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Chapter 2: Basic Concepts of Probability Theory

2.1 Specifying Random Experiments
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The outcome of this experiment consists of a pair of numbers (z,y) where @ = number

of dots in first toss and y = number of dots in second toss.

Therefore, § =

pairs (z,y) where z,ye{1,2,3,4,5,6} which are listed in the table below:

a)

b)

)
T il 2 3 4 5 §)
oL@ E2) (1.3) «1.4)  (1.5) {1,6)
2 (2,1) (2,2) (2.3) (24) (25) (26) |
3 3.1) (3,2) (3.3) (34) (3,5) (3.6) |
1|41 (42) (43) (44) (45). (49)
5. 1 (5.1 (52). ((6:3). (54). [5,5) -(56)
6 |(6.1) (62) (63) (64) (65 (66) |
checkmarks indicate elements of events
y c) Yy
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set of ordered

d) B is a subset of 4 so when B occurs then A also occu;:s1 thus B implies 4

e) AN B¢ =

H= W o =

R AR

i
2l v
3
4| v v 5
6
f) C = “number of dots differ by A”
IR AR 8 BT )
o W
\/
v
A4

D

Comparing the tables for A and C we see

in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to:
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@ a) Each testing of a pen has two possible outcomes: “pen good” (g) or “pen bad” b.
The experiment consists of testing pens until a good pen is found. Therefore each outcome

of the experiment consists of a string of “b’s” ended by a “¢”. We assume that each pen is
not put back in the drawer after being tests. Thus § = {g, by, bbg, bbbgi) J,Libé

b) We now simply record the number of pens tested, so S = {1,2,3,4E, 5}

¢) The outcome now cousists of a substring of “b’s” and one “g” in any order followed
by a final “g”. & = {gg.bgg, gbg, gbbg, bbgg, gbbdg, bgbbg, bbgby, bbbgg¥ gbbbby. , bgbbly , bbg bk,
d) 5 = {2.3,4,5§, ¢ bbbgbs , Sblbggt
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If we sketch the events A and B we see that B = AU B. We also see that the intervals

—

corresponding to A and C have no points in common so ANC =.

We also see that (r,s] = (r,00) N (=00, s] = (—o0,7]% N (—0o0, 5]
that is C = A°N B

5 Av (80e) = (AuB)N(AVS)

Av (BOLD @) N (Ave)

@ AN (Bue) = (ANB) V(ANe)
An (BUSD

Gne) vianc)
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@ A mmplies B

B implies C

A mmplies C

2-6

since
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@ e l\ then @ subset
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since BY is a
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B B
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f) (ANB°NC°)U(A°NBNC°)U (AN B°NC)
b) (ANBNCYYU(ANBNC)U (4N BNC)
¢c) AUBUC
d) (ANBNCY)U(ANB NCIU(A*NBNCIU(ANBNC)
e) ANB°NC*
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2.2 The Axioms of Probability

@) The sample space in tossing a die is § = {1,2,3,4,5,6}. Let p; = P[{i}] = p since
all faces are equally likely. By Axiom 1

1 = P[$]
= PH{1}u{2}u{3}u {4} u{5}u{6}]

The elementary events {i} are mutually exclusive so by Corollary 4:

1:P1+P2+---+P6=6p=>p;=p=éfori:l,...,ﬁ

I el
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P11 = p)ota] = *LAL% s§y=PLE]s Pl
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|
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’Piﬂcl = ]ﬁ:p)'_}}l-; "E‘

=41 a5 =rlidleelisiyeelia] =
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© PIANE VAN 81 = p[4)  pls] ~afANB]

4 -pLAVB) = 4- PLAa)-PLBL FLANG

@ PL@W®] =

@‘ }:‘PIAUBJ—‘— PLAT+PLRT - PIME] :“’LJ"PMAM 2
- w44 -Y
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Identities of this type are shown by application of the axioms. We begin by treating

(AU B) as a single event, then

P[AUBUC] = P[(AUB)UC]

= P[AU B] + P[C]— P[(AUB)N C] by Cor. 5
= P[A] + P[B] — P[An B] + P[C] by Cor. 50on AUB
—P[(ANC)U(BNC) and by distributive property
= P[A] + P[B] + P[C] — P[An B
— P[AnC] - P[BNC] by Cor. 5 on
4+ P{(AN B)N(BNC) (ANC)U(BNC)

= P[A] + P[B] + P[C] — P[AN B] — P[ANC] since

— P[BNC]+P[ANBNC]. (AnB)N(BNC)=AnBNC
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Corollary 5 implies that the result is true for n = 2. Suppose the result is true for n.
that 1s,

