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CHAPTER ONE

Essential Background

1.1 

An  engineering  analysis  problem  is  formulated  in  terms  of  the  following  second  order  boundary  value
problem

-u x4 - u£ + u££ = x; 0 < x < 1

uH0L = 4 and u£H1L = 1

Derive a suitable weak form for use with the Galerkin method. Clearly indicate how the boundary condi-
tions will be handled.



With uHxL as an assumed solution the residual is

eHxL = -uHxL x4 - x - u£HxL + u££HxL
Multiplying by wHxL and writing integral over the given limits, the Galerkin weighted residual isŸ 0

1H-u w x4 - w x - w u£ + w u££L dx = 0

Using integration by parts, the order of derivative in w u££ can be reduced to 1 as follows.Ÿ 0
1Hw u££L dx = wH1L u£H1L - wH0L u£H0L + Ÿ 0

1H-u£ w£L dx

Combining all terms, the weighted residual now is as follows.

wH1L u£H1L - wH0L u£H0L + Ÿ 0
1H-w Iu x4 + x + u£M - u£ w£L dx = 0

Consider the boundary terms

wH1L u£H1L - wH0L u£H0L
Each one of these terms gives rise to two possibilities

-wH0L u£H0L Either -u£H0L is known or wH0L = 0

wH1L u£H1L Either u£H1L is known or wH1L = 0

From these requirements the possible boundary conditions are as follows:

NBC EBC

1 -u£H0L is given or wH0L = 0 ï Must satisfy uH0L boundary condition

2 u£H1L is given or wH1L = 0 ï Must satisfy uH1L boundary condition

Given NBC for the problem:

u£H1L - 1 = 0

Rearranging: H u£ H1L Ø 1 L
Given EBC for the problem:

uH0L - 4 = 0

therefore with admissible solutions Hthose satisfying EBCL: H w H0L Ø 0 L
Thus the boundary terms in the weak form reduce to:

wH1L
Assuming admissible solutions the final weak form is as follows.

wH1L + Ÿ 0
1H-w Iu x4 + x + u£M - u£ w£L dx = 0
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1.2 

An engineering analysis problem is formulated in terms of the following ordinary differential equation

d2  uÅÅÅÅÅÅÅÅÅÅÅ
dx2 - x duÅÅÅÅÅÅÅÅdx = u; 0 < x < 1

uH0L = duH0LÅÅÅÅÅÅÅÅÅÅÅÅÅÅdx - 2; duH1LÅÅÅÅÅÅÅÅÅÅÅÅÅÅdx = 1

Obtain a suitable weak form for the problem. What is the order of the differential equation? Is the bound-
ary condition at  x = 0  a  natural  or  an essential  boundary condition? Is  the  boundary  condition at  x = 1 a
natural or an essential boundary condition?

(i) Second-order

(ii) Natural

(iii) Natural

(iv)
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With uHxL as an assumed solution the residual is

eHxL = -uHxL - x u£HxL + u££HxL
Multiplying by wiHxL and writing integral over the given limits, the Galerkin weighted residual isŸ 0

1H-u wi - x u£ wi + u££ wiL dx = 0

Using integration by parts, the order of derivative in wi u££ can be reduced to 1 as follows.Ÿ 0
1Hwi u££L dx = wiH1L u£H1L - wiH0L u£H0L + Ÿ 0

1H-u£ wi
£L dx

Combining all terms, the weighted residual now is as follows.

wiH1L u£H1L - wiH0L u£H0L + Ÿ 0
1H-u wi - u£ Hx wi + wi

£LL dx = 0

Consider the boundary terms

wiH1L u£H1L - wiH0L u£H0L
Each one of these terms gives rise to two possibilities

-wiH0L u£H0L Either -u£H0L is known or wiH0L = 0

wiH1L u£H1L Either u£H1L is known or wiH1L = 0

From these requirements the possible boundary conditions are as follows:

NBC EBC

1 -u£H0L is given or wiH0L = 0 ï Must satisfy uH0L boundary condition

2 u£H1L is given or wiH1L = 0 ï Must satisfy uH1L boundary condition

Given NBC for the problem:

uH0L - u£H0L + 2 = 0

u£H1L - 1 = 0

Rearranging: ikjjj u£ H0L Ø u H0L + 2

u£ H1L Ø 1
y{zzz

Thus the boundary terms in the weak form reduce to:
wiH1L - HuH0L + 2L wiH0L

Assuming admissible solutions the final weak form is as follows.

