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Chapter 2

Linear Second-Order
Equations

2.1 Theory of the Linear Second-Order Equa-
tion

In Problems 1 - 5, verification that the given functions are solutions of the
differential equation is a straightforward differentiation, which we omit.

1. The general solution is y(z) = c¢1sin(6z) + ¢z cos(6x). For the initial
conditions, we need y(0) = ¢c2 = —5 and y'(0) = 6¢; = 2. Then ¢; = 1/3
and the solution of the initial value problem is

y(x) = %sin((ix) — 5cos(6z).

2. The general solution is y(z) = c1€*® + coe=4%. For the initial conditions,
compute
y(0) =1 + ca = 12 and 4/ (0) = 4c¢; — 4egy = 3.

Solve these algebraic equations to obtain ¢; = 51/8 and ¢o = 45/8. The
solution of the initial value problem is

51 45
— 76437 4 7674.7:.

ylr) = 3 3

3. The general solution is y(x) = c1e72® 4 cye™®. For the initial conditions,
we have

y(0) =c1 +ca=-3 and ' (0) = —2¢; —ca = —1.

Solve these to obtain ¢; = 4, co = —7. The solution of the initial value
problem is
y(w) = 4e 2" —Te ",

47
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48 CHAPTER 2. LINEAR SECOND-ORDER EQUATIONS

4. The general solution is y(x) = c1e3% cos(2x) + c2e3® sin(2x). Compute

Y (z) = 3c13® cos(2x) — 2¢1€3 sin(2z)

+ 3063 sin(21) + 2¢9¢3” cos(21).
From the initial conditions,
y(0) =c¢; = —1 and y'(0) = 3¢; + 2c2 = 1.
Then ¢, = 2 and the solution of the initial value problem is

y(z) = —e3 cos(2x) + 2% sin(2z).

5. The general solution is y(x) = ¢;e” cos(x) +cze” sin(x). Then y(0) =¢; =
6. We find that 3/(0) = ¢1 +c¢2 = 1, so ca = —5. The initial value problem
has solution

y(x) = 6e” cos(z) — 5e” sin(z).

6. The general solution is

y(x) = ¢ sin(6x) + c2 cos(6z) + 3—16(36 —1).

7. The general solution is

1 1
4I_Zx2+7'

y(z) = c1e*® + cpe” 3

8. The general solution is

15
ylx) = cre” % 4+ cge " + >

9. The general solution is

y(w) = c1€3* cos(2x) + coe®” sin(2z) — 8e”.
10. The general solution is
5
y(x) = c1€” cos(z) + coe” sin(z) — §m2 —br — 4.

11. For conclusion (1), begin with the hint to the problem to write

vy +pyy + a1 =0,
Yy +pys + qy2 = 0.

Multiply the first equation by ys and the second by —y; and add the
resulting equations to obtain

Y12 — yay1 + p(y1y2 — yayr) = 0.
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2.1. THEORY OF THE LINEAR SECOND-ORDER EQUATION 49

Since W = y1y2 — y2y1, then
W' =y1y5 — yiye,
SO
W'+ pW = y1yy — yiy2 + p(y1y5 — yiy2) = 0.
Therefore the Wronskian satisfies the linear differential equation W' +
pW = 0. This has integrating factor e/ P(@)dz and can be written

(wel v <o,

Upon integrating we obtain the general solution

W = ce~ Jp(@)de,

If ¢ = 0, then this Wronskian is zero for all z in I. If ¢ # 0, then W # 0
for z in I because the exponential function does not vanish for any x.

Now turn to conclusion (2). Suppose first that y2(z) # 0 on I. By the
quotient rule for differentiation it is routine to verify that

d (1
2— —_— = —‘/[/
Yo dx (y2> (z).

If W () vanishes, then the derivative of y; /ys is identically zero on I, so
y1/y2 is constant, hence y; is a constant multiple of y;, making the two
functions linearly dependent. Conversely, if the two functions are linearly
independent, then one is a constant multiple of the other, say y1 = cyo,
and then W(z) = 0.

