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Chapter 2

Pythagorean Triples

Exercises

2.1. (a) We showed that in any primitive Pythagorean triple (a,b,c), cither a or b is even.
Use the same sort of argument to show that either a or b must be a multiple of 3.
(b) By examining the above list of primitive Pythagorean triples, make a guess about
when a, b, or c is a multiple of 5. Tty to show that your guess is correct.

(a) If a is not a multiple of 3, it must equal either 3z + 1 or 3z + 2. Similarly, if b is not
a multiple of 3, it must equal 3y + 1 or 3y + 2. There are four possibilities for a2 + b2,
pamely
@+ = (3z+1)2+ 3y +1)> =922 + 62+ 1+ 9> + 6y + 1
= 3(3z% + 22+ 3y% + 2y) + 2,
6+ = (32 +1)° + 3y +2)? =922 + 62+ 1+ 9% + 12y + 4
=332+ 22+ 3y’ +4y+ 1)+ 2,
a?+b% = (3z+2)%+ 3y +1)* = 92 + 122+ 4+ 9° + 6y + 1
=332 +4z+ 3y +2y+ 1)+ 2,
a'+b’=(3x+2)=+(3y+2)’=9:’+x2z+4+9y’+12y+4
=33z +42+ 3y + 4y +2) + 2.

So if a and b are not multiples of 3, then ¢ = a? + b2 looks like 2 more than a multiple

of 3. But regardless of whether c is 3z or 3z + 1 or 3z +2, the numbers ¢2 cannot be 2 more
than a multiple of 3. This is true because

(32)*=3.32,
(3z +1)% = 3(32% + 22) + 1,
(Bz+2)* =3(322+4z+1) + 1.

5
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6 [Chap. 2] Pythagorean Triples

2.2. A nonzero integer d is said to divide an integer m if m = dk for some number k.
Show that if d divides both m and n, then d also divides m ~ n and m + n.

Soluti Exercise 2.2
Boﬂ)mnﬂnmdivisiblebyd.som-dkmdn=dk’.'Ihusm:tnadk:tdk’=
d(k:kk’).som-l-nlndm—nmdivisiblebyd.

2.3. For each of the following questions, begin by compiling some data; next examine the
data and formulate a conjecture; and finally try 1o prove that your conjecture is correct. (But
don’t worry if you cant solve every part of this problem; some parts are quite difficult.)

(a) Which odd numbers a can appear in s primitive Pythagorean triple (a, b, c)?

(®) Which even numbers b can appear in a primitive Pythagorean triple (a, b, ¢c)?

() Which numbers c can appear in a primitive Pythagorean triple (a, b, ¢)?

ojutiop ¢ X
(8) Any odd number can appear as the a in a primitive Pythagorean triple. To find such a
triple, wecan justtake t = a and s = 1 in the Pythagorean Triples Theorem. This gives
the primitive Pythagorean triple (a, (a2 — 1)/2, (a2 + 1)/2).

(b) lnokin;udletable.itseemsﬁmﬂmbmbelmltipleof4.mdsecondthu
every multiple of 4 scems to be possible. We know that b looks like b = (8% - £3)/2 with
s and ¢ odd. This means we can write s = 2m + 1 and t = 2n + 1. Multiplying things out
gives

2 _ 2
b= Em+1) 3 (@n+1) =2m? +2m - 2n% - 2n
=2m(m+1) —2n(n+1).

Can you see that m(m + 1) and n(n + 1) must both be even, regardless of the value of m
and n? So b must be divisible by 4.

On the other hand, if b is divisible by 4, then we can write jt as b = 2" B for some odd
number B and some r > 2. Then we can try to find values of s and ¢ so that (s —13) /2 = b,
We factor this as

(s—-t)s+t)=2b=2"*tpB,
Nowbotha-tlnds+tmustbeeven(sinceamdtmodd).sowemighttry
s—-t=2" and s+t=28B.

Solving for s and L gives s = 2"~! + Bandt = —2"~! 4 B, Notice that s and ¢ are odd,
since Bis odd and n > 2, Then

a=st=B3?-2%-2
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[Chap. 2] Pythagorean Triples 7

This gives a primitive Pythagorean triple with the right value of b provided that B > 27~},
On the other hand, if B < 27~!, then we can just take @ = 22"~2 — B? instead.

(c) This part is quite difficult to prove, and it’s not even that easy to make the correct
conjecture. It turns out that an odd number ¢ appears as the hypotenuse of a primitive
Pythagorean triple if and only if every prime dividing c leaves a remainder of 1 when
divided by 4. Thus ¢ appears if it is divisible by the primes 5,13,17,29,37,..., but it
does not appear if it is divisible by any of the primes 3,7,11,19,23,.... We will prove
this in Chapter 27. Note that it is not enough that ¢ itself leave a remainder of 1 when
divided by 4. For cxample, neither O nor 21 can appear as the hypotenuse of a primitive
Pythagorean triple.

2.4. In our list of examples are the two primitive Pythagorean triples
332 +56 =652 and 16+ 63% = 65%.

Find at least one more example of two primitive Pythagorean triples with the same value
of c. Can you find three primitive Pythagorean triples with the same ¢? Can you find more
than three?