wiH1L - HuH0L + 2L wiH0L + Ÿ 0
1H-u wi - u£ Hx wi + wi

£LL dx = 0

(v)
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Linear solution

Starting assumed solution: uHxL = a0 + x a1

Weighting functions Ø 81, x<
Substitute into the weak form and perform integrations to get:

Weight Equation

1 -2 a0 - a1 - 1 = 0

x - a0ÅÅÅÅÅÅÅ
2

- 5 a1ÅÅÅÅÅÅÅÅÅÅÅ
3

+ 1 = 0

Solving these equations we get:a0 Ø -
16
ÅÅÅÅÅÅÅÅÅÅ
17

, a1 Ø
15
ÅÅÅÅÅÅÅÅÅÅ
17

>
Substituting into the admissible solution we get the following solution of the problem.

uHxL =
1

ÅÅÅÅÅÅÅÅÅÅ
17

H15 x - 16L
1.3 

Steady state heat flow through long hollow circular cylinders can be described by the following ordinary
differential equation. 

dÅÅÅÅÅÅÅdr  Ik A dTHrLÅÅÅÅÅÅÅÅÅÅÅÅÅÅdr M + A Q = 0; ri < r < ro

THriL = Ti; THro L = T0

where r is the radial coordinate, THrL is the temperature, k  is the thermal conductivity, Q is the heat genera-
tion per unit area,  A = 2 p r L the surface area, L is the length of the cylinder, ri is the inner radius, and ro  is
the outer radius. The boundary conditions specify the temperature on the inside and outside of the cylin-
der  respectively.  Derive  finite  element  equations  for  a  typical  two  node  linear  element  for  the  problem
with nodes at r1and r2. Assume k  and Q are constant over the element. Note that A is a function of r and is
not constant over the element. 

Derivation of element equations

Element nodes: 8r1, r2<
Interpolation functions, NT = I r2-rÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

r2-r1

r1-rÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
r1-r2

M
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BT = dNTêdx = I 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
r1-r2

1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
r2-r1

M
kHrL = 2 k L p r pHrL = 0 qHrL = 2 L p Q r

kk = Ÿ r1

r2 H2 k L p r B BTL „r =

i
k
jjjjjjjjjjjjjjj

2 k L p
ikjjj r2

2
ÅÅÅÅÅÅÅÅ2 -

r1
2

ÅÅÅÅÅÅÅÅ2
y{zzzÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHr1-r2L2 2 k L p

ikjjj r2
2

ÅÅÅÅÅÅÅÅ2 -
r1
2

ÅÅÅÅÅÅÅÅ2
y{zzzÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHr1-r2L Hr2-r1L

2 k L p
ikjjj r2

2
ÅÅÅÅÅÅÅÅ2 -

r1
2

ÅÅÅÅÅÅÅÅ2
y{zzzÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHr1-r2L Hr2-r1L 2 k L p

ikjjj r2
2

ÅÅÅÅÅÅÅÅ2 -
r1
2

ÅÅÅÅÅÅÅÅ2
y{zzzÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHr2-r1L2

y
{
zzzzzzzzzzzzzzz

rq
T = Ÿ r1

r2 H2 L p Q r NL „r = :-
1
ÅÅÅÅÅÅ
3

L p Q Hr1 - r2L H2 r1 + r2L, -
1
ÅÅÅÅÅÅ
3

L p Q Hr1 - r2L Hr1 + 2 r2L>
The complete element equations are as follows.i
k
jjjjjjjjjjjjjjj

2 k L p
ikjjj r2

2
ÅÅÅÅÅÅÅÅ2 -

r1
2

ÅÅÅÅÅÅÅÅ2
y{zzzÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHr1-r2L2 2 k L p

ikjjj r2
2

ÅÅÅÅÅÅÅÅ2 -
r1
2

ÅÅÅÅÅÅÅÅ2
y{zzzÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHr1-r2L Hr2-r1L

2 k L p
ikjjj r2

2
ÅÅÅÅÅÅÅÅ2 -

r1
2

ÅÅÅÅÅÅÅÅ2
y{zzzÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHr1-r2L Hr2-r1L 2 k L p

ikjjj r2
2

ÅÅÅÅÅÅÅÅ2 -
r1
2

ÅÅÅÅÅÅÅÅ2
y{zzzÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHr2-r1L2

y
{
zzzzzzzzzzzzzzz ikjjj T1

T2

y{zzz =
ikjjjjjj - 1ÅÅÅÅÅ

3
L p Q Hr1 - r2L H2 r1 + r2L

- 1ÅÅÅÅÅ
3

L p Q Hr1 - r2L Hr1 + 2 r2L y{zzzzzz
1.4 

Consider solution of the following second order boundary value problem using two node linear elements.

d2  uÅÅÅÅÅÅÅÅÅÅÅ
dx2 = duÅÅÅÅÅÅÅÅdx ; 0 < x < 100

uH0L = 50; uH100L = 10

(a)  Show that  the  following is  an appropriate  weak form for  a  typical  linear  element  with nodes at arbi-
trary locations x1 and x2 Ÿ x1

x2 Hu£ Hwi + wi
£LL dx = 0

where wiHxL are suitable weighting functions.