If there are points in I at which ya(z) = 0, then we have to use this
argument on the open intervals between these points and then make use
of the continuity of y5 on the entire interval. This is a technical argument
we will not pursue here.

12.

22 28

2¢ 3x?

Then W(0) = 0, while W(x) # 0 if z # 0. However, the theorem only
applies to solutions of a linear second-order differential equation on an
interval containing the point at which the Wronskian is evaluated. z? and
2% are not solutions of such a second-order linear equation on an open

interval containing 0.

= 1‘4.

W(zx) =

13. It is routine to verify by substitution that = and z? are solutions of the
given differential equation. The Wronskian is

T 1‘2

1 2x

= 7;1;27

W(z) =
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50 CHAPTER 2. LINEAR SECOND-ORDER EQUATIONS

which vanishes at * = 0, but at no other points. However, the theorem
only applies to solutions of linear second order differential equations. To
write the given differential equation in standard linear form, we must write

1"

- %y’ + %y =0,
which is not defined at x = 0. Thus the theorem does not apply.
14. If y; and y- have relative extrema at some point xy within the interval,
y1(x0) = ya(x0) = 0.
Then

y1(zo)  ya(wo)

Wixo) =" 0

=0.

Therefore y; and yy are linearly dependent.

15. Suppose ¢'(xg) = 0. Then ¢ is the unique solution of the initial value
problem
y' +py +ay = 0;y(z0) =y (z0) =0
on I. But the functions that is identically zero on I is also a solution of
this problem. Therefore ¢(x) = 0 for all z in I.

2.2 The Constant Coefficient Case

1. The characteristic equation is A2—\—6 = 0, with roots —2, 3. The general
solution is
y = cre” 2% 4 cpe3%,

2. The characteristic equation is A2 — 2\ 4+ 10 = 0, with roots 1 & 3i. The
general solution is

y = c1e” cos(3x) + cae” sin(3x).
3. The characteristic equation is A% + 6\ +9 = 0, with repeated root —3.
The general solution is
y=cre " + coze 37,

4. The characteristic equation is A> — 3\ = 0, with roots 0,3. The general

solution is

y=-c1+ coe3®,

5. The characteristic equation is A% + 10\ 4+ 26 = 0, with roots —5 +i. The
general solution is

y = c1e 5% cos(x) + coe” 5% sin(z).
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2.2. THE CONSTANT COEFFICIENT CASE 51

6. The characteristic equation is A2 + 6\ — 40 = 0, with roots —10,4. The

general solution is

y = 616—101 +6264I.

7. The characteristic equation is A2 +3A+18 = 0, with roots —3/243+/7i/2.
The general solution is

y=e 3%/? [cl cos (3\/27@") + co sin (3\?35)} .

8. The characteristic equation is A% + 16\ + 64 = 0, with repeated root —8.
The general solution is

—Sz(

y=ce c1 + o).

9. The characteristic equation is A2 — 14\ + 49 = 0, with repeated root 7.
The general solution is
y= 671(61 + cox).

10. The characteristic equation is A2 — 6\ + 7 = 0, with roots 3 £ v/2i. The
general solution is

y = €3%[¢; cos(V2x) + ¢y sin(v/2z)].

In each of Problems 11 through 20, the solution is obtained by finding the
general solution of the differential equation and then solving for the constants
to satisfy the initial conditions. We provide the details only for Problems 11
and 12, the other problems proceeding similarly.

11. The characteristic equation is A2 4+ 3\ = 0, with roots 0, —3. The general
solution of the differential equation is y = ¢; + cae™3*. To find a solution
satisfying the initial conditions, we need

y(0) = c¢1 + c2 = 3 and 3/ (0) = —3c2 = 6.

Then ¢; = 5 and ¢ = —2, so the solution of the initial value problem is
y=>5—2e73%,

12. The characteristic equation is A2 + 2\ — 3 = 0, with roots 1,—3. The
general solution of the differential equation is

y(x) = c1e” + coe 3%,
Now we need
y(0) =c1 +co =6 and y'(0) = ¢; — 3¢ = —2.

