly=yxX+1,y>0 ©fx=x3-1loy=x3-1ox3=y+1

oy2=x+1ox=y2—1landy >0.50 ox=4F15S f1x) =I+F1

f~lx)=x2—-1,%x > 0.



75. f (x) = x3 — x. Using a graphing device and the
Horizontal Line Test, we see that f is not a one-to-one
function. For example, f (0) =0 = f (-1).

-2 2

12
77. f(x) = Xx+—6 Using a graphing device and the

Horizontal Line Test, we see that f is a one-to-one
function.

-10

79. f (x) = |x] — |[x — 6]. Using a graphing device and the
Horizontal Line Test, we see that f is not a one-to-one
function. For example f (0) = —6 = f (-2).

10T

8L @y=fX)=24+xox=y—-2.50
flx)y=x-2

(b)
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76. f (x) = x3 4 x. Using a graphing device and the
Horizontal Line Test, we see that f is a one-to-one
function.

78. f (x) = v/x3 — 4x + 1. Using a graphing device and the
Horizontal Line Test, we see that f is not a one-to-one
function. For example, f (0) =1 = f (2).

80. f (x) = x - [x]. Using a graphing device and the
Horizontal Line Test, we see that f is a one-to-one
function.

82-(a)y=f(X)ZZ—%X@%X:2—y<:>x:4—2y,
So f~1(x) =4 —2x.

(b)

/ -10 —
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83 (@ y=9g(X)=+vX+3,y>0x+3=y2,y>0 8. @y=gxX)=x24+1x>0=x2=y-1,x>0
ex=y2-3y>0.%59g1(x)=x2-3,x>0. X=+y—=159g t(x) =Xx—1
(b) (b)

85. If we restrict the domain of f (x) to [0, c0), theny = 4 — Xeeoxl=4—y=Xx= JE=y (since x > 0, we take the
positive square root). So f-1 X) = /4 —x.
If we restrict the domain of f (x) to (—oo, 0], theny =4 — Xoxl=4—y=x= —& =y (since x < 0, we take the
negative square root). So f 1 (x) = —/4 —x.

86. If we restrict the domain of g (x) to [1, co), theny = (x —1)2 = x — 1 = VY (since x > 1 we take the positive square
root) & x =1+ /Y. S0 gt (x) = 1+ VX.
If we restrict the domain of g (x) to (—oo, 1], theny = (x — 1)2 =X —1=—,/y (since x < 1 we take the negative square
root) & x =1— /y.S0g7t (x) =1 — VX.

87. If we restrict the domain of h (x) to [—2, 00), theny = (X +2)2 = X +2 = VY (since x > —2, we take the positive square
root) & x = =24 /y. Soh™1 (x) = =2 + Jx.
If we restrict the domain of h (x) to (—co, —2], theny = (x +2)2 = x + 2 = —./Y (since x < —2, we take the negative
square root) & x = —2 — /y. S0 h™1 (x) = =2 — JX.

—(x—-3) ifx—-3<0 e x<3
88. k(x)=|x—3|= )
X—3 ifx-3>0 o x>3
If we restrict the domain of k (x) to [3, o), theny = x —3 < x =3+Y. Sok~1 (x) =3+ x.

If we restrict the domain of k (x) to (—co, 3], theny = —(x —3) &y = —x + 3 x =3—y. Sok~1 (x) =3 — x.
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91. (a) y 92. (a) y

=V

N 1
|

(b) Yes, the graph is unchanged upon reflection about (b) Yes, the graph is unchanged upon reflection about
the line y = x. the liney = x.
1 1 _ 1 X+3
Qy=-ox==,50f1x) == A e 1) =
@y » y (x) x (©y X_I@y(x H=x+3e
X(y—1)=y+3x= ii.Thus,
X+3
1) = :
) =-—

93. (a) The price of a pizza with no toppings (corresponding to the y-intercept) is $16, and the cost of each additional topping
(the rate of change of cost with respect to number of toppings) is $1.50. Thus, f (n) = 16 + 1.5n.

() p=f () =16+15n & p—16 =150 n = 5 (p—16). Thus,n = f~1 (p) = 4 (p — 16). This function
represents the number of toppings on a pizza that costs x dollars.
(¢ f-1 (25) = % (25 —-16) = % (9) = 6. Thus, a $25 pizza has 6 toppings.

94. (a) f (x) =500+ 80x.

p — 500 p — 500

B
80

(b) p = f (x) =500+ 80x. p =500+ 80x < 80x = p—500 & x = .Sox = f1(p) =

represents the number of hours the investigator spends on a case for x dollars.

1220 -500 720
— %0  ~— 8- 9. If the investigator charges $1220, he spent 9 hours investigating the case.

(© f~1(1220) =

95. (a) V = f (t) =100 (1 ¢ 20<t<4ov—1001 ! Z@V —(1-4 2=>1 . V@
: - - ) - -0 T 40 100 — 40 40 ~ TV 100
t VAY

0= 1+ =T ot =40=+4/V. Sincet < 40, we musthave t = f~1 (V) = 40 — 4/V. f~1 represents time that

has elapsed since the tank started to leak.
(b) f~1(15) = 40 — 44/15 ~ 24.5 minutes. In 24.5 minutes the tank has drained to just 15 gallons of water.

9. (a) v = g (r) = 18,500 (0.25 - rz). v = 18,500 (0.25 - r2) & v = 4625 — 18,500r2 & 18,500r2 = 4625 — v &
4625 — 4625 — . . 4625 —
r2 = WOOD =Sr=4+ /WOOU' Since r represents a distance, r > 0,50 g1 (v) = /WOOD' a0)
represents the radial distance from the center of the vein at which the blood has velocity .

4625 — 30 - .
(b) g1 (30) = 18500 a2 0.498 cm. The velocity is 30 cm/s at a distance of 0.498 cm from the center of the artery

or vein.
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97.

98.

99.

100.

101.

102.

103.
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(@ D= f(p)=-3p+150. D=—-3p+150=3p =150 - D& p=50—3D. So {71 (D) =50 — 1D. f~1(D)
represents the price that is associated with demand D.
(b) f~1(30) =50— % (30) = 40. So when the demand is 30 units, the price per unit is $40.

@ F=9g(C)=2C+32F=2C+32eC=F-32C=3(F-32.5¢ 7 (F)=3(F-32.971(F)
represents the Celsius temperature that corresponds to the Fahrenheit temperature of F.
(b) F~1(86) = § (86 — 32) = § (54) = 30. So 86° Fahrenheit i the same as 30° Celsius.

(@ f~1(U)=1.02396U.

(b) U = f (x) = 0.9766x. U = 0.9766x <> x = 1.0240U. So f~1 (U) = 1.0240U. f~1 (U) represents the value of
U US dollars in Canadian dollars.

(¢ f~1(12,250) = 1.0240 (12,250) = 12,543.52. So $12,250 in US currency is worth $12,543.52 in Canadian currency.

0.1x, if 0 < x < 20,000

@ fo)= .
2000 + 0.2 (x — 20,000) if x > 20,000

(b) We will find the inverse of each piece of the function f.
fy (x) = 0.1x. T = 0.1x & x = 10T. So ;" (T) = 10T.
fa (x) = 2000 4+ 0.2 (x — 20,000) = 0.2x — 2000. T = 0.2x — 2000 < 0.2x = T 4 2000 < x = 5T + 10,000. So
f,1(T) = 5T + 10,000.