P [U _4A.] =Y Pl4]- > PANA]+ Y PANANA]+...
Lk=1 =1 j<k€n 7<k<i<n
(="M P[A N A2 N... N A,] ()

Consider the n 4 1 case and use the argument applied in Prob. 2.18:

(RN
UA-& + PlAn4] KL:J )n{nﬂl

k=1

ZP[AJ-]- Y PAN AL+ .+ (1) P[4 N ... N A,

J<k<n

+P[An] — lU( Ar N -1n+1J:[ from (*)

k=1

Apply Equation (*) to the last term in the previous expression

fid LO(A;; n .4n+1)] — i P[:‘-lk n .4,1_,_1} — Z P[_-lj N Ag N .-—!.,H.l]

=1 j<k<n

+ooe+ (D)"P[AI N AN .. N Apga]
Thus

n+1 n
P [U Ak} = ) PlA]]+ PlAnp] +
k=1

=1

— Y P[4;n 4] - ZP[hﬂ{,,H

3<k<n
+ ) PlANANA]+ Y PlA;N AN A
J<k<n j<k<n
.o+ (D)"PP[AINAN...NAny]
n+1
= ZP - Y PlANA

1<k<ntl

+ Y Pl4;NAcnAf
1<k<i<n+1

+ooo - (FD)"PP[AIN AN ... N Anyd]

which shows that the n + 1 case holds. This completes the induction argument, and the
result holds for n > 2.
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a) Corollary 7 implies P[AU B] < P[A] + P[B]. (Equ. 2.8). Applying this inequality

twice, we have
P[(AUB)UC] <€ P[AU B] + P[C] < P[A] + P|B] + P[C]

b) Eqn. 2.8 implies the n = 2 case.
Suppose the result is true for n:

P {U Ak} <3 Pla] (+)

=

g - ]3]

!U Ak} + P[A, ;1] by Eqn. 2.8

Then

=

Il
I/\

IA

> P[Ad] + P[Ani] by (%)
o

— Z P[A]

which completes the induction argument.

(@ >PL0A] 2-PLWAY | = 1~ PLU AL

=1

2 4- EPIA-& th%

@ Let A; = {ith character is in error}

Plany error in document] =

n

U -%J = Zn: P[A;] = np
=1

i=1
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B
'Assmnc‘ that the probability of any subinterval I of [—1,4] is proportional to its length,
then
P[I] = k length (I).
If we let I = [—1,4] then we must have that

:PH%:HFLm:kkmm{FLﬂh@k#k:é.

a) P[A]= - length ([—1,0)) = 1 (1) . .
= 3 153 3 o .
P[B] = 3 length ((~0.5,1)) =3 - =2 X .
oy L il
P[C]zg—length([]:a Ji= T BT
1 1
P[AN B] = = length ((—=0.5,0)) = = = = =
PlANC] = %m_o 32 €
b PAUB = FAy#wd dheghe F1,0) =
l
Pl[AUC 2 th(AUuC
BUGL s demsth (00.0),

:l(”ﬂ W

P[AUBUC] = P[S]=

Now use axioms and corollanes.

mm+mm PIANB] by Cor. 5

P[AUB] =
= —-]-—--—— % \/
PlAbC] = IA]+P[C P[Ar‘]C] f& 4_ v by Cor. 5
P[AUBUC] = P[.—-1]+P[B]+P_C]
—P[ANB] - P[ANC] - P[BNC]
+P[ANBNC)| by Eq. (2.7)
i 1 8 .5’ A
7 1 me

Il
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@?a) Let I be a subinterval of [-1d] then

P(1] =%k length (I N [0,3]) 2% length (I N [~1,0])
Letting I = [—1,2] we have

1:PW4&H:%+%=4&:&:$

P e
I@\‘\ =

3
P =
il

|

-
ke
Il
P Dy
- 1L
I

*P‘.
St

[N

0

doly 1
4774
P[ANC] = P[] =0

P[AUB) = B/‘,S,}/;éd/ %c; +4L_(D # 43:

D
2. 8 X 13
PlAUC] =Z(1) +4(53:) =2 10
P[AUBUC]=P[S]=1

Now use axioms and corollaries

P[ANnB] =

Iulr—-

P[AuB] = P[A]+ P[B]— P[An B]
_ 1. % 31 _ %4
a%ﬁgéfﬁf‘
P[AUC] = PJ[A]+ P[C]- P[ANC]
T
= g& ;6 ¥ /6
P[AUBUC] = P[A]+ P[B]+ P[C]+