Then ¢; = 4 and ¢ = 2, so the solution of the initial value problem is

y(x) = 4e® + 2737,
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52 CHAPTER 2. LINEAR SECOND-ORDER EQUATIONS

13. y =0 for all =

14. y = e?*(3 — 1)

15.
1
y = ?[963(3072) + 5674(9572)}
16.
\/6 x Voézx —V6z
v=© [6 —C }
17. y = e*71(29 — 172)
18.
y = —4(5 — v/23)e>@=D/Tgin <\/2273(x — 2))
19.
_ e (VIB 5 (V15
y=e [cos (2 (x+2) |+ Wir sin | —5— (r+2)
20.
y = aeCIHVDZ/2 4 po(-1=VB)e/2
where
_ 0O+ 7V5) o—2+VE
25
and

b= (7\/5 -9) e—2-V5
=k

21. (a) The characteristic equation is A2 — 2aX + a2 = 0, with repeated roots
A = a. The general solution is

y(z) = p(x) = (c1 + cow)e™™.

(b) The characteristic equation is A% — 2a\ + (@? — €2) = 0, with roots
a *+ €. The general solution is

Ye(z) = pe(x) = e (c1" + coe™ ).

(c) In general,
lim y () = e (1 + c2) # y(z).

e—0
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2.2. THE CONSTANT COEFFICIENT CASE 53

22. (a) We find
y=v(x) =e**(c+ (d — ac)x).
(b) We obtain

1
Ye = Ve(z) = % e [(d — ac+ ec)e™ + (ac — d + ec)e™ "] .
€

(c) Using I'Hospital’s rule, take the limit
lin}) Pe(x) =

1
—e hII(l) [(d — ac + ec)ze® — (ac — d + ec)ze™® 4 celex + ce*z)}

€—

=e*(c+ (d — ac)z) = ().
23. The characteristic equation has roots
1 1
A= 5(—(1—!— a? — 4b), \g = 5(—a —Va? —4b).
As we have seen, there are three cases.
If a® = 4b, then
Y= e—az/2(cl -+ ng) — 0 as x — 00,

because a > 0.

If a® > 4b, then a® — 4b < a? and A\; and A\, are both negative, so

Az

y=cre + coe2®

— 0 as z — oo.
Finally, if a® < 4b, then the general solution has the form
y(z) = e/2(¢y cos(Bx) + ¢z sin(Bz)),

where 3 = v/4b — a?/2. Because a > 0, this solution also has limit zero as
x — 00.

24. We will use the fact that, for any positive integer n,
i*" = (%)" = (=1)" and *" T = 2" = (—1)".

Now suppose a is real and split the exponential series into two series, one
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54 CHAPTER 2. LINEAR SECOND-ORDER EQUATIONS

for even values of the summation index, and the other for odd values:

n=0
— i 1 ,L-Qna2n + i 1 i2n+la2n+l
2 (2n)! 2o @2n+ 1)!
00 00
R S G (=D" . ont1
N Z 2n! “ +Z n! e
n=0 n=0
_ - (71)71 2n - - (71)71 2n+1
—EO ¢ “;(Qnﬂ)!“

Il
o 3

os(a) + isin(a).

2.3 The Nonhomogeneous Equation

1. Two independent solutions of y” +y = 0 are y; = cos(x) and y, = sin(x).
The Wronskian is

cos(z) sin(z)

Wiz) = —sin(x) cos(x)

=1.