(b) Using the weak form given in (a), and the assumed solution written in terms of following interpolation
functions

uHxL = H N1 N2 L ikjjj u1

u2

y{zzz; u£HxL = H N1
£ N2

£ L ikjjj u1

u2

y{zzz
show that the element equations for a two node linear element for this problem are as follows. 
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ikjjjjjjj Ÿx1

x2  HN1 + N1
£ L N1

£  dx Ÿx1

x2  HN1 + N1
£ L N2

£  dxŸx1

x2  HN2 + N2
£ L N1

£  dx Ÿx1

x2  HN2 + N2
£ L N2

£  dx

y{zzzzzzz 
ikjjj u1

u2

y{zzz =
ikjjj 0

0
y{zzz

(c) Carrying out integrations, the element equations in (b) can be expressed as follows.

1ÅÅÅÅÅÅÅÅ2 L  
ikjjj -L + 2 L - 2

-L - 2 L + 2
y{zzz 
ikjjj u1

u2

y{zzz =
ikjjj 0

0
y{zzz

where L = x2 - x1,  the element  length.  Using three  of  these  elements,  with nodes located at 0,  60,  90,  and
100 determine an approximate solution of the problem.

7



With uHxL as an assumed solution the residual is

eHxL = u£HxL - u££HxL
Multiplying by wiHxL and writing integral over the given limits, the Galerkin weighted residual isŸ x1

x2 Hwi u£ - wi u££L dx = 0

Using integration by parts, the order of derivative in -wi u££ can be reduced to 1 as follows.Ÿ x1

x2 H-wi u££L dx = wiHx1L u£Hx1L - wiHx2L u£Hx2L + Ÿ x1

x2 Hu£ wi
£L dx

Combining all terms, the weighted residual now is as follows.

wiHx1L u£Hx1L - wiHx2L u£Hx2L + Ÿ x1

x2 Hu£ Hwi + wi
£LL dx = 0

Consider the boundary terms

wiHx1L u£Hx1L - wiHx2L u£Hx2L
Each one of these terms gives rise to two possibilities

wiHx1L u£Hx1L Either u£Hx1L is known or wiHx1L = 0

-wiHx2L u£Hx2L Either -u£Hx2L is known or wiHx2L = 0

From these requirements the possible boundary conditions are as follows:

NBC EBC

1 u£Hx1L is given or wiHx1L = 0 ï Must satisfy uHx1L boundary condition

2 -u£Hx2L is given or wiHx2L = 0 ï Must satisfy uHx2L boundary condition

Given EBC for the problem:

uHx1L - u1 = 0

uHx2L - u2 = 0

therefore with admissible solutions Hthose satisfying EBCL: ikjjj wi Hx1L Ø 0

wi  Hx2L Ø 0
y{zzz

All boundary terms vanish.

Assuming admissible solutions the final weak form is as follows.Ÿ x1

x2 Hu£ Hwi + wi
£LL dx = 0

Assumed solution
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uHxL = H N1 N2 L 
ikjjj u1

u2

y{zzz ª NT  d

u£HxL = H N1
£ N2

£ L 
ikjjj u1

u2

y{zzz ª BT  d

Weighting functions wi = Ni

Weak formŸx1

x2 HNi + Ni
£L u£ dx = 0

Two equationsŸx1

x2 HN1 + N1
£ L u£ dx = 0; Ÿx1

x2 HN2 + N2
£ L u£ dx = 0

Writing together in a matrix form

‡
x1

x2

 
ikjjjj N1 + N1

£

N2 + N2
£

y{zzzz H N1
£ N2

£ L 
ikjjj u1

u2

y{zzz dx =
ikjjj 0

0
y{zzzikjjjjjjj Ÿx1

x2  HN1 + N1
£ L N1

£  dx Ÿx1

x2  HN1 + N1
£ L N2

£  dxŸx1

x2  HN2 + N2
£ L N1

£  dx Ÿx1

x2  HN2 + N2
£ L N2

£  dx

y{zzzzzzz 
ikjjj u1

u2

y{zzz =
ikjjj 0

0
y{zzz

Linear assumed solution

uHxL = I x-x2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅx1-x2

x- x1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅx2-x1
M ikjjj u1

u2

y{zzz8n1, n2< = 8Hx - x2L ê Hx1 - x2L, Hx - x1L ê Hx2 - x1L< ê. x2 Ø Hx1 + LL; 8b1, b2< = 8D@n1, xD, D@n2, xD<;
Integrate@Hn1 + b1L b1, 8x, x1, x1 + L<D êê Together