—P[ANB]—P[AnC]- P[BNC]+ P[An BN C]
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-
' Let & denote the lifetime, then

A:{I>4}aud3={r>@

2) PlANB] = Pl{z > H) 0 (x> )] = Pz > 10 = 6% %
P[AUB] = P_{z>i}u{a>lfgff}]— {¢>ﬁ =& 4.

b
) 1 I ,x

Pl{z > 5}] [{5<2<]{0}U{1‘>1€f} s
= P[{5<r<iﬁ'} 14+ P[{z >w}

g Pe>8)-Pla>i0)) = % -Va = 42

= P{F<x <%}]

@ a) Since (—oo,r] C (—c0,s] when r < s

P[(—o00,r]] £ P[(—co0, s]] by Corollary 7.

rd
= i€ ]

~

Pl(~c0,s]] = Pl(=o0,7]U (r, 5]
= P|(~co,r]] + Plir, 5]
= P[(r,s]] = Pl(—oco,s]]— Pl(—co,]

i
7T
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2.3 *Computing Probabilities Using Counting Methods

-
,The number of distinct ordered triplets = 60 - 60 - 60 = 60°

'- The number of distinct 7-tuples = 8-10-10-10-10-10-10 = 8(10°)
. The number of distinct ordered triplets = 6 -2 - 52 =

S - z86
sropmestf s = .
= ()
'PIML-"""z Wi MSW’ zs‘
» Two M»I:—* L~ ?Iﬂa‘:‘"‘” o s 1{\4”’3
?I:swo&ww :
25Y zS’?”
s j—“ 2_{5 _2.5'5

8,9,0r O Mwéy
— Mvwbiws 76""‘"' ‘5{3"}/0 E éad“"}w
e at s ares o> 26X2 S50l
o . b
oo bl e praitoe %7«»**4 ﬁ:’b i 7=
s f’
— piok W/,ewb/?MMV?("’M ‘W

h—|
24" 2 19

Zotol # ‘W"”“%’ e
5 §‘ 4+ 9.24.2 41024 3¢ =(24x10

S 24,0000 =
Thve ﬁﬂbamw = 6.24%10 Psconls. = 200) gems—

3}0 = §9041 /mssiéfe. ansuova—
Smwkg_ 2ach (f
'Plfhwo a.ﬁ)-ﬂ'\d——w-‘l- T
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@#mén‘d@ = &x3=ins

2-22

2o
@ The order in which the 4 toppings are selected does not matter so we have sampling
without ordering.

If toppings may not be repeated, Eqn. (2.22) gives

1
( f ) = 1365 possible deluxe pizzas

If toppings may be repeated, we have sampling with replacement and without ordering.
The number of such arrangements is

14 +4
( : ) = 3060 possible deluxe pizzas.

Tl S —— éo!

a._jo ba =Ra =al

be By beca il M c‘:d--_;-_,?é =3/
s . < ab

abed dabe clab bde
- b dach bdac cbda
cadb bead dbcr = 24 =4/
bACd-

adbe

shde Gabd deeb

acdb bacd 4k ac
e bada cb ad Ac a

cdb «
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i
There are 3! permutations of which only one corresponds to the correct order; assuming

equiprobable permutations:

P[correct order] = _317 =

- };Tvg@”ﬂm = &5 4-3-2-1 =¥/
: # placonnt of §blls 1 Shudkeds = S5 s i
robabelly Ll budhats covmes =] J =

@@buﬁﬁé %/ 2 fe 2 aj-aj\‘s Y (2) =
/. i‘:ﬁ > i Jréfﬂ'}s s b ac be (i :.z_—:—_—tg_

F"f‘:'ﬁ 2 4&7’@&

@g! W{m.,b‘wuﬂgu fabt- —. 40330

f,f,..,..,.:t' 2 Sl vt HM - DA,;/’_?”-& g 2

Shedt foit apetr gt 4
wo 2ed gpol TJN x4 4
w3 sduf gesd % 3

==
@Number ways of picking one out of & = (

—=<

b0 @w Oy

Number ways of picking two out of 6= ( ) B/ 59
<
o ¢ ¢ o
Number ways of picking none, some or all of = =% ~ ¢4
=0

7
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J
T/hc number of ways of choosing M out of 100 is ( 1 ) This is the total number of

M
equiprobable outcomes in the sample space.
We are interested in the outcomes in which m of the chosen items are defective and
M — m are nondefective.