To use variation of parameters, seek a particular solution of the differential
equation of the form

Y = u1yi + uzy2.
Let f(z) = tan(z). We found that we can choose

ui(x) = — / %(fx()x) de = — /tan(m) sin(z) dx

- */ Sci::((;)) e
_ _/ 1 — cos?(x) .

cos(z)

:/cos(m) dx — [ sec(z)dx

= sin(x) — In | sec(z) + tan(x)]

and
us(x) z/%dx = [ cos(x)tan(z) dx
= /sin(ﬂc) dx = — cos(z).
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2.3. THE NONHOMOGENEOUS EQUATION 55

The general solution can be written

y = c1 cos(x) + cg sin(z) + sin(z) cos(x)
— cos(x) In | sec(z) + tan(z)| — sin(z) cos(z)

= ¢ cos(x) + casin(z) — cos(z) In | sec(z) + tan(z)|

2. Two independent solutions of the associated homogeneous equation are
y1(z) = €3® and y»(x) = e®. These have Wronskian W (z) = —2¢**. Then

ul(m):,/wdm

_9¢dz

= /67390 cos(z + 3) dx

_ 3 —3x 1 —3x _:
=~10° cos(z + 3) + 10¢ sin(x + 3)

and

€3 cos(z
o() = / 2% cos(x +3)

—2¢4e
= /e_I cos(z + 3) dz
1 _ 1 ..
= —e P cos(z + 3) — —e” sin(z + 3).
2 2
The general solution is
y(x) = c163% + coe”
3 cos(z +3) + - sin(z + 3)
— — cos —s
10 ‘Y 107"
1 1 .
+ 3 cos(z + 3) — 3 sin(x + 3).
This can be written
y(x) = c163% + cpe”

1 2
+ 5 cos(z + 3) — 5 sin(x + 3).

For Problems 3 through 6 we will omit some of the details and give an outline
of the solution.

3. y1 = cos(3z) and yo = sin(3x) are linearly independent solutions of the
associated homogeneous equation. Their Wronskian is W = 3. With
f(z) = 12sec(3x), carry out the integrations in the equations for u; and
uo to obtain the general solution

y(x) = ¢1 cos(3x) + co sin(3z) + 4 sin(3z) + g cos(3z) In | cos(3z)|.
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56 CHAPTER 2. LINEAR SECOND-ORDER EQUATIONS

4. y1 = 3 and yo = e~ %, with Wronskian —4e~2%. With f(z) = 2sin®(z) =
1 — cos(2z), obtain u; and ug to write the general solution

2 .1 7 4
y(x) = 163 + coe™® — 3t E cos(2z) + & sin(2x).

5. y1 = €% and y = €**, with Wronskian W = e3*. With f(x) = cos(e™®),
carry out the integrations to obtain u; and us to write the general solution
y(x) = c1e” + coe®™ — €2 cos(e™ ")
6. y1 = €3 and yo = €2*, with Wronskian W = —e5%. Use the identity
8sin®(4z) = 4cos(8z) — 4 to help find u; and uy and write the general
solution

cos(8z) + 40 sin(8z).

2
y=c13 +coe®® + = +
1241

58
3 1241

In Problems 7 - 16 we use the method of undetermined coefficients in writing
the general solution. For Problems 7 and 8 all the details are included, while
for Problems 9 through 16 the important details of the solution are outlined.

7. Two independent solutions of the associated homogeneous equation are
y1 = e?® and y = e™®. Since 222 + 5 is a second degree polynomial, we
attempt such a polynomial as a particular solution:

yp(z) = Az* + Bz + C.
Substitute this into the (nonhomogeneous) differential equation to obtain
2A — (2Az + B) — 2(Ax® + Bz + C) = 22° + 5.
Then

94— B —2C =5,
—24-2B =0,
924 =2.

Then A =—1,B =1 and C = —4. The general solution is

y=c1® +coe " —z? 41 —4.

8. We find y; = €3® and y» = e"2%. Since f(z) = 8e?%, which is not a
constant multiple of y; or ya, try y,(x) = Ae*® to obtain

y = c163% + coe” 2% — 2e2%,
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2.3. THE NONHOMOGENEOUS EQUATION 57

9. y1 = e® cos(3x) and yo = €®sin(3z). With f(x) a second degree polyno-
mial, try y,(z) = A2z? + Bz + C to obtain

y = e”[cy cos(3x) + casin(3x)] + 22% 4+ — 1.

10. y1 = e** cos(z) and ya = e®® sin(z). With f(z) = 21e2%, try y,(x) = Ae®®
to obtain
y = e**[cy cos(z) + cosin(z)] + 21e*".