2 - L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

2 L

Integrate@Hn1 + b1L b2, 8x, x1, x1 + L<D êê Together

L - 2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

2 L
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Integrate@Hn2 + b2L b1, 8x, x1, x1 + L<D êê Together

-L - 2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

2 L

Integrate@Hn2 + b2L b2, 8x, x1, x1 + L<D êê Together

L + 2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

2 L

1ÅÅÅÅÅÅÅÅ2 L  
ikjjj -L + 2 L - 2

-L - 2 L + 2
y{zzz 
ikjjj u1

u2

y{zzz =
ikjjj 0

0
y{zzz

k@L_D := 1 ê H2 LL 88-L + 2, L - 2<, 8-L - 2, L + 2<<;
Element 1: L= 60

k1 = k@60Dikjjjjjj - 29ÅÅÅÅÅÅÅ
60

29ÅÅÅÅÅÅÅ
60

- 31ÅÅÅÅÅÅÅ
60

31ÅÅÅÅÅÅÅ
60

y{zzzzzzikjjjjjj - 29ÅÅÅÅÅÅÅ60
29ÅÅÅÅÅÅÅ60

- 31ÅÅÅÅÅÅÅ60
31ÅÅÅÅÅÅÅ60

y{zzzzzz 
ikjjj u1

u2

y{zzz =
ikjjj 0

0
y{zzz

Element 2: L= 30

k2 = k@30Dikjjjjjj - 7ÅÅÅÅÅÅÅ
15

7ÅÅÅÅÅÅÅ
15

- 8ÅÅÅÅÅÅÅ
15

8ÅÅÅÅÅÅÅ
15

y{zzzzzzikjjjjjj - 7ÅÅÅÅÅÅÅ15
7ÅÅÅÅÅÅÅ15

- 8ÅÅÅÅÅÅÅ15
8ÅÅÅÅÅÅÅ15

y{zzzzzz 
ikjjj u2

u3

y{zzz =
ikjjj 0

0
y{zzz

Element 3: L= 10

k3 = k@10Dikjjjjjj - 2ÅÅÅÅÅ
5

2ÅÅÅÅÅ
5

- 3ÅÅÅÅÅ
5

3ÅÅÅÅÅ
5

y{zzzzzz
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ikjjjjjj - 2ÅÅÅÅ5
2ÅÅÅÅ5

- 3ÅÅÅÅ5
3ÅÅÅÅ5

y{zzzzzz 
ikjjj u3

u4

y{zzz =
ikjjj 0

0
y{zzz

Global equations

K = Table@0, 84<, 84<D;
K@@81, 2<, 81, 2<DD += k1;
K@@82, 3<, 82, 3<DD += k2;
K@@83, 4<, 83, 4<DD += k3; Ki
k
jjjjjjjjjjjjjjjjjjjjj