The number of ways of choosing m defectives out of k is ( f; )

s : . 100 — &
The number of ways of choosing M — m nondefectives out of 100 k is M )
The number of ways of choosing m defectives out of &k

and M — m non-defectives out of 100 — & is

“k 100 — &
m M-m
# outcomes with k defective
Total # of outcomes

k 100 — &
m M—m
100
M

P[m defectives in M samples] =

This is called the Hypergeometric distribution.

joo= 2 5oV
() PLitaccydd]= Flmso wm=i] = S L Eoned

o W
(255); (2)

——=2 Number ways of picking 20 raccoons out of N = 20

g g
Number ways of pickingﬂ’ﬁftagged raccoons out of J& - ( w ) ( N—-WW )
and untageed raccoons out of N — F 0 T 5
e A e 3

g 9
( 1o ) ( N -1
5 W51
P[5 tagged out of 20 samples| = 4 £ o(N)

()

p(N) increases with V as long as p(N)/p(N —1) > 1

9
(N-;,@’)(N-z) g
p(N) Wi )\ 20 (N — 105(N —20)

p(N ~1) NY(N-1g, = (-N =
i 216 4
g
(N —10)(N —20) >(N—-25)N=40>N
p(40) = p(39) = 284 maxima of p(N).
0325
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®) Witts ,\,?, E e batls mwfidu&'zw
:(J——-—\/'—’_‘
5
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-5 aael. adedih 6 Adintali w. mfmfj
TG T . paage it e 707
oo Hove fre 722 cosalle sTMvgoww-

Tar s

23!
PTPTIPRP VIR

28 ! |
(ah)" T

—

'PHMJMHAB”& =

—_—

Az (m- k)‘

(260D (7 i 2

SR D _.__:_\-r\'—-f—f“
(“ "‘*\ h.)\ (V\— (w= e’b)y, %) 4|

'a) Since N; denotes the number of possible outcomes of the ith subset after i —1 subsets

—.
have been selected, it can be considered as the number of subpopulations of size k; from a

population of size n — by — ky — ... — k;_ ;. hence

= of kg — o=ty 2
N; = ( ki ) g e =],

Note that after J — 1 subsets arae selected, the set Bj is determined, ie. Nj = 1.

b) The number of possible outcomes for B; is By, B, is N3, ete. hence

n"gxkf...*kl‘_]\“ - n!
?I = :Zi.l T ok e ;{',)I ¥ k]'kg'k‘]'

# partitions = M N,..Nj_; = H Py
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2.4 Conditional Probability

62> p=fNzH T B={y=c]

= bl 2.2 s hava ek AR Tt;«,b(u,

eImel = PLARL _erel _
“PIs]  Pg]
G
[ Ne ?LBX = :éc— = £
(LIRS S i

oy

Plbg] = P[b]P[glt Z//{/7% £.2 = 2
Pl = gy s EE R
3 T

3% 1 e
Feh s 3'4/5/?/’1%:%??’5"@
b) P[1 pen teqted] Plg] zﬁ 6 5 =4 3 I
P(2] = Plbg] P[bbg] P[4] = P[tbbg] PL5T = PLbbbbg '\
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x>12 x>t 57
Plx> 2t/ x>t] = Pw _ Pla>re]
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/€ 5
CJD mvdﬂl

)

z=5= P[2 or more students have some birthday]
= 1 — P[all students have different birthdays]
Plall students have different birthdays]

_ 365364 363 346

= 365365365 365
P[2 or more have same birthday] = 0.412 [20\«' Mare. Aows-seset | —0.007

bithdeg O closa- 23

— =0.588
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" a) The results follow directly from the definition of conditional probability. P[A|B] =

PIAN B]
P[B]
If ANB=0 then P[AN B]=0 by Corollary 3 and thus P[A|B]=0 .

If ACB  then ANB=Aand pajp) = 21

s

B

If ADB=> ANB=Band PIAIB] = o =1.

R T e ]

P[AN B] > P[A]P[B]
P[ANB
We then also have that P[B|A] = [P[Z] ] > P[A][ A}I ] — P[B].
We conclude that if P[A|B] > P[A] then B and A tend to occur jointly.

Plais]= PR
PLB]

4~ PL8l>o0,
(e PIANE) >0 > PIaBlZ 0. —
A0 < B=> PlAagl< Plg] = PLAIB)<d. —
(,;;) [,d{ ] = ?’[Bﬂ%j 512__‘3——] - 4 v

“prey  PlE]
o) 9 afe=¢ e

oL avg/s] = PIE®08)  planpyens]
PLE] 7 PLB]

PLAMB] + Plang] Fas) @@ N @n 3)
pred = MBre=¢

— pPIA8]+ Hels]

© 2008 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved.
This material is is protected by Copyright and written permission
should be obtained from the publisher prior to any prohibited reproduction, storage in a retrieval system, or transmission

in any form or by any means, electronic, mechanical, photocopying, recording, or likewise. For information regarding permission(s), write to:

Rights and Permissions Department, Pearson Education, Inc., Upper Saddle River, NJ 07458.