. 1 10T, if0 < T < 2000 _
Since f (0) = 0and f (20,000) = 2000 we have f = (T) = ) This represents the
5T + 10,000 if T > 2000

taxpayer’s income.
(© f-1 (10,000) = 5(10,000) + 10,000 = 60,000. The required income is €60,000.

(& f (x)=0.85x.
(b) g (x) = x — 1000.
(©) H(x)=(f og)x = f (x —1000) = 0.85 (x — 1000) = 0.85x — 850.
(d) P =H () = 0.85x —850. P = 0.85x — 850 < 0.85x = P + 850 & x = 1.176P + 1000. So
H~1(P) = 1.176P + 1000. The function H 1 represents the original sticker price for a given discounted price P.
() H™1(13,000) = 1.176 (13,000) + 1000 = 16,288. So the original price of the car is $16,288 when the discounted
price ($1000 rebate, then 15% off) is $13,000.

f (x) = mx +Db. Notice that f (x1) = f (x2) © mx1 +b =mxy +b < mxg = mx,. We can conclude that x; = x» if and
only if m # 0. Therefore f is one-to-oneifand only ifm #0. Ifm#0, f X) =mx+bey=mx+bemx=y—->Db

(:)X:yT_b.So, f—l(x)zx_b.

@ f(X):Zx+l

is “multiply by 2, add 1, and then divide by 5 ”. So the reverse is “multiply by 5, subtract 1, and then

divide by 27 or f~1 (x) = 5)(—2_1 Check: fof=1(x) = f (

bx —1
5x -1 _2( 2 )+l_5x—l+l_5x_
2 - 5 - 5 T 5
(2x+1) 1
X +1 5 ) 2X+1-1 2
dflof(x)=f"1 = = -2y
an o f(x) ( 5 ) > > > X
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1 -1 . . . . .
(b) f(x)=3- i + 3 is “take the negative reciprocal and add 3 . Since the reverse of “take the negative
reciprocal” is “take the negative reciprocal ”, f 1 (x) is “subtract 3 and take the negative reciprocal ”, that is,

-1 -1 1 X—3
1(y) — . 1(x) — —3__~- _3_(1.2=2°)_ _3—
f (x)_X 3.Check.fof (x)_f(X 3)_3 T =3 (1 1) 3+x—3=xand

f-lof(x)=f—1(3—1 -1 -1 X

[ S S
X (3 B l) _5 1 1

X X
(©) f(x) =+/x3+2is*“cube, add 2, and then take the square root”. So the reverse is “square, subtract 2, then take

the cube root " or =1 (x) = Jx2 = 2. Domain for f ) is [—«3/5, oo); domain for f~1 (x) is [0, co). Check:
3
fofl(x)=f (f’/x2 — 2) = (\3'/x2 - 2) +2=+/x2 =242 = +/xZ = x (on the appropriate domain) and
2
flof(x)=f"1 ( x3 + 2) =3 (\/x3 + 2) —2 = Yx3+2—2=+/x3 = x (on the appropriate domain).

(d)y f(x) = @2x — 5)3 is “double, subtract 5, and then cube”. So the reverse is “take the cube root, add

3
5, and divide by 2” or f~1(x) = @ Domain for both f (x) and f~1 (x) is (—o0, 00). Check:
3 3 3
rot00 = 1 (Y522) = [2(F52) -s] = (@& +5-5 = (¢0)" = 3% = xcand

V@X=5%+5  @x-5+5 2x

-1 _ -1 _5\3) _
f=1of(x)= f ((2x 5)) > > >
In a function like f (x) = 3x — 2, the variable occurs only once and it easy to see how to reverse the operations step by
step. Butin f (x) = x3 + 2x + 6, you apply two different operations to the variable x (cubing and multiplying by 2)
and then add 6, so it is not possible to reverse the operations step by step.

104. f (1 (x)) = f (x); therefore f o | = f. | (f (X)) = f (X); therefore | o f = f.
By definition, f o f~1(x) = x = | (x); therefore f o f~1 = 1. Similarly, 2o f (x) = x = | (x); therefore

flof=1I.
105. (@) We find g7t (x): y = 2x+1@2x =y —1ex = 3(y—1). So g™t (x) = 3 (x —1). Thus
f(x):hog_l(x):h(%(x—l)):4[%(x—1)]2+4[%(x—1)]+7:x2—2x+1+2x—2+7:x2+6.
(b) fog=ho flofog=flohelog=flohog= f~1oh. Note that we compose with f 1 on the left
on each side of the equation. We find f~1: y =3x +5&3x =y —-5ox = %(y—S). So f‘l(x):%(x—S).
Thusg(x) = f~1oh(x) = f—1(3x2+3x+2):%[(3x2+3x+2)—5]:%[3x2+3x—3]:x2+x—1.

CHAPTER 2 REVIEW

1. “Square, then subtract 5” can be represented by the function f (x) = x2 — 5.
2. “Divide by 2, then add 9” can be represented by the function g (x) = % +09.

3. f (x) =3(x + 10): “Add 10, then multiply by 3.”
4. f (x) = +/6x — 10: “Multiply by 6, then subtract 10, then take the square root.”
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5. g (X) = X2 — 4x 6.h(x)=3x24+2x -5
X | g x | h
-1 5 -2 3
0 0 1| -4
1| -3 0| -5
2| -4 1 0
3| -3 2| 11

7. C (x) = 5000 4 30x — 0.001x2
(a) C (1000) = 5000 + 30 (1000) — 0.001 (1000)? = $34,000 and
C (10,000) = 5000 + 30 (10,000) — 0.001 (10,000)2 = $205,000.
(b) From part (a), we see that the total cost of printing 1000 copies of the book is $34,000 and the total cost of printing
10,000 copies is $205,000.
(c) C (0) = 5000+ 30 (0) —0.001 (0)2 = $5000. This represents the fixed costs associated with getting the print run ready.

(d) The net change in C as x changes from 1000 to 10,000 is C (10,000) — C (1000) = 205,000 — 34,000 = $171,000, and
C (10,000) — C (1000) _ 171,000
10,000 — 1000 ~ 9000

the average rate of change is = $19/copy.

8. E (x) =400 + 0.03x
(a) E (2000) = 400 + 0.03 (2000) = $460 and E (15, 000) = 400 + 0.03 (15,000) = $850.
(b) From part (a), we see that if Reynalda sells $2000 worth of goods, she makes $460, and if she sells $15,000 worth of
goods, she makes $850.
(c) E (0) =400+ 0.03 (0) = $400 is Reynalda’s base weekly salary.
(d) The net change in E as x changes from 2000 to 15,000 is E (15,000) — E (2000) = 850 — 460 = $390, and the average
E (15,000) — E (2000) 390
15,000 — 2000 ~ 13,000
(e) Because the value of goods sold x is multiplied by 0.03 or 3%, we see that Reynalda earns a percentage of 3% on the
goods that she sells.

9. f(x) = x2—4x+6;, f(0) = (02-40)+6 =6, T2 = 2?-4(2) +6 = 2
f(—=2)=(-22-4(-2)+6=18;f (a) = (@)2—4(a)+6 =a2—4a+6; f (—a) = (—a)2—4(—a)+6 = a%+4a+6;
f(X+1)=(X+1)2—4(X+1)+6 = x2+2x+1—4x —4+6 = x2—2x+3; f (2X) = (2X)? —4 (2X)+6 = 4x> —8X +6.