- 29ÅÅÅÅÅÅÅ
60

29ÅÅÅÅÅÅÅ
60

0 0

- 31ÅÅÅÅÅÅÅ
60

1ÅÅÅÅÅÅÅ
20

7ÅÅÅÅÅÅÅ
15

0

0 - 8ÅÅÅÅÅÅÅ
15

2ÅÅÅÅÅÅÅ
15

2ÅÅÅÅÅ
5

0 0 - 3ÅÅÅÅÅ
5

3ÅÅÅÅÅ
5

y
{
zzzzzzzzzzzzzzzzzzzzzi

k
jjjjjjjjjjjjjjjjjjj

- 29ÅÅÅÅÅÅÅ60
29ÅÅÅÅÅÅÅ60 0 0

- 31ÅÅÅÅÅÅÅ60
1ÅÅÅÅÅÅÅ20

7ÅÅÅÅÅÅÅ15 0

0 - 8ÅÅÅÅÅÅÅ15
2ÅÅÅÅÅÅÅ15

2ÅÅÅÅ5

0 0 - 3ÅÅÅÅ5
3ÅÅÅÅ5

y
{
zzzzzzzzzzzzzzzzzzz 

i
k
jjjjjjjjjjjjjj

u1

u2

u3

u4

y
{
zzzzzzzzzzzzzz =

i
k
jjjjjjjjjjjjjj

0

0

0

0

y
{
zzzzzzzzzzzzzz

Essential boundary conditions

u1 = 50; u4 = 10

Introducing known values and removing the first and the last equations

ikjjjjjj - 31ÅÅÅÅÅÅÅ60
1ÅÅÅÅÅÅÅ20

7ÅÅÅÅÅÅÅ15 0

0 - 8ÅÅÅÅÅÅÅ15
2ÅÅÅÅÅÅÅ15

2ÅÅÅÅ5

y{zzzzzz 

i
k
jjjjjjjjjjjjjj

50

u2

u3

10

y
{
zzzzzzzzzzzzzz =

ikjjj 0

0
y{zzz

Rearranging equationsikjjjjjj 1ÅÅÅÅÅÅÅ20
7ÅÅÅÅÅÅÅ15

- 8ÅÅÅÅÅÅÅ15
2ÅÅÅÅÅÅÅ15

y{zzzzzz 
ikjjj u2

u3

y{zzz =
ikjjj 0

0
y{zzz - 50 

ikjjjj - 31ÅÅÅÅÅÅÅ60

0

y{zzzz - 10 
ikjjjj 0

2ÅÅÅÅ5

y{zzzz
Thus the final system of equations is as follows.
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ikjjjjjj 1ÅÅÅÅÅÅÅ20
7ÅÅÅÅÅÅÅ15

- 8ÅÅÅÅÅÅÅ15
2ÅÅÅÅÅÅÅ15

y{zzzzzz 
ikjjj u2

u3

y{zzz =
ikjjjj 155ÅÅÅÅÅÅÅÅÅÅ6

-4

y{zzzz
Nodal solution

Kf = K@@82, 3<, 82, 3<DDikjjjjjj 1ÅÅÅÅÅÅÅ
20

7ÅÅÅÅÅÅÅ
15

- 8ÅÅÅÅÅÅÅ
15

2ÅÅÅÅÅÅÅ
15

y{zzzzzz
Rf = -50 8K@@2, 1DD, K@@3, 1DD< - 10 8K@@2, 4DD, K@@3, 4DD<: 155

ÅÅÅÅÅÅÅÅÅÅÅÅÅ
6

, -4>
sol = LinearSolve@Kf, RfD: 478

ÅÅÅÅÅÅÅÅÅÅÅÅÅ
23

,
1222
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

23
>

d = 850, sol@@1DD, sol@@2DD, 10<:50,
478
ÅÅÅÅÅÅÅÅÅÅÅÅÅ
23

,
1222
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

23
, 10>

Element solution8n1, n2< = 8Hx - x2L ê Hx1 - x2L, Hx - x1L ê Hx2 - x1L<;
ux1 = 8n1, n2<.d@@81, 2<DD ê. 8x1 Ø 0, x2 Ø 60< êê Expand

50 -
56 x
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
115

ux2 = 8n1, n2<.d@@82, 3<DD ê. 8x1 Ø 60, x2 Ø 90< êê Expand

124 x
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
115

-
1010
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

23

ux3 = 8n1, n2<.d@@83, 4<DD ê. 8x1 Ø 90, x2 Ø 100< êê Expand

10150
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

23
-

496 x
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
115

Clear@uD; exactSol = DSolve@8u''@xD ã u'@xD, u@0D ã 50, u@100D == 10<, u@xD, xD
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99uHxL Ø -
10 H1 - 5 ‰100 + 4 ‰xL
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

-1 + ‰100
==

Plot@8exactSol@@1, 1, 2DD, Which@x § 60, ux1, x § 90, ux2, x > 90, ux3D<, 8x, 0, 100<, PlotRange Ø AllD;

20 40 60 80 100

20

30

40

50

D@exactSol@@1, 1, 2DD, 8x, 2<D
-

40 ‰x

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
-1 + ‰100

D@exactSol@@1, 1, 2DD, xD
-

40 ‰x

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
-1 + ‰100

1.5 

Consider the following boundary value problem

dÅÅÅÅÅÅÅÅdx  Ix duÅÅÅÅÅÅÅÅdx M = 2ÅÅÅÅÅÅÅx2 1 < x < 2

uH1L = 2 and duÅÅÅÅÅÅÅÅdx  H2L = - 1ÅÅÅÅ4

Compare solution and its first derivative obtained by using the following two models.

(a) Use two equal length linear finite elements.