PIB] > P[A] then multiplying both sides by P[B] we have:



Instructor’s Solutions Manual 2-34
Probability, Statistics, and Random Processes for Electrical Engineers

: i
(275) PlAnBNC] = PlABNCIPBNC]

P[A

(€]

a) We use conditional probability to solve this problem. Let 4; = {nondefective item

found in ith test}. A lot is accepted if the items in tests 1 and 2 are nondefective, that is, if
A; N 45 occurs. Therefore

Pllot accepted] = P[4, N A,]
P[A,|A1]P[A)] by Eqn. 2.28

This equation simply states that we must have A; occur, and then A4, occur given that A;
already occurred. If the lot of 100 items contains 3 defectwe Items then

/%05 .
Pl4,] = 00 and
a5g-R. 95-R O
P[A,|4,] = 3 qsince %if the many 99 iteﬁﬁa.re:defectiv'e.

Thus

Pllot accepted] = 32//%%, 77—‘&. /i{;—f_

& P moltendae afedic] <12

kink

=00 ﬁ-. (. §o-m-H] - 0,0}
PLA A o Bi=— % T

~ 52 w45 = 6,033
100 1
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P|chip defective] = P[def.|A]P[A4] + P[def.|B]P[B]+ P[def,|C]P[C] .

=5(10"*)ps +4(1072)pp + 10(107°%)pc = ¢.£%70

_ . P[def.|A]P[A] _ 510 Sug 0.5 n
P[A|chip defective] = P[dcf] 3 = JE e =0, 3788
-y 4 g X~
/Pq Ulﬁﬁ' 1%96(

=1
Similarly 16¢07) (64)

P[C|chip defective] = = e
T &b Xis "ﬁ .

1 -\)
@//
-‘Let X denote the input and Y the output.

»wa) PlY =0] =P[Y =0|X=0P[X =0]+ P[Y = 0|X = 1]P[X = 0]
+ P[Y = 0|X = 2] P[X = 2]

=W ALFY YA = (-OE+ €3 =3
o 177 7%
Similarly
Py =1 = o A RAVYAAY 5
.8 1/
P =2 = B b LA b &
b) Using Bayes’ Rule
o o o2 P =X QP =0] ic
el PV =1] - e €
HX=M'UPD_¥Ej§ C= 1] t;? 4%;#5
PX=2¥=1] = 0 : oy
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2.5 Independence of Events
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il
pPLAnc] = PHEUZ'L:PD’IPM]:ij i
PIsoe) = oA )= & =plefle]= £+

| = &
o pnene] =plid] =k # P Lg Plef =L 22 7

= Nat WM

G52 U 1L AR M
sl Pl <v<s] =k SFIIAE) < L1V AS ey

PLANG] = © F PLAIPIEL = L3 =Nt =
p[Bne) = PLE<VS 27=4 =slejele] - L1 e,

-_————————

o) Fo Amtlio ks siab} 1= Ly s ShE}
MLQ;L?AMM oS "‘Wf 5MAmcn e
PLAL= £a ;
P one. wiakes ashat ] = AU Am] = PIAT] 4+ PIAT Y
o

— ,,FM) +@Ff) fon LB iw%pwofaa_,

PIAMT = Pl
PIAEME = (o) (P,
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:I/ .
1Thc- event A is the union of the mutually exclusive events AN B and AN B¢, thus

A

P[A] = P[AnB]+ P[An B°] by Corollary 1
= P[A] - P[A]P|B] since A and B are independent
— PlA|1 - P[B])
= s PlAlR[ &= A and B¢ are independent
Similarly ]
P[B] = P[AN B] + P[A°N B] = P[A|P[A] + P[A°n B]
— P[A°N B] = P|B](1— P[4]) = P[B]P[AT]
= A and B are independent
Finally

P[A®] = P[A° N B] 4+ P[A°N B] = P[Af]P[B] + P[A°n B]

—s P[A°N B] = P[AS)(1 - P[B)) = P[A°]|P[B)

= A€ and B¢ are independent

PlAnB| _PlAnB]

P[A|B] = P[A|B*] = PE = B

— P[AN B)P[B]