0. f(xX) = 4—3—6, f6) = 4—JI5—-6 = 1, f(9) = 4—27—-6 = 4 — J21;
f@a+2) =4—3a+6-6=4—+3a; f(—x)=4—/3(=X)—6=4—/—3x—6; f (x2) —4-/3x2—6.
11. By the Vertical Line Test, figures (b) and (c) are graphs of functions. By the Horizontal Line Test, figure (c) is the graph of a
one-to-one function.
12. (@) f(-2)=—-1and f (2) =2.
(b) The net change in f from —2to 2is f (2) — f (—2) = 2 — (1) = 3, and the average rate of change is
f—-f(2 3

2—(-2) 4
(c) The domain of f is [—4, 5] and the range of f is [—4, 4].
(d) f isincreasing on (—4, —2) and (—1, 4); f is decreasing on (-2, —1) and (4, 5).
(e) f has local maximum values of —1 (at x = —2) and 4 (at x = 4).
(f) f isnota one-to-one, for example, f (—=2) = —1 = f (0). There are many more examples.
13. Domain: We must have x + 3 > 0 < x > —3. In interval notation, the domain is [—3, co).
Range: For x in the domain of f,wehavex > -3 x+3>0& /X +3 > 0s f (x) > 0. So the range is [0, 0o).

rate of change is = $0.03 per dollar.
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14. F(t)=t2 42t +5= (t2 + 2t + 1) +5—1=(t+1)2 4 4. Therefore F (t) > 4 for all t. Since there are no restrictions
on t, the domain of F is (—oo, 00), and the range is [4, c0).

15. f (x) = 7x + 15. The domain is all real numbers, (—oo, 00).

+1

2X
16. f (x) = 1

Then2x—17£0(:>x#%.Sothedomainoffis {x|x;é%}.

17. f (X) = +/x + 4. Werequire X + 4 > 0 < x > —4. Thus the domain is [—4, c0).

2
18. f (x) =3x — . The domain of f isthe set of x where X +1 > 0 < x > —1. So the domain is (-1, c0).
®) N (=1, 00)
1 1 1 . -
19. f(x)=—+ + ——. The denominators cannot equal O, therefore the domain is {x | x # 0, —1, —2}.
X X+1 x+2

_ 2x®45x+3 22 +5x+3
T 2x2-5x—3  (X+1)(x—=3)

domainis{x|2x+1;é0andx—37é0}:[x|x;é—%andx;é3].

20. g (x)

The domain of g is the set of all x where the denominator is not 0. So the

21. h(x) = /4 —x + +v/x2 — 1. We require the expression inside the radicals be nonnegative. So 4 —x > 0 < 4 > x; also
x2—1>0e& (X —1)(x +1) > 0. We make a table:

Interval (=00,-1) | (=11 | (1,00)
Signofx —1 - - +
Signof x +1 - + +
Signof (x —1) (x + 1) + - +

Thus the domain is (—oo, 4] N {(—o0, —1] U [1, c0)} = (—o0, —1J U [1, 4].

Yo +1
22. f(x) = 3X7+ Since we have an odd root, the domain is the set of all x where the denominator is not 0. Now
V2X +2
Y2X+2# 0 Y2x #£ -2 & 2x # —8 & x # —4. Thus the domain of f is {x | x % —4}.
23 f(x)=1-2x 24.f(x):%(x—5),2§x58
y y

b : : /
e x




246 CHAPTER 2 Functions

25. f (x) = 3x2 26. f (x) = —Fx?
y
5
0 1 X

27. f(x)=2x2 -1 28. f (x) = — (x — 1)
y
1
o1 X

29. f (X) =1+ JX 0. f(X)=1—X+2

y y

%

3L f (x) =3x8 R2.f(x)= J=x
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33 f(x) =—|x| 34. f(x)=|x+1]
y ¥
1
x
1
0] 1 X
35 f(x)——i 36 f(X)=——
' X2 '  (x—1)3
Y y
1
0 X
5
0] 1 X
. —x ifx <0
1-x ifx <0 .
37. f(x) = _ 3B.fx)=1x% ifo<x<2
1 ifx>0 .
1 ifx>2
y
y
1 -—

39. x +y2 =14 = y2 = 14 — x = y = +/14 — x, s0 the original equation does not define y as a function of x.

40. 3x — )Yy =8= /y=3x—-8=y=0C3x— 8)2, so the original equation defines y as a function of x.

3_y3_ 3_y¢3_ _ (w3 _ o\ o . . _ _
1. x° =y =21y’ =x* =21y = (x° =27 , S0 the original equation defines y as a function of x (since the cube

root function is one-to-one).

42.2x = y* — 16 = y* = 2x + 16 & y = +£.4/2X + 16, so the original equation does not define y as a function of x.
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43. f (x) =6x3 —15x2 +4x — 1

(i) [-2,2]by[-2,2]

]

0

(i) [—4,4] by [-12,12]

10T

(i) [-8, 8] by [-8, 8]

(iv) [-100, 100] by [—100, 100]

100 ju
1 "

From the graphs, we see that the viewing rectangle in (iii) produces the most appropriate graph.

44. f (x) = /100 — x3

(iii) [~10, 10] by [—10, 40]

40T

10

(ii) [-10, 10] by [—10, 10]

(iv) [-100, 100] by [—100, 100]

} t
-100 [ 100
-100
10 ﬁ
— —
-10 * 10
-10
| {
} +
-100 ‘» 100
-100

From the graphs, we see that the viewing rectangle in (iii) produces the most appropriate graph of f.
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45. (a) We graph f (x) = +/9 — x2 in the viewing rectangle 46. (a) We graph f (x) = —/x2 — 3 in the viewing

[-4,4] by [-1,4]. rectangle [-5, 5] by [—6, 1].
-5 5
42 2 4 ST
(b) From the graph, the domain of f is [—3, 3] and the (b) From the graph, the domain of f is
range of f is [0, 3]. (=00, —1.73] U [1.73, 00) and the range of f is
(=00, 0].
47. (a) We graph f (x) = +/x3 — 4x + 1 in the viewing 48. (a) We graph f (x) = x* —x3 +x24+3x —6inthe
rectangle [-5, 5] by [-1, 5]. viewing rectangle [—3, 4] by [—20, 100].
100 T
4 {
/ 50
-5 l 5 2 2 4
(b) From the graph, the domain of f is approximately (b) From the graph, the domain of f is (—oo, co) and
[—2.11,0.25] U [1.86, oo) and the range of f is the range of f is approximately [—7.10, co).
[0, 00).

49. f (x) = x3 — 4x2 is graphed in the viewing rectangle 50. f (x) = ‘x“ - 16‘ is graphed in the viewing rectangle
[-5, 5] by [—20, 10]. f (x) is increasing on (—oo, 0) and [5, 5] by [=5, 20]. f (x) is increasing on (—2, 0) and
(2.67, 00). It is decreasing on (0, 2.67). (2, 00). It is decreasing on (—oco, —2) and (0, 2).