(b) Use one quadratic finite element.
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Derivation of element equations

Element nodes: 8x1, x2<
Interpolation functions, NT = I x-x2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

x1-x2

x1-xÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
x1-x2

M
BT = dNTêdx = I 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

x1-x2

1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
x2-x1

M
kHxL = x pHxL = 0 qHxL = -

2
ÅÅÅÅÅÅÅÅÅ
x2

kk = Ÿ x1

x2 Hx B BTL dx =
ikjjjjjj - x1+x2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

2 x1-2 x2

x1+x2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 x1-2 x2

x1+x2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 x1-2 x2

- x1+x2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 x1-2 x2

y{zzzzzz
rq

T = Ÿ x1

x2 H- 2
ÅÅÅÅÅÅÅÅÅ
x2

NL „x = : 2 HHlogHx1L - logHx2L - 1L x1 + x2LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
x1 Hx1 - x2L ,

2 Hx1 + H-logHx1L + logHx2L - 1L x2LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx1 - x2L x2
>

The complete element equations are as follows.i
k
jjjjjjjjjjjjj

x2
2

ÅÅÅÅÅÅÅÅÅ2 -
x1

2
ÅÅÅÅÅÅÅÅÅ2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx1-x2L2 x2

2
ÅÅÅÅÅÅÅÅÅ2 -

x1
2

ÅÅÅÅÅÅÅÅÅ2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx1-x2L Hx2-x1L
x2

2
ÅÅÅÅÅÅÅÅÅ2 -

x1
2

ÅÅÅÅÅÅÅÅÅ2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx1-x2L Hx2-x1L x2
2

ÅÅÅÅÅÅÅÅÅ2 -
x1

2
ÅÅÅÅÅÅÅÅÅ2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx2-x1L2

y
{
zzzzzzzzzzzzz ikjjj u1

u2

y{zzz =
ikjjjjjjjj 2 HHlog Hx1L-log Hx2L-1L x1+x2LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

x1 Hx1-x2L
2 Hx1+H-log Hx1L+log Hx2L-1L x2LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx1-x2L x2

y{zzzzzzzz
2 element solution

Nodal locations: 81, 1.5, 2<
Element 1

Element nodes: 8x1 Ø 1, x2 Ø 1.5<ikjjj 2.5 -2.5

-2.5 2.5
y{zzz ikjjj u1

u2

y{zzz =
ikjjj -0.37814

-0.288527
y{zzz

Global equations after assembly of this elementikjjjjjjjjj 2.5 -2.5 0

-2.5 2.5 0

0 0 0

y{zzzzzzzzz ikjjjjjjjjj u1

u2

u3

y{zzzzzzzzz =
ikjjjjjjjjj -0.37814

-0.288527

0

y{zzzzzzzzz
Element 2

Element nodes: 8x2 Ø 1.5, x3 Ø 2<
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ikjjj 3.5 -3.5

-3.5 3.5
y{zzz ikjjj u2

u3

y{zzz =
ikjjj -0.182605

-0.150728
y{zzz

Global equations after assembly of this elementikjjjjjjjjj 2.5 -2.5 0

-2.5 6. -3.5

0 -3.5 3.5

y{zzzzzzzzz ikjjjjjjjjj u1

u2

u3

y{zzzzzzzzz =
ikjjjjjjjjj -0.37814

-0.471132

-0.150728

y{zzzzzzzzz
Global equations before boundary conditionsikjjjjjjjjj 2.5 -2.5 0

-2.5 6. -3.5

0 -3.5 3.5

y{zzzzzzzzz ikjjjjjjjjj u1

u2

u3

y{zzzzzzzzz =
ikjjjjjjjjj -0.37814

-0.471132

-0.150728

y{zzzzzzzzz
Natural boundary conditions

DOF a b

u3 0 - 1ÅÅÅÅÅ
4

DOF kHxL -kHxL a kHxL b

u3 2 0 - 1ÅÅÅÅ
2

Global equations after incorporating NBCikjjjjjjjjj 2.5 -2.5 0

-2.5 6. -3.5

0 -3.5 3.5

y{zzzzzzzzz ikjjjjjjjjj u1

u2

u3

y{zzzzzzzzz =
ikjjjjjjjjj -0.37814

-0.471132

-0.650728

y{zzzzzzzzz
Essential boundary conditions

DOF Value

u1 2

Incorporating EBC the final system of equations isikjjj 6. -3.5

-3.5 3.5
y{zzz ikjjj u2

u3

y{zzz =
ikjjj 4.52887

-0.650728
y{zzz

Solution for nodal unknowns

DOF x Solution

u1 1 2

u2 1.5 1.55126

u3 2 1.36533
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Solution over elements