I

P[AN B°|P[B]
= (P[A]— P[AN B])P[B] see Prob. 2.58 solution

— P[AN B](P[B°] + P|B)) = P|A]P|B]

—s P[AN B] = P[A]P[B]
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;.-*@ ’P]}}—'JB]_:‘I"_IAE*PLBJ”PWE} =t fa” fals

— s : ]:BJ = fﬂ__'l" Goﬁ
&) PIavB]= PLAJ+?
o PAvSYE| = PIAT ] HPLe] P -PLA]-FIE0R] ¢ FLANEC]

&
=t bl e Bl T Wlet sl
@ PLAVB/L | = ppt et

W'e use a tree diagram to show the sequence of events. First we choose an urn, so A or

A€ occurs. We then select a ball, so B or B® occurs:

Now A and B are independent events if
P[B|A] = P[B]

But
P[B|A] = P[B] = P[B|A]P[A] + P[B|A%P|AY

= P[B|A](1 — P[A]) = P[B|A"|P|A"]
— P[B|A]| = P[B|AY] prob. of B is the same given 4 or A, that is,
the probability of B is the same for both urns.
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i’)’ P[A]P[B9|P[C¢] + P|A%|P[B|P[Cq] + P[A|P[B]P[C]
b) P[A]P[B]P[C] + P|A%|P[B]P|C] + P|A|P[BP[C]
¢) 1 — P[A]P[B9|P[C]]
d) P[A]P[B]P[C¢| + P[A]P|B|P[C] + P|A%|P[B]P[C]+ P[A]P|B]P|C]
e) P[A]|P[B|P[C]

Soten. PLBT=FLANANA] = FATERIPA]

ik PIR1= PUAVA)
5 = pIp 14 PIA) ¥PIA L - PLAOA, |- PLAD AT-€8,N A’s}
[}

LPLANA A
=1 0" o~ 31" ﬁ;{%‘ ﬂﬁj”' 1 Ajﬁ;f?%
¢ €
a3 pral= PIADAOATerltoR 0NN TLapion o]

=Hhhtat () fata," T o 0l )

P[Sz%—% :ﬂ@u”‘ﬁz)u (A LAY (K i)

ANA
= P[.P’ 0 P‘I 1 + ?[P‘OKZLAS =2 P[‘ P‘gp Atszl G Pi &\ﬂﬁ}lp 2% L';&
= W b 28
= P‘j.hrﬂp'llﬂpgp/_\;p’k—?[ﬁﬁmﬁp PA(L\P;L_&

O A
Ai?\,[l.(\ﬁzspf Az,z.n ‘L.”az 3
i 9
= Jpﬂfﬁam’{‘ JKJA?:\OQUL‘{# lr)a?;IPA%}- 199“ ﬂ,_;f 1 B2
- ﬁ":&ﬁf p’:ﬂtppéf fP«,:\E)Pij A;:ﬂi‘})_
+ﬁi;ﬁ)‘1 3:()'%:?&'2,‘;?#\5,?&31‘
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.Events A and B are independent iff

P[AN B] = P[A]P[B
In terms of relative frequencies we expect

fansn = fa(n)fs(n)
el

rel. freq. if
joint occurrence rel. freq.’s of A and B
of A and B

Lk i e ko dactn be B

.'7?6 fz_-;f( WMUJQ ‘y'\ﬂ,@.i:
Il paivs of shold shy fa0s,

3 —~ jC
AU ‘h;fkdrs shold, 8y 41?&-0%0%/‘“% f@Z E

émrﬁvvi[’js 5 hlek ’J’Wb 7%3/) gaga 7= 3C51 Jcé‘é;%
_:)\_[_CLL__Q’_ ?@W?C’?’Mj 74’1/%%15 -% maed et be T Sansg

= f5.
a1y,

P[System Up] = Plat least one controller is working] x

P|at least two peripherals are working]

P[at least one controller working] = 1 — P[both not working]

= 1—p?
. P[System Up] = (1 - p){(1 — a)’ + 3(1 - a)’a}
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) p[p, 08,1 = (=P (-0
Pl = (I-p)(Ed + PE
PLRL =P
pran8) = PLHICLAS

£
&  (Cl-p) C({)—ﬁw “[Q—;O)({~£> +f I
&S : C},g} == (f'“p) (’-"5)"'(]95

(Ip)

V\A‘._'}\T_\A/&\NV‘-M %mﬁ\v«i 2y

’ Ragodleoa. of Tlo wohiof €, Als dup?a hada
PIx=a N=1] =0 # PIX=a]=
o cru*&wi CQMWE-'\ L:;u_, ‘\AQLTM 1\«§M¢Q\-