[ / 20
-5 5 o
-20 5 l 5

f®-f@ _ -4

51. The netchangeis f (8) — f (4) = 8 — 12 = —4 and the average rate of change is - = -1

52. The net change is g (30) — g (10) = 30 — (—5) = 35 and the average rate of change is w = Z’—Z = ;
53. The net change is f (2) — f (—1) = 6 — 2 = 4 and the average rate of change is f(?__—(ii)_l) = %

54. The netchangeis f (3) — f (1) = —1 — 5 = —6 and the average rate of change is M = _—6 =-3.

3—-1 2
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55.

56.

57.

58.

59.

61.
62.

63.

65.

66.

67.

. Between x = 0 and x = 2, the rate of change is

CHAPTER 2 Functions

The net change is f (4) — f (1) = [42 -2 (4)] — [12 -2 (1)] = 8 — (—1) = 9 and the average rate of change is

f@-t@ _9_,
4-—-1 T3

The net change is g (@ + h) — g (@) = (@ + h +1)2 — (a+ 1)2 = 2ah + 2h + h? and the average rate of change is

g@a+h)—g(@ _ 2ah+2h+h?

a+h-—a h et

fxX)=0@2+ 3x)2 = 9x2 + 12x + 4 is not linear. It cannot be expressed in the form f (x) = ax + b with constant a and b.
3 - .
g(x) = X: =%x+% |sI|nearW|tha=%andb=%.
@ y 60. (a) y
1
0 1 X !
0] 1 X

(b) The slope of the graph is the value of a in the (b) The slope of the graph is the value of a in the

equation f (x) =ax 4+ b =3x + 2; that is, 3. equation f (X) = ax +b = —%x + 3: that is, _%.
(c) The rate of change is the slope of the graph, 3. (c) The rate of change is the slope of the graph, —3.
The linear function with rate of change —2 and initial value 3hasa = —2and b = 3,s0 f (x) = —2x + 3.

The linear function whose graph has slope % and y-intercept —1 has a = % andb=-1,s0 f (x) = %x -1

f()—f©O 5-3
1-0 o1

Between x = 0 and x = 1, the rate of change is

f(x) = 2x + 3.

=2. Atx =0, f (x) = 3. Thus, an equation is

f(2—f©0 55-6
2-0 -2

— _%_ Atx =0, f (x) = 6. Thus, an equation

is f (x)= —%x + 6.
. . . 0-4 1 L

The points (0, 4) and (8, 0) lie on the graph, so the rate of change is 3 0= 7 Atx =0, y = 4. Thus, an equation is

y=—1x+4.

0— (-9

The points (0, —4) and (2, 0) lie on the graph, so the rate of change is =2. Atx =0,y = —4. Thus, an equation

isy=2x —4.

P (t) = 3000 + 200t + 0.1t2
(@) P (10) = 3000 + 200 (10) + 0.1 (10)2 = 5010 represents the population in its 10th year (that is, in 1995), and
P (20) = 3000 + 200 (20) + 0.1 (20)2 = 7040 represents its population in its 20th year (in 2005).
P (20) — P (10) 7040 —5010 2030

(b) The average rate of change is 20-10 = 0 =0 = 203 people/year. This represents the

average yearly change in population between 1995 and 2005.
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D (t) = 3500 + 15t2

(@ D (0) = 3500+ 15 (O)2 = $3500 represents the amount deposited in 1995 and D (15) = 3500 + 15 (15)2 = $6875
represents the amount deposited in 2010.

13500

b) Solving the equation D (t) = 17,000, we get 17,000 = 3500 + 15t2 < 15t2 = 13,500 < t2
( g the eq ) g 15

t = 30, so thirty years after 1995 (that is, in the year 2025) she will deposit $17,000.
D (15 —-D(0) 6875 — 3500
15-0 a 15

increase in contributions between 1995 and 2010.

=900

(c) The average rate of change is

= $225/year. This represents the average annual

f(x)= %x -6
(a) The average rate of change of f betweenx =0and x = 2 is

1 1
_ 2)-6|-|30—-6] _5_(—
1@-10 = [2 ] [2 ] = >~ (6 = % and the average rate of change of f between x = 15

and x =50is
1 1
f(50)—f(15)_[7(50)—6]—[§(15)—6]_19_%_1
50—15 % = —% =3

(b) The rates of change are the same.

(c) Yes, f isalinear function with rate of change 1.

f(x)=8—-3x
f2—-f(@ 8—-312)]—-[8-3(0 2-—8
(a) The average rate of change of f betweenx = 0and x = 2is ( ;_ 0 © = [ @] > [ O] =— = -3,
and the average rate of change of f between x = 15and x =50 is
f(50)— f (15) [8—3(50)]—[8—3(15)] —142—(-37) _
50-15 35 N 35 N
(b) The rates of change are the same.

=3.

(c) Yes, f isa linear function with rate of change —3.

(& y = f (x) + 8. Shift the graph of f (x) upward 8 units.

(b) y = f (x + 8). Shift the graph of f (x) to the left 8 units.

(©) y =14 2f (x). Stretch the graph of f (x) vertically by a factor of 2, then shift it upward 1 unit.
(d) y = f (x —2) — 2. Shift the graph of f (x) to the right 2 units, then downward 2 units.

() y = f (—x). Reflect the graph of f (x) about the y-axis.

(f) y = —f (=x). Reflect the graph of f (x) first about the y-axis, then reflect about the x-axis.

(9) y = —f (x). Reflect the graph of f (x) about the x-axis.

(h) y = f~1(x). Reflect the graph of f (x) about the line y = x.

@y=fx-2) (b)yy=—f(x) (©y=3-f(x)
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@ y=3f0-1 @y=f"1x ®y=f(x
y y y
.
e : // 1\1\
(@ fx)=2x>—3x2 42 f(—x) =2(—x)° =3(—=x)2+2 = —2x> —3x2 + 2. Since f (x) # f (—x), f is not even.

—f (x) = —2x° + 3x2 — 2. Since — f (x) # f (—x), f is not odd.
) f()=x3=x7. f(=x)=(=x)% = (=x)7 = — (x3 - x7) — —f (x), hence f is odd.

1-x2 C1-(=x)?  1-x2 : B :
(o fx)= 12 f(—=x)= T (o0l 142 f (x). Since f (x) = f (—x), f iseven.
1 1 1 1 . . .
(d) f (X) = m f (—X) = m = m —f (X) = —m Slnce f (X) ;ﬁ f (—X) ) f IS nOt eVen, and since

f (—x) # —f (x), f isnot odd.

(a) This function is odd.
(b) This function is neither even nor odd.
(c) This function is even.
(d) This function is neither even nor odd.

g(x):2x2+4x—5:2(x2+2x)—5:2(x2+2x+l)—5—2:2(x+1)2—7. So the local minimum value —7
when x = —1.