11. y1 = €*® and yo = €. With f(z) = 3e%, try y,(z) = Ae®, noting that
e” is not a solution of the associated homogeneous equation. Obtain the
general solution

y = 1€ + coe™® + €*.

3z 3z

12. y1 = e7%% and yo = we™ Because f(z) = 9cos(3z), try yp(z) =
A cos(z)+ Bsin(z), obtaining both a cos(3z) and a sin(3z) term, to obtain

1
y = e 3%c; + cox] + 3 sin(3z).

Although the general solution does not contain a cos(3x) term, this does
not automatically follow and in general both the sine and cosine term
must be included in our attempt at y,(x).

13. y1 = €® and yo = **. With f(z) = 10sin(x), try y,(z) = Acos(z) +
Bsin(z) to obtain

y = c1e” + cpe® + 3cos(x) + sin(z).

14. y1 = 1 and yo = e~ %, With f(x) = 822 + 2¢3*, try y,(z) = Az + Bz +
C + De3®, since €3 is not a solution of the homogeneous equation. This
gives us the general solution

4z 2 3 1 2 1 _ 2631.

Yy =c1+coe —gx—im—1$ 3

15. y1 = e?*cos(3z) and y2 = e**sin(3x). Since neither e2* nor 3% is a

solution of the homogeneous equation, try y,(z) = Ae?® 4+ Be3* to obtain
the general solution

1, 14
y = €*"[c; cos(3x) + cosin(3x)] + 562“ - 5633“.

16. y1 = €” and yo = ze”. Because f(z) is a first degree polynomial plus a
sin(3x) term, try

yp(z) = Az + B + C'sin(3z) + D cos(3z)
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58 CHAPTER 2. LINEAR SECOND-ORDER EQUATIONS
to obtain the general solution
P 3 .
y=¢€"lc1 + caz] + 32+ 6+ 3 cos(3z) — 2sin(3x).

Notice that the solution contains both a sin(3z) term and a cos(3z) term,
even though f(z) has just a sin(3z) term.

In Problems 17 through 24, we first find the general solution of the differential
equation, then solve for the constants to satisfy the initial conditions. Problems
17 through 22 are well suited to the method of undetermined coefficients, while
Problems 23 and 24 can be solved fairly directly by variation of parameters.

17. 41 = €®® and yp = e~ Since e*® is a solution of the homogeneous

equation, try y,(z) = Aze?® + Bz + C to obtain the general solution

2z 2z

_ 1
Y= 1% 4 coe 2 — gt — Z$

Now .
y(0) =c1 +co =1 and ¢'(0) = 2¢; — 2¢5 — 1= 3.
Then ¢; = 7/4 and ¢o = —3/4. The solution of the initial value problem

18

_ 7 2x 3 —2x 7 2x
Yy = 46 46 4$6 458

18. Two independent solutions of the homogeneous equation are y; = 1 and
yo = e~ 4%, For a particular solution we might try A+ B cos(z)+ C sin(z),
but A is a solution of the homogeneous equation, so try y,(z) = Az +
B cos(z) + Csin(z). The general solution is

y(x) = c1 + cpe™ 1 — 2cos(x) + 8sin(z) + 2z.

Now
y(o):C1+62—2:3andy’(0):_462_,_8_’_2:2.

These lead to the solution of the initial value problem:

y =3+ 2e1" —2cos(x) + 8sin(z) + 2z.
19. We find the general solution

y(z) = cre” % 4 cqe 8 4
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2.3. THE NONHOMOGENEOUS EQUATION 59

20. The general solution is
. 1
y(x) = e1 + o™ — 5e2$(cos(x) + 3sin(x)).

The solution of the initial value problem is

1 1
y=: + e — 562x[COS(£L‘) + 3sin(z)].
21. The general solution is
y(r) = cre®® + 272 — 27T — 7.
The initial value problem has the solution

y =2 4272 — 27" — 27,

22. The general solution is

Y= et/? {cl cos (égx) + ¢9 sin <\é§m>

To make it easier to fit the initial conditions specified at x = 1, we can
also write this general solution as

y = e®/? [dl cos (?(m - 1)) + dy sin (?(m — 1))

1 3
y(1) =e2dy +1 =4 and y'(1) = 561/2611 I %61/2(12 _

Solve these to get d; = 3¢~ Y2 and dy = *7671/2/\/3. The solution of the
initial value problem is

y = el@=1)/2 {3(}05 <\é§(x - l)) - % sin (?(m — 1)>

23. We find the general solution

+1

+ 1.