- o
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2.6 Sequential Experiments

@- L 0 ' 9 o
’_,;@’P[_o o L Wl: (l—-f)w 4+ 100 (1~]0") = 10:“:

—= 03460 *= , 677

—

= o|7387

——

0N = 4-Pload 1 z0.2¢42-
@&:PI@Mswsw fagwwé{ ] -~ 4-Plo 2o |
/PZM #mm;fﬁm //;L 7(0]((,1] - (/--Q) Ea ' M= f).lj -

PZ M) & o Pramsmissina 'Vejum{?] =

o0 4 oo 3
% U’P)/}-’i’f:g a% (g,

="
m
- R

) P):pl>i}: [— PIA/:OW?J'-:{J
-/

R n
. Cr-p) = ndp) P

@ fi= CIHGIJ)

pIN>0)= 291 = -
0,01 =061

,ﬁn!oo - 4_4
g Voud

i =
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= prob. o1 s ey
p = pro succes 100 — 20

Pick n so that P[k > g] >0.9

Plk> @) = ZMW( Y-yt

for g o,qg + ﬁ‘(o.qsgc.os) = 0.2
n = M9 Pk > 1] = 8898
AN LU 204 098008\ S pickln 22—
4 M{‘@-— Cb-:p s QMUJL .
n-/
@: P) ioz/ufamfe meé‘j = n (PP
(Q’ ./q s (f’emv«fu.w (ST 1o et 10 -
)1'_2- n
9= OP) o 4w (1)
= /-"F‘*f' =2 'F"?:;f[r_
= (%_,)f -2 (/70> = B
Li s [ ( n-l - | __,I._ = ,3.,}0
i 4 = = (1’-"; = £ = e
@ R -—’W(" ‘r’\) n
¥ — 0.3673%
’P,)—/\F?n)—_’f = 4-FP] j ~P I ]
(\_“)T"\‘f‘i\_ i e"(:‘i)L = iqe-—é— = C\C'E”"
EEN ST T =
4 7 .4~
Eeal = 4 (18] — -t ) 8
QP'TXEC

> { —~ 0,365 = 60,1287 =
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a) P[k errors| = ( ;: ) pF(1 = p)**
b) Type 1 errors occur with problem pa and do not occur with problem 1 — pa

)n-kl

P[k, type 1 errors| = ( ;_1 ) (pa)* (1 —
l.l

c) Pk, type 2 errors| = ( ;: ) (p(1 — ))®(1 — p(1 — @) "

d) Three outcomes: type 1 error, type 2 error, no error

=)
.i'L n—k; —

~(pa)® (p(1 — a))*2(1 — p)

Plasknn—h —kil = eprm—r—a

PLEF] = a.10 PIAF] = 0 30 PlBEl=o0.60
h N \n

'?-.
@ IRMM%Erl PLN- W ovs, w?l (N 3 @‘0) (,('C“')
\ -t -1

. — — PEF ;;,'r,__,' - n '\
® Pl wid €]z (1-PE)T Pl = 08T @D
ool & |0
[~ o — I —_— 20, 0. *(")
@ .4 k=bt k=k| = Y m (0,3) (
o Pl e O A 0 05 9 4! ¢! 10}
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278 a) Plk=0l = p
Pn‘lw = l] =il —plp
Ple=2] = (1 —p)p
Plk=3] = 1—-Plk=0l-Plk=1]—Plk=2]=(1—p)
b)
Plk] = (1- pfp 0<k<m
m—1
Plm] = 1-— Z Plk]
k=0
m—1
= 1- Z[_'l —p)*p
k=0
1 —(L—p)™
= 1-p————=(1—p)"
e i) (1=p

a _ L\I&
P B dollas ‘ll‘uf-«id \" .22
1 4= . a2 A
), P dollon J = (2 M= Sy Sl
' b — L 2 q T
rel = 4- (B)-GY-GP-G) - 6Y T3
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} fhree Aimes

2780 Pk tosses required until heads comes up twiee] = P[heads in kth toss—2 headsin & —1
tosses| P, head'in k — 1 tosses|] = P[A|B]P|B].