2
f(x):l—x—x2:—(x2+x)+1:—(x2+x+%)+l+%:—(x+%) + 3. So the local maximum value is 3

—_1
when x = 7

f(x) =33+16x— 2.5x3. In the first viewing rectangle, [—2, 2] by [—4, 8], we see that f (x) has a local maximum
and a local minimum. In the next viewing rectangle, [0.4, 0.5] by [3.78, 3.80], we isolate the local maximum value as
approximately 3.79 when x =~ 0.46. In the last viewing rectangle, [-0.5, —0.4] by [2.80, 2.82], we isolate the local
minimum value as 2.81 when x ~ —0.46.

i 3.80 2.82
54
/\ 3.79 281
1 " "

]

T 1
-2 1 2 3.78 f t ! t f t T 2.80
0.40 0.45 0.50 -0.50 -0.45 -0.40
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f (x) = x2/3 (6 — x)1/3. In the first viewing rectangle, [—10, 10] by [—10, 10], we see that f (x) has a local maximum and
a local minimum. The local minimum is 0 at x = 0 (and is easily verified). In the next viewing rectangle, [3.95, 4.05] by

[3.16, 3.18], we isolate the local maximum value as approximately 3.175 when x =~ 4.00.
3181
\Lﬁ 317+
10 T
3.16 * f * f
3.95 4.00 4.05

h(t)_—16t2+48t+32_—16 2 - 3t) 32:—16(t2—3t+%)+32+36

2
=16 (12 -3t + )+68_—16( 3) +es
The stone reaches a maximum height of 68 feet.

P(x) = —1500 4+ 12x — 0.0004x2 = —0.0004 (x2—3o,000x) -

1500 = —0.0004 <x2 — 30,000x + 225,000,000) — 1500 + 90,000 = —0.0004 (x — 15,000)2 + 88,500
The maximum profit occurs when 15,000 units are sold, and the maximum profit is $88,500.

f () =x+29gx =x? 82. f (x) =x2+1,9(x)=3—x2

-4 2 2 %S\

. f(x)=x2—3x+2and g (x) =4 — 3x.

@) (f+g)(x)=(x2—3x+2)+(4—3x)=x2—6x+6
() (f —g)(x):(x2—3x+2)—(4—3x)=x2—2

© (fg)(x) = (x2—3x+2) (4—3x) = 4x2 —12x + 8 — 3x3 + 9x% — 6x = —3x3 + 13x% — 18x + 8

3x 42
@ (5 )(x)—_—X3+ #3
€@ (fogd)(X)=Ff@—-3x)=4-3x)2—-3(4—-3x)+2=16—24x+9x? —12+9x +2=9x? — 15X + 6

) (gof)(x):g(x2—3x+2):4—3(x2—3x+2):—3x2+9x—2

=1+ x2 and g () = /X — 1. (Remember that the proper domains must apply.)

@ (fog) () =f (VX=1) =1+ (VX—1)2=1+x—1=x
0) @o ) =g (1+x2) = /(1+x2) — 1=K = x|

© (feg@=f@@)=f(VD-D)=fO=1+D*=2
@ (FoH@=T(f@)="1(1+@?) =6 =1+?=2.

@ (fogof)y(X)=f((@o f)(x) = f(x]) =1+ (Ix])2 =1+ x2. Note that (g o f) (x) = |x| by part (b).
(f) (o fog)(x)=9g((fog)(x))=g((x)=+x—1 Notethat (f og) (x) =x by part (a).
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f(x)=3x —landg(x) =2x — x2.
(fog)(x)=f (Zx —xz) =3(2x —x2) —1=—-3x2 4+ 6x — 1, and the domain is (—oo, 00).
(o f)(X) =g@Bx—1)=2Bx —1) — 3x —1)2 = 6x — 2 — 9x2 4+ 6x — 1 = —9x2 + 12x — 3, and the domain is

(—OO, OO)
(fof)yx)=f@Bx—=1)=3@Bx —1)—1=9x — 4, and the domain is (—oo, c0).

(gog)(x):g(zx—XZ) :2(2x—x2)—(2x—x2)2:4x—2x2—4x2+4x3—x4:—x4+4x3—6x2+4x,and

domain is (—oo, 00).

f (x) = /X, has domain {x | x > 0}. g (x) = L has domain {x | x # 4}.

X —4'
2 [ 2 . . . .
(fogx)=f (m) =Vx—a (f o @) (x) is defined whenever both g (x) and f (g (x)) are defined; that is,
whenever x # 4 and — > 0. Now < >0 Xx—4>0< x> 4. Sothe domain of f o g is (4, ).

2
(@o Hy(x) =g (V) = s (g o ) (x) is defined whenever both f (x) and g (f (x)) are defined; that is, whenever

x >0and /x —4 # 0. Now /X — 4 # 0 & X # 16. So the domain of g o f is [0, 16) U (16, co).
(fo F)(x) = f (V%) = V/x = x4 (f o f) (x) is defined whenever both f (x) and f (f (x)) are defined; that is,
whenever x > 0. So the domain of f o f is [0, co).
(gog)(x) =g (x 34) =3 2 p =3 i(:(; ?4) = 9)(__2‘:( (g 0 9) (x) is defined whenever both g (x) and
X —4
g (g (x)) are defined; that is, whenever x #4and 9 —2x #0. Now9 —2Xx £ 0 2X £ 9 < X # %. So the domain of

gogis{x|x¢%,4].

fX)=vI=x,g(x)=1—x%andh (x) =1+ JX.
(Fogom () =f@ho) =Tf(g(2+vX)=f(1-(1+VX)?) = (1= (1+2/X+x))
F (=X = 20%) = /1= (X =2J%) = V/T+ 2JK + X =/ (1 + VX)? = 1+ JX

Ifh(x) = yXand g(x) = 1+x,then (goh)(x) = g(VX) = 1+ x. If f(x) = % then

(fogohy(x)=f (14 X) = T (x).

1 p—
V1I+UX
f(x)=3+ x3. If X1 # Xp, then xf #* xg‘ (unequal numbers have unequal cubes), and therefore 3 + xf #3+ xg. Thus f
is a one-to-one function.

Lg(X)=2—2x+x% = (x2 —2X + 1) +1=(x—1)2+1. Sinceg(0) =2 =g (2), as s true for all pairs of numbers

equidistant from 1, g is not a one-to-one function.

1 . . .
h(x) = & Since the fourth powers of a number and its negative are equal, h is not one-to-one. For example,

1 1
h(-1)=——= h(l)=— = h(=1)=h ().
(-1 (_1)4 land h (1) (1)4 1,s0h(-1) (@]

rx) =2+ /x+3.1fxg #xo,thenxy +3 # X2 +3,50 /X1 +3# /X2 +3and 2+ /x1 +3 # 2+ /X2 + 3. Thusr

is one-to-one.
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93. p (x) = 3.3+ 1.6x — 2.5x3. Using a graphing device and  94. q (x) =3.3+1.6x + 2.5x3. Using a graphing device and
the Horizontal Line Test, we see that p is not a one-to-one the Horizontal Line Test, we see that g is a one-to-one
function. function.

9% f(X)=3%—-2ey=3-2x=y+2ex=3(y+2).% f1x) =Fx+2.

2X +1 2x +1
9. f (x) = X; Ly = X;’ ex+1=3yex=3y-1lex=30@y-1). So L) =36x-1).
7. fN=(x+)2oy=x+1)ex+l=3Feox=y-15 f1x)=3k-1
9B fX)=1+HX—-2y=1+H-2y-1=NK-2ox-2=F-1)°ox=2+((-1° So
f~1x) =24 (x = 1)5

99. The graph passes the Horizontal Line Test, so f has an inverse. Because f (1) = 0, f =1 (0) = 1, and because f (3) = 4,

f-1@ =3
100. The graph fails the Horizontal Line Test, so f does not have an inverse.
101. (a), (b) f (x) = X2 —4,x >0 102. (@) If x1 # X2, then ¥/X1 # &/X7, and so
y 1+ X1 # 1+ ¥Xa. Therefore, fisa
f one-to-one function.
£ ®). © )

1

©fX)=x2—4x>0y=x2—4,y> -4
oxl=y+d4ox=J/y+4 So
f~1(x) = VX ¥4 X > —4. dfx) =1+ y=1+HeY=y-1

ox=(-0% Sof1x) =x-17%
X > 1. Note that the domain of f is [0, co0) , SO

1 X

y =1+ ¥X > 1. Hence, the domain of f~1is
[1, 00).