Now

+ 1.

y(x) = c1e” + coe™ " —sin®(z) — 2.
The initial value problem has the solution
y = 4e™% —sin*(x) — 2.
24. The general solution is
y(x) = ¢1 cos(z) + casin(x) — cos(x) In | sec(x) + tan(z)).
The solution of the initial value problem is

y = 4cos(z) + 4sin(x) — cos(x) In | sec(z) + tan(z)|.
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60 CHAPTER 2. LINEAR SECOND-ORDER EQUATIONS

Figure 2.1: Solutions to Problem 1, Section 2.4.

2.4 Spring Motion
1. The solution with initial conditions y(0) = 5,'(0) =0 is
y1(t) = e~ **[cosh(v/2t) + V2 sinh(v/2t)].

With initial conditions y(0) = 0,%'(0) = 5, we obtain

ya(t) = %6_% sinh(v/2t).

Graphs of these solutions are shown in Figure 2.1.

2. With y(0) = 5 and ¥ = 0, y1(t) = 5e~2(1 + 2¢t); with y(0) = 0 and
y'(0) = 5, y2(t) = 5te~2t. Graphs are given in Figure 2.2.

3. With y(0) =5 and 3y’ =0,
yi(t) = geft[Q cos(2t) + sin(2t)].

With y(0) = 0 and y/(0) = 5, y2(t) = 3e~'sin(2t). Graphs are given in
Figure 2.3.

4. The solution is
y(t) = Ae~![cosh(v/2t) + /(2) sinh(v/2t)].
Graphs for A =1,3,6,10,—4 and —7 are given in Figure 2.4.
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2.4. SPRING MOTION 61

Figure 2.2: Solutions to Problem 2, Section 2.4.

5. The solution is

A o
t) = —e~ “'sinh 2)t
) = e sinn(y/(2)1)
and is graphed for A =1,3,6,10,—4 and —7 in Figure 2.5.

6. The solution is y(t) = Ae~2(1 + 2t) and is graphed for A = 1,3,6,
10, —4, —7 in Figure 2.6.

7. The solution is y(t) = Ate™%, graphed for A = 1,3,6,10, -4 and —7 in
Figure 2.7.

8. The solution is 4
y(t) = Eeft[Q cos(2t) + sin(2t)],

graphed in Figure 2.8 for A =1,3,6,10,—4 and —7.

9. The solution is A
y(t) = ie_tsin(%)
and is graphed for A =1,3,6,10, —4 and —7 in Figure 2.9.
10. From Newton’s second law of motion,
y"” = sum of the external forces = —29y — 10y’

so the motion is described by the solution of

y" + 10y 429y = 0;y(0) = 3,4'(0) = —1.
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Figure 2.3: Solutions to Problem 3, Section 2.4.
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Figure 2.4: Solutions to Problem 4, Section 2.4.
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Figure 2.5: Solutions to Problem 5, Section 2.4.

4 \

Figure 2.6: Solutions to Problem 6, Section 2.4.
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Figure 2.7: Solutions to Problem 7, Section 2.4.
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Figure 2.8: Solutions to Problem 8, Section 2.4.
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|
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Figure 2.9: Solutions to Problem 9, Section 2.4.

The solution in this underdamped problem is
y(t) = e~ [3cos(2t) + Tsin(2t)).

If the condition on y/(0) is y'(0) = A, this solution is

y(t) = e {3 cos(2t) + (A B 15) sin(2t)} .

Graphs of this solution are shown in Figure 2.10 for A = —1, —2,—4,7, —12
cm/sec (recall that down is the positive direction).