Now P[A|B] = P headsin first k — 1 tosses] = ( g )pﬁh
Thus P[A|B]P[B] = PA|Blp= (k DF(1— ) -3 h=3,4,00

i*C@Q)&LﬂﬁLﬁmagzﬁb@qﬂk o =4 ok, Wl

VY I g VI
l /3“ (/ _g
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._;.) .pu(l) =
5

b) po(n+1) = %Pﬂ(n) E gpi(”)

1 !
pn+1) = §Po(n) - é]ll(” )

In matrix notation, we have

(SR
A%
Lo
—
S
Il
= D] =

b
o

Po(n + 1), pi(n + 1)] = [po(n), pr(n)]

or
EI:T?. +1) = p(n)P

p(2) = p(1)
in general

p(n) = p(0)P"

To find P" we note that if P has eigenvalues Ay, A; and eigenvectors g,, ¢, then

A
P= ]E[ 01 AO } E'  where E has €, and g, as columns
2
Ne——
A
and
P* = (EAE ") EAE™)..(EAE™) n times
= EA(E'E)A...(E'E)AE™?
= BA"E™!
2 1 1
Now P = [ : 2 } has eigenvalues A; = 1 and A; = ; and eigenvector ¢, = [ 1 ] and
5 B
5 N 2
b A _l 2
Thus
-1
Pro— 1 2 1 1{}“ 1 2
1 110 (%) 1 -1
n-=1 n—1
OO
=33 3+3Q3)
and
p(n) = p(0)P"
n—1 n—1
- B[ 6]
2’21 3-3(3) 3+3(3)
I 34\ g 1 *s
= [373 5) 5‘5(5
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2.7 *Synthesizing Randomness: Random Number Generators

| _ el r A 140+ 94 +/o5 +¢¢
p= - p=c 4 o e P = f=Fo. = . - SR bt
fFa B Ry w7 BFizesd- =

=284 Three tosses of a fair coin result in eight equiprobable outcomes:

000 — 0 100 — 4
000 — 1 101 - 3
00 — 2 101 0
011 = 3 111 } — No output
a)
P[a number is output in step 1] = 1 — P[no output]
.
8 4
b) Let 4; = {output number i} ¢=0,...,5
and B = {a number is output in step 1}
then
_— P[A;N B] P[binary string corresponds to
JD ,"‘1,"8; = = = = = =L T J
a18) = 5T
2 6

c) Suppose we want to an urn experiment with IV equiprobable outcomes. Let n be
the smallest integer such that 2® > N. We can simulate the urn experiment by tossing a fair
coin n times and outputting a number when the binary string for the numbers 0,..., N —1
occur and not outputting a number otherwise.
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~

end
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a) Assume that X (j) assumes values from the sample space § = {z;,22,...,¢ }, and

let Ni(n) be the number of tries z; occurs in n repetitions of the experiment, then

< X e — o ){2(.7.)
R
1 &
= 2 AT
= :\—, Z zk:\k(n ]
k=1
K
— Z 2} f(n)
k=1
-
Thus we expect that < z? >,— Z Zipk-
k=1

b) The same derivation of Problem 1.T, gives

e 2 Srye]

T

EX e s 4
n
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.,a P = S o 38
) < >n = J:I{ (.}) =< > }

1o S
= X)) —-2X(j) < X >a+ < X >2
=) (X)) -2X() < X >u+ < X5

1=1
= li X)) —2 EZ X(7)) < X 50 + < X 52
L j:l ‘ ) It j:.‘l p i iy ] 4

= <X’ oa—<X>%

b) From the next to last line in solution to Problem 1.7, we have:

S o R & Xih—o = s XS
20, = : 2
A 1 Hlortsl +.\ (n) { n—1 o +:\(n)}
n n n n
n—1F, 5 _YB(_N.)

— (CV s = X7 4

n
F— I\ ; 1 fm—1 ]
= (ﬂ ) <X >:_, —2= (ﬂ ) < X >, X(n)
T TL il

X?%(n)
2

n

! ; L —1 =1 .
= <V2>, 430 (1n )«:X Fy

n T

1 /n—1 T o
= (” ) < X >pq X(n) + = (1 = —) X*(n)
n n 7 T

1 1 1
= (1 — —) = Wi o= (1 — —) Jeixisd
g i) T

—2< X >n1 X(n) + ."{2(';;.)}
(1 — l) < § ey —l_}‘ (1 — %) {X(n)— < X >n_1}2

n n
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) \,"' = X k’l‘(\‘F-j s A;,;dc,(;. -vu{p:_ﬁ) fo)? «IILC Z‘(—J bJ
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Th atest we obfated
weue (¥) = 5,2¢70 45 — =,

wov (Y, ¥)= 34.06 s Gr"t)_l‘
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2.8 *Fine Points: Event Classes
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2.9 *Fine Points: Probabilities of Sequences of Events
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Problems Requiring Cumulative Knowledge
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