CHAPTER 2 TEST

1. By the Vertical Line Test, figures (a) and (b) are graphs of functions. By the Horizontal Line Test, only figure (a) is the
graph of a one-to-one function.
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RN V2 V2, Va2  Jat?
2@ TO==010=7g=3T@+d=" =25

(b) f(x)= x{l' Our restrictions are that the input to the radical is nonnegative and that the denominator must not be 0.
Thus, x > 0and x + 1 # 0 < x # —1. (The second restriction is made irrelevant by the first.) In interval notation, the

domain is [0, c0).

VIO V2
_f1O-f@ T0+1 2+1 3V1I0-11,2
Th te of ch = = .
(c) The average rate of change is 107 0-2 6
3. (a) “Subtract 2, then cube the result” can be expressed (© Y
algebraically as f (x) = (x — 2)3.
(b)
X f(x) 5 1
-1 | =27 >
0 -8 /
1 -1
2 0
3 1
4 8

(d) We know that f has an inverse because it passes the Horizontal Line Test. A verbal description for f 1 is, “Take the
cube root, then add 2.”
© y=0x—-2° ¥ =x—-2ox=Yy+2 Thus,aformulafor f~Lis f =1 (x) = ¥x + 2.

4. (a) f hasa local minimum value of —4 at x = —1 and local maximum values of —1 at x = —4 and 4 at x = 3.
(b) f isincreasing on (—oo, —4) and (—1, 3) and decreasing on (—4, —1) and (3, c0).

5. R (x) = —500x2 + 3000x

(a) R (2) = —500 (2)2 + 3000 (2) = $4000 represents their total (b) R

sales revenue when their price is $2 per bar and 5000

R (4) = —500 (4)2 + 3000 (4) = $4000 represents their total 4000

sales revenue when their price is $4 per bar 3000
(c) The maximum revenue is $4500, and it is achieved at a price 2000

of x = $3.

1000
0 1 2 3 4 5 x

6TMnammwaQ+h%—Ha:[Q+hﬂ—2&+hﬂ—[ﬂ—2@ﬂ=<4+#+4h—4—%)—0=2h+#

f(2+h)—f@ 2h+h?

_ 24,
21h—2 h +

and the average rate of change is
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7. (@ f(X) =X+ 5)2 = x2 4 10x + 25 is not linear because it cannot be (b)
expressed in the form f (x) = ax + b for constants a and b.
g (x) =1 —5x is linear.
y=1f)
(¢) g (x) has rate of change —5.
1
8. (@) f(x)=x3 (b) g (x) = (x — 1)3 — 2. To obtain the graph of g,
y shift the graph of f to the right 1 unit and

downward 2 units.

9. (@) y = f (x —3) + 2. Shift the graph of f (x) to the right 3 units, then shift the graph upward 2 units.
(b) y = f (=x). Reflect the graph of f (x) about the y-axis.

10. (@) f(-2)=1—-(-2)=14+2=3 (since—2<1). (b) y

f(1)=1-1=0(sincel <1). /

1. f(x)=x2+x+1;g(x)=x—3.
©) (f+g)(x)=f(x)+g(x)=(x2+x+1)+(x—3)=x2+2x—2
b) (F =90 =F00-g0)=(xB+x+1) = (x=3) =x2+4
© (foX)=Ff@X))=F(x=-3)=x—-324+(x—-3)+1=x2—6x+9+x—-3+1=x%2—-5x+7
) (gof)(x):g(f(x)):g(x2+x+1):(x2+x+l)—3:x2+x—2
(® f(@@)=f(-1)=(-1)2+(-1)+1=1. [We have used the fact that g (2) = 2 —3 = —1]
) g(f ) =9(7) =7—3=4.[We have used the fact that f (2) = 24241= 7]

(9) (@ogod) (X)) =g(@@X)) =9g(@x—3) =g(x —6) = (x —6) —3 =x — 9. [We have used the fact that
gx—-3)=x—-3)—3=x-6]
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12. (a) f (x) = x3 4 1 is one-to-one because each real number has a unique cube.
(b) g (x) = |x + 1] is not one-to-one because, for example, g (—2) =g (0) = 1.

1 1 1
—:xforallx;éO,andg(f(x)):T+2:x—2+2:xforallx;ﬁ—2.Thus,by

71T N\ .1
(—+2)—2 =
X X X—2

the Inverse Function Property, f and g are inverse functions.

138 M) =

-3 X —3 5y +3

X
14. f =y = — 2Xx+5y =x—-3 2y —1) = —5x — 3 = - . Th
x) X5 y 2X+5<:>(x+)y X o xRy -1 X S X 2y —1 us,
5x 43
1) =- :
) 2x—1
15. (8 fX)=4/3-X,X<3eey=J/3-x (b) f (x) =4/3—=X,x <3and f‘l(x)=3—x2,
y2=3—x<:>x=3—y2.Thus x>0
f~l(x)=3—-x2,x > 0. y
\f
‘%
1 X
f*l
16. The domain of f is [0, 6], and the range of f is[1, 7].
17. The graph passes through the points (0, 1) and (4, 3),s0 f (0) =1and f (4) = 3.
18. The graph of f (x — 2) can be obtained by shifting the graph of f (x) to the right VA

2 units. The graph of f (x) + 2 can be obtained by shifting the graph of f (x)
upward 2 units.

y=f)t2
Y= flx=2)
f
1 X

19. The net change of f between x = 2and x = 6is f (6) — f (2) = 7 — 2 = 5 and the average rate of change is
f6e-f@2 5

6—2 T4
20. Because f (0) =1, f~1(1) = 0. Because f (4) =3, f~1(3) = 4.

21.




22. () f(x)= 3x# — 14x2 + 5x — 3. The graph is shown in the viewing rectangle

[~10, 10] by [—30, 10].

(b) No, by the Horizontal Line Test.

(c) The local maximum is approximately —2.55 when x = 0.18, as shown in the first viewing rectangle [0.15, 0.25]
by [—2.6, —2.5]. One local minimum is approximately —27.18 when x ~ —1.61, as shown in the second viewing
rectangle [—1.65, —1.55] by [—27.5, —27]. The other local minimum is approximately —11.93 when x ~ 1.43, as
shown is the viewing rectangle [1.4, 1.5] by [—-12, —11.9].
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015 020 025 165 -160  -155 140 145 150
-2.50 } | f f - -27.0 -11.90
255 272 -11.95
274
2,60 -12.00

(d) Using the graph in part (a) and the local minimum, —27.18, found in part (c), we see that the range is [—27.18, c0).
(e) Using the information from part (c) and the graph in part (a), f (x) is increasing on the intervals (—1.61, 0.18) and
(1.43, c0) and decreasing on the intervals (—oo, —1.61) and (0.18, 1.43).

FOCUS ON MODELING  Modeling with Functions

. Let w be the width of the building lot. Then the length of the lot is 3w. So the area of the building lot is A (w) = 3w?,

w > 0.