11. For overdamped motion the displacement is given by

y(t) = e (A + Be™),

where « is the smaller of the roots of the characteristic equation and is
positive, and [ equals the larger root minus the smaller root. The factor
A+ BeP* can be zero at most once and only for some ¢t > 0 if —A/B > 1.
The values of A and B are determined by the initial conditions. In fact,
if yo = y(0) and vy = y'(0), we have

A+ B=ypand —a(A+ B)+ 3B = vy.
We find from these that
BYo

vo + ayo

A
-5 1—
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Figure 2.10: Solutions to Problem 10, Section 2.4.

No condition on only yo will ensure that —A/B < 1. If we also specify that
vy > —ayp, we ensure that the overdamped bob will never pass through
the equilibrium point.

12. For critically damped motion the displacement has the form
y(t) = e (A + Bt),

with a > 0 and A and B determined by the initial conditions. From the
linear factor, the bob can pass through the equilibrium at most once, and
will do this for some ¢ > 0 if and only if B # 0 and AB < 0. Now note
that yo = A and vg = y'(0) = —aA + B. Thus to ensure that the bob
never passes through equilibrium we need AB > 0, which becomes the
condition (vo + ayp)yo > 0. No condition on yy alone can ensure this.
We would also need to specify vg > —ayg, and this will ensure that the
critically damped bob never passes through the equilibrium point.

13. For underdamped motion, the solution has the appearance

y(t) = =2 ) cos(V/Akm — ¢2t/2m) 4 ¢osin(v/4km — c¢2t/2m)]

having frequency
Vdkm — ¢?
w=—.
2m

Thus increasing ¢ decreases the frequency of the the motion, and decreas-
ing ¢ increases the frequency.
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14. For critical damping,
y(t) = e~ (A + Bt).

For the maximum displacement at time ¢* we need y/(¢*) = 0. This gives

us
_ 2mB — cA

Be
Now y(0) = A and y'(0) = B — Ac/2m. Since we are given that y(0) =
y'(0) # 0, we find that

t*

Am?

T ome+ 2

*
and this is independent of y(0). The maximum displacement is

y(t*) _ y(o) (2m + 0)672m/(2m+c).
C

15. The general solution of the overdamped problem

y" + 6y’ + 2y = 4 cos(3t)

y(t) = e 3¢y cosh(VTt) + cp sinh(V/Tt)]

- % cos(3t) + 37723 sin(3¢).

(a) The initial conditions y(0) = 6,y'(0) = 0 give us

2266 . 6582
EYE) 27 3137
Now the solution is
1. 6582 .
Ya(t) = %[e [2266 cosh(\f?t)JrW sinh(v/7t)]—28 cos(3t)+72 sin(3t)].

(b) The initial conditions y(0) = 0,3(0) = 6 give us ¢; = 28/373 and
co = 2106/373 and the unique solution

L [e=3[20 cosh(V/7t) + 21 sinh(v/7¢)] — 28 cos(3t) + T2sin(31)].

yp(t) = 373 7

These solutions are graphed in Figure 2.11.

16. The general solution of the critically damped problem

y" + 4y’ + 4y = 4 cos(3t)
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Figure 2.11: Solutions to Problem 15, Section 2.4.

Figure 2.12: Solutions to Problem 16, Section 2.4.
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2 4
y(t) = e *[er + eat] — % cos(3t) + % sin(3t).

(a) The initial conditions y(0) = 6,y’(0) = 0 give us the unique solution
1

= @[67%[1034 + 1924¢] — 20 cos(3t) + 48sin(3t)].

Ya(t)

(b) The initial conditions y(0) = 0,3'(0) = 6 give us the unique solution

1
up(t) = @[e—% [20 4+ 910¢] — 20 cos(3t) + 48 sin(3¢)].

These solutions are graphed in Figure 2.12.
17. The general solution of the underdamped problem
y"'(t) + v + 3y = 4cos(3t)
is

11 11 24 12
y(t) = e t/? {cl cos (T) + cosin (T)} T cos(3t) + e sin(3t).