Solution to Exercise 2.4.
The next exampleis c = 5 - 17 = 85. Thus

85% = 132 + 842 = 36% + 772

A general rule is that if ¢ = pyp; - - - p, is a product of r distinct odd primes which all leave
a remainder of 1 when divided by 4, then c appears as the hypotenuse in 27! primitive
Pythagorean triples, (This is counting (a,b,c) and (b,a,c) as the same triple.) So for
example, ¢ = §- 13- 17 = 1105 appears in 4 triples,

1105% = 5763 + 943% = 744% + 8173 = 2642 + 1073% = 47% 4 11042,

But it would be difficult to prove the general rule using only the material we have developed
so far.

2.5. In Chapter 1 we saw that the n* triangular number T, is given by the formula

nin+1)
7

The first few triangular numbers are 1, 3, 6, and 10. In the list of the first few Pythagorean
triples (a, b, c), we find (3,4, 5), (5,12, 13), (7,24, 25), and (9, 40, 41). Notice that in cach
case, the value of b is four times a triangular number.
(a) Find a primitive Pythagorean triple (a, b, ¢) with b = 4T5. Do the same for b = 4T
and for b = 4T7.
(b) Do you think that for every triangular number T,,, there is a primitive Pythagorean
triple (a, b, ¢) with b = 4T, ? If you believe that this is true, then prove it. Otherwise,
find some triangular number for which it is not true.

Tn=l+2+3+"‘+n=
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8 {Chap. 2] Pythagorean Triples

Soluti Exercise 2.5.
(2) Ts = 15 and (11,60,61). Tg = 21 and (13,84, 85). Ty = 28 and (15,112, 113).

(b) The primitive Pythagorean triples with b even are given by b = (82 — t2)/2,8 > t >
1, s and ¢ odd integers, and gcd(s,t) = 1. Since s is odd, we can writeitas s = 2n + 1,
and we can take ¢t = 1. (The examples suggest that we want ¢ = b 4 1, which means we

need to take ¢ = 1.) Then
2 _ 2 2 2 .
bs’ 2t =(2ﬂ+;) 182132"-2“‘4" ;”.341'".

So for every triangular number Ty, there is a Pythagorean triple
(2n + 1,4T,, 4T,y +1).
(Thanks to Mike McConnell and his class for suggesting this problem.)

2.6. If you look at the table of primitive Pythagorean triples in this chapter, you will see
many triples in which ¢ is 2 greater than a. For example, the triples (3,4, 5), (15,8,17),
(35,12, 37), and (63, 16, 65) all have this property.
(a) Find two more primitive Pythagorean triples (a, b, c) having ¢ = a + 2.
(b) Find a primitive Pythagorean triple (a, b, c) having ¢ = a + 2 and ¢ > 1000.
(¢) Try to find a formula that describes all primitive Pythagorean triples (a, b, ¢) having
=a+2

Sojutjon to Exercise 2.6.

The next few primitive Pythagorean triples with ¢ = a + 2 are
(99,20,101), (143,24,145), (195,28,197),
(255,32,257), (323,36,325), (399,40,401).

One way to find them is to notice that the b values are going up by 4 each time. An

even better way is to use the Pythagorean Triples Theorem. This says that @ = st and
c = (52 +t2)/2. We want ¢ — a = 2, 50 we set

2402
2
and try to solve for s and t. Multiplying by 2 gives

—st=2

S 4+t2-2st =4,
(S-t)2=4,
8~—t==%2

The Pythugorean Triples Theorem also says to take s > ¢, so we need to have s — ¢ = 2.
Further, s and ¢ are supposed to be odd. If we substitute s = t + 2 into the formulas for
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{Chap. 2] Pythagorean Triples 9

a, b, c, we get a general formula for all primitive Pythagorean triples with ¢ = a + 2. Thus

am gt = (t+2)t=¢2+2t,
-0 (t+2)-¢2

b= 2 2 =2t 42,
2 2 2 2
cm? ;‘ -(""2; LALEp PAPYSRPY

We will get all PPT's with ¢ = a + 2 by taking ¢ = 1,3,5,7, ... in these formulas. For
example, to get one with ¢ > 1000, we just need to choose ¢ large enough to make ¢2 +-2¢ 4
2 > 1000. The least ¢ which will work is ¢ = 31, which gives the PPT (1023, 64, 1025).
The next few with ¢ > 1000 are (1155, 68, 1157), (1295, 72,1297), (1443, 76, 1445),
obtained by setting ¢ = 33, 35, and 37 respectively.

2.7. For each primitive Pythagorean triple (a, b, c) in the table in this chapter, compute the

quantity 2c — 2a. Do these values scem to have some special form? Try to prove that your
observation is true for all primitive Pythagorean triples.

Solutiop to Exercise 2.7.
First we compute 2c — 2a for the PPT’s in the Chapter 2 table,

a 3 5 7 915 21 35 45 63
b 4 12 24 40 8 20 12 28 16
c S 13 25 41 17 29 37 53 65

2c-2a 4 16 36 64 4 16 4 16 4

all the differences 2c — 2a seem to be perfect squares. We can show that this is always
the case by using the Pythagorean Tripies Theorem, which saysthatg = st and ¢ =
(s? + £2)/2. Then

2 ~2a = (8% + t2) — 25t = (s - t)?,

30 2c — 2a is always a perfect square.

2.8. (2) Read about the Babylonian number system and write a short description, including
the symbols for the numbers 1 to 10 and the multiples of 10 from 20 to 50.
(b) Read about the Babylonian tablet called Plimpton 322 and write a brief description,
including its approximate date of origin and some of the large Pythagorean triples
that it contains.

Solution to Exercise 2.8.

A nice source for this material is
www.math.ubc.ca/~cass/courses/md 46-03/p1322/p1322.html
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