. Let w be the width of the poster. Then the length of the poster is w + 10. So the area of the poster is
Aw) = w (w + 10) = w? + 10w.

. Let w be the width of the base of the rectangle. Then the height of the rectangle is %w. Thus the volume of the box is given

by the function V (w) = w3, w > 0.

. Letr be the radius of the cylinder. Then the height of the cylinder is 4r. Since for a cylinder V = 7r2h, the volume of the
cylinder is given by the function V (r) = 7rr2 (4r) = 4xr3.

. Let P be the perimeter of the rectangle and y be the length of the other side. Since P = 2x + 2y and the perimeter is 20, we
have 2x +2y =20 & x+y = 10 < y = 10 — X. Since area is A = Xy, substituting gives A (x) = x (10 — x) = 10x — X2,
and since A must be positive, the domainis 0 < x < 10.

1
. Let A be the area and y be the length of the other side. Then A=xy =16 oy = 76 Substituting into P = 2x + 2y gives

P:2x+2-%:2x+%,wherex>0.



260

o

©

10.

11. Let h be the height of the box in feet. The volume of the box is V = 60. Then x2h = 60 < h =

FOCUS ON MODELING

Let h be the height of an altitude of the equilateral triangle whose side has length x,

as shown in the diagram. Thus the area is given by A = %xh. By the Pythagorean
2

Theorem, h? + (%x) =x?eh+ix¥=x?cn=3xch= @x.

Substituting into the area of a triangle, we get

A(X) = %xh = %x (@x) = @xz, X > 0.

Let d represent the length of any side of a cube. Then the surface area is S = 6d2, and the volume is V = d® < d = V.

2
Substituting for d gives S (V) = 6 (W) =6V2/3 Vv > 0.

. . L A A .
We solve for r in the formula for the area of a circle. This gives A = wr2 < r2 = = = r = ./ =, so the model is
™

r(A)=\/§,A>0.

3

Let r be the radius of a circle. Then the area is A = 7rr2, and the circumference is C = 2nr ©r = o Substituting for r
iy

_ c\? c?
glvesA(C)_r(E) = I

,C>0.

60
ﬁ.

The surface area, S, of the box is the sum of the area of the 4 sides and the area of the base and top. Thus

S = 4xh + 2x2 = 4x (§)+2x2:

x2

240 . 240
—+ 2x2, s0 the model is S (x) = —~ +2x2,x > 0.

12. By similar triangles, > = 12 o5(Ll+d)=12Les5d=7Ls L = g The model is L (d) = %d.

13.

L L+d

d,

dy

Let dq be the distance traveled south by the first ship and do be the distance
traveled east by the second ship. The first ship travels south for t hours at 5 mi/h, so
dq = 15t and, similarly, do = 20t. Since the ships are traveling at right angles to
each other, we can apply the Pythagorean Theorem to get

D (t) = ,/d? +d2 = |/(15t)2 + (20)? = /225t2 + 400t = 25t.

14. Let n be one of the numbers. Then the other number is 60 — n, so the product is given by the function

15.

P (n) =n (60 — n) = 60n — n2.

Let b be the length of the base, | be the length of the equal sides, and h be the
height in centimeters. Since the perimeteris 8,21 +b =82l =8-b <

2
h=,/12 - %bz. Therefore the area of the triangle is
b
_1 _1 1 1 2_1
A=%-b-h=1.b/12—1p2 E\/Z(8—b) —1p2
P et 2= 2T = % A4JE—B=bJE—b
so the model is A(b) =b+/4—b,0 <b < 4.

2
| = 3 (8 = b). By the Pythagorean Theorem, h? + (%b) =12

Nl T

T4
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17.

18.

19.

20.
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Let x be the length of the shorter leg of the right triangle. Then the length of the other triangle is 2x. Since it is a right

triangle, the length of the hypotenuse is /X2 + (2x)2 = v/5x2 = /5 x (since x > 0). Thus the perimeter of the triangle is
P(X)=X+2X++5Xx = (3+J§)x.

1,1\ w?
Let w be the length of the rectangle. By the Pythagorean Theorem, (2 w) +h2 =10 T +h2 =102

w2 =4 (100 - h2) & w = 2¢/100 — h2 (since w > 0). Therefore, the area of the rectangle is A = wh = 2h/100 — h2,
so the model is A (h) = 2h+/100 — h2,0 < h < 10.

Using the formula for the volume of a cone, V = %ﬂ-rzh, we substitute V = 100 and solve for h. Thus 100 = %ﬂ-rzh =3

300
wr
(a) We complete the table. (b) Let x be one number: then 19 — x is the other

number, and so the product, p, is

First number | Second number | Product
p(X)=x (19— x) = 19x — x2.
1 18 18
2 17 34 © p(x) =19x —x2 = — (x2 - 19x)
3 16 48 2 19 2} 192
=—|xc=19x + (% + {3
4 15 60 [ ( 2 ) ( 2 )
5 14 70 =—(x —9.5)2490.25
6 13 8 So the product is maximized when the numbers
7 12 84 are both 9.5.
8 11 88
9 10 90
10 9 90
11 8 88

From the table we conclude that the numbers is
still increasing, the numbers whose product is a

maximum should both be 9.5.

Let the positive numbers be x and y. Since their sum is 100, we have X + y = 100 < y = 100 — x. We wish to minimize
the sum of squares, which is S = x2 4+ y2 = x2 4 (100 — x)2. S0 S (x) = x2 + (100 — x)2 = x2 + 10,000 — 200x +
x2 = 2x2 — 200 + 10,000 = 2 (x2 - 100x) +10,000 = 2 (x2 —100x + 2500) 410,000 — 5000 = 2 (x — 50)2 + 5000.

Thus the minimum sum of squares occurs when x = 50. Then y = 100 — 50 = 50. Therefore both numbers are 50.
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21. (a) Let x be the width of the field (in feet) and | be the length of the field (in feet). Since the farmer has 2400 ft of fencing
we must have 2x + | = 2400.

2000 -
200 | | 200 400 Width | Length | Area

200 2000 | 400,000
300 1800 | 540,000

Area = 2000(200) = 400,000

1000 1000 1000 400 | 1600 | 640,000
500 | 1400 | 700,000

700 700 600 | 1200 | 720,000
Area=400(1000) = 400,000 | 700 | 1000 | 700,000

Area =1000(700) = 700,000 800 800 640,000

It appears that the field of largest area is about 600 ft x 1200 ft.
(b) Let x be the width of the field (in feet) and | be the length of the field (in feet). Since the farmer has 2400 ft
of fencing we must have 2x + | = 2400 < | = 2400 — 2x. The area of the fenced-in field is given by

A(X) =1 -x = (2400 — 2x) X = —2x2 + 2400X = —2 (x2 - 1200x).

(c) Theareais A(x) = -2 (x2 —1200x + 6002) +2 (6002) = —2(x — 600)2 + 720,000. So the maximum area occurs
when x = 600 feet and | = 2400 — 2 (600) = 1200 feet.

22. (a) Let w be the width of the rectangular area (in feet) and | be the length of the field (in feet). Since the farmer has 750
feet of fencing, we must have 5w + 21 =750 < 2l =750 — 5w < | = % (150 — w). Thus the total area of the four

pensis A(w) =1 - w = 3w (150 — w) = —3 (11)2 - 15011)).