Element 1

Nodes: 8x1 Ø 1, x2 Ø 1.5<
Interpolation functions: NT = 83. - 2. x, 2. x - 2.<
Nodal values: dT = 82, 1.55126<
Solution: uHxL = NTd = 2.89749 - 0.897488 x

Element 2

Nodes: 8x1 Ø 1.5, x2 Ø 2<
Interpolation functions: NT = 84. - 2. x, 2. x - 3.<
Nodal values: dT = 81.55126, 1.36533<
Solution: uHxL = NTd = 2.10902 - 0.371845 x

Solution summary

Range Solution

1 1 § x § 1.5 2.89749 - 0.897488x

2 1.5 § x § 2 2.10902 - 0.371845 x

Derivation of element equations

Element nodes: :x1,
1
ÅÅÅÅÅÅ
2

Hx1 + x3L, x3>
Interpolation functions, NT = I Hx3-xL H-2 x+x1+x3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx1-x3L2 4 Hx1-xL Hx-x3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx1-x3L2 Hx1-xL H-2 x+x1+x3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx1-x3L2 M
BT = dNTêdx = I - -4 x+x1+3 x3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx1-x3L2 4 H-2 x+x1+x3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx1-x3L2 - -4 x+3 x1+x3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx1-x3L2 M
kHxL = x pHxL = 0 qHxL = -

2
ÅÅÅÅÅÅÅÅÅ
x2

kk = Ÿ x1

x3 Hx B BTL dx =

i
k
jjjjjjjjjjjjjjjj

- 11 x1+3 x3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
6 x1-6 x3

2 H3 x1+x3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
3 Hx1-x3L - x1+x3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

6 x1-6 x3

2 H3 x1+x3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
3 Hx1-x3L - 8 Hx1+x3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

3 Hx1-x3L 2 Hx1+3 x3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
3 Hx1-x3L

- x1+x3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
6 x1-6 x3

2 Hx1+3 x3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
3 Hx1-x3L - 3 x1+11 x3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

6 x1-6 x3

y
{
zzzzzzzzzzzzzzzz
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rq
T = Ÿ x1

x3 H- 2
ÅÅÅÅÅÅÅÅÅ
x2

NL „x = 9-
2 HHlogHx1L - logHx3L - 3L x1

2 + H3 logHx1L - 3 logHx3L + 2L x3 x1 + x3
2L

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
x1 Hx1 - x3L2

,

8 HHlogHx1L - logHx3L - 2L x1 + HlogHx1L - logHx3L + 2L x3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx1 - x3L2
,

2 Hx1
2 + H-3 logHx1L + 3 logHx3L + 2L x3 x1 + H-logHx1L + logHx3L - 3L x3

2L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx1 - x3L2 x3

=
The complete element equations are as follows.i

k
jjjjjjjjjjjjjjj

- 11 x1+3 x3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ6 x1-6 x3

2 H3 x1+x3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ3 Hx1-x3L - x1+x3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ6 x1-6 x3

2 H3 x1+x3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ3 Hx1-x3L - 8 Hx1+x3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ3 Hx1-x3L 2 Hx1+3 x3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ3 Hx1-x3L
- x1+x3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ6 x1-6 x3

2 Hx1+3 x3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ3 Hx1-x3L - 3 x1+11 x3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ6 x1-6 x3

y
{
zzzzzzzzzzzzzzz 
ikjjjjjjjj u1

u2

u3

y{zzzzzzzz =

i
k
jjjjjjjjjjjjjjjj

- 2 HHlog Hx1L-log Hx3L-3L x1
2+H3 log Hx1L-3 log Hx3L+2L x3 x1+x3

2LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅx1 Hx1-x3L2

8 HHlog Hx1L-log Hx3L-2L x1+Hlog Hx1L-log Hx3L+2L x3LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx1-x3L2
2 Hx1

2+H-3 log Hx1L+3 log Hx3L+2L x3 x1+H-log Hx1L+log Hx3L-3L x3
2LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx1-x3L2 x3