(a) The initial conditions y(0) = 6,y'(0) = 0 yield the unique solution

Yo (t) = 1 e~ /2 |98 cos (\/Tlt> + [ sin <\/ﬁt>] — 8cos(3t) +4sin(3t)} .

2 Vi1 2

(b) The initial conditions y(0) = 0,%'(0) = 6 yield the unique solution

y(t) = L et |8 cos (‘/ﬁt> + 2 (‘/m)] — 8 cos(3t) +4sin(3t)} :

2 V11 2

These solutions are graphed in Figure 2.13.

2.5 Euler’s Equation
In Problems 1 - 3, details are given with the solution. Solutions for Problems 4
through 10, just the general solution is given. All solutions are for z > 0.

1. Let = = e! to obtain
Y'"+Y' —6Y =0

which we can read directly from the original differential equation without
further calculation. Then

Y (t) = c1e® 4 cpe™3.
In terms of z,

y(z) = 1621 4 e 3@) — 142 4 g3,
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'
wr N oy

Figure 2.13: Solutions to Problem 17, Section 2.4.

2. The differential equation transforms to
Y'4+2Y'+Y =0,
with general solution

Y(t) = cre™t + cote™".

Then 1
y(x) = crz™ 4+ oz In(z) = = (c1 + c2In(x)).
x
3. Solve
Y'4+4Y =0
to obtain
Y (t) = ¢1 cos(2t) + co sin(2t).
Then
y(x) = ¢1 cos(21n(x)) + cosin(2In(x)).

4. y(x) = 122 + cox™?
5. y(x =cat + o™
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8. y(z) = 22(cy cos(7In(x)) + co sin(7In(z))
9. y(z) = 27'%(cy + co In(x))
10. y(z) = c12” + cox®
11. The general solution of the differential equation is

y(x) = 1z’ + cox 7.

We need
y(2) =1=1c12% + 2277 and ¢/(2) = 0 = 3¢;2% — 7278,

Solve for ¢; and ¢ to obtain the solution of the initial value problem

v =15(3) +15(5)

12. The solution of the initial value problem is
y(x) = =3 + 222

13. y(z) = 2%2(4 — 31n(x))
14. y(x) = —4272(1 + 121n(x))
15. y(z) = 325 — 224

16. 11 17
y(x) = ZCL‘2 + Zafz

17. The transformation & = e’ transforms the Euler equation 2%y” + azxy’ +
by = 0 into
Y+ (a=1)Y' +bY =0,

with characteristic equation
M4 (a—1DA+b=0,

with roots A1 and Ao. If we substitute y = 2" directly into Euler’s equa-
tion, we obtain
r(r—1)z" +arz” +bz" =0,

or, after dividing by «",
2+ (a—1)r+b=0.

This equation for r is the same as the quadratic equation for A, so its roots
are r1 = A and ro = Ag. Therefore both the transformation method,
and direct substitution of y = 2" into Euler’s equation, lead to the same
solutions.
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18. If # < 0, use the transformation x = —e, so t = In(—x) = In|z|. Note

that i@t . )
= (1=

dx - T

b
just as in the case that = > 0. With y(z) = y(—e?) = Y (t), proceeding as
in the text with chain rule derivatives. First

dy dt 1
/ e Vel
y(@)=— = "Y()

and, similarly,

Then,
Py () = ¥ (6) ~ V(1)

just as in the case that x is positive. Therefore Euler’s equation transforms

to
YY"+ (A-1)Y'+ BY =0,

and in effect we obtain the solution of Euler’s equation for negative x by
replacing @ with |z|. For example, suppose we want to solve

22y + oy +y=0
for x < 0. We know that, for z > 0, this Euler equation transforms to
Y'"+Y =0,
50 Y (t) = ¢1 cos(t) + cosin(t) and
y(z) = ¢1 cos(In(z)) + co sin(In(z))
for > 0. For x < 0, the solution is

y(x) = ¢ cos(In(|z])) + co sin(In(|z|)).

© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