(b) We complete the square to get A (w) = —3 (wz - 15011)) =-3 (11)2 — 150w + 752) + (%) 752 = =3 (w - 752 +
14062.5. Therefore, the largest possible total area of the four pens is 14,062.5 square feet.

23. (a) Let x be the length of the fence along the road. If the area is 1200, we have 1200 = x- width, so the width of the garden

. 1200 - . 1200 7200
is ~ Then the cost of the fence is given by the function C (x) =5 (x) + 3 [x +2- T] =8+ —.

(b) We graph the function y = C (x) in the viewing (c) We graph the function y = C (x) and y = 600 in
rectangle [0, 75] x [0, 800]. From this we get the the viewing rectangle [10, 65] x [450, 650].
cost is minimized when x = 30 ft. Then the From this we get that the cost is at most $600
width is % = 40 ft. So the length is 30 ft and when 15 < x < 60. So the range of lengths he
the width is 40 ft. can fence along the road is 15 feet to 60 feet.

\/ 600 \ 4
500 i
500 T
0 f f f f
0 50 20 40 60




24. (a)

(b)

25. (a)

(b)

26. (a)

(©
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Let x be the length of wire in cm that is bent into a square. So 10 — x is the length of wire in
10 — x

. . . . X
cm that is bent into the second square. The width of each square is 1 and , and the area

_x\2 o x2 10—x\? 100 — 20x + x?2 .
of each square is (Z) =16 and ( 7 ) =15 Thus the sum of the areas is
2 2 2
X 100 —20x +x°  100—20x +2X° 1 , 5 25

25
We complete the square. A(x) = §x? — 3x + 2 = 1 (x2 - le) +2=1 (x2 —10x + 25) +7 -

% = % (x —5)2 + % So the minimum area is % cm? when each piece is 5 cm long.

Let h be the height in feet of the straight portion of the window. The circumference of the semicircle

isC = %wx. Since the perimeter of the window is 30 feet, we have x + 2h + %ﬂ'X = 30.

Solving for h, we get 2h = 30 — x — 37X & h = 15 — 3x — z7x. The area of the window is

2
A(X)=xh+3m (%x) =X (15 —Ix - %ﬂ'X) + $mx2 = 15x — $x2 — $mx2.

A(X) =15X — § (m +4)x? = =% (m + 4) [xz—ﬂx]

T+ 4
120 60 \2 450 60 \2 450
1 2 1
—- —= 4) | x¢ — X —- —= HIX — —— -
g (m+ )[ T+4 +(7r+4) :|+7r+4 g(m+ )( 7'r+4) tata

60
The area is maximized when x = p—— ~ 8.40, and hence h ~ 15 — % (8.40) — %w (8.40) ~ 4.20.
™

The height of the box is x, the width of (b) We graph the function y = V (x) in the viewing rectangle
the box is 12 — 2x, and the length of the [0, 6] x [200, 270].

box is 20 — 2x. Therefore, the volume of

the box is 250

V(X) = x(12 —2x) (20 — 2x)

= 4x3 —64x2 +240x,0 < X <6

200 t }
0 5

From the graph, the volume of the box

with the largest volume is 262.682 in3

when x = 2.427. .
decimal places).

27. (a) Let x be the length of one side of the base and let h be the height of the box in feet. Since the volume of

12
the box is V. = x2h = 12, we have x2h = 12 & h = —. The surface area, A, of the box is sum of the
X

area of the four sides and the area of the base. Thus the surface area of the box is given by the formula

12 4
A(x) = 4xh + x2 = 4x (—2)—|—x2=78+x2,x>0.
X

From the calculator we get that the volume of the box is
greater than 200 in3 for 1.174 < x < 3.898 (accurate to 3

263
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(b) The function y = A (x) is shown in the first viewing rectangle below. In the second viewing rectangle, we isolate the
minimum, and we see that the amount of material is minimized when x (the length and width) is 2.88 ft. Then the

12
heightish = -~ 1.44 ft.
X

26

24

28. Let A, B, C, and D be the vertices of a rectangle with base AB on the x-axis and its other two vertices C and D above the
x-axis and lying on the parabolay = 8 — x2. Let C have the coordinates (x, y), X > 0. By symmetry, the coordinates of
D must be (—x, y). So the width of the rectangle is 2x, and the length isy = 8 — x2. Thus the area of the rectangle is

A (x) = length - width = 2x (8 - xz) = 16x — 2x3. The graphs of A (x) below show that the area is maximized when
x &~ 1.63. Hence the maximum area occurs when the width is 3.26 and the length is 5.33.

y=8—2x"

C

/ A

5

20

10

18

17

16

15

2.0

29. (a) Let w be the width of the pen and | be the length in meters. We use the area to establish a relationship between

) . 100 . .
w and 1. Since the area is 100 m?, we have | - w = 100 < | = —. So the amount of fencing used is
D

F:2|+2w:2(—)+2w

100
w

200 + 2w?
o w '

(b) Using a graphing device, we first graph F in the viewing rectangle [0, 40] by [0, 100], and locate the approximate
location of the minimum value. In the second viewing rectangle, [8, 12] by [39, 41], we see that the minimum value of

F occurs when w = 10. Therefore the pen should be a square with side 10 m.

100

41

40

39
8

10

12
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30. (a) Lett; represent the time, in hours, spent walking, and let t, represent (b) We graph 'y = T (x). Using the zoom
the time spent rowing. Since the distance walked is x and the walking function, we see that T is minimized
speed is 5 mi/h, the time spent walking is t; = %x. By the when x = 6.13. He should land at a point

Pythagorean Theorem, the distance rowed is 6.13 miles from point B.

d =,/22 + (7 — x)2 = V/x2 — 14x + 53, and so the time spent
rowing ist, = % - /X2 — 14x + 53. Thus the total time is

T (x) = $v/x2 — 14x + 53 + ¢x.

31. (a) Let x be the distance from point B to C, in miles. Then the distance from A to C is v/x2 + 25, and the energy used in
flying from Ato C then C to D is f (X) = 14v/x2 + 25 4 10 (12 — X).
(b) By using a graphing device, the energy expenditure is minimized when the distance from B to C is about 5.1 miles.

200 169.1 T
100 1690 F~moorouo-———
0 * f t f 168.9 * f * i
0 5 10 5.0 5.1 5.2

32. (a) Using the Pythagorean Theorem, we have that the height of the upper triangles is v/25 — x2 and the height of the lower
triangles is v/144 — x2. So the area of the each of the upper triangles is %x\/ 25 — x2, and the area of the each of the
lower triangles is %x\/ 144 — x2., Since there are two upper triangles and two lower triangles, we get that the total area

is AC) =2 [$xv/25 =] +2- [$xv144 —x7| = x (VB2 + V144 =2,

(b) The functiony = A (x) = x (\/25 —x2 4+ /144 — x2) is shown in the first viewing rectangle below. In the second

viewing rectangle, we isolate the maximum, and we see that the area of the kite is maximized when x ~ 4.615.
So the length of the horizontal crosspiece must be 2 - 4.615 = 9.23. The length of the vertical crosspiece is

\/52 — (4.615)% + \/ 122 — (4.615)2 = 13.00.

100 60.1 T
50 600 T/  —
0+F——F+—+—+— 59.9 —t——
0 2 4 4.60 4.62 4.64