y
{
zzzzzzzzzzzzzzzz

1 element solution

Nodal locations: 81, 1.5, 2<
Element 1

Element nodes: 8x1 Ø 1, x2 Ø 1.5, x3 Ø 2<i
k
jjjjjjjjjjjjj

17ÅÅÅÅÅÅÅ
6

- 10ÅÅÅÅÅÅÅ
3

1ÅÅÅÅ
2

- 10ÅÅÅÅÅÅÅ
3

8 - 14ÅÅÅÅÅÅÅ
3

1ÅÅÅÅ
2

- 14ÅÅÅÅÅÅÅ
3

25ÅÅÅÅÅÅÅ
6

y
{
zzzzzzzzzzzzz ikjjjjjjjjj u1

u2

u3

y{zzzzzzzzz =
ikjjjjjjjjj -2 H5 - 7 log H2LL

8 H2 - 3 log H2LL
-7 + 10 log H2L y{zzzzzzzzz

Global equations after assembly of this elementi
k
jjjjjjjjjjjjj

17ÅÅÅÅÅÅÅ
6

- 10ÅÅÅÅÅÅÅ
3

1ÅÅÅÅ
2

- 10ÅÅÅÅÅÅÅ
3

8 - 14ÅÅÅÅÅÅÅ
3

1ÅÅÅÅ
2

- 14ÅÅÅÅÅÅÅ
3

25ÅÅÅÅÅÅÅ
6

y
{
zzzzzzzzzzzzz ikjjjjjjjjj u1

u2

u3

y{zzzzzzzzz =
ikjjjjjjjjj -2 H5 - 7 log H2LL

8 H2 - 3 log H2LL
-7 + 10 log H2L y{zzzzzzzzz

Global equations before boundary conditionsi
k
jjjjjjjjjjjjj

17ÅÅÅÅÅÅÅ
6

- 10ÅÅÅÅÅÅÅ
3

1ÅÅÅÅ
2

- 10ÅÅÅÅÅÅÅ
3

8 - 14ÅÅÅÅÅÅÅ
3

1ÅÅÅÅ
2

- 14ÅÅÅÅÅÅÅ
3

25ÅÅÅÅÅÅÅ
6

y
{
zzzzzzzzzzzzz ikjjjjjjjjj u1

u2

u3

y{zzzzzzzzz =
ikjjjjjjjjj -2 H5 - 7 log H2LL

8 H2 - 3 log H2LL
-7 + 10 log H2L y{zzzzzzzzz

Natural boundary conditions
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DOF a b

u3 0 -0.25

DOF kHxL -kHxL a kHxL b

u3 2 0 -0.5

Global equations after incorporating NBCi
k
jjjjjjjjjjjjj

17ÅÅÅÅÅÅÅ
6

- 10ÅÅÅÅÅÅÅ
3

1ÅÅÅÅ
2

- 10ÅÅÅÅÅÅÅ
3

8 - 14ÅÅÅÅÅÅÅ
3

1ÅÅÅÅ
2

- 14ÅÅÅÅÅÅÅ
3

25ÅÅÅÅÅÅÅ
6

y
{
zzzzzzzzzzzzz ikjjjjjjjjj u1

u2

u3

y{zzzzzzzzz =
ikjjjjjjjjj -2 H5 - 7 log H2LL

8 H2 - 3 log H2LL
-0.568528

y{zzzzzzzzz
Essential boundary conditions

DOF Value

u1 2

Incorporating EBC the final system of equations isikjjjjjj 8 - 14ÅÅÅÅÅÅÅ
3

- 14ÅÅÅÅÅÅÅ
3

25ÅÅÅÅÅÅÅ
6

y{zzzzzz ikjjj u2

u3

y{zzz =
ikjjjj 20ÅÅÅÅÅÅÅ

3
+ 8 H2 - 3 log H2LL

-1.56853

y{zzzz
Solution for nodal unknowns

DOF x Solution

u1 1 2

u2 1.5 1.54124

u3 2 1.34975

Solution over elements

Element 1

Nodes: 8x1 Ø 1, x2 Ø 1.5, x3 Ø 2<
Interpolation functions: NT = 92 x2 - 7 x + 6, -4 x2 + 12 x - 8, 2 x2 - 5 x + 3=
Nodal values: dT = 82, 1.54124, 1.34975<
Solution: uHxL = NTd = 0.534517 x2 - 2.25381x + 3.71929

Solution summary

Range Solution

1 1 § x § 2 0.534517 x2 - 2.25381 x + 3.71929
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1.2 1.4 1.6 1.8 2
x

1.4

1.5

1.6

1.7

1.8

1.9

uHxL
1 Quadratic

2 Linear

1.2 1.4 1.6 1.8 2
x

-1.2

-1

-0.8

-0.6

-0.4

-0.2

duHxLêdx

1 Quadratic

2 Linear

1.6 

A four node quadrilateral element is shown in Figure 1.12.

x

y Actual element

82, 2<
80, 3<
80, 0<

84, -1<
1

2

3

4

Master element

1 2

34

s

t

2

2

Figure 1.12.  